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The M /G /oo estimation problem revisited
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The subject of this paper is the M /G /oo estimation problem: the goal is to estimate the service time distri-
bution G of the M /G /oo queue from the arrival-departure observations without identification of customers.
We develop estimators of G and derive exact non-asymptotic expressions for their mean squared errors. The
problem of estimating the service time expectation is addressed as well. We present some numerical results
on comparison of different estimators of the service time distribution.
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1. Introduction

Background and motivation

The M /G /oo queueing model postulates that customers come to a system at time instances of
a homogeneous Poisson process, obtain service immediately upon arrival, and leave the system
after the service completion. The service times are assumed to be independent identically dis-
tributed random variables, independent of the arrival process, with common distribution G. The
M /G /oo queue is one of the basic models in queueing theory; it is well understood from the
probabilistic point of view and widely used in different applications.

Some problems of statistical inference for the M /G /oo queues were also considered in the
literature. Motivated by a study of low density Poisson traffic streams, [9] studied the problem
of estimating the service time distribution G in the M /G /oo queue from the arrival-departure
data when observations of the arrival and departure epochs are available without identification of
customers. In this setting, [9] developed a sequence of estimators {G,, n > 1} with G,, depending
on the data up to the nth departure, and proved the consistency, sup, |G, (x) — G(x)| 230 as
n— oQ.

It is well known that the departure (output) process of the M/G /oo queue is Poisson of the
same intensity A as the arrival (input) process [see, e.g., [12], Chapter VIII, Section 5]; therefore
G cannot be inferred from the output process alone. In addition, even under parametric assump-
tions on G, the likelihood function for such incomplete observations is unavailable in a usable
form. Thus, estimation of G is not a trivial task.

The construction of estimators {G,,n > 1} in [9] is remarkable. Let (7;) jez and (¢;) jez de-
note the arrival and departure epochs, respectively. Suppose that the output stream is observed
starting from some departure, say fo, and until the nth departure #,. Associate every departure
point ¢;, j =1,...,n to the closest arrival point to the left, and consider the corresponding
distances z;, j = 1,...,n. It is shown that (z;) is a stationary ergodic process with marginal
distribution D which is related to the service time distribution by the simple formula:

D(x)=1—(1-G(x))e ™, (1.1)
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where A is the intensity of the arrival Poisson process. Then one can estimate D empirically from
the data and invert (1.1) for G.

The idea of pairing departure points with arrivals to the left was also exploited in the subse-
quent work by [4]. The authors use distances from departure points to the rth nearest arrival to
the left, and show consistency of the proposed estimators. On the basis of extensive simulations
it is argued that for some service time distributions the estimators with properly chosen r can be
advantageous. The recent paper, [25] considers a discrete-time GI/G /oo queue and derives a
functional central limit theorem for a Brown-like estimator of the service time distribution.

A closely related problem is that of estimating G in the M /G /oo queue from observation of
the queue-length (number-of-busy-servers) process {X (t),t € R} over a finite time interval. If
(tj)jez» (tj) jez are arrival and departure epochs, and (o) j<z is the sequence of service times
then in the stationary regime

X(¢)=Zl{fj§t,oj>t—rj}, teR.
=4

The observation of the queue-length process X () over a finite time interval is equivalent to
observing arrival and departure epochs up to initial state of the queue: arrivals and departures
are easily extracted from observations of X (¢), and the process X (#) can be reconstructed from
arrival and departure epochs, provided that the initial state is known. Thus the queue-length
observations contain a bit more information than the arrival-departure data: the initial state of
the system.

It is well known that if the service time expectation « is finite, o := i = fooo[l —Gu)]du <
o0, then X () has Poisson distribution with parameter p := A/u = A« for every ¢, where p is the
traffic intensity. In addition, the correlation function of {X (¢), t > 0} is given by

H(t) =corrg{X(s+1), X (s)} = u/m[l — G(u)]du; (1.2)
t

see, e.g., [1]. This fact suggests that G can be reconstructed from correlation structure of the
queue-length process. The work of [3] discusses this approach and provides standard results
from the time series literature for estimation of H. The idea of reconstructing the service time
distribution from correlation structure of the queue-length process was also exploited by [23] for
a discrete-time queue model. Recently [13] constructed a local polynomial estimator of G based
on (1.2) and investigated its worst-case accuracy over a suitable class of target distributions.

It is worth mentioning that problems of statistical inference on the service time distribution of
the M /G /oo queue from incomplete data are ubiquitous in practice. They appear in such diverse
areas as in studies of cell mobility [16,24], low density traffic [22] and in communication systems
[1] and [17]. Additional references can be found in [2] and [4].

Although some estimators of the service time distribution in the M/G /oo queue were pro-
posed in the literature, very little is known about their accuracy. In the original M /G /oo esti-
mation problem with the arrival-departure data only consistency results [4,9] were established,
and it is not clear what is the achievable accuracy in this problem. As for the setting with the
queue-length data, the recent work of [13] derives non-asymptotic bounds on the risk and shows
that under a local smoothness assumptions on G the pointwise risk of the proposed estimator of
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G converges to zero at the nonparametric rate T—B/(B+2) \where T is the observation horizon,
and B is the smoothness index of G.

Main results

In this paper, we revisit the M /G /oo estimation problem of [9] and concentrate on construction
of estimators with provable theoretical accuracy guarantees. The main contributions of this paper
are as follows.

(a) We study properties of a service time distribution estimator which is based on the formulas
for covariance measures of the bivariate arrival-departure point process. This approach
was briefly discussed by [20] who considered the problem of identifiability of random
translations of stationary point processes. We show that the proposed estimator is unbiased
and derive exact non-asymptotic expressions for its variance.

(b) We consider the problem of estimating G from the superposed arrival-departure data,
when the arrival and departure epochs are registered without knowledge of the epoch type.
This setting is particularly relevant in studies of particle mobility when crossings of the
observation region can be recorded without knowledge of the crossing direction. The fact
that estimation of service time distribution from such data is possible seems surprising.
However, in a study of identifiability of random translations of Poisson processes [18]
points at this possibility. In this setting, we develop unbiased estimator and derive exact
non-asymptotic expressions for its variance.

(c) We present some numerical results in order to compare accuracy of the developed estima-
tor with that of estimators in [9] and [13]. In particular, we study numerically the influence
of the arrival rate A and of tail behavior of G on the accuracy of estimators.

(d) The problem of estimating the service time expectation from arrival-departure data is also
addressed. We propose an estimator and derive non-asymptotic bounds on its accuracy.

Our development relies upon tools from the theory of stationary point processes [11], and we
use the statistical framework as expounded in [10] and [6]. We study the underlying bivariate
arrival-departure and superposed arrival-departure point processes, derive their Laplace func-
tionals and corresponding covariance measures up to the fourth order. The obtained expressions
are used in order to construct estimating equations and to analyze properties of the corresponding
estimators. Some of these technical results are new and interesting in their own right.

Further related literature

The M /G /oo estimation setting can be viewed as a particular case of the general point pro-
cess system identification problem [7]. Here the unknown system translates every time instance
of the input process by a random amount, and we would like to recover characteristics of the
system from the input—output data. Some related results appear in [5] and [8]. In particular, [5]
uses a spectral approach in order to construct an estimator of the service time distribution in
the G/G /oo model, and shows asymptotic normality under suitable conditions. Brillinger [8]
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discusses the problem of estimating the second-order intensities of a bivariate stationary point
process.

The problem of estimating the service time distribution G in the M/G /oo queue was also
considered under other observation schemes. For instance, [14] discusses the setting where ob-
servations of durations of busy periods are available. Using a relationship between busy period
distribution and the service time distribution, the authors construct an estimator of G and study
its accuracy. This setting was also considered in [3].

Organization of the paper

The rest of the paper is structured as follows. In Section 2, we present the formulation of the
problem. Section 3 collects some preliminary results which are instrumental for constructing es-
timators of the service time distribution G. In Section 4, we define the estimators of G based on
the arrival-departure and superposed arrival-departure data, and present the results on their ac-
curacy. Numerical experiments on comparison of different estimators are described in Section 5.
In Section 6, we discuss the problem of estimating the expected service time from the arrival—
departure data; some concluding remarks are brought in Section 7. Proofs of all results are given
in Appendices.

2. Problem formulation
Let M be a homogeneous Poisson point process on R of intensity A with representation

1, X €A,

M = &1y gx(A) = VA € 8B,
Doy D=1 ea

JjEZ

where B is the Borel o -algebra of R. Suppose that every point of the process M is displaced by

a random amount giving rise to the point process

N=Z€;j, tj=1;+0j, jeZ.
JEZ

Here (0}) jez is the sequence of independent identically distributed random variables, indepen-
dent of M, with common distribution G. It is well known that N is also a homogeneous Poisson
process of intensity A.

We regard M and N as the arrival (input) and departure (output) processes, respectively. We
also define the superposed point process S with the representation

S:=M+N=Zefj +Ze,j Z:ZSW'

JEZ JEZ JEZ

The following two different observation schemes will be considered.
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(i) Assume that we observe the bivariate point process (M, N) restricted to a window T2 =
T xT CRxR, (M, N)|12; thus the available data is

Dr =M, N)|l={Gj:5;€T, w:1 e}

(ii) Assume that the superposed process S restricted to a set 7 C R is observed, so that the
available data is

i)TZZ S|T= {Sj 1S GT}

Using the data D7 our goal is to estimate the displacement distribution G or a functional
thereof. In particular, we will be primarily interested in estimating the service time distribution
G at a fixed point xp, and the expectation of displacements « := Eg[o]. Here and in all what
follows E¢ denotes the expectation with respect to the probability measure Pg generated by the
observations D7 when the displacement distribution is G.

Another interpretation of the observed data can be given in terms of marked point processes
[11], Section 6.4. Specifically, consider the marked point process {(s;, »;)} jez, where (5;) jez
are the locations of the superposed process S, and the marks s¢; € {1, 2} are defined as sc; = 1 if
the corresponding location s; belongs to the input process M, and »¢; = 2 if the corresponding
location s; belongs to the output process N. Then in the scenario (i) D7 = {(sj, »;) :5; € T},
while in the scenario (ii) D7 = {s; : 5; € T}, and the corresponding marks {s¢; : s; € T} are not
available.

By an estimator of G(xp) or « = Eg[o], we mean any measurable function of the available
observations 7. We measure accuracy of estimators by the mean squared error:

RylG, G1 =Eg|G (x0) — R[&, @] =Egla — af.

In what follows, with slight abuse of notation, for any interval I = (a, b] we denote G (I) the
probability mass assigned by the distribution G to I, G(I) := G(b) — G(a).

3. Preliminaries

For the ease of reference, in this section we collect supporting preliminary results on the point
processes involved; some of these results can be found, for example, in [11].
We start with a statement about the Laplace functional of bivariate process point (M, N).

Proposition 1. Let {A;}i=1....m and {Bi}i=1....n be two families of disjoint intervals of the real
line; then for any (n1, ..., nm) € R™ and (&1, ...,&,) € R" one has

.....

m n
log Eg exp Z niM(A;) + ZEZN(BI)
i=1 =1

3.1)

Z el 1 |A|+)‘Z IBIIHZZ ¢ —1)Q(A;, By,

i=1I=1



2536 A. Goldenshluger

where | - | is the Lebesgue measure on R, and
QO(A, B) :=/ G(B — x)dx. (3.2)
A

The next result for the superposed process S is an immediate consequence of Proposition 1.

Proposition 2. Let {A;}i=1.... m be disjoint intervals of R; then for any n = (91, ..., nm) € R”

.....

m m

logEg exp{ZniS(Ai)} =20 (" = D)|Ail+2D Y (" —1)(e™ — 1) Q(A;, Ap),
i=1

i=1 i=11=1

where Q(-, ) is defined in (3.2).

Remark 1. (a) In the specific case m = 1, n = 1 the formula (3.1) was obtained by [18] by
queueing theoretical considerations. For general case, we refer to a related result given in Exam-
ple 6.3(e) in [11].

(b) The bivariate point process (M, N) is closely related to the Gauss—Poisson processes in-
troduced in [21] and further studied in [19]. In particular, the bivariate probability generating
functional of (M, N) is given by

Gm,ny (1, 6)
:=EGexp{/logn(r)dM(r)+/log§(t)dN(t)}

=EG[1"[n<n>1"[s(m]
i [
=exp{k/[n(r) —1]dr +x/[s(t) - l]dt—l—k//[n(t) —1][e@®) — l]Q(dr,dt)},

where functions 0 <7 < 1and 0 <& <1 are such that 1 — n and 1 — & vanish outside a common
compact set, and Q(dr, dr) =dG(¢r — t) dr. This is an immediate consequence of Proposition 1.

(c) It is well known that the superposed process S = M + N is the Gauss—Poisson process,
and its probability generating functional is

Gs(n) =exp{2x/[n(r) —1]dr +A//[n(t) —1][n) - I]Q(dr,dt)}.

This fact follows immediately from (3.1); see also [19] and [11].

Using Propositions 1 and 2, we can calculate covariance measures of the bivariate process
(M, N) and of the superposed process S. The next two statements follow from Propositions 1
and 2, respectively. They are proved in Appendix A along with other results on covariance mea-
sures of higher orders.
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Corollary 1. For any two intervals A, B one has
EG[M(A)N(B)] =27|A||B| +1Q(A, B).

In particular, for the differential increments dM (t) = M((t, t +dt]) and AN (t) = N((¢, t +dt])
we have

Eg[dM(t)dN(1)] = »*drdr + A dG(t — T)dr.
Corollary 2. Let A| and A; be disjoint intervals; then
EG[S(ANS(A2)] =412 A1]|A2] + A[Q(A1, A2) + Q(Az, AD)].
In particular, for A1 = (v, 7 4 dt] and Ay = (¢, t + dt] with T # t one has

EG[dS(r)dS(1)] =4r2drdr + A[dG(t — 7) dt +dG(x — 1) dr].

Corollaries 1 and 2 provide the basis for constructing estimators of the service time distribution
from the arrival-departure and superposed arrival-departure data. The estimators are presented
in Section 4.

4. Estimation of service time distribution
Now we turn to the problem of estimating the service time distribution. First, we consider the
setting with arrival-departure data.

4.1. Arrival-departure data

Corollary 1 implies that for any function ¢ satisfying

/|<p(r,t)’drdt<oo, /|(p(r,t)|dG(t—r)dr<oo

one has

Eg |://(p(l', t)M(dt)N(dt):| =22 //(p(l’, t)ydrdr + A//(p(r, 1)dG(t — 7)dr. “.1)

The relationship (4.1) can serve as the estimating equation for constructing estimators of G (xg).
Suppose that for an interval I = (a, b] we are interested in estimating 67 :== G(I) = G(b) —
G (a), and the available data is D7 = (M, N)|7 where

T =Tu x Ty := [Tmin, Tmax] X [Tmin + @, Tmax + ]
for some fixed Tpin < Tmax. Thus,

D7 = {(Tj " Tmin < Tj < Tmax)> (% * Tmin + @ < % < Tmax +b)}-
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Let T := Tmax — Tmin» ¥ (T, 1) := L[z, 2max] ()11 (t — T), and define

1 1
ﬁ//%(r, HAM(t)dN (1) — Al = ﬁZZITM(rj)ll(tk — 1) —Alll. (42)

JEL ke

We are interested in accuracy of the estimator o;.

The formulas (4.1) and (4.2) appeared in [20], who studied identifiability of the random trans-
lations of stationary point processes. Mori [20] attributes the estimator (4.2) to [10]; Section 6
of this survey paper contains a discussion of statistical analysis for bivariate point processes.
Following [20], we call él the Cox—Lewis estimator.

Theorem 1. For any G, Oy is an unbiased estimator of 01, and

A 221 r |u 112
varg{0;} = — T 1]+ G(I+u) 1—— du =

T
+U+—|1|G(1)+ 1/ G<1+u>G<1—u)(1—%) u 4.3)
-T

GU)

2 rll ;
+7f0 [G(I)+G(b—u)—G(a+u)](1_?>du+v

In the context of the M/ G /oo estimation problem, we set Tyin =0, Tmax = T, 1 = [0, x¢] and
assume G (0) = 0. Then the Cox—Lewis estimator G (xg) of G(xp) is given by

~ A 1
Go) =0 =3 > 1071 N0.x0)tk = 7)) = Axo. (44)

JEL keZ

Note that G(xo) isbasedonthe data Dy ={(7;:0<71; <T), (% : 0=t < T + x0)}.
The next statement is an immediate consequence of Theorem 1 for the M /G /oo setting.

Theorem 2. If G(0) =0 and xo € (0, T), then G(xo) is an unbiased estimator of G (xg), and

T 2
varg { G (x0)} = @{xo +/T[G(xo +u) — G(u)](l - U) g_;} + x?o

2
+ TXOG(XO)

4.5
Lt ay &
+—/ [G(xo+u)—G(u)][G(xo—u)—G(—u)](l__) du
T) , .
2 [*o G
+ 7/0 [G(XO) +G(xo—u)— G(u)] (1 _ %) du + )f;o)
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Remark 2. (a) Theorem 2 shows that the service time distribution in the M /G /oo problem is
estimated with the root mean squared error tending to zero at the parametric rate 7~ '/2, T — oo.
The result shows, however, that the Cox—Lewis estimator is less accurate in the heavy-traffic
regime when the arrival rate X is large. The last term on the right-hand side of (4.3) [and (4.5)]
also indicates that the accuracy is poor when A is very small. In addition, the farther point xg is
from the origin, the worse accuracy of G (xo) is.

(b) The results of Theorems 1 and 2 do not require any conditions on the service time distri-
bution G; for instance, G can have infinite expectation. However, accuracy of the Cox—Lewis
estimator depends on tails of G, and this dependence is quantified by (4.3) and (4.5).

(c) In practice the Cox—Lewis estimator G(xo), when considered to be a function of x(, should
be monotonized and confined to the interval [0, 1].

4.2. Superposed arrival-departure data

Now, we turn to the problem of estimating the service time distribution G from the observations
of the supemosed process S=Y jez €s; on the time interval 7 = [0, T']. In particular, assume
that the available data is

JDT=S|7’={S]‘ ZOSSj <T}
Similarly to (4.1), Corollary 2 implies that

Eg [// o(t,1)dS(7) dS(t):| =422 f/ o(t,t)drde —i—k//go(t, t)dG(t — 1)dr

4.6)
—i—A//(p(t, t)dG(t —1t)dt

for any function ¢ for which the right-hand side is well defined.
Suppose that G(0) =0, and let

1, T #t,

@+ (t, 1) = 10, 71() 10 %1 (t — T) X (T, 1), x(t,1) = :
0, otherwise.

Consider the following estimator of G (xp):

G(xp) = %// @ (1, 1)dS (1) dS(t) — 4xrx

1
T Z Z Lo, 77(sj)1j0,x91 (5k — 57) — 4Ax0.
JEL kel
j#k
Theorem 3. If G(0) =0 and xo € (0, T), then G (xo) is an unbiased estimator of G (xo), and

~ R N0 . [ .
varG {G (o)} = Ry’ (4, x0; G) + — Ry (4, x0; G),
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where R(Tl) and R(T2 ) are positive functions satisfying
() . 2 1 @ . 3
Ry (A, x0; G) < T6Axg + 36x0 + AG(XO)’ Ry (A, x0; G) < 36Mxy, VT,VG.

Remark 3. (a) Exact expressions for functions R(TI)()\, xo; G) and R(T2 ) (X, x0; G) are given in
the proof of the theorem. As it could be expected, accuracy of the estimator G (xo) is worse than
the accuracy of the Cox—Lewis estimator é(xo) based on the whole arrival-departure data. It
should be noticed, however, that qualitatively the behavior is similar: the rate of convergence is
parametric, the variance grows linearly with A as XA increases, and quadratically with x¢ as xg
grows.

(b) Similarly to Theorem 2, the statement does not require any conditions on the service time
distribution G.

5. Numerical experiments

We conducted a small simulation study in order to compare performance of three different esti-
mators of the service time distribution. The following estimators were considered.

The Cox-Lewis estimator

The estimator is given by

A 1
Gewlxo) = - Z Z Ljo.71 (1) 110,201 (tk — T;) — AXo.
keZ jeZ

In our computations, we considered monotonized and truncated version of G¢r (xp),

1, x>1,

Ak o A ._

Gép(xo) == {{trgé GCL(”)}[O’I]» {x}o,17:= § x, 0<x<l,
0, x <O.

Note that éCL(xo) is a slight modification of (4.4) as it is based on the data
Dr={@t;:0=<t; <T),(rj: —x0 <1, <T)}. 3.1
We use this modification in order to compare our estimator with Brown’s estimator (see the

description below). The theoretical properties of GCL (xp) coincide with those of é(xo) defined
in (4.4).
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Brown’s estimator

The estimator (A?j;(xo) is defined as follows. For each output point 0 < #; < T let z; denote the
distance from #; to the closest input point 7; to the left. Then

o0 > ke Lxo,00) @) Lo, 77 (1)
> kez Lio,11(t)

CA}T9 (x0) = {max GB(u)}
u<xg [l

Gplxo)=1-—

0,11

Local polynomial estimator

This estimator was proposed in [13], and it is based on observations of the queue-length process
{X(@),1€[0,T]}

X(t):Zl{rjft,aj>t—rj}. (5.2)
JEZ
Assume that {X (¢),t € [0, T]} is observed at the points of the regular grid on [0, T]: i§, i =
0,...,n,né =T. We implemented the local polynomial estimator éLp (xg) of the second order
[for general definition see [13]].
The definition of éLp(xo) is the following. Let R (k&), k=1,2,... be empirical covariances
of the process {X (1)},

n—k
R 1
R(kd) =~ Z[X(i(S) —p)[X(G +k)8) — 4], p=

i=1

S| =

ZX(i(S). (5.3)
=1

Fix h > 2§ and define D, =[x —h,x+h]if h<x<T —h, D, =[x,x+2h]if0 <x < h, and
Dy=[T-2h,TIifT —h<x <T.LetMp = {k:ké € D}, and {ak(x)}keMDx be the weights
solving the following optimization problem

min Z a,% (x)

keMp,

subject to Z ar(x) =0,
kEMDX

Y anks) =jxi7t =12
kEMDX

Then

~ 1 A
Gre(xo) :=1+ > ar(xo)R(k). (5.4)

kEMon
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The final estimator G;‘:P (xp) is a monotonized and truncated version of GLP (x0):

Gip(xo) = {maxé u } i
Lp(x0) max Lp(u) 0.1
This estimator requires selection of the window width #; it will be specified later.
The goal of the experiments is to study influence of the arrival rate A and the service time
distribution tail on accuracy of the estimators. Thus we consider two different scenarios.

(a) For different values of the arrival rate A € {0.5, 1,5, 15}, fixed exponential service time
distribution G(x) = 1 — ¢™* and the observation horizon 7 = 1000 we estimate G by
the three estimators at 100 equidistant points {x;,i =1, ..., 100} on the interval [0, 4]. At
every simulation run, we compute the maximal error

Err(G) :xrgag}m(x) -G, G e Gy, Gip, Gyl (5.5)

(b) The arrival rate is fixed A = 1, and we consider exponential service time distribution
G(x)=1—e " with 1 € {4, £, {5, {c}. The observation horizon is 7 = 1000 and the
distribution G is estimated at 100 equidistant points {x;} on the interval [0, 10]. Similarly
to (a), the accuracy is measured by the maximal error (5.5).

In all our experiments the local polynomial estimator éip is computed on the basis of the queue-
length process observations at equidistant points on [0, 7] with step size § = 0.01. It also requires
specification of the bandwidth parameter 4 which was put to 4 = 3§. In fact, we do not tackle the
question of “optimal” bandwidth selection, only little smoothing is applied. All the estimators
are computed at the points of a regular grid on the corresponding intervals. The estimators are
monotonized and truncated straightforwardly according to the definitions.

The results for scenario (a) are presented in Figures 1 and 2. Figure 1 shows typical realizations
of the three estimators Ga, G and G{p for different values of A. In Figure 2, we present box-

plots of the maximal errors Err(G) Ge {GCL, G}ip, G* } of the estimators over 100 independent
simulation runs for A € {0.5, 1, 5, 15}. A .
The numerical results show that both G¢; and G behave poorly for large values of A and xo.

This behavior of GEL is in full agreement with Theorem 2: the variance grows linearly in A and
quadratically in x¢. Figures 1 and 2 show that Brown’s estimator performs well for » = 0.5 and
A =1, but its accuracy deteriorates very rapidly as A increases. In our experiments for A = 5, the
median errors of GEL and G’g are close to each other, while in the case A = 15 Brown’s estimator
is upset completely. In the light traffic regime (small 1), the matching of output points with the
closest input points to the left are often reconstruct the “true” pair; perhaps this fact explains
good performance of G*B in the light traffic regime. The local polynomial estimator G}':P exhibits
very stable behavior, and its accuracy is not affected by changes in the arrival rate.

Figures 3 and 4 show the corresponding results for the scenario (b). As it is seen, accuracy of
all estimators is badly affected by heavy tails of the service time distribution. Brown’s estimator
is most sensitive in comparison with the other two, and the LP estimator is most stable.

In sum, although the local polynomial estimator requires specification of bandwidth, our ex-
periments show that under considered scenarios the local polynomial estimator (A}I’ip with small
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Figure 1. Typical realizations of ééL’ (A}*I} and GI”:P for G(x) =1 —e™* and different values of the arrival
rate A.

bandwidth parameter compares favorably with Brown’s and the Cox-Lewis estimators. In gen-
eral, the Cox—Lewis estimator exhibits larger variability than Brown’s, although for large values
of arrival rate A its median behavior is better than that of Brown’s.

6. Estimation of the expected service time

In this section, we discuss the problem of estimating the expected service time, « = Eglo]=1/u
from the arrival-departure data.

It seems straightforward to base an estimator for « on the relationship (4.1). In particular, if
we put ¢(7,1) = 1[0,T](T)1[0,T] (¢) in (4.1) then

T
Eg // I[O,T](t)l[o,r](t)dM(r)dN(t)=A2T2+Af G (u) du,
0

and

T
/0 [1-Gw)]du=AT>+T —Eg // 1j0.71(t)Lj0.77(t) dM (t) AN (2).
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Figure 2. Boxplots of the maximal errors over [0, 4] computed on the basis of 100 simulation runs for the
estimators GéL, G’g and Gy p and different values of the arrival rate A.

This shows that « can be estimated by

o= )»TZ + T — Z Z I[Q’T](Tj)l[o’r](l‘k).

JELkeZ

However, even though under a moment condition the bias of &, f ;O [1 — G(u)]du, is small, the
estimator variance does not tend to zero as T — o0.

A natural estimator of « can be obtained by integration of the corresponding estimator of the
service time distribution. In particular, for a real number b > 0 we set

b
&=/ [1-G)]dx, (6.1)
0

where G(-) is defined in (4.4).
Let M, (A) be the set of all distribution on R with pth moment bounded by A < oo,

Mp(A) = {G : pfo

o]

xP—l[l—G(x)]dx5A<oo}, p>1.
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Figqre 3. Typical realizations of GEL’ (A}E
service rate (L.

We have the following theorem.

Theorem 4. Let &, denote the

and (A;]’iP for G(x) = 1 — e~ ** with different values of the

estimator

6.1)

associated with b

(A/p)V @D )V CPED Then for all T > 1(1 v A72)*PT2(A/ p)? one has

by

AN DD 75\ =D/ +D)
. 2
S O
GeM,(A) P T

where C is an absolute constant.

Remark 4. (a) As discussed above, for a fixed x the estimator é(x) uses the data {(7; : 0 <1; <
T), (tx : 0 <t <T + x)}. Therefore & is based on the observations {(t; :0<7; <T), (f :0 <
tx <T + by)}. Because b, = o(T), the departure process is basically observed over an interval
of the length T(1 + o(1)) as T — oo.

(b) The theorem demonstrates that the service time expectation is estimated with a nonpara-
metric rate that depends on the tail behavior of G. This dependence stems from expression for
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Figure 4. Boxplots of the maximal errors over [0, 10] computed on the basis of 100 simulation runs for the
estimators G¢; , G and Gy and different values of the service rate u.

the variance of the Cox—Lewis estimator for large values of xo. Existence of the pth moment
with p > 1 is sufficient for consistency of the estimator.

7. Concluding remarks

1. It is worth noting that the local polynomial estimator GLP (xp) defined in (5.4) and based on the
observations of the queue-length process (5.2) can be also computed on the basis of the arrival—
departure data (5.1). Indeed, using the arrival-departure data we can define the following random
process {V(¢),t > 0}: let V(0) =0 and

V()= Z[I(O <tj<n-10<17; <], t>0.
JEZL
It is evident that V () = X (t) — X (0); therefore setting p = % Z;’:l V (i8) we obtain
1 n—k
= [Vd) - ][V (G +k)8) — 5] = R(ks).

n-
i=1
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where Ié(kS) is defined in (5.3). This shows that the local polynomial estimator GLP (xo0) is ap-
plicable when the arrival-departure data is available.

On the other hand, there are striking differences in the problem of estimating the expected
service time in the settings of arrival-departure and queue-length data. Although relative to the
arrival-departure data, the only additional information in the queue-length data is the initial state
of the system, it seems that this information is essential for improving accuracy of estimators
of «. Specifically, suppose that the queue-length observations {X (ké),k=1,...,n},né =T are
given. Since the marginal distribution of X (¢) is Poisson with parameter p = oA, the natural
estimator of o is a = ﬁ ZZ:] X (k§). This estimator is unbiased, and if the second moment
of G is finite then it can be shown that the variance of & converges to zero at the parametric
rate 7', Thus, the information about initial state of the system leads to significant improvements
in accuracy.

2. We considered the pointwise mean squared error as an estimation accuracy measure. In
particular, Theorem 2 implies that the Cox—Lewis estimator (4.4) is pointwise consistent, that
s, é(x) converges in Pg-probability to G(x) as T — oo for every x. We note however that
for a properly modified version of the Cox—Lewis estimator the uniform convergence can be
claimed. Indeed, let é(x) be the original Cox—Lewis estimator given in (8) and based on the data
{(zj:0<7; <T),(t;: 0 <ty <T + x)}. Define

~ {maxé(u)] , X < T1/4,
Gr(x)={ lusx [0,1]
1, x> T1/4,

where {-}0,1] is the truncation operation defined in Section 5. Note that {GT} is a sequence
of probability distribution functions, and it follows from Theorem 2 that Gr(x) converges to
G(x) as T — oo in Pg-probability for every x. Then invoking the proof of the Glivenko—
Cantelli theorem we can prove that Gr converges to G uniformly in Pg-probability, i.e.
lim7 o0 PG {sup, |G7(x) — G(x)| > £} =0 for any & > 0.

Appendix A: Proofs for Section 3

A.1. Proof of Proposition 1

Conditioning on (7;) jez and using independence of (o) jez on (1) jez and disjointness of { B},
we have

Eg [eZ?Ll i M(AD+31_ &N (By) I(t)) jez]

= Ximi WM, [eXp{Z &Y (i + Gj)} ‘(fj)jer|

=1 jeZ

= er’Ll niM(A;) l_[ Eg [exp{zsllgl_fj (O’j)} ‘(Tj)jEZ:| (A1)
=1

J€Z
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n
— e miM(A) l_[ |:Z(e51 —1)Pg(oj € B — 1)) + 1i|

jezLi=1
= eXizi ”iM(A")exp{Zlog[Z 1)Pg(o; € B — Tj)+1:|}.
JEZ =1

Now, if we put

i=1 =1

F@) =Y mila, )+ 10g|:Z(eE’ —1)G(B; —x) + 1}

then the right-hand side of (A.1) is exp{>_ jez f(tj)}, and applying Campbell’s formula [see,
e.g., [15]] we obtain ‘

logEG[eZ:’n:l mM(Ai)-l-Z?:lSlN(B/)] — )L/OO [ef(X) _ l]dx.

—00

It remains to compute the last integral. We have

o0
/ [ef(x) — l]dx
—00
n

- /oo [62?21 nila; () <Z(e51 —1)G(B, —x) + 1) - 1] dx

=1

:i/[ <Xn: f—l)G(Bl—x)Jrl)—l]dx

=1

n

+/ > (e —1)G(B — x)dx
R

\UiLs 4i 15
m n m
=Y (e —1)IAil+ > (& —1)|B/| + ZZ(e"f —1)(¥ —1)/A G (B, —x)dx,
i=1 =1 i=1 =1 i
where we have used that ffooo G (B; — x)dx = | B;|. This completes the proof.

A.2. Covariance measures of (M, N)

In the next lemma, we present expressions for the covariance measures of the process (M, N).
Corollary 1 is restated as the part (i) of Lemma 1.

Lemma 1. Let Q(-, -) be given by (3.2); then the following statements hold.
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(i) For any two intervals A and B, one has
Eg[M(A)N(B)]=A2|AI|B|+AQ(A,B). (A.2)
In particular, for dM(t) = M ((t, T +dt]) and AN (t) = N((¢, t 4+ dt]) we have
Eg[dM(T)dN ()] = A2drdt 4+ AdG(r — ) dr.
(i1) If A1, Ay and B are intervals such that A1 N Ay = &, then
EG[M(ADM(A2)N(B)] = 37| A1]|A2]| Bl + 2 Q(A1, B)|Az| + 12 Q(A2, B)|A1], (A3)
and for 11 # 12
Eg[dM (1) dM (r2) AN (1)] "
=2 drydndt +22dG(t — 1) dry dp + A2 dG (1 — 1) dra dy.
Similarly, for intervals By, B> and A such that By N\ By = &
EG[M(A)N(B)N(B2)] = 1*|Al|Bi|B2] + 2> Q(A, B1)|Ba| + 27 Q(A, By)|Bil, (A.5)
and fort; 1t

EG[dM (t)dN (1) dN (12)]

(A.6)
=M drdy di 4+ 22dG(t — 1) drdty + A2 dG(tr — 7) dT dfy.
(i) If A1N Ay =9 and B1 N By = &, then
EG[M(A1)M(A2)N(B))N(B2)| —EG[M(A1)N(B))]|EG[M(A2)N(By)]
= )»3[Q(A1, By)|Az||Bi| + Q(Az, B)IA1|B2|] + A2 0(A1, B2)Q(Ay, By).
In particular, for 11 # 1 and t] #t»
EG[dM (v1) dM (2) AN (1) AN (1) ] — B [dM (11) AN (1) [EG[dM (r2) AN (12)]
=2°[dG(t, — T1) dr dradty + dG (11 — 1) dra dry dis ] (A7)

+ 22 dG(tr — 11)dr1dG () — 1) d1o.

Proof. The proof follows by straightforward though tedious differentiation of (3.1).
(1) Write for brevity ¥ :=Eg exp{nM (A) +&N(B)}, O := Q(A, B), and

U=U®8) :=|Al(e"—1)+|Bl(e’ — 1)+ (e" — 1)(e* — 1) Q(A, B),
TaE) = Al+ (& —1)Q,  Tp(p:=|B|+("—1)0.
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It follows from (3.1) that ¥ = ¢’V Note that U (0,0) =0, £4(0) = |A| and 3(0) = |B|.
With the introduced notation

iU 0 aU £
er 2a(6), ¥=€ (),
X X
4 :eSQ, ﬂ:enQ.
0§ an
Using these relations we obtain
3 32
% =21V e"T4(8), a—n‘f =12Ve?SE(E) + het e a8),
3 32
% =xre'Vef Tp(n), 8—;2’ =12V X2 () + 1M E (), (A.8)
82
S =2 TR O Za ) + 10T,
n

Then (A.2) follows immediately from (A.8) by substituting n =& = 0.
(i1) From (3.1), we have

1
X log w(nlv n2, Elv 52)

1
=3 logEg exp{ni M (A1) +mM(A2) + & N(B1) + &N (B2)}

=|A1l(e™ — 1) + Azl (e™ — 1) + |By|(e" — 1) + |Bo|(e52 — 1)

2 2
+ D (e = 1)(e5 — 1)0(4;. B).
i=1 j=1

(A.9)

Let U = U (n1, 2, &1, &) stand for the right-hand side of (A.9) and put for brevity

2 2
B(A;) =Y (¥ —1)Q(A;. B). S(Bj):= (" —1)Q(A;, B)).
j=1 i=1
Then
) )
% =M [|A1l + Z(AD)], % =Mref1[ 1By + 2(B1)].
Y AUN2eM T |Ar] 4+ 2(AD][1A2] + S(A2)],
an1an2
%y

oYy e’\U)LZeE‘JF&[IB]I + Z(B])][|BZ| + E(Bz)],
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83
ama}zagl AU3em T A + S(AD][142] + Z(A)][I1B1] + S(BY)]
+e Uzt O (AL, BY)[|A2] + S(A2)] (A.10)
+eMUaZem Tt O (Ay, BY)[IAI] + B(AD],
83
&7137;952 Va3 SN[y + 2(B)][|B2] + Z(B)][1A1] + S(A))]

+ MRS O (A, B)[|Ba] + E(B))] (A.11)
+ MUAZSTERM O (A, By)[|Bi] + B(B)].

Now substituting n; =12 =& =& =01in (A.10) and (A.11) we come to (A.3) and (A.5).
(iii) Further differentiation yields

Y
91101208108,
=MVttt ata A |+ B(AD][|A2] + Z(AD)][IBi] + S(BD][1B2] + S(B2)]
+ M UnIem a9 (A1 By)[|As] + Z(A)][IB1] + S(B))]
+ M UnIemEmaTRl A + £(A1)]Q(A2, By)[|B1] + S(B))]
+ e UnIemtntatt Ay B)[|As] + Z(A)]|[IBa2l + S(By)]
+etUpdem it oA, B)[|A1] + S(AD][IA2] + S(Bo)]
+ e Un2eM TR O (A, B)Q(Az, By)
+ M Un2em it 0 (4, B)Q(AL, By).
Computing the fourth derivative at 1 = 1, = §; = & = 0 we obtain
EG[M(A)M(A2)N(B1)N(B)]
= 1*A1||A2]| BBy
+1°[Q(A1, B2)|A2||Bi| + Q(Az, B)| Ay By
+ Q(A1, B1)|A2||B2| + Q(Az, B1)|A1|Bal]
+22[Q(A1, B1)Q(A2, By) + Q(A1, B2) Q(Az, B)].
By (A.2)
EG[M(ADN(B)]|EG[M(A2)N(By)]
= 2*A11|B1|A2[|B2| + A2 Q(A1, B1)Q(A2, B))
+23[|A111B1]Q(A2, By) + | A2|| B2| Q(A1, BD)]:
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therefore

EG[M(A)M(A2)N(B1)N(B2)] —EG[M (AN (B1)]EG[M(A2)N(By)]
=2*(Q(A1, B2)|A2||Bi] + Q(Az, B)IA1lIBal) + 2% Q(A1, B2) Q(Az, By),

as claimed. O

A.3. Covariance measures of S

The next result establishes expression for the covariance measures of the superposed process S.
Note that the part (i) of the lemma is the restatement of Corollary 2.
Let Q(:, -) be given by (3.2), and for any pair of disjoint intervals A; and A; define

[Q(Ai,A)) + Q(A), AD].

[\SR

Qi,j = Qj,i =
Lemma 2. The following statements hold.
(1) Let Ay and A; be disjoint intervals; then
EG[S(AS(A2)] = 42 A1l|A2] + A[Q(A1, A2) + Q(As, AD)]- (A.12)
In particular, for A| = (t, T +dt] and Ay = (¢, t + dt] with T # t one has
Eg[dS(t)dS(n)] = 4)2drdr + A[dG(t — ) dr +dG(t — 1) dr].
(ii) If A1, A and Az are disjoint intervals, then
EG[S(A1)S(A2)S(A3)] =81 |A1]|Aal|A3| + 427 [ Q121 As] + 0131 42| + Q23lA1],
and for all distinct x, y and z
E[dS(x)dS(y)dS(2)] = 84> dxdydz + 227 dy[dG (x — 2)dz + dG(z — x) dx]
+22%dx[dG(z — y)dy + dG(y — 2) dz] (A.13)
+222dz[dG(x — y)dy +dG(y — x)dx].
(i) If A1, Ag, Az, A4 are disjoint intervals, then

EG[S(A1)S(A2)S(A3)S(As)] — EG[S(A1)S(A2)]EG[S(A3)S(As)]
=833[01.414211A3] + 02,41 A11|A3] + Q1314211 Asl + 02,31 A1 1] Asl]
+ 4)»2[Q1,3 Q2,4 + Q2,3 Q1,4]-
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In particular, if A| = (11, 11 +dt1], Ao = (11,11 +df1], A3 = (02, o +dra] and Ay = (2, 12 +
dty] with all distinct 11, t1, T2 and t) then

EG[dS(11)dS(61) dS(r2) dS(12)] — EG[dS(z1) dS(11) |EG [dS(12) dS(12)]
=823[0(dr1, drp) dry dvo + Q(d1y, drp) dry dro
+ 0(dn1, drp) dri diz + Q(dny, diy) dry dry
+422[Q(dty, dr2) Q(dty, dy) + Q(dr1, dro) O(dry, diy)],

where Q(dx, dy) := 1[dG(x — y)dy + dG(y — x) dx].
Proof. (i) It follows from Proposition 2 that

v =¥ (1, m) :=Egexp{nS(A1) + mS(A2)} =: exp{AU]},
U=U®,nm)
=2(e" — 1) A1| +2(e™ — 1) A2l + (" = 1)° 011 + (¢ — 1)* Q2
+ (" —1)(e™ = 1)[Q12+ 02.1],

where, for the sake of brevity, Q; ; stands for Q(A;, A;). Denote also
1
i, m2) = (" = 1) 01,1 + (¢" — I)E(QI,Z + 02.1)s
] 1 !
Ta(n1,m) 1= (™ = 1) Q22+ (" = 1)5(Q12+ 02

With this notation, we have

Ay U
— ="V — = 2*V2eM[| A1 + S1 (1, )],
om any

Y 2,000 U sy 32U

an1om any 02 an1om

=22V 4eM TRl Ay + S1 (1, n2) |[1A2] + B2 (1, m2)] + 2e*V e TR (Q1 5 + 02.1).

The last formula yields

%y

=422 A1 A2l + A(Q12+ Q2.1),
In1dm nm=n=0

EG[S(A1)S(A2)] =

as claimed in (A.12).
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(ii) Now we set ¥ := Eg exp{3>_1_, n:S(A)},

4
Z e —1)|Ail + 5 ZZ P—1)(e" = 1)Qij + Z F—1)Qii.

11]1 zl
i#]j

- - 1
Qij:=0ji= 3

4
= | Agl +Z(e"j ~1)0jx, k=1,2,3,4.
=1

(Qi,j+ Qj.i)s i,j=1,2,3,4,

According to Proposition 2, with this notation ¢ = e, g_U =e*¥r, k=1,...,4, and there-
fore
0
—I/f =22e?Vey,,
an
92 .
Ve [4325, 5, 4+ 2101 4], (A.14)
911972
Sy 20U jm+m+n3 [y 3 24 25 25
e [BAE1 5253 + 44701380 + 424702381 +40°01253].
011012013
Then
3y
EG[S(A1)S(A2)S(A3)] = ———
0M101m2013 |, =p,=53=0
= 813 A1]|A2]|As| + 422[ D1.21A3] + Q1.3142] + O231A11],
as claimed.
(iii) Finally, differentiating (A.14) we obtain
%y
911012013914

= P Mttt [16)4 % 5, 838y + 847 0142083 + 813 02421 T3 + 84303 451 2
+8)7013%:54 + 8470231 2y + 80301 25384 + 427013024
+422023014 + 412@1,2@2,4]-
The last formula yields
EG[S(A1)S(A2)S(A3)S(As)]

_ o'
In19m2913914 | —pp—3=ny=0
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4
=162 [ [14il +42°[015024+ 023014+ 01203.4]
i=1

+80°[Q1.4142]1A3] + 02.4|A11|A3| + Q3.4]A1]] A2
+ 0131 42]|Agl + 02,31 A1]|Ag] + Q121 A3] | A4l].
Taking into account (A.12) we obtain
EG[S(A1)S(A2)S(A3)S(A4)] — EG[S(A1)S(A2)|EG[S(A3)S(A4)]
=81[ 01414211 A3] + 02.4lA1l|A3] + Q1.3 A2||Asl + 0231 A1]|Asl]
+ 422013024+ 02301 4],

as claimed. O

Appendix B: Proofs for Sections 4 and 6

B.1. Proof of Theorem 1

The fact that é; is unbiased follows immediately from (4.1). We compute the variance of 91:

R 1 2 2
varg {6} = W[EG{ZZw(rj,rk)} - ( / / @i (T, r)EddM(r)dN(r)]) } (B.1)

JEL keZ

The expression in the square brackets on the right-hand side of (B.1) is decomposed as

Eg Z Z(ﬂf(rj, ) +Eg Z Z Zw*(th 109 (T 1)
JEL keZ J1€EZ jo€Z kel
J1#j2

FEGD DY 0ulr) k) pu(T k)

JEL k€L ko€
ki#ky (B.2)

2
4 {EG SN e )0 (T 1) — ( I/ q)*(r,z)EG[dM(r)dN(r)]) }

j| EZ](] eZ szZ szZ
J1# 2.k #k,

=1+ L+ 3+ Js

Now we compute the terms J;, i =1, ..., 4 separately.
Let
1, T #t,
T,1) = T,t eR.
x(@.0) {0, otherwise,



2556 A. Goldenshluger
By (4.1) we have

Ji =Eg // 17, (D1;(t — ) dM () AN (1) = A2|I|T + AG(I)T. (B.3)
Next, using (A.4) we obtain
J» = Eg /// 17, )17, (22)1,(t — )1 (t — ) x (71, T2) AM (T1) AM (72) AN (2)
=3 /// 17, (t)17,, (22)11(t — T1)1;(t — 12) dry dro dr
+ 22 ff/ 17, (x)17, (21, (t — T)1;(t — 12) dG(t — 71) dy dmo
+22 /// 17, (e 17, (@)1 (t — T)1;(t — 12) dG (1 — 1) d7 da
i +2J9,
where

P =52 /// 17, (e 17, ()1 ()1 (1 4 71 — 12) dG (u) d7 d1s.

Here we have taken into account that the last two integrals in the expression for J, coincide. The
integrals Jz(l) and J2(2) are evaluated as follows. We have

/lz(t—rl)lz(t—rz)dt

= / 11(M)11(M + 1 —1)du
=[lI1- (@ -0t —n <)+ [+ (@ —)]1(-]| < 71 — 2 <0).
Substituting this expression we obtain

0

1
J2(1)=A3/ (|I|—u)(T—u)du+A3f
0

(11 + u)(T +u)du :/\3|I|2<T - %|1|).
11|

Similarly, for I = (a, b]

/ll(u)ll(u + 0 -1)dGw) =[G(b) —Gla+n—)|1{0<n -7 <|I|}

+[Go+m—11)—G@1{-|I| < — 71 <0}
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Hence the integral 12(2) takes the form

22 /// 17, (tO) 17, (x2)1; )1 (u + 71 — 12) dG(u) dT d2

1] 0

=2 | (T—w[G®b)—Gla+uw]du+ A2/ (T+w[Gb+u)— Ga)]du
0 —|1]

= A2T/01 (1 - %)[G(I) +Gb—u)—Gla+u)]du,
so that
1 1 u
Jr = A3|I|2(T - g'”) + 2)\2T/0 <1 - 7)[G(I) +G(b—u)—Ga+u)|du. (B4
The similar calculation that uses (A.6) yields
J3 =Eg f// 17,1t — )1 (82 — ) x (t1, 12) AM (z) AN (t1) AN (12)
=13 /// 17, (D1t — T)1;(t — T)dr dty din
+22 /f/ 17, (D1;(1 — )1 (t2 — ) dG (1) — ) dr diy (B.5)
+ A2 //f 17, (D1, (1 — )1 (t2 — ) dG (12 — ) dr dry
= |IP*T + 2221 1G(DT.
Finally, letting Q2 = {(71, 12,11, 12) € R*: 7 # 17, 1] # 1}, and using (A.7) we have

Jy = //// 5 (T1, 1)@ (12, 12)
Q

X {EG [dM('C]) dM (1) dN (1) dN(tz)] —Eg [dM('L’]) dN(tl)]EG [dM('L’z) dN(tz)]}

=+ //// ¢ (71, 1)9x(12, ) dG (12 — 11) dTi dT2 dry
Q

+ 23 //// 0 (T1, 1) Ps (12, 1) dG (1] — 12) dTp d71 d12
Q

+ 22 //// 5 (T1, 1)@+ (12, 12) dG (12 — 11) d71 dG(#1 — 12) d12
Q

)
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Furthermore,
J4(1) = ks //ff ITM(‘El)lTM ()1;(t1 — )1 (tr — 12)dG(tp — 11) d11 dTr dty
Q
= A3|1|/// 17, )17, (1)1 (u + 71 — 1) dG(u) drr d2

S (B.6)
=A3|I|f / G + 1 —11)drydny
0 0

T
=A3|IIT/ G(I+u)(1 _ U)
-T

The same expression holds for J4(2). As for J (3), we have

I =32 / / / / 17, (t)17, (1)1 (0 — 1)1 (82 — 1) dG (12 — 11) d71 dG (1) — T2) dTa

=4 //// 17, (w17, 2)17(wy +uz —uy)

X 11(w2 +up — uz) dG(wz) du1 dG(w1)du2 (B.7)
T pT
:Az/ / G +uy —u)GU +ur —uy)duy dus
0 JO
2 [T |ue]
=27 | Gu+wed—w(1-")du
_T T

Combining (B.1)—(B.7) we complete the proof.

B.2. Proof of Theorem 3
10, By definition,
~ 1
Gl = / / 10,71 () 0,001 (1 — T (7. 1) dS(2) dS (1) — drxo,

and it easily follows from (4.6) that G (xo) is an unbiased estimator of G (xq)
The variance of G (xq) is

2
varG { G (x0) } = AZTZ{[ZZq)*(s,,sk)] —[EG / / mr,t)dsmdsm] }

jeZ keZ
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The expression in the curly brackets on the right-hand side of the previous display formula is
decomposed as

EG Y Y 02551 +Ec Y Y 0ulsj, s1)9xlsk, )

JEZ keZ JEZ keZ
FEGD DY 0ulsisk)n(sji k) FEG Y Y D a5k PS8y Sky)
JELk €L kr€Z JEL k| EL ky€EZ
ki ks JF#ka
FEG D Y 0u(sji 500y 550 +EG Y DY 0ulsjy s0@x(5y0 58)
JIELkEL jrel JIELkEZ jreZ
k# jo J1#j2

2 7
FEG Y Y DD pulsjs ka5, 58) — [EG / / (T, r)dS<r>dS<z)} =Y .
k=1

JIEZ K\ €L jr€l ko€l

J17 2. j17k2
k1# j2.k17£k2

where
5=k [[ tontionm - Dx(.nase s,
52 =6 [ [ 10.11(® 01 ¢ = DLy 05015 = 0 (7. 4S04S0,
J3 =Eg /// 10, 71(t)1j0,x01 (11 — D) Lo,x01 (B2 — T x (T, 11) X (T, £2) dS(7) dS(#1) dS(22),
Js=Eg /// Lio,71(¥)1j0,x01(r1 — T)Lj0,71(71)

x 1j0,x1(t2 — 1) x (T, 11) x (t1, 12) dS(T) dS(#1) dS(72),

J5 =Eg f// L0, 71(z1) 110,01 (t — T1)1[0,77(T2)

x 110,x01(t2 — T x (1, ) x (71, T2) dS(71) dS(12) dS(2),

Js =Eg /// 10, 71(t1) 110,01t — T1)1[0,71(72)

X 1jo,x01(t — 12) X (71, 1) X (T2, 1) dS(71) dS () dS(72),

J1=Eg ////Q 10, 71(t1) 10,01 (F1 — T1) 110,77 (T2) 1[0,x0] (f2 — T2) dS(71) dS(#1) dS(12) dS(22)

2
- [EG / / 10,7 () 10,1 ¢ — D) (. r)dS(r)dS(t)} ,

and 2 is the set of all vectors (71, 11, T2, t») with all distinct elements.
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We compute all integrals Ji, k =1, ...,7 separately. Although the computations are routine
and straightforward, they are often tedious.
29 In view of (4.6), we have

Ji =Eg // 110, 711[0,x01(t — D) x (T, 1) dS(7)dS () =4)»2Tx0 + AT G (xg).

Note that 1[g x,1(t — T)1[0,x,1(T — 1) x (7, 1) =0; hence J, =0.
Using (A.13) after straightforward calculation, we obtain

X0
J3 = 8A3Txg 4+ 42%x0G (x0) T + 4A2T/ G (xo — u) du.
0
In order to compute J4 we again use (A.13). In particular,

843 / / / 10,710 0,501 (11 — ) Lpo.71 (D) L0001 (12 — £1) dt iy

=82%x // L0, 71(0)10,x01 (t1 — T)1j0,71(11) dT dry = 8X3x3 [T _ %XO:|’

and
222 /// 110, 71(t)Lj0,x01 (71 — T) 1[0, 711 Lj0,x0] (12 — 1) d11 AG (T — 12) d1z
=212 /f[G(n — 1) — G(t) =t — x0) |10, 77(t1) L0101 (12 — 11) dt1 dt

4202 f / (Gt — 12) — G (1)L jousg) (1) L0102 — 1) iy diz = O

because G (0) =0 and x¢ > 0. Furthermore,
22 / f f 10,1104 (11 — Do, 11D 00112 — 1) iy dG (12 — 1) de
=222 // 10, 71(7) 1[0, x01 (t1 — ‘E)I[O,T](tl)[G(tl —7+4+x9) — Gt — ‘L’)] dry dt
2 0 u
=2 T/ [G(u+x0) — Gu)] (1 - 7) du,
0
222 /// 10, 71(0)110,x01(t1 — D) jo, 71t [0,x01 (22 — 1) dT dG (12 — 1) dty
2 1
=21°G(x0)xo| T — Exo ,

222 /// 10, 71(t)110,x01(t1 — T) 1[0, 71(t1) L[0,x0] (22 — 1) dT AG (11 — 12) dt, =0,
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237 /// L0, 71(T) Lj0,x01 (11 — T 110,71 (11)1[0,x01 (P2 — 11) d12 dG (T — 11) d1y =0,

222 //f 110,71(0)110,x01(F1 — T)1j0, 71(t1) L[0,x01 (22 — 1) A2 dG () — T) dT

=222 T/xo<1—1>dc
= 0 (u).
o T

Combining these expressions we obtain
3.2 1 2 1
Ja=81x5| T — Exo + 217G (xg)xo| T — Exg

+232x0T /xo (1 - 1) 4G () + 22T /XO[G(M 1 x0) — GW)] (1 - 1) .
0 T 0 T

Now we note that the expression for Js up to a change in notation of integration variables coin-
cides with that for Jy; hence J5 = Jy.
We proceed with computation of Jg:

833 / / / 10,77t L0xg] (¢ — T L0,77(t2) 0.y (F — 72) dty di dTa
=83 /// 110, 71(t1) X1e), 114201 () X ey, 14201 () 1[0, 71(T2) 1[0, 101 (T2 — T1) dT1 d2 dT2
+ 823 ff/ L0, 71T X7y 114201 () X ra, 124001 ) 110, 71(22) X0, 501 (T1 — T2) dT1 dt dT2
=83 // 1j0.71(t1)[x0 + 71 — 211[0.71(12)1[0.x) (72 — T1) d71 dT2
+ 823 // 1j0.71(t1)[x0 + 72 — 71 11[0.71(T2) 1[0, (T1 — T2) d71 dT2

1
= 16k3f [xo — ulljo, 71 (D)X [—u, 7 —u] (T) 1[0, xo1 (u) dT du = 3)»3)‘3[T - §x0}~
Furthermore,

212 /// 110, 71(t1) 10,401t — T)110,71(12) 10,501 (¢ — 72) dT1 [dG (t — 12) dT2 + dG (12 — 1) dt ]
X0 u
= 2A2Tf [G(xo —u) + G(xg) — G(u)](l — ?) du,
0
222 /// Li0,71(t1) 110,501 (¢ — T 10, 77(T2) Lj0,50) (t — T2) dT2[dG (t — 1) ATy +dG (1] — 1) dt ]

=2\’T XO[G(x — — _u
= 0o—u)+Gxo) —Gw]| 1 - ) du,
0
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and
222 f// 10, 71(t1) 110,01t — T1)1[0,71(72)
X l[O,xo] (t —m) dl‘[dG('L’z —11)dr1 +dG (1 — ) d‘L’z]
=2 //[xo + 11 — 210, 71 (T1) 110, 71(72)

X 110,501 (2 — 1) [dG (12 — 71) d71 +dG (11 — 12) d12 |

+ 2/\2/ [x0 + 72 — 71110, 71(z ) 10,77 (T2)

X 1[0,x1 (11 — ) [dG (r2 — 71) d71 +dG (1] — 12) d12

X0 u
= 4,\2Tf (1 - —>(xo —u)dG ().
0 T
Therefore,
2 1 2 o0 u
Jo = 803x§ |:T — gxo} +4x T/ [G(xo —u) + G(xp) — G(u)]<1 - 7) du
0
X0 u
+4A2Tf (1 - —>(x0 —u)dG ).

0 T
Then, combining the above expressions for J;, i =1, ..., 6, after straightforward bounding we
obtain

1< 1
a7 > Ji <3225 +36x0 + S G xo). (B.8)

i=1
30, It remains to compute J;. If Q(dx,dy) = %[dG(x — y)dy + dG(y — x)dx] then by
Lemma 2(iii)
J7 =///f @ (11, 1)@« (12, 2){EG[dS(71) dS(12) dS(11) dS(12) ]

6

— Bg[dS(r) dS()|[Eg[dS(r2) dS )]} = Y K.
i=1

where
Ky :=8)\° f/// 110,71 (t1) 10,401 (t1 — T 10,71(22)L[0,50] (12 — T2) Q(d7y, dp) dTp dty,

Ky := 833 //// 110,71 (T 110,501 (t1 — T1)L[0.71(T2) Lj0.x0] (12 — T2) Q(d71, dT2) dp d1y,
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K3 := 813 //// 110,71 (tD)1[0,x1 (t1 — T (0,77 (T2)Lj0,x0] (2 — T2) O (dT2, dt1) d7y iz,
Ky := 83 f//f 10,71(t) 10,501 (t1 — T 10,71 (T2)L[0.20] (12 — T2) Q(dt1, d1p) d1y do2,
Ks:=4)? /f// 110,71 L0501 (11 — T L10,71(T2) L0.x0] (12 — T2) Q(dT1, dT2) Q(dty, i),

Ko 1= 42 //// 110,71t L0501 (t1 — T) 110, 71(22)L[0.x0) (12 — T2) O (d71, d12) O (dT2, dity).

First, we note that K1 = K3; then standard calculations yield

T
K =Kz =4)3xT f
-T

T rxo
[G(xo +u)— G(u)] (1 — %) du + 4)»3x0/ / G —u)dudv
o Jo
< 122331,
T u
Ky = sﬁng/ (1 — ?> dG (u) < 8A°x3T.
0
The computation of K4 is more involved. Although exact expression for K4 can be derived,

we will compute exactly only the main term which grows with T'; for other terms we provide
upper bounds. The computation is based on the following formula

// 10, 71(t1) 10,501 (F1 — T1) 110,77 (t2) 1[0,x0] (2 — T2) dT1 dT2

= [t1240,x0) (t1) + X011, 71(t1) + (T — 11 + x0) 7, 74x] (1) ]
x [12110,x0)(22) + X011, 71(2) + (T — 12 + x0) (7, 74x01 (2) ]
=:[L1(t1) + La(t1) 4+ L3(t) ][ La(12) + L5(t2) + Le(12)].

Then
823 / / Li(t) La() O(dry. diy)
X0 x0
=4A3/ / n6[dG(h — 1) di +dG(ty — 1) dt |
0 0
3 Tl 2 1 3.3
=8A / §(x0 —u) (xo + Eu) dG(u) <417 x5 G (x0),
0
83 / / Li(11)Ls(12) O(dry. dio)

xo pT
:4)L3x0/ / t1dG(rp —t1)dy
0 X0
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T

—adxod [ (50— tu)udc 12 — Xx0) — ! —u)?
= 0 xo — zu JudGu) + =x5[G(T — x0) — G(x0)] + (T —u)*dG(u)
0 2 2 2 )

.
<8A3x3G(T),
83 / / Li(t1)Le(t2) O(dty, dtp)
X0 X0
=—4)3 / / tudG(T +x0 — u — 1) dry < 4233 G (T + xp).
0 0
The following integrals are evaluated similarly:
83 / f L(t) La(12) O(dt1, dia) = 83 f / Li(t)Lo(12) O, diz) < 43353G (T + x0),
0 [[ Lat ot Ocan.d =82° [ L L4t Ot de) =43243G o,
83 f / La()La(12) Oy, diz) = 833 / [ Li()Ls(12) O(dnn, diz) < 8X3x3G(T),
823 f f La(t)Le(12) Oy, diz) = 823 f f Ls(t)Ls(12) O(dnn, dia)
T prxo
=—4X3x0/ / udG(T +x¢9—u —1t1)ds
xog J0

< 233G (),

and finally,

T T
813 / / La(t2)Ls(12) Q(dry, dry) = 403x3 / / [dG(t1 — 1) dtr +dG (1> — 11) 2
xo0 Jxo

T —x¢
=8)°x3 / G(u) du.
0
Combining these expressions, we see that
T—xo
Kq < 803x3 f G(u)du + 3623 x5 < 8A3x2T 4 362°x].
0

Next, we proceed with computation of Ks.

Ks = A //// 110, 71(t1) 10,01 (F1 — T1) 10, 77(T2)

X 110,x1(f2 — 72) dG (11 — 12) d12 dG (1) — 12) d12

+ 22 //// 10, 71(t1) 10,501 (F1 — T1) 110,77 (72)
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x 110,x1(t2 — 12) dG (11 — 12) d12 dG (1, — 11) dfy

+22 //// Lo, 71(T1) 10, %01 (f1 — T1) 10, 71(72)

X 1j0,xo] (12 — 12) dG (12 — 71) d71dG (1] — 1) drp

+A2 //// 10, 71(t1) 10,501 (t1 — T1) 10, 77(T2)

x 110,x1(t2 — 172) dG (12 — 711) d71 dG (1, — 1) dty
=02k + kP + k9 + kD).

Integrating first with respect to 71, we have

K;l) = /// l[O,T](T])[G(x() +11—1)—G(t1 — t2)]

x 110, 71(t2) 10,01 (2 — 72) dG (11 — T2) dT2 d1>2.

Define F(t) := JO[G(xO +t—u)— G(t —u)]du; then
1 T
K = f / 10,11 () 0,11 () F (11 — 1) dG (11 — 1) dry = f (T = 0)F() dG ).
0

The same argument yields

2) T

k2 = [ [ ton@ton @@ -6 - mydn= [ @ - »FE0 6.
0

Moreover, by symmetry K §3) =K §2) and K §4) =K ;1). Therefore,

T
Ks= uzT/ <1 — %) [F(v) + F(—)]dG (v) < 42%x,T.
0

It remains to compute Ke:

Ko = A //// Lo, 71(t1)1{0,x01 (t1 — T1)1j0,77(T2)

X I[O,xo] (t2 — 'L’2) dG(tl — t2) dt2 dG(‘L’z — l‘]) dt1

+ 22 //// 10, 71(t1) 110,501 (t1 — T1) 110,77 (T2)

X 1j0,x1 (22 — 172) dG (11 — 1) d2 G (t; — 12) d12

+22 //// 10, 71(t1) 110,501 (t1 — T1) 110,77 (72)

X 1j0,x0] (12 — 12) dG (1 — 71)d71 dG (72 — 11) dfy
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+22 //// L0, 71(t1) 10,501 (F1 — T1)1j0,77(T2)

X I[O,XO](IQ — 'L’2) dG(l‘2 — ‘L']) d‘L’] dG([] — ‘L'z) d‘L’z
= 22K + KD + KD + kD).
First, we note that K, él) = 0. Indeed, the integrand does not vanish only if the following inequal-

ities hold simultaneously 0 <t — 71 < xp, 71 > £, 0 < tp — 12 < X0, T2 > t1, which is possible
only if all four variables coincide. Furthermore,

Kéz) = ///[G(Xo + 11— 1) — G(t1 — ©2) |10, 71(xD) Lj0, 71 (T2)

X 1[0,x0](t2 —1)dG(t1 — r)drdr

X0 T u
= T/ |:/ (1 — —)[G(xo +u)— G(u)] dG(u — v)
o LJo T

T+x¢
+ / [G(xo +u)— G(u)] dG(u — v)i| dv
T
By symmetry K 6(3) =K 6(2), and
K6(4) = // l[O,T](Tl)[G(Tl +x0—12)—G(11 — 7:2)]

x 110,71(12)[G(12 + x0 — 71) — G(12 — 1) | d11 dT2

T
:T/ (1 l;')[G(xo—Ht) Gw)][G(xo—u) — G(—u)] du

-T

Thus, we obtain
Ke < AZT ( - ) G(xo+u) — GW)][G(xo — u) — G(—u)] du
-T
T+x¢
~|—2)»2 { G(x0+u+v) —G(u+v)] dv}dG(u) <42%xT.

Combining expressions for K;,i =1, ..., 6 we come to

6
> Ki < 401x3 + 8xo.
i=l

s
M2T 22T

This relationship together with (B.8) lead to the announced result.
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B.3. Proof of Theorem 4

We have

b rb N 00 2
EG|&—a|252EGfO /0 [G(x)—G(x)][G(y)—G(y)]dxdy+2{/b [1—G(x)]dx} .

By the Cauchy—Schwarz inequality and Theorem 2

A A 1 1
EG[G(x) = GW][G) —G»] = %I[My + Vx+ YY) <\/x_y+ ﬁ) + ﬂ,

where c; is an absolute constant. Therefore,

sup Egla —af® < %[w“ + 572 4 a2 13 2] 4 es(A) p) P22,
GeM,

The lower bound on T in the premise of the theorem implies that with b = b, the first term on
the right-hand side of the previous display formula is dominating. The announced result follows
by substitution of b = b,.
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