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We consider a multivariate heavy-tailed stochastic volatility model and analyze the large-sample behavior
of its sample covariance matrix. We study the limiting behavior of its entries in the infinite-variance case
and derive results for the ordered eigenvalues and corresponding eigenvectors. Essentially, we consider
two different cases where the tail behavior either stems from the i.i.d. innovations of the process or from
its volatility sequence. In both cases, we make use of a large deviations technique for regularly varying
time series to derive multivariate «-stable limit distributions of the sample covariance matrix. For the case
of heavy-tailed innovations, we show that the limiting behavior resembles that of completely independent
observations. In contrast to this, for a heavy-tailed volatility sequence the possible limiting behavior is more
diverse and allows for dependencies in the limiting distributions which are determined by the structure of
the underlying volatility sequence.

Keywords: dependent entries; eigenvectors; largest eigenvalues; regular variation; sample covariance
matrix; stochastic volatility

1. Introduction

1.1. Background and meotivation

The study of sample covariance matrices is fundamental for the analysis of dependence in mul-
tivariate time series. Besides from providing estimators for variances and covariances of the
observations (in case of their existence), the sample covariance matrices are a starting point for
dimension reduction methods like principal component analysis. Accordingly, the special struc-
ture of sample covariance matrices and their largest eigenvalues has been intensively studied in
random matrix theory, starting with i.i.d. Gaussian observations and more recently extending re-
sults to more general light-tailed distributions which satisfy some moment assumptions like in
the four moment theorem of Tao and Vu [47].

However, with respect to the analysis of financial time series, such a moment assumption is
often not suitable. Instead, in this work, we will analyze the large sample behavior of sample
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covariance matrices under the assumption that the marginal distributions of our observations are
regularly varying with index « < 4 which implies that fourth moments do not exist and the behav-
ior of the largest eigenvectors differs significantly from the light-tailed case; see, for example, [3]
and [25]. In this case, we would expect the largest eigenvalues of the sample covariance matrix
to inherit heavy-tailed behavior as well; see, for example, Ben Arous and Guionnet [8], Belinschi
et al. [6], Bordenave and Guionnet [10], Auffinger et al. [2], Soshnikov [45,46], Davis et al. [17],
Heiny and Mikosch [31] for the case of i.i.d. entries. Furthermore, in the context of financial time
series we have to allow for dependencies both over time and between different components and
indeed it is often the aim of the analysis to discover and test for these dependencies. The sample
covariance matrix is an important tool for this and has for example been analyzed in Plerou et al.
[41] and Davis et al. [23,24]. The detection of dependencies among assets also plays a crucial
role in portfolio optimization based on multi-factor pricing models, where principal component
analysis is one way to derive the main driving factors of a portfolio; cf. Campbell et al. [12] and
recent work by Lam and Yao [37].

The literature on the asymptotic behavior of sample covariance matrices derived from depen-
dent heavy-tailed data is, however, relatively sparse up till now. Starting with the analysis of the
sample autocorrelation of univariate linear heavy-tailed time series in Davis and Resnick [15,16],
the theory has recently been extended to multivariate heavy-tailed time series with linear struc-
ture in Davis et al. [23,24], cf. also the recent survey article by Davis et al. [17]. But most of the
standard models for financial time series such as GARCH and stochastic volatility models are
non-linear. In this paper, we will therefore focus on a class of multivariate stochastic volatility
models of the form

Xit =0itZis, teZ,1<i<p, (L.1)

where (Z;;) is an i.i.d. random field independent of a strictly stationary ergodic field (o;;) of non-
negative random variables; see Section 2 for further details. Stochastic volatility models have
been studied in detail in the financial time series literature; see, for example, Andersen et al.
[1], Part II. They are among the simplest models allowing for conditional heteroscedasticity of
a time series. In view of independence between the Z- and o -fields, dependence conditions on
(X;r) are imposed only via the stochastic volatility (o;;). Often it is assumed that (logo;j;) has a
linear structure, which provides a tractable and flexible class of models while ensuring positivity
of the volatility process; see Davis and Mikosch [21]. This modelling goes back to Taylor [48],
who first introduced the so-called log-normal stochastic volatility model where the log-volatility
process is assumed to be a Gaussian AR(1) process.

In this paper, we are interested in the case when the marginal and finite-dimensional distribu-
tions of (X;;) have power-law tails. Due to independence between (oj;) and (Z;;), heavy tails
of (Xj;) can be due to the Z- or the o-field. Here we will consider two cases: (1) the tails of Z
dominate the right tail of o and (2) the right tail of o dominates the tail of Z. The third case
when both o and Z have heavy tails and are tail-equivalent will not be considered in this paper.
Case (1) is typically more simple to handle; see Davis and Mikosch [19-21] for extreme value
theory, point process convergence and central limit theory with infinite variance stable limits.
Case (2) is more subtle as regards the tails of the finite-dimensional distributions. The literature
on stochastic volatility models with a heavy-tailed volatility sequence is so far sparse but the
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interest in these models has been growing recently; see Mikosch and Rezapour [38], Kulik and
Soulier [36] and JanBen and Drees [34]. In particular, it has been shown that these models offer
a lot of flexibility with regard to the extremal dependence structure of the time series, ranging
from asymptotic dependence of consecutive observations (cf. [38]) to asymptotic independence
of varying degrees (cf. [36] and [34]).

1.2. Aims, main results and structure

After introducing the general model in Section 2, we first deal with the case of heavy-tailed
innovations and a light-tailed volatility sequence in Section 3. The first step in our analysis is
to describe the extremal structure of the corresponding process by deriving its so-called tail
process; see Section 2.3 and Proposition 3.1. This allows one to apply an infinite variance stable
central limit theorem from Mikosch and Wintenberger [39] (see Appendix A) to derive the joint
limiting behavior of the entries of the sample covariance matrix of this model. This leads to the
main results in the first case: Theorems 3.3 and 3.6. They say, roughly speaking, that all values
on the off-diagonals of the sample covariance matrix are negligible compared to the values on
the diagonals. Furthermore, the values on the diagonal converge, under suitable normalization,
to independent «-stable random variables, so the limiting behavior of this class of stochastic
volatility models is quite similar to the case of i.i.d. heavy-tailed random variables. This fairly
tractable structure allows us also to derive explicit results about the asymptotic behavior of the
ordered eigenvalues and corresponding eigenvectors which can be found in Sections 3.3 and 3.4.
In particular, we will see that in this model the eigenvectors are basically the unit canonical basis
vectors which describe a very weak form of extremal dependence. With a view towards portfolio
analysis, our assumptions imply that large movements of the market are mainly driven by one
single asset, where each asset is equally likely to be this extreme driving force.

In the second case of a heavy-tailed volatility sequence combined with light-tailed innova-
tions, which we analyze in Section 4, we see that the range of possible limiting behaviors of the
entries of the sample covariance matrix is more diverse and depends on the specific structure of
the underlying volatility process. We make the common assumption that our volatility process
is log-linear, where we distinguish between two different cases for the corresponding innovation
distribution of this process. Again, for both cases, we first derive the specific form of the corre-
sponding tail process (see Proposition 4.4) which then allows us to derive the limiting behavior
of the sample covariance matrix entries, leading to the main results in the second case: Theo-
rems 4.6 and 4.10. We show that the sample covariance matrix can feature non-negligible off-
diagonal components, therefore clearly distinguishing from the i.i.d. case, if we assume that the
innovations of the log-linear volatility process are convolution equivalent. We discuss concrete
examples for both model specifications and the corresponding implications for the asymptotic
behavior of ordered eigenvalues and corresponding eigenvectors at the end of Section 4.

Section 5 contains a small simulation study which illustrates our results for both cases and
also includes a real-life data example for comparison. From the foreign exchange rate data that
we use, it is notable that the corresponding sample covariance matrix features a relatively large
gap between the largest and the second largest eigenvalue and that the eigenvector corresponding
to the largest eigenvalue is fairly spread out, that is, all its components are of a similar order of
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magnitude. This implies that the model discussed in Section 3 may not be that suitable to catch
the extremal dependence of this data, and that there is not one single component that is most
affected by extreme movements but instead all assets are affected in a similar way. We perform
simulations for three different specifications of models from Sections 3 and 4. They illustrate that
the models analyzed in Section 4 are capable of exhibiting more diverse asymptotic behaviors of
the sample covariance matrix and in particular non-localized dominant eigenvectors.

Some useful results for the (joint) tail and extremal behavior of random products are gathered
in Appendix B. These results may be of independent interest when studying the extremes of
multivariate stochastic volatility models with possibly distinct tail indices. We mention in passing
that there is great interest in non-linear models for log-returns of speculative prices when the
number of assets p increases with the sample size n. We understand our analysis as a first step
in this direction.

2. The model

We consider a stochastic volatility model
Xir =001 Zis, i,t €, 2.1

where (Z;;) is an i.i.d. field independent of a strictly stationary ergodic field (o;;) of non-negative
random variables. We write Z, o, X for generic elements of the Z-, o- and X-fields such that o
and Z are independent. A special case appears when o > 0 is a constant: then (X;;) constitutes
an i.i.d. field.

For the stochastic volatility model as in (1.1), we construct the multivariate time series

Xi =Xy Xp)'s tel, (2.2)

for a given dimension p > 1. For n > 1 we write X" = vec((X;)/=1,...n) = (Xit)i=1,..p,1=1,...n
€ RP*" and consider the non-normalized sample covariance matrix

n
X' (X" = (Sipij=tnps  Sii=_ XuXj,  Si=Si. (2.3)

=1

2.1. Case (1): Z dominates the tail

We assume that Z is regularly varying with index « > 0, that is,

L L
PZ>x)~p 29 and PZ<-x)~p . EF 1L, 2.4)
x¢ x“
where p; and p_ are non-negative numbers with p; + p_ =1 and L is a slowly varying

function (for two positive functions f(x), g(x) the notation f(x) ~ g(x),x — 0o, means that
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limy_ o f(x)/g(x) = 1). If we assume E[c%T?] < 0o for some 8 > O then, in view of a result
by Breiman [11] (see also Lemma B.1), it follows that

P(X > x) ~ E[GQ]P(Z >x) and P(X < —x) NE[G"‘]}P’(Z < —x), x =00, (2.5)

that is, X is regularly varying with index «. Moreover, we know from a result by Embrechts
and Goldie [28] that for independent copies Z; and Z, of Z, Z1Z is again regularly varying
with index «; cf. Lemma B.1. Therefore, using again Breiman’s result under the condition that
E[(oioajo)o‘*"sl(i *j)+ aio(‘)+5] < oo for some § > 0, we have

E[(O’,’tdjt)a]]fb(:tzi Zj>x), i # ],

E[GQ]P(ZZ > x), i =], e 2.6)

P(Z‘:X”th > x) ~ {

2.2. Case (2): 0 dominates the tail

We assume that o > 0 is regularly varying with some index o > 0: for some slowly varying
function £,

Plo > x) =x"%(x),
and E[| Z]|**%] < oo for some 8 > 0. Now the Breiman result yields
P(X > x) ~ E[Zi]]}’(a >x) and P(X <—x)~ ]E[Zz]}P’(o > Xx), X — 00.

Since we are also interested in the tail behavior of the products X;;X;; we need to be more
precise about the joint distribution of the sequences (o;;). We assume

o0
O =6Xp< > 1/fkl77i—k,z—l>» it €Z, 2.7)

k,|l=—oc0

where (i) is a field of non-negative numbers (at least one of them being positive) such that
(without loss of generality) maxy; ¥ = 1 and (1;;) is an i.i.d. random field such that a generic
element 7 satisfies

IP’(e’7 > x) =x"“L(x), (2.8)

for some o > 0 and a slowly varying function L. We also assume ) ; ; ¥ < 00 to ensure ab-
solute summability of logo;j;. A distribution of n that fits into this scheme is, for example, the
exponential distribution; cf. also Rootzén [44] for further examples and extreme value theory for
linear processes of the form Z[’ifoo Yine—;.
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2.3. Regularly varying sequences

In Sections 3.1 and 4.1, we will elaborate on the joint tail behavior of the sequences (o;;), (Xi:),
(0i10j1), and (X;; X j;). We will show that, under suitable conditions, these sequences are regu-
larly varying with positive indices.

The notion of a univariate regularly varying sequence was introduced by Davis and Hsing
[18]. Its extension to the multivariate case does not represent difficulties; see Davis and Mikosch
[22]. An R%-valued strictly stationary sequence (Y;) is regularly varying with index y > 0 if
each of the vectors (Y;);=o,...n, h > 0, is regularly varying with index y, that is, there exist
non-null Radon measures /1, on [—o0, 00]¢"*D\ {0} which are homogeneous of order —y (i.e.,
un(AA) =177y (A) for all Borel sets A and A > 0) such that

Px='(Y)i=0..h € v
— 9. 2.9
P(Yol>x M0 29)

Here — denotes vague convergence on the Borel o-field of [—oc, 00]¢"TD\{0} and || - || de-
notes any given norm; see Resnick’s books [42,43] as general references to multivariate regular
variation.

Following Basrak and Segers [5], an R?-valued strictly stationary sequence (Y,) is regularly
varying with index y > 0 if and only if there exists a sequence of R?-valued random vectors
(®;,) independent of a Pareto(y ) random variable Y, i.e., P(Y > x) =x~Y, x > 1, such that for
any k > 0,

P(x'(Yo,..., YO €| IYoll > x) > P(Y(®y,...,@) €-), x—o00  (2.10)

We call (®y,) the spectral tail process of (Y;) and (Y @®y,) the tail process. We will use both
defining properties (i.e., (2.9) and (2.10)) of a regularly varying sequence.

3. Case (1): Z dominates the tail

3.1. Regular variation of the stochastic volatility model and its product
processes

Proposition 3.1. We assume the stochastic volatility model (2.1) and that Z is regularly varying
with index a > 0 in the sense of (2.4).

1. If E[c¥"¢] < oo for some & > 0, the sequence (Xit)tez is regularly varying with index o
and the corresponding spectral tail process (®}),>1 vanishes.
2. Foranyi #j, i]‘E[(aioajo)“+8] < 00 for some € > 0, then the sequence (X;; X j;) is regu-

larly varying with index o and the corresponding spectral tail process ((H);lj )h>1 vanishes.

Remark 3.2. If ]E[(aikaﬂ)““ik»ﬂ] < oo for some gjk j; > 0 and any (i, k) # (j, 1), it is also
possible to show the joint regular variation of the processes (X;; X /), i # j, with index a. The
description of the corresponding spectral tail process is slightly tedious. It is not needed for the
purposes of this paper and therefore omitted.
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Proof. Regular variation of the marginal distributions of (X;;) and (X;;X;;) follows from
Breiman’s result; see (2.5) and (2.6). As regards the regular variation of the finite-dimensional
distributions of (X;;), we have for i > 1,

P(min(| X;ol, | Xin]) > x)
P(IXinl > x | | Xiol > x) = —

P(| X0l > x)
- P(max(o;0, 0ip) min(| Z;ol, | Zin|) > x)
< — 0, X — 00.
P(| X0l > x)

In the last step, we used Markov’s inequality together with the moment condition E[c*™¢] < oo
and the fact that min(|Z;o|, | Z;n|) is regularly varying with index 2¢. This means that ®;l =0
for h > 1.

Similarly, fori £ j, h > 1,

P(IXin X jnl > x | | Xi0X jol > x)
- P(max (o000, 0inojp) min(| Zio Z jol, | Zin Z jnl) > x) N
- P(1Xi0X jol > x)

In the last step, we again used Markov’s inequality, the fact that Z;oZ o is regularly varying
with index « (see Embrechts and Goldie [28]; cf. Lemma B.1(1) below), hence min(|Z;Z jol,
|ZinZjn|) is regularly varying with index 2e, and the moment condition E[(aioajo)“”] < 00.
Hence ®) =0fori # j, h > 1. O

3.2. Infinite variance stable limit theory for the stochastic volatility model
and its product processes

Theorem 3.3. Consider the stochastic volatility model (2.1) and assume the following condi-
tions:

1. Z is regularly varying with index o € (0,4) \ {2}.
2. ((0it)r=1,2,..)i=1,...,p IS strongly mixing with rate function (ay) such that for some § > 0,

[e¢]

Z 8/(2+8) _ 3.1)

3. The moment condition
E[O,Zmax(2+8,0!+€)] <00 (32)

holds for the same § > 0 as in (3.1) and some € > 0.

Then

_ d
a, 2(51 —Cnyevny Sp —Cn) > (El,a/Za ceey ‘i:p,oz/2)7 (3.3)
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where the S;,i =1, ..., p,are as in (2.3) and the (§; /2) are i.i.d. o /2-stable random variables
which are totally skewed to the right,

0, o €(0,2),

nE[X?],  ae(2.4), G4

Cp =

and (ay,) satisfies nP(|X| > a,) - 1 as n — oo.

Remark 3.4. From classical limit theory (see Feller [30], Petrov [40]), we know that (3.3) holds
for an i.i.d. random field (X;;) with regularly varying X with index o € (0, 4). In the case o« =2
one needs the special centering ¢, = nE[X 21(]X| < ay,)] which often leads to some additional
technical difficulties. For this reason we typically exclude this case in the sequel.

Remark 3.5. It follows from standard theory that «-mixing of (oj;) with rate function (o)
implies o-mixing of (X;;) with rate function (4«,); see Davis and Mikosch [21].

Proof. Recall the definition of (X;) from (2.2). We will verify the conditions of Theorem A.1
for X? = (X2)i=1,...p. 1 =0,1,2,....

.....

(1) We start by verifying the regular variation condition for (X;); see (2.10). We will deter-
mine the sequence (@),) corresponding to (X;). We have for r > 1, with the max-norm || - ||,

P(IX )| > x, U2 {1 Xiol > x}D)

P(IX, | > x | [Xoll > x) <
(1% ) P([Xo[l > x)

< Z P(IX: [l > x, [Xiol > x)
B P(IXoll > x)

P
P Xl > x, [ Xiol > x)

<

_ZZ P(X| > x)

- i X”: P(max(0;:. 0i0) min(|Z 1 . | Ziol) > x)
- P(o|Z| > x) )

We observe that by Breiman’s result and in view of the moment condition (3.2), for > 1 and
some positive constant c,

P(max(or, oi0) min(|Zj4|, | Ziol) > x) C]P’(min(lzjzl, |Ziol) > x)
P(o|Z] > x) P(Z| > x)

’

and the right-hand side converges to zero as x — co. We conclude that @, = 0 for 7 > 1. We
also have fori # j,

P Xiol > x, |Xjol > x) _ P(max(aio, gj0) min(|Ziol, [Zo]) > x)

< — 0, X — 00.
P(X]| > x) P(o|Z]| > x)
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Then, in a similar way, one can show

w 1<
P(Xo/[IXoll € - | [Xoll > x) = P(@g € ) = > D (pree )+ pee(), (35
i=1

where e; are the canonical basis vectors in R”, gy is Dirac measure at x and p are the tail
balance factors in (2.4).

We conclude that the spectral tail process (G);lz) ) of (X,z) is given by 922) =0 for h > 1 and
from (3.5) we also have

PO c-

p
Z £e;(*). (3.6)

In particular, the condition Zfi L EL 952) Il < oo in Theorem A.1(4) is trivially satisfied.

(2) Next, we want to prove the mixing condition (A.1) for the sequence (X%). We start by
observing that there are integer sequences (/) and (m,) such that k,a;, — 0, I, = o(m,) and
my = o(n). Then we also have for any y > 0,

"BI»—‘

In
anP<ZX?1(||Xt|| > ay) > ya,%) < kalaP(IX, ]| > £0) < cly/my =0(1). (3.7
t=1

Relation (A.1) turns into

Fels @ i XP1(IX¢ | >ean) (]Eels,rz o x?1<||xtu>san))kn -0, seRP.
In view of (3.7), it is not difficult to see that we can replace the sum in the former characteristic
function by the sum over the index set J, ={1,....,m, — l,,m, +1,...,2m, —1,,...,} C
{1, ..., n} and in the latter characteristic function by the sum over the index set {1, ..., m, —[,}.

Without loss of generality, we may assume that n/m,, is an integer. Thus, it remains to show that
the following difference converges to zero for every s € R?:

|E[eis’a;2 e XP11IXe I=ea0] _ (E[e is'a; 2 ST X2 A(IX, ||>ean>])kn|

kn vl 2 5~ Jmn—In 2
ZE 1_[ is'a; 7y " (j— 1)m,,+1Xrl(”Xl“>5”")

j=1

Lo iy —1 _ 1
% (Cw’anszZ(’Lf’)m,,HX?1<\|X,\|>aan> _E[e isa, ZZ,“'"(”UmenHX?HIIXxI>8an>])}

n
_ 1
« |l ]E is'a;, 2 {"1("] ln)mn+lXt21(||X[H>8a")]
j=v+1

In view of a standard inequality for covariances of strongly mixing sequences of bounded random
variables (see Doukhan [26], page 3) the right-hand side is bounded by ck,o;, which converges
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to zero by construction. Here and in what follows, ¢ stands for any positive constant whose value
is not of interest. Its value may change from line to line. This finishes the proof of the mixing
condition.

(3) Next, we check the anti-clustering condition (A.2) for (X;) with normalization (a;,), im-
plying the corresponding condition for (X%) with normalization (a,zl). By similar methods as for
part (1) of the proof, assuming that || - || is the max-norm, we have

P( max X[ > ya, | IXol > ya, )
=l,....my

mp

<Y P(IX: 1l > yau | 1Xoll > ya)
t=I

P(Xi| > yan, |X/0| > yap)
<
CZZZ P(Z| > yan)

t=l i=1 j=1

P(max(oir, o;0) min(| Ziz |, 1 Z;0]) > van)
<CZZZ P(1Z] > yan)

t=l i=1 j=1

Ploi min(|Zil, 1 Zj0l) > yan)
5622; B(Z| > yan)

By stationarity, the probabilities on the right-hand side do not depend on ¢ > [. Therefore and by
Breiman’s result, the right-hand side is bounded by

P(min(| Z;(|, | Zjol) > Yan) _
P(Z| > yan)
This proves (A.2) for (X;).

(4) Next, we check the vanishing small values condition (A.3) for the partial sums of (th)
and o € (2,4). It is not difficult to see that it suffices to prove the corresponding result for the

component processes:
> ya,%) =0,

O ((ma/m)[nP(1Z] > ay)]) = 0(1).

n

n

> (XAA(1Xi| < ean) — E[X;1(1Xir| < ean)])

limlim supIP(
t=1

el0 n—soo

(3.8)
y>0,i=1,...,p
We have

*ZZJZE [Z21(1Xii| < ean) | 01 ] — @, *nE[ X7 1(1Xi0] < )]

72 Z [ZZ]
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ay’ Z (o2E[Z21(1Xi| > ean) | 01 ] — E[X21(1Xis| > ean)])
=L+1.
The sequence (0','2;) satisfies the central limit theorem with normalization /n. This follows from

Ibragimov’s central limit theorem for strongly mixing sequence whose rate function (o) satisfies
(3.1) and has moment E[c2219)] < 0o (see (3.2)); cf. Doukhan [26], page 45. We know that

\/ﬁ/a,% — 0 for @ € (2, 4). Therefore, I, —P> 0. We also have

E[13] = E[o*(E[Z°1(X| > sa,) | 0])’]

+2—42]cov (oHE[ZH1(|X5| > ean) | 0i0], 07, E[Z5,1(| X3, | > ean) | oin])|
”h 1
=13+ 1.

In view of the moment conditions on o and since E[Z?] < 00, I3 < c(n /afl) — 0. In view of
Doukhan [26], Theorem 3 on page 9, we have

n
n
[4 < C—4 ai/(2+5) (E|U|2(2+5))2/(2+5) 0.
a,
h=1

Thus, it suffices for (3.8) to prove

n

> (eAE[Z21(1Xi] < £an) | 03] — X7 1(1Xir| < 2ay))

el0 n—oo )

limlimsup P (

> yaz) =0,

y > 0.

The summands are independent and centered, conditional on the o-field generated by
(0ir)i=1....n- An application of Cebyshev’s inequality conditional on this o-field and Karamata’s

theorem yield, as n — oo,
2
> V%I(Um))]

o
can_4IE|:Zvar(X,-2,1(|Xit| <ean) | oir) | (Uis)j|
=1

< cn84E[|X/(8an)|41(|X| < gan)] — cete,

n

> (G2E[Z21(1Xir] < ean) | 0i¢] — X21(1Xie| < £an))

t=1

The right-hand side converges to zero as ¢ |, 0.
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This proves that all assumptions of Theorem A.l are satisfied. Therefore, the random vari-
ables on the left-hand side of (3.3) converge to an «-stable random vector with log-characteristic
function

Py, 02 hwy® e? ., /2
E[e J=0F) et &=l —lytl(l,Z)(a/z)]d(_y )
0
P 1 o .
:Z;/ ]E[e’yt/ —iytjl(l,z)(a/z)]d(_ya/z)’ t:(ll,...,tp)/eRP,
0
j=1

where we used (3.6) and that @22) =0 for & > 1. One easily checks that all summands in this
expression are homogeneous functions in ¢; of degree a/2. Therefore, the limiting random vector
in (3.3) has the same distribution as the sum Z‘;:l e;&j o/ foriid. &; 42 which are a/2-stable
and totally skewed to the right (because all the summands in S; are non-negative). (]

3.3. Eigenvalues of the sample covariance matrix
We have the following approximations:

Theorem 3.6. Assume that one of the following conditions holds:

1. (Xit) is an i.id. field of regularly varying random variables with index o € (0,4). If
E[|X|] < oo we also assume E[X] = 0.

2. (Xiy) is a stochastic volatility model (2.1) satisfying the regular variation, mixing and mo-
ment conditions of Theorem 3.3. If E[| Z]] < oo we also assume E[Z] = 0.

Then, with X" as in (2.3),
a; X" (X")' — diag (X" (X")) |, = 0.
where || - ||2 is the spectral norm and (ay,) is a sequence such that nP(|X| > a,) — 1.

Proof. Part (1). Recall that for a p x p matrix A we have ||A|2 < ||A||r, where || - || r denotes
the Frobenius norm. Hence,

a | X" (X") — diag(X" (X")) [ < a4 |X" (X" — diag (X" (X")') | .

= Z (an_zSij)z.

I1<i#j<p

(3.9)

In view of the assumptions, (X;; X j;);=1.2,.., i # j, is an i.i.d. sequence of regularly varying
random variables with index o which is also centered if E[|X|] < co. We consider two different
cases.

The case o € (0,2). According to classical limit theory (see Feller [30], Petrov [40]) we have

fori # j, b, lSi./' 4 &y, (see (2.3) for the definition of S;;) where &, is an «-stable random
variable and (b,,) is chosen such that nP(| X X;| > b,,) — 1 for independent copies X1, X, of X.
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Since (b,) and (a ) are regularly varying with indices 1/« and 2/, respectively, the right-hand
side in (3.9) converges to zero in probability.

The case a € [2,4). In this case, the distribution of XX, is in the domain of attraction of
the normal law. Since XX, has mean zero we can apply classical limit theory (see Feller [30],

Petrov [40]) to conclude that b, Ls; i LY N, where (by,) is regularly varying with index 1/2 and
N is centered Gaussian. Since b, /a,% — 0 we again conclude that the right-hand side of (3.9)
converges to zero in probability.

Part (2). We again appeal to (3.9). Let ¥y < min(2, «). Then we have for i # j, using the
independence of (X;; X j;) conditional on ((cj;, 0,)) and that the distribution of Z is centered if
its first absolute moments exists, that

a VE[15517 | (i1 050)] < ¢ T—Z(o,,aﬂ)y (ElZI7),

n

cf. von Bahr and Esséen [49] and Petrov [40], 2.6.20 on page 82. In view of the moment condition

(3.2), we have E[(0;0;)"] < 00 and n/aﬁy — 0 if we choose y sufficiently close to min(2, o).
Then the right-hand side converges to zero in view of the ergodic theorem. An application of the

.. . . . P .
conditional Markov inequality of order y yields a,; 2s; j — 0. This proves the theorem. (I

Corollary 3.7. Assume that (X;;) is either:

1. an i.id. field of regularly varying random variables with index o € (0,4) and E[X]= 0 if
E[|X]] < o0, or

2. a stochastic volatility model of regularly varying random variables with index o € (0,4) \
{2} satisfying the conditions of Theorem 3.6(2).

Then

a;zl_nllax Ay — Sl —> 0,

.....

where (A;) are the eigenvalues of X" (X"), A1y = -+ = A(p) are their ordered values and S(1y >
-+ > S(p) are the ordered values of S1, ..., Sp defined in (2.3). In particular, we have
_ d
ay M1y = Cns - hp) = €n) = Etyasas - Epr.aja)s (3.10)

where (cy) is defined in (3.4) for a # 2 and in Remark 3.4 for a =2, (§; o2) arei.i.d. o /2-stable
random variables given in Theorem 3.3 for the stochastic volatility model and in Remark 3.4 for
theiid. field, and &1y q/2 > - - > &(p),a/2 are their ordered values.

Proof. We have by Weyl’s inequality (see Bhatia [9]) and Theorem 3.6,
a

2 max ) = Sl < @ X (X - diag(X" (X")')[, = 0. 3.11)

If (X;;) is an i.i.d. random field (see Remark 3.4) or a stochastic volatility model satisfying the
conditions of Theorem 3.6(2), we have (3.3). Then (3.11) implies (3.10). ([l
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Remark 3.8. If o € (2, 4), we have E[X2] < oco. Therefore, (3.10) reads as

n (Ag d

— <£ - E[X2]> — (&G),a/2)i=1,...p- (3.12)
i=1

We notice that n/a,zl — oo for o € (2,4) since (n/af,) is regularly varying with index 1 — 2/a.
In particular, if tr(X" (X")") denotes the trace of X" (X")" we have fori < p,
1

My AMiy/n Ly (3.13)
eXP(X"))  Gat-FA/n p

The joint asymptotic distribution of the ordered eigenvalues (A(;) is easily calculated from the
distribution of a totally skewed «/2-stable random variable & /2; in particular, the limit of
(a;z(k(l) — ¢p)) has the distribution of max(&1,4/2, ..., &p,a/2)-

For applications, it is more natural to replace the random variables X;; by their mean-centered
versions X;; — X;, where X; = (1 /n) Z?: 1 Xiz, instead of assuming that they have mean zero.
The previous results remain valid for the sample-mean centered random variables X;;, also in the
case when X has infinite first moment.

3.4. Some applications: Limit results for ordered eigenvalues and
eigenvectors of the sample covariance matrix

In what follows, we assume the conditions of Corollary 3.7.

3.4.1. Spacings

Using the joint convergenceof the normalized ordered eigenvalues (A(;)) we can calculate the
limit of the spectral gaps:

M) — A+l d
<%)1=1 - = (E6),e/2 — EG+1),0/2)i=1,...p—1- (3.14)

We notice that the ordered values &) «/> and linear functionals thereof (such as &gy /2 —
&(i+1),0/2) are again jointly regularly varying with index «/2. This is due to the continuous
mapping theorem for regularly varying vectors; see Hult and Lindskog [32,33], cf. Jessen and
Mikosch [35].

3.4.2. Trace

For the trace of X" (X")" we have

p
a, 2 (r(X"(X")') = pea) =a, 2 Y (Si —cn)
i=1

p
_ d d
=a, 2 Z()‘i —cp) > é:l,ot/2 + -+ gp,a/Z = pZ/a%—l,a/I

i=1
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Moreover, we have the joint convergenceof the normalized and centered (A ;) and tr(X" (X")') =
A1+ -+ Ap. In particular, we have the self-normalized limit relations

< Ay — Cn > d ( &Gi),a/2 )
tr(Xl’L(Xn)/) — PCn i=1 p Sl,a/2+"'+é§_p,a/2 i=1 p’

..........

and for o € (2, 4), by the strong law of large numbers,

np (A —cn _d)é(i),a/z
a2 \r(X"(X")) ) ._, E[x2]

.....

3.4.3. Determinant

Since A; — ¢, are the eigenvalues of X" (X") — ¢,I p» where I, is the p x p identity matrix, we
obtain for the determinant

P
det(a, 2(X"(X") - culp)) = ]_[a;2(x(l-) —¢)
i=1

d
—> &2 Epra2 =81a2" " Ep a2

For a € (2,4), we also have

1 P i1,
St ) - oo - 14
m i=1 el
i < P J
- Zé(i),a/z = Zfi,a/z = p2/a§1‘a/2’

—_

i=1

where we used (3.12).

3.4.4. Eigenvectors

It is also possible to localize the eigenvectors of the matrix a,; 2X"(X™)'. Since this matrix is
approximated by its diagonal in spectral norm, one may expect that the unit eigenvectors of the
original matrix are close to the canonical basis vectors. We can write

an_2X" (X")/eLj = an_zs(j)eLj + e, W,

where W is a unit vector orthogonal to er;, L is the index of S(jy = § L and

- P
en=a, | (X" (X") = Sip)er, |, = O,
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from Theorem 3.6 and by equivalence of all matrix norms. According to Proposition A.1 in
Benaych-Georges and Peché [7], there is an eigenvalue a, 2A(j) of a, 2X"(X")’ in some &,-
neighborhood of a,; 25 ;). Define

Q= {a, 2|y — Al > dn, 1 # j}

for d,, = ke, for any fixed k > 1. Then lim,_, o, P(£2,)) = 1 because of (3.14) and d,, E 0. Hence,
for large n, a, >A(j) and a, 21 have distance at least d,, with high probability. Another applica-
tion of Proposition A.1 in [7] yields that the unit eigenvector V associated with a,, 21 () satisfies
the relation

limsupP(HV —Vier;lle, > 8) < lim sup]P’({||V —Vier;lle, > 8} N Qn) + limsupIP’(Q;)

n—o0 n—oo n—o00

< limsup]P’({an/(dn —&p) > 8} N Qn)

n—od
= 1p/k-1>s)-
For any fixed 6 > 0, the right-hand side is zero for sufficiently large k. Since both V and e ; are

Lo . P
unit eigenvectors this means that |V —ez;[[¢, — 0.

3.4.5. Sample correlation matrix

In Remark 3.8, we mentioned that we can replace the variables X;; by their sample-mean cen-
tered versions X;; — X; without changing the asymptotic theory. Similarly, one may be interested
in transforming the X;; as follows:

Xit — X, ~

iit == o, = Z(Xit - Yi)2-
oi =1
Then the matrix
n
Xn(Xn)/Z ( X”th) 5
=1 i,j=1,....p
j§ the sample~ correlation matrix. We write X,-, i=1,..., p, for the eigenvalues of X (i”)/ and

A1y = -+ = A(p) for their ordered values.

We notice that the entries of this matrix are all bounded in modulus by one. In particular, the
diagonal consists of ones. We do not have a complete limit theory for the eigenvalues ni. We
restrict ourselves to i.i.d. (X;;) to explain the differences.

Lemma 3.9. Assume that (X;;) is an i.i.d. field of random variables.

1. IfE[X?] < oo, then

,,,,,
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2. If X is regularly varying with index o € (0, 2), then

2

an ~

— max [A; — 1| = Op(1),
b, i=1,...p

where (a,) and (by,) are chosen such that P(|X| > a,) ~ P(|X1X2| > b,) ~ n! fori.id.
copies X1, X2 of X.

Remark 3.10. Notice that the lemma implies X,- LP) 1fori =1,..., p, and the analog of relation
(3.13) remains valid.

Proof. Part (1) We assume without loss of generality that 1 = E[X 2]. Then by classical limit
theory,

V(&) —diag(R (%)) = VAR (&) - 1,)

n V23 (X — X)) (X —Y,-)>
(@i //n)(@//1)

= (l(i # J)
d .,
= (Nij1G # ),

where N;j, 1 <i < j <n,areiid. N(0,1) and N;; = N;;. By Weyl’s inequality,

Vi max [{g =11 < VR (&) <1, ], = 02().

Part (2) If X is regularly varying with index o € (0,2), we have that (a, 26’\1-2) converges to a
vector of i.i.d. positive «/2-stable random variables (;), while for every i # j, b, 1 Yo (X —

X)X — X)) 4 & and the limit &; is a-stable. Then by Weyl’s inequality

2
n

S

2
~ a ~ o~
p e iy — 1] < i |X*(X") = 1L,], = Op(D).

4. Case (2): 0 dominates the tail

In this section, we assume the conditions of Case (2); see Section 2.2. Our goal is to derive results
analogous to Case (1): regular variation of (X;;), infinite variance limits for S;; and limit theory
for the eigenvalues of the corresponding sample covariance matrices. It turns out that this case
offers a wider spectrum of possible limit behaviors and that we have to further distinguish our
assumptions about the distribution of the innovations (#;) with generic element 7 in the log-linear
model for o; see (2.7). So, in addition to (2.8) we assume that either

E[e"™] =00 4.1)
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or

P(T]] + m > x) _ . ]p(eﬂl .eUZ > x) _
Jm B —C€@o & lim oo =ce00) @42

hold, where 1, and 7, are independent copies of 7.

Remark 4.1. Following Cline [14], we call the distribution of a random variable 1 convolution
equivalent if e" is regularly varying and relation (4.2) holds. The assumptions (4.1) and (4.2) are
mutually exclusive, since the only possible finite limit ¢ in (4.2) is given by ¢ = 2E[e"¥]; see
Davis and Resnick [16]. There are, however, regularly varying distributions of e”7 which satisfy
E[e"] < oo but not (4.2). An example is given in Cline [14], page 538; see also Lemma B.1(3)
for a necessary and sufficient condition ensuring (4.2).

As we will see later, relations (4.1) and (4.2) cause rather distinct limit behavior of the sam-
ple covariance matrix. In particular, (4.2) allows for non-vanishing off-diagonal elements of the
normalized sample covariance matrices, in contrast to Case (1).

For notational simplicity, define

y=maxyy and A={kD:yu=y}

Recall that for convenience we assume that ¥ = 1; if the latter condition does not hold we can
replace (without loss of generality) the random variables n;; by ¥ n; and the coefficients y; by
Yr1 /Y. For given (i, j), we define

Y =max (Y + Yieri—j1)- (4.3)
Notice that 1 < ¥ <2.Ford > 1, we write i = (i1, ...,i4),j= (j1, ..., ja) for elements of Z.
For given i and j we also define
Lj — ma i |
W lflgxdw

4.1. Regular variation
We start by showing that the volatility sequences are regularly varying.

Proposition 4.2. Under the aforementioned conditions and conventions (including that either
(4.1) or (4.2) hold):

1. each of the sequences (0it)icz, i = 1,2, ..., is regularly varying with index «,
2. each ofthe_ sequences (0i10j1)iez, 1, j = 1,2, ..., is regularly varying with corresponding
index o/ Yt/ ,

3. ford > 1 and i.,,j € Z, the d-variate sequence ((0j; 10 j,.1)1<k<d)iez IS regularly varying
with index o /™.
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Remark 4.3. Part (3) of the proposition possibly includes degenerate cases in the sense that for
some choices of (i, jk), (0i,.10},.¢) is regularly varying with index ot/ %/ > o /9.

Part (3) implies (2) in the case d = 1. Part (2) implies (1) by setting i = j and observing that,
by non-negativity of o, regular variation of (oizt) with index «/2 is equivalent to regular variation
of (o;;) with index «.

Proof. To give some intuition we start with the proof of the marginal regular variation of o,
although it is just a special case of (1). We have

i = eZ(kJ)eA ﬂi—k.t—[eZ(k,[”gA 1/fk[77i—k‘t—l = Git,AGit,AC' (44)

We first verify that o = opoac is regularly varying with index «. Since |A| < oo by our assump-
tions, and in view of Embrechts and Goldie [28], Corollary on page 245, cf. also Lemma B.1(1)
below, the product o is regularly varying with index «. The random variable o zc is independent
of 0. Similarly to Mikosch and Rezapour [38] (see also the end of this proof for a similar ar-
gumentation) one can show that oxc has moment of order « + ¢ for sufficiently small positive €.
Therefore, by Breiman’s lemma [11],

P(o > x) ~ E[UXC]IP’(UA > x), X — 00.

This proves regular variation with index « of the marginal distributions of (oj;).
In the remainder of the proof, we focus on (3). For a given choice of i, j, t € Z¢, we write

Aije={n,n) Vi y—n + Wj—my—n = Y™ for some 1 < <d}. (4.5)

We will show that the random vector (0, 1,0}, .15 - - - Gig,140)4,14) =: 0 is regularly varying with
index « /Y™ which proves (3). Note that

0i00j.0 = [ [ exp@umi—ri-0) || exp@urnj—ii-r)

(k,1) (k1)

= l_[ CXp((I//i,my,,” + wjfm,tfn)nm,n)

(m,n)
and write

1_[ el (Wi —m g —n TV jy —m, 1y —n)

(m,n)eA{it
o = diag :
1_[ emn Wig—m.ig—n+Vjq—m.1g—n)

(m'”)EAiL,j,t
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1_[ enrrl,n(llfil—m,tl—n+¢_jl—m,/l—n)
(m,n)€Ajjt
X : (4.6)
1_[ e’]m.n(Wid—m,[d—n+"/fjd—m,td—n)
(m,n)€Ajjt
=:AZ,
where diag((ag, ..., ax)) is any diagonal matrix with diagonal elements aj, ..., a;. We notice

that A and Z are independent.

Consider i.i.d. copies (¥;) of e”. There exist suitable numbers (a;;)1<i<d,1<j<p With p =
|Ajj,t| such that the components of Z have representation in distribution I—[‘;: " Y;’j ,1<i<d.
By assumption, Y; is regularly varying with index « and satisfies either assumption (B.3) or
E[Y]‘?‘] = 00. Furthermore, for each j there exists one 1 <i < d such that a;; = amax = wi'j by
the definition of Aj; j¢. An application of Proposition B.3 shows that Z is regularly varying with
index o/ and limit measure uz which is given as u in Proposition B.3(ii) (if (4.1) holds) or
Proposition B.3(i) (if (4.2) holds). Now, choose €, § > 0 such that

wil—m,ﬁ—n w -l—m,l[—n
J
1)[/.i,i

which is possible by the definition of A;j¢ and the summability constraint on the coefficients.
Then we have

E[[| A2/

148 <1—c¢, (m,n)eAiC’j’t,lflfd,

d
S Z 1_[ E[enl11,na(1+5)(‘l/il 7m,t/—n+wj/7m,r[7n)/l//l"]]
=1 (m,n)GAiL:jJ
d Py
< Z E[enm.na(l_5)](1+8)(‘//i1—mJl—n'Hﬁjl—m,/l—n)/((l—e)wl'J) < o0,
=1 (m,n)EA;M

where we used Jensen’s inequality for the penultimate step and the summability condition of the
coefficients for the final one. Thus, we have verified all conditions of the multivariate Breiman
lemma in Basrak et al. [4], implying that o inherits regular variation from Z with corresponding
index o/ and limit measure pq (1) = E[uz(A~1)]. O

Proposition 4.4. Assume that the aforementioned conditions (including either (4.1) or (4.2))
hold and that in addition E[|Z|*%] < oo for some § > 0. Then the following statements hold:

1. Each of the sequences (X;)iez, i € Z, is regularly varying with index o.
If (4.1) holds, then the corresponding spectral tail process satisfies ©; =0 a.s., t > 1,
and P(©y = £1) = E[ZS]/E[|Z|*].
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If (4.2) holds, then for any Borel set B= By x --- x B, C R*t1,

P((©1)i=,..n € B)

""" “@.7
> EIL((1((, v) € A{) ) 120....n € B) | Xi0l*]
(u v)EA(O) |A (O)| E[|X’O| ] ,
whereA(t)—{(u V) Yy~ =1Lt=0,...,n.

2. Each of the sequences (X1 X j1)iez, 1, j € Z is regularly varying with index o/ Y .
If (4. 1) holds, then the corresponding spectral tail process satisfies ©; iV —0a. s, t>1,
and PO =+1) =E[(Z; )YV 1/ Z: Z,14/Y"].
If (4.2) holds, then for any Borel set B= By x --- x B, C R"*1,

ij
P((®; )t:O,...,n € B) “38)
Xit X ji '
Sy ! E[1((1((u, ) € A) [ggi0....n € B)| X0 X jol*/V"]
= O ] b
a0 EllXioX jo|*/*")
where AL = {0, v) 1 Yiut—v + Vjusv =Y} 1 =0, n.
3. Ford > 1andi,je 74, the d-variate sequence ((sztX]kt)l<k<d)tEZ is jointly regularly
varying with index o/ 3.

Remark 4.5. 1. Equation (4.7) shows that in this case the distribution of (®f)120 is a mixture
of |A§0)| distributions, where each distribution gets the weight 1/ |A§O) |. Heuristically speaking,

a distribution in this mixture that corresponds to a specific (u, v) € AEO) has interpretation as the
distribution of (X;;/|X;0|)s>0, given that we have seen an extreme observation of | X;o| caused
by an extreme realization of e« . The variables e, (u, v) € Afo), are those which have a max-
imum exponent (equal to 1) in the product ]_[(M’U) exp(Vi—u,—vMu,v) = 0io. They are therefore
the factors which are most likely to make o;q, hence X;¢, extreme.

An analogous interpretation can be derived from (4.8) for the distribution of (@;J )1>0-

2. Note that for fixed i, j, the inner indicator functions in (4.7) and (4.8) are positive only
for finitely many 7. Hence, there are only finitely many ¢ > 1 such that P(® # 0) > 0 and
PO £0) > 0.

3. Using similar techniques as in the proof of cases (1) and (2) below, one can also give an
explicit expression for the resulting d-dimensional spectral tail process of ((X,: X j1)1<k<d)rez
in (3). However, due to its complexity, we refrain from stating it here.

Proof. We start by showing that all mentioned sequences are regularly varying. Exemplarily, we
show this for case (2). Very similar arguments can be used for the two other cases. For n > 0
write

Xir X jo)izo,...n = diag((Zis Zj1)1—

..........
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Since ¥ > 1 our moment assumption on Z implies that E[|Z|%/¥"”*+%] < oo for some § > 0.
Then Proposition 4.2 allows us to apply the aforementioned multivariate Breiman lemma, yield-
ing the regular variation of the vector (X;; X j;);=o,...,» With index o/ Wj . From the first definition
given in Section 2.3, this implies the regular variation of the sequence.

As for the derivation of the explicit form of the spectral tail process in (1) and (2), we restrict
ourselves to derive the distribution of the spectral tail process (@i’ )r>0 in part (2); part (1) is
similar.

If ,u‘,’l” denotes the vague limit measure of (0;,00j0, .., o,-,,,o*j,n)’ the multivariate Breiman
lemma yields the vague limit measure ,u,}” of (X;0Xj0,.--, X,-,an,n)’ given by

X (B) = cJE[u;,’” (x (B:/(znzjo))]

—CE[W’(f((Bt/(ZnZﬂ
=0

for any ,ufj -continuity Borel set B = X|_, B; € [—00, ool \ {0} bounded away from 0,
Aj jn is equal to Ajj¢ as defined in (4.5) withi=(,...,i),j=(j,..., j),t=(0,...,n), and
/lZ” is the limit measure of the regularly varying vector

( 1_[ e')u,v(‘pi—u,r—v+‘//_j—14,t—v)> , (4]0)

(M,U)EA,'_J'J,

4.9)

1—[ enu,v(’ﬁiu.tv+¢ju,rv)>>>i|

(u,v)eAS .

i,j,n

see the proof of Proposition 4.2. The distribution of the tail process of (X;; X j;) (cf. Section 2.3)
is then determined by

o P((Xi:Xi/x)i=0,...n € B, |Xij0Xjol/x > 1)

o _
PO ... x>0 P(IXi0Xjol/x > 1)

; (4.11)
uX’ (BN ([—o0, 00]\[—1, 1] x [—00, 00]™))

pX7 ([—o00, 0o]\[—1, 1] x [—00, 00]")

The concrete forms of ,tlgi'/ , hence of /LnXi'j, now depend on whether (4.1) or (4.2) holds.

We first assume (4.1). Note that A; j, = U OAl(t;, where A('). ={u,v) : Yi—y - +
Vicui—v =Y 'J}. Indeed, we easily see that A(’) A(O? + (0, t) t=1,...,n. We apply Propo-

sition B.3(ii) to derive the specific form of the hmlt measure i ol of (4.10). Each compo-
nent of this vector contains |A( ?l factors with maximal exponent 1//”. For the tth component,

those are the factors exp(My,y (Vi—u,r—v + ¥j—ur—v)), W, v) € A(t) Hence, pefr = |A(O)| and
Pegs = {A(O) + (0,1),t =0,...,n}. By (B.8), the measure Mn , up to a constant multiple, is
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given by

”’”(B)—cZ/ (( Vicwsv + Vjouro =9 Y v) € AV

X 1_[ ﬂzl,v(‘ﬁitl,fv""/”ju.tu))

(u,v)EAN; |, n\A(Y)

n oo .
— CZ/ P((l(f — S)Zil/u 1_[ e’]u,v(wi—u,t—v‘f“/fj—u,[—v)) e B)
s=0 0 0<t<n

(,v)EA;, ,,,\A“)

€ B)va(dz)

0<t<n

X Vg (dz),

where vy (dx) = ax~* Ldx. The sth measure in the sum above is concentrated on the sth axis.
Therefore the limit measure /fLZ” is concentrated on the axes. By (4.9), this implies that /,L?]
is concentrated on the axes as well. Therefore M (B N ([—o0, co]\[—1, 1]) X [—o0, c0]") =
as soon asone B;,1 <i <n,in B = Xl _o Bi is bounded away from 0. With (4.11) this gives
Y®) =0 as. for 7 > 1 and therefore ®} =0 a.s. for 7 > 1. The law of ®} follows from the
univariate Breiman lemma. -

Next assume (4.2). By Proposition B.3(i), the vague limit measure ﬁg” is up to a constant
given by

W”(B)— Z / << (u, v)eA(l)) v

(u,v)EN; jn

x l_[ e(wi—ﬂ,t—ﬁ"ﬂ//j—ﬁ‘t—ﬁ)’lﬁj)

(’Isﬁ)EAi,j,n
(i1, 0)#(u,v)

B)va(dz).

t=0,...,n

For sets B such that B N ({0} x [—o00, c0]") = @ it suffices thereby to sum only over (u, v) €

A<O) instead over all (u,v) € A; j,» =/ Afli For these sets, we have by Breiman’s lemma
(cf 4.9)), '

wmie= ¥ [7r((Mww e
w,v)er?”
X 1_[ eWi—iii—o+Vj—iii—5)i Ziszz> )Va dz)
(,0)#(u,v) t=0,...,n
= " AN x X e~V BYuo(d
- Z 0 (( ((M,U)E i,j)Z it & jr€ )t=0,‘..,n€ )Voz( 2)s
wv)en)
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where we used that if (1, v) € Afl;, then

1_[ eWizi—stV¥j—ii—i)Nas — 0it0jt _ Gi;_ijz .
(@,0)#u,v) C(Wi—lhf—v'H”j—u,t—u)ﬂu,u e‘/fljnu,v
u,v u,v

Fubini’s theorem and a substitution finally simplify this expression to

Z E[f 1((1((u, v) € Al(,t;)zllf‘-’ Xl_thte_'//Un”’“)t:o n € B)v“(dZ)]
0

(0)
(u,v)eALj

= > IE[/ 1((1((u,v)eAl@.)y7” ”) eB)
0 T Xi0X 0l ) =0 n

(u,v)eA,(.?; """
x |Xioxjo|“/*”"’e—“"“-vv;,.j(dy)].

Note that the range of the inner integral in the last expression can be changed from (0, 0o) to
(1,00),if BN[—1, 1] x [—00, o0]" = &. Therefore, by writing

~ ~ ~ n ~
Byo=Bop\[-1,1], B: = B;, t>1, B =X By,
=0
we get from (4.11) that

X’ (B)
uX7 (([—o00, 0o]\[—1, 1]) x [—00, 0o]")

00 (1) Xit X i~ u,v
| Epen® B MG 0) € ALY 0 € B XX ol e v g )

Z:(u v)eA? IE“XiOXjOM/I/ﬂj e %Muv]
, ij

Xit X jit
1B, ) € AYDY g5 ...

(w,0)eA? |AI(J)| E[|Xi()Xj0|“/§0 1
, i)

3

where Y is a Pareto(e/v/"/) random variable, independent of all other random variables in the
expression. For the last equation, we expanded both numerator and denominator by multiplying
with E(e“"«v), noting that for (1, v) € AI(OI) the random variable e« is independent both of the
indicator function and of | X;oX j0|°‘/ ¥ ¢=eNuv From the law of the tail process (Y@ij ), we can
now see that the law of the spectral tail process (@ij ) satisfies (4.8). U
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4.2. Infinite variance stable limit theory for the stochastic volatility model
and its product processes

In the following result, we provide central limit theory with infinite variance stable limits for the
sums S;;; see (2.3).

Theorem 4.6. We consider the stochastic volatility model (2.1) and assume the special form of
(0ir) givenin (2.7) with ¢ = 1. For given (i, j), define a sequence (by) such that nP(|X;0X jo| >
bn) — 1 as n — oo. Assume the following conditions:

1. The conditions of Proposition 4.4 hold, ensuring that ]E[|Z|“/‘”ij+8] < 00 for some ¢ >0
and (X;; X j;) is regularly varying with index o/ Wi and spectral tail process (@2’ ).

2. (0i;0j¢) is a-mixing with rate function (o) and there exists § > 0 such that o, = o(n™%).

3. Either:

Q) a/yi <1, or
(i) i # j,a/¥" €[1,2) and Z is symmetric, or
(iii) i = j, a/¥" =a/2 € (1,2) and the mixing rate in (2) satisfies sup, n ZZO:r,, ap <
oo for some integer sequence (ry) such that nr, / b,zl — 0 asn — oo.

Then
-1 d
by (Sij —cn) = &jj aypiis 4.12)
where §;; o 1yii is a totally skewed to the right o/ V' -stable random variable and

_nE[X?], i=jandae(2,4),

o, i jora/yi <1.
Remark 4.7. 1. If («a;,) decays at an exponential rate, one can choose r, = Clogn for a
sufficiently large constant C. Then sup, n fo:rn ap < oo and nry, /b,% — 0 hold. These con-
ditions are also satisfied if o) < cen~ Y for some y>0,rm= Cné for some & >0 and
1)y <& <29/ ja—1.

2. The sequence (XX j;) inherits a-mixing from (o;;0;); see Remark 3.5.

3. It is possible to prove joint convergence for 1 <i, j < p in (4.12). Due to different tail
behavior for distinct (7, j) the normalizing sequences (b,) = b)) typically increase to infinity
at different rates. Then it is only of interest to consider the joint convergence of those S;; whose
summands X;; X j;, have the same tail index o/v/. More precisely, it suffices to consider those
S;j with the property that X;; X j; is tail-equivalent to X izt. The joint convergence follows in a
similar way as in the proof below, by observing that Theorem A.1 is a multivariate limit result.
The joint limit of §;; in (4.12) with equivalent tails of index & (say) is jointly a-stable with
possible dependencies in the limit vector.

4. The strongest normalization is needed for S; = S;;. Recall that the summands X l.zt of §;
are regularly varying with index o/2, that is, ¥/ = 2. Let (a,) be such that nP(|X| > a,) — 1.
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Under the conditions of Theorem 4.6, we have that an’z(Si — ) —d> §iap,i=1,...,pfora

jointly a/2-stable limit. If a/2 < a/y"/ for some i # j, then b,/a? — 0, hence a,S;; Eo.
It is possible that X;, X j; is regularly varying with index «/2 but nevertheless b, /a,zl — 0; see
Example 4.8 which deals with the case E[e*"] = co.

Proof. We apply Theorem A.1 to the sequence (X;; X j;), cf. also Remark A.2.

(1) The regular variation condition on (X;;X j;) with index o/ ¥/ is satisfied by assumption.
Moreover, ®y = 0 for sufficiently large /; see Remark 4.5.

(2) The assumption about the mixing coefficients in condition (2) implies that for a sufficiently
small € € (0, 1) and m,, = n'~¢ there exists an integer sequence [, = o(m,,) such that k,o;, — 0.
For this choice of m, and [, the proof of the mixing condition for the sums of the truncated
variables

n
5= Y XX XX = 1)

t=1

is now analogous to the proof of the corresponding property in Theorem 3.3.
(3) We want to show that

mp

lim limsupn ZIP(|Xi,th| > by, | Xi0X jol > by) =0 (4.13)

[—-00 n—soo
n =l

1—¢

form, =n as above. Write

0it0jt = 1_[ exp((l/fi—m,t—n + 1»”j—m,t—n)nm,n)

(m,n)

and set Ag s = {(m, 1) : Yi—mi—n +Vj—mi—n > 8 'We}, t € Z. Without loss of generality, we
assume that / is so large that A, ; N Ag o is empty for all # > . Then write for r > [,

0it0jt = Oit jt,Ae, * Oit,jt. Ae * Oit, ji,AC ,» 000 j0 = 0i0,j0, A0 * 9i0,j0.Ae, * 0i0,jO,AC 0

where

Gitl,jtl,Am2 = 1_[ exp((wi—m,tl—n + wj—m,ll—n)nm,n)o

(m’n)EAE,tz
We conclude that (0ir,j1, A, ,» Oit, ji, Avg» 00,0, Asgs 00,0, A, ) @0 (O3 jr A 5 Tio, jo,Ac ) are
independent. We have
P(1Xit X ji| > bu, |Xi0X jol > bn)

<P(max(|ZioZjol. |Zi1 Zjs|) max(oir,ji,ac . .+ i, jo, A, )

X MiN(070,j0, A, 00i0, 0, Ar.; » Oit, j1, At Oit, jt, Aeo) > bn).-
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The distribution of max (0 ji ¢
ST 0e0,

by a distribution which has moment of order 8«/(¥"/ &) > 2a/v'/ . Furthermore,

0i0,j0,A° t) is stochastically dominated uniformly for ¢ >/

min(ojo, j0,A, ¢0i0,j0, A, » Oit, ji, Ae . Oit, j1, Ag o)

= mln( l_[ exp((l”i—m,—n + Wj—m,—n)(nm,n)-‘r)’

(m,n)eNe oUAg

1_[ exp((wifm,tfn + 1,//jm,tn)(nm,n)+)>

(m,n)eAe 0UAe

Smin( [T eo@’@mns) ] exp@ v emns),

(m,n)eA¢ o (m’,n")eNg
[T e@Gwans) [] exp(8'v" e(nm,n)+))
(m',n")eAg (m,n)eN¢ o

§min( l_[ exp((y" +8_1Wj8)(77m,n)+),

(m,n)eA¢

1—[ exp((y +8_11//ij8)(nm’n)+)>,

(m,n)€Ag;

The right-hand side is regularly varying with index 2« /(¥"/ (14-8~'¢)). A stochastic domination
argument and an application of Breiman’s lemma show that uniformly for ! <t <m,,,

— -2 (14471
manP(1Xi X jt| > bu. 1 Xi0X jol > bu) = n**o(by /s e)))

_ n2—£0(n—2/(1+2_18))

—=o(1)

which yields (4.13).
(4) We check the vanishing small values condition. For any fixed §, we write

XiXj = Xitht1(|Xitht| = (Sbn), i # ],

X2 = XZ1(X2, < 8b,) — E[X21(X2 < 8by)],

n
Eij=ZXithz, Si = Sii.
=1
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Assume o/ € [1,2),i # j. Then, by symmetry of the random variables Z;; and Karamata’s
theorem for any y > 0 as n — oo, E[S;;] =0 and

P(1Sij| > ybn) < (yby) "2 var(Sij)
=n(yby) *E[(Xi X j1)?]

y 725270( ,

and the right-hand side converges to zero as § | 0.
Fori = j and a/¢¥"" > 1 we need a different argument. We have by Cebyshev’s inequality,

P(ISi| > ybu) < y by 2 var(S;)

= 7_2(71/175) Z (1—"h/n) cov(XlO, X2 )

|h|<n

For |h| < hg for any fixed Ay, (n/b2)| cov(Xlzo, X2 »)| vanishes by letting first 7 — oo and then
8 | 0. This follows by Karamata’s theorem. Standard bounds for the covariance function of an
o-mixing sequence (see Doukhan [26], page 3) yield

(n/bﬁ) Z |COV(X120,X2 |<c82 Z o,
rpn<|h|<n m<|hl<n

where r, — oo is chosen such that sup, n Zr,,<|h|<oo oy < oo and nrn/b,% — 0. The right-hand
side converges to zero by first letting n — oo and then § | 0. It remains to show that

Li=(n/b?) > (1—h/mycov(X2), X3,)

ho<|h|<rn

is asymptotically negligible. We have

| < (n/b7) Y E[X{X71(X7 < 8by. X7, < 8by)] + cnra /b,

ho<|h|<ry

<) YD E[XhXR] o

ho<|h|<rn

where we used that nr, /b2 — 0. We will show that the summands on the right-hand side are
uniformly bounded by a constant if % is sufficiently large. Then lim,_, o, I,, = 0.
We observe that by Holder’s inequality,

2 v21_ 2 2
E[ XX = cE[oj0073]
— C]E[eZZ(k,l)eI‘s ‘pkl(nifk,—l+77i7k,h—1)ez Z(k,l)g{[‘é ¢k1(’1i—k.—l+'7i—k.h—l)]

< C(E[e2r Z(k,l)el‘é Wkl(ﬂi—k.—l‘l'ﬂi—k.h—l)]) 1/r (E[eZS Z(k,béfg Wkl(ni—k.—l‘i‘ﬂi—k.h—l)]) l/s,
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where I'e = {(k, ) : ¥rjx > &} for some positive &, s, t such that 1/r +1/s = 1. Since aizo has mo-
ments up to order a/lﬂ“ e (1,2) and (ni,k,,l)(k,[)ers and (r]i,k,h,l)(k,[)erE are independent for
sufficiently large & we can choose 7 > 1 close to one such that Ef[e? 2nere Vi (li—k~1+0i~kh-]
is finite. This implies that we choose s sufficiently large. On the other hand, for fixed s we can
make & so small that E[ezs Lok ngre Vit (it —1+H1i—k i )] is finite and uniformly bounded for suffi-
ciently large 4. Fine tuning £ and s, we may conclude that lim,,_, o, I,, = 0 as desired.

By Theorem A.l1 and Remark A.2 the result now follows; see also the end of the proof of
Theorem 3.3 for the form of the resulting limit law. (I

Example 4.8. We assume that E[e"] = oo, hence e*” does not have a finite o/2th moment.
Using Lemma B.1(5), calculation shows that for i # j with " =2,

P(Xi0X ol >x) 0

4.14
rh00 P(X2 > x) (4.14)

Define (a,) such that nP(|X| > a,) — 1. We may conclude from (4.14) and Theorem 4.6 that
for i # j we have q,; 2s; ;i £ 0 although both X;0X jo and X 2 are regularly varying with index
a/2.

By Theorem 4.6 and Remark 4.7, we conclude that

_ d
a2 (Si — en)iet,..p ~ Eiap)iet...ps (4.15)

where the limit vector consists of «//2-stable components. The spectral tail process (@)1 of
the sequence X; = (Xy, ..., Xp,)’, t=1,2,..., vanishes. This follows by an argument similar
to the proofs of Propositions 4.4 and B.3 under condition (4.1). A similar argument also yields
that

im P(1Xi0l > x, [Xjol >x)
x—00 P(X]| > x)

0, i#j.

Therefore the the distribution of @ is concentrated on the axes and has the same form as 6(()2)
in (3.6). As in the proof of Theorem 3.3 this implies that the limit random vector in (4.15) has
i.i.d. components.

We conclude that the limit theory for S;;, 1 <17, j < p, are very essentially the same in Case (1)
and in Case (2) when the additional condition E[e*"] = oo holds.

Example 4.9. Assume that (4.2) holds. We may conclude from Theorem 4.6 that a,; 2s; 5 £ 0
for i # j if ¥ < 2. The crucial difference to the previous case appears when ¥/ =2 for some
i # j.In this case, not only the (an_z(Si —cp)),i=1,2, ..., have totally skewed to the right v /2-

stable limits but we also have a,; 2s; j —d> &ij,a/2 for non-degenerate o /2-stable &;; /2. From (4.3),
we conclude that if ¥/ = 2 appears then /" =2 for all |i’ — j'| = |i — j|. This means that
non-degenerate limits may appear not only on the diagonal of the matrix a,; 2(S; j — cx) but also
along full sub-diagonals.
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In this case, the distribution of ®¢ from the spectral tail process of the sequence X; =
(X1s, ..., Xpt)' does not have to be concentrated on the axes — in contrast to Example 4.8. This
implies that the limiting «/2-stable random variables &; /2,7 =1, ..., p, are in general not in-
dependent. However, similar to the arguments at the end of the proof of Theorem 3.3, one can
show that the distribution of the limiting random vector (§; /2)i=1...., p is the convolution of dis-
tributions of «/2-stable random vectors which concentrate on hyperplanes of R? of dimension
less or equal than |{(m, n) : Yy = 1}].

4.3. The eigenvalues of the sample covariance matrix of a multivariate
stochastic volatility model

In this section, we provide some results for the eigenvalues of the sample covariance matrix
X"(X")" under the conditions of Theorem 4.6. We introduce the sets

T, ={G,j):1<i,j < psuchthat y"/ =2}, ro={G.j):1<i.j<p]\l'p
and let (a,) be such that nP(| X| > a,) — 1.

Theorem 4.10. Assume that the conditions of Theorem 4.6 hold for (X;;, X j;), 1 <i, j < p,and
o €(0,4). Then

a2 |x"(X") = X", >0,  n— o0,
where X" is a p X p matrix with entries
n
Xij=Y XuX;A(G, j)eT,), 1<i,j<p.
=1
Moreover, if E[e“T] = oo we also have
a7 2| X" (X") - diag(X" (X)) |, =0,  n— oc.

Proof. We have

a X (X =X 3= 3 (@ 7Sy)
(. j)ers,

For (i, j) € F;, we have i # j and the sequence (X;; X j;) is regularly varying with index a/ Yl >
a/2. In view of Theorem 4.6 the right-hand side converges to zero in probability.

In the case when E[e*"] = oo, we learned in Example 4.8 that a,; 2s; j E) 0 whenever i # j.
This concludes the proof. ]

For any p x p non-negative definite matrix A write A;(A), i =1,..., p, for its eigenvalues
and A1)(A) > --- = A(p)(A) for their ordered values. For the eigenvalues of X" (X")’, we keep
the previous notation (1;).
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Corollary 4.11. Assume the conditions of Theorem 4.10 and o € (0, 4)\{2}. Then

n

a’? max [ - i (XM S0 (4.16)
i=l,...p

and

a, 2 (i) — nE[X?]1(a (2,4)))i=1wp

% (i (a2 (KD €T)) e icr e

yeeey

4.17)

where (§;j.a/2) . j)er, are jointly a/2-stable (possibly degenerate for i # j) random variables.
Moreover, in the case when E[e“] = oo we have

a;? (i) —nE[ X1 (@ e . 9)),_, L Eyait..pm (4.18)

where (§; 4/2)i=1,...,p are i.i.d. totally skewed to the right o /2-stable random variables with order
statistics §(1y,a/2 > - > &(p),a/2-

Proof. Relation (4.16) is an immediate consequence of Theorem 4.10 and Weyl’s inequality; see
Bhatia [9]. We conclude from Theorem 4.6 and Remark 4.7(3) that

a, (S = nE[X]1(@ e 2.9))  jyer, L Eja)ier,. 4.19)

Then (4.17) follows. Relation (4.18) is a special case of (4.17). If E[e*"] = oo then, in view of Ex-
ample 4.8, only the diagonal elements in (4.19) have non-degenerate i.i.d. ’/2-stable limits. [J

Some conclusions

By virtue of this corollary and in view of Section 3.3 the results for the eigenvalues in Case (1)
and in Case (2) when E[e“7] = oo are very much the same. Moreover, the results in Section 3.4
remain valid in the latter case.

If (4.2) holds, Case (2) is quite different from Case (1); see Example 4.9. In this case, not
only the diagonal of the matrix X" (X")" determines the asymptotic behavior of its eigenvalues
and eigenvectors. Indeed, if '/ = 2 for some i # j, then at least two sub-diagonals of X" (X")’
have non-degenerate «/2-limits and these sub-diagonals together with the diagonal determine
the asymptotic behavior of the eigenspectrum. The limiting diagonal elements are dependent in
contrast to Case (1). This fact and the presence of sub-diagonals are challenges if one wants to
calculate the limit distributions of the eigenvalues and eigenvectors.

5. Simulations and data example

In this section, we illustrate the behavior of sample covariance matrices for moderate sample sizes
for the models discussed in Sections 3 and 4 and we compare them with a real-life data example.
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Figure 1. Estimated tail indices of cross products for the FX rates of 18 currencies against SEK. The
indices are derived by Hill estimators with threshold equal to the 97%-quantile of n = 1567 observations.

These data consist of 1567 daily log-returns of foreign exchange (FX) rates from 18 currencies
against the Swedish Kroner (SEK) from January 4th 2010 to April 1st 2016, as made available by
the Swedish National Bank. To start with, the Hill estimators of the tail indices o;;, 1 <1, j, < 18,
of the cross products X;; X j;, 1 < i, j, < 18, are visualized in Figure 1. In particular, the Hill
estimators on the diagonal (corresponding to the series X izt, 1 <i < 18) of the values «; /2, where
«; is the tail index of the ith currency, are of similar size although not identical. Even if all
series had the same tail index the Hill estimator exhibits high statistical uncertainty which even
increases for serially dependent data, cf. Drees [27]. A way to make the data more homogeneous
in their tails is to rank-transform their marginals to the same distribution. We do, however, refrain
from such a transformation to keep the correlation structure of the original data unchanged.

It is clearly visible that some off-diagonal components of the matrix have an estimated tail
index which is comparable to the on-diagonal elements. This implies that the tails of the cor-
responding off-diagonal entries S;;,i # j, of the sample covariance matrix may be of a similar
magnitude as the on-diagonal entries S;. This is in stark contrast to the asymptotic behavior of
the models analyzed in Section 3.

Figure 2(a) shows the ordered eigenvalues of the sample covariance matrix (normalized by
its trace) and the eigenvector of the FX rate data corresponding to the largest eigenvalue. There
exists a notable spectral gap between the largest and second largest eigenvalues and the unit
eigenvector corresponding to the largest eigenvector has all positive and non-vanishing compo-
nents. For comparison and to illustrate the variety of the models discussed above, we also plot
corresponding realizations of three model specifications from Sections 3 and 4. In all cases, we
choose p = 18 and n = 1567 in accordance with the data example. We assume throughout a
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Figure 2. Normalized and ordered eigenvalues (left) and eigenvector corresponding to largest eigenvalue
(right) of real and simulated data, with n = 1567, p = 18. (a) Based on FX rate data of 18 foreign currencies
against SEK. (b) Based on a stochastic volatility model with heavy-tailed innovation sequence. (c) Based on
a stochastic volatility model with heavy-tailed volatility sequence that satisfies assumptions of Example 4.8.
(d) Based on a stochastic volatility model with heavy-tailed volatility sequence that satisfies assumptions of
Example 4.9.

moving average structure in the log-volatility process log oj; in (2.1). More specifically,

18
oi=exp| > niks). 1=<i<I18,1€Z (5.1)
k=1

In accordance with the model properties discussed in Section 3, we first assume i.i.d. standard
Gaussian 7;; and i.i.d. Z;; with a Student-¢ distribution with r = 3 degrees of freedom. Fig-
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ure 2(b) shows the normalized eigenvalues and the first unit eigenvector from a realization of
this model. We notice a relatively large gap between the first and second eigenvalue and, in ac-
cordance with Section 3.4.4, we see that the first unit eigenvector is relatively close to a unit
basis vector. Figure 2(c) shows the corresponding realizations for the model (5.1) with a spec-
ification according to Example 4.8, that is, Exponential(3)-distributed i.i.d. n; ; (meaning that
P(n;i; > x) =exp(—3x), x > 0, which implies &« = 3 and E[e3"] = 00) and i.i.d. standard Gaus-
sian Z;;. Compared to the first simulated model, we see a slower decay in the magnitude of the
ordered eigenvalues and a more spread out first unit eigenvector. This observation illustrates that
although the limit behavior of this model and the one analyzed before should be very similar (cf.
Example 4.8), convergence to the prescribed limit appears slower for the heavy-tailed volatility
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sequence than for the heavy-tailed innovations. Finally, Figure 2(d) shows a simulation drawn
from (5.1) where the n; ; are i.i.d. such that P(n; ; > x) ~ x2 exp(—3x), x — oo, and the Z;; are
i.i.d. standard Gaussian. Again, o = 3, but direct calculations show that the distribution of »; ; is
convolution equivalent, that is, it satisfies (4.2) instead of (4.1). The graphs are in line with the
analysis in Example 4.9 and illustrate a very spread out dominant eigenvector. We note that while
none of the three very simple models analyzed in the simulations above is able to fully describe
the behavior of the analyzed data, the two models with heavy-tailed volatility and light-tailed
innovations are able to explain a non-concentrated first unit eigenvector of the sample covariance
matrix and therefore non-negligible dependence between components as seen in the data.

Appendix A: Some «-stable limit theory

In this paper, we make frequently use of Theorem 4.3 in Mikosch and Wintenberger [39] which
we quote for convenience:

Theorem A.1. Let (Y;) be an RP-valued strictly stationary sequence, S, =Y +---+Y, and
(an) be such that nP(||Y|| > a,) — 1. Alsowrite fore > 0,Y; =Y 1(|Y,|| < ¢€a,), Y, =Y, =Y,
and

l

i
§1,n =th, S,,,,=ZX,.
t=1

=1
Assume the following conditions:

1. (Y,) is regularly varying with index o € (0, 2) \ {1} and spectral tail process (© ).
2. A mixing condition holds: there exists an integer sequence m, — oo such that k, =
[n/m;,] — oo and

EeltSa/n — (Ee!tSmalm)" 0, n - oo, t e RP. (A1)
3. An anti-clustering condition holds:

lim limsupIP’( max (Y[ > 8a, | [Yol > (San) =0, 5>0 (A2)

[0 p—o0 t=l,..., my

for the same sequence (my) as in (2).
4. If a € (1, 2), in addition E[Y] = 0 and the vanishing small values condition holds:

limlimsupP(a, '||S, —E[S,]| >8) =0, 6>0 (A3)
el0 n—oo
and Y2 E[|©;]]] < oo.

d . .. .
Then a,; 1S, S &, for an a-stable RP-valued vector &, with log-characteristic function

o0 PR e ./ OO X
/ B[ 22005 — DV 22100 _iy1 0 (@)]d(—y*),  teRP. (A4)
0
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Remark A.2. If we additionally assume that Y is symmetric, which implies E[Y] = 0, then the
statement of the theorem also holds for « = 1.

Appendix B: (Joint) Tail behavior for products of regularly
varying random variables

In this paper, we make frequently use of the tail behavior of products of non-negative independent
random variables X and Y. In particular, we are interested in conditions for the existence of the
limit

P(XY > x)

i A, B.1
xggo P(X > x) 1 8.1

for some g € [0, co]. We quote some of these results for convenience.

Lemma B.1. Let X and Y be independent random variables.

1. If X and Y are regularly varying with index o > 0, then XY is regularly varying with the
same index.

2. If X is regularly varying with index o > 0 and E[Y*T¢] < co for some & > 0, then (B.1)
holds with g = E[Y“].

3. If X and Y are i.i.d. regularly varying with index o > 0 and E[Y%] < oo, then (B.1) holds
with g = 2E[|Y|*] iff

0. (B.2)

. . PXY>x,M <Y <x/M)
lim limsup =
M=o x—s00 P(X > x)

4. If X and Y are regularly varying with index o > 0, E[Y* + X*] < 00, limy oo P(Y >
x)/P(X > x) =0 and (B.2) holds, then (B.1) holds with ¢ = E[|Y|¥].
5. Assume that E[|Y|*] = co. Then (B.1) holds with g = co.

Proof. (1) This is proved in Embrechts and Goldie [28].

(2) This is Breiman’s [11] result.

(3) This is Proposition 3.1 in Davis and Resnick [15].

(4) This part is proved similarly to (3); we borrow the ideas from [15]. For M > 0, we have
the following decomposition

P(XY>x) PXY>x,Y<M) PXY>xM<Y=<x/M) PXY>xY>x/M)

P(X >x) P(X > x) P(X > x) P(X > x)
P P
~E[Ye1y < M)+ XY ];’(;4:;; =5M) 4 gox A M)“]ipgz . 2
_ E[Y"‘l(Y - M)] n P(XY>x,M <Y <x/M) +o(l).

P(X > x)



Eigenvalues of the sample covariance matrix of a stochastic volatility model 1387

Here we applied Breiman’s result twice. The second term vanishes by virtue of (B.2). Thus
q =E[Y“].
(5) The same argument as for (4) yields as x — oo,

P(XY>x) _P(XY>xY<M)

E[Y*1(Y < M)].

P(X>x) — P(X > x)
Then (B.1) with ¢ = oo is immediate. O
Lemma B.2. Let Yy,...,Y, >0 bei.i.d. regularly varying random variables with index a > 0.
Assume that
PY;-Y, >1t)
im ———— =c € (0, 00). (B.3)
t—oo P(Y] >1)
Then for any ay, . ..,ap > 0 such that amax :=max 1, pa; > 0 and any v > 0 we have

P(T, v > or, Y™ > 1)

1

PT2, Y > vr) _ Z

lim 2 lim lim Z (B.4)
oo P(Y™ ) 201200 PY™ = 1)
1 Jaj=0amax 1
and
P17, Y > vt, max;—;, yéma < gf)
lim lim sup —— - =l —0. (B.5)
s—>0 oo ]P(Yl max > t)

Proof. In view of Davis and Resnick [16], the only possible value for ¢ in (B.3) is 2E[Y f‘]
(which implies that E[Y{*] < oo). Furthermore, we note that the product [ | i = Y;j is reg-
ularly varying with index —o//amax; see Embrechts and Goldie [28], Corollary on page 245. By

Breiman’s lemma, this implies that

. PAT, Y > )
lim =
t—oo  P(Y™™ >1)

PY{™ > vt) P([T/_, Y{ > v1)

_ i i

=1u Amax Amax
t—oo P(Y[™ >1t)  PY™ >vr)

Amax
= v_“/amax 1_[ E[Y‘.wj/amax] lim ]P)(Hj:aj:“mﬂx Yj > vt)
J =00 P(Y{™ > vr)

Jaj Famax

By Lemma 2.5 in Embrechts and Goldie [29] (cf. also Chover, Ney and Wainger [13]) this equals

v_‘x/‘lmax ( 1_[ E[Y;mj/amax]) |{] . aj= amax}|E[Y1a]‘{j3aj:amax}\—1 )

J:ajFamax
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On the other hand, we have
P, Y > vt, Y;m“x > st)
> lim lim _
s—0t—00 ]P’(Y1 max. 1‘)

J:aj=amax

IP(Y;“W min(s~!, v~} [Tes; ) >1)
= > lim lim _
s—>01—>00 ]P’(ij“ > 1)

Jiaj=amax

o/ Amax
= limE| (min( s~ o7 ] v
X sl [De))

J:aj=amax k#j

— v_a/amax Z 1_[ E[Y]Smk/amax]

J:aj=amax k#j

— v—cc/amax< l_[ E[y]‘?‘“j/“max]) ‘{] taj = amax}’E[Yla]“f:“j:amaxﬂ—l’

JiajF#amax

where we applied Breiman’s lemma in the second step to the bounded random variable min(s !,
v! [k £i Y ,f %), and the monotone convergence theorem in the penultimate step. This proves
(B.4). To prove (B.5) note that for s > 0,

P12, Y > vt) P, Y > vt, max;—, ., Y;max <st)
>

P(Y{™ > 1) P(Y{™ > 1)
Z PII, Y > vt, Y;’ma" > st)
Amax
it ]P’(Y1 > 1)

- P, Y > vt, Y > 51, Y > st for some ji # j2)
P(Y{™ > 1)

, s> 0.

The last summand on the right-hand side converges to 0 as  — oo by independence of the Y's.
Moreover, the left-hand term and the second term on the right-hand side become equal by first
t — oo and then s — 0, in view of (B.4). Therefore the first right-hand term vanishes by first
t — oo and then s — 0. This proves the statement. ]

Proposition B.3. Let Y1,...,Y, > 0 be ii.d. regularly varying with index o and (a;j) €
[0, 00)"*P i, p > 1, be such that max|<;<p Ajk = Amax ‘=Mmax; ja;j > 0 forany 1 <k < p.

(i) Assume that (B.3) holds. Then the random vector

p
Y= (]_[ Yj‘."'f') (B.6)
j=1 l<i<n
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is regularly varying with index o /amax. Furthermore, up to a constant the limit measure u of Y
is given by 25;1 W, where for any Borel set B € [0, oo]" bounded away from 0 and v, (dz) =

az Lz,

,U,J(B) = ‘/(; P((l(au =amax)zamax 1_[ Y]?ik)

€ B) Ve (d2). B.7)
ket ] l<i<n
(ii) Assume that E[Y] = co. Set
et := ml_aX|{1 <J < piaij=amxl|,
Per:={AC{l,....p}:|Al = pery ATi :Vj € At ajj = amax}.
Then the random vector Y in (B.6) is regularly varying with index o/ amax. Furthermore, up to a

constant the limit measure u of Y is equal to ZAePcff A, where for any Borel set B € [0, o0]"
bounded away from 0,

oo
[,LA(B) = / P((l(al] = dmax VJ € A)Zamax l_[ Y]:lik)
0

€ B)va(dz). (B.8)
k¢A 1<i<n

Proof. (i) Let B € [0, co]” be a Borel set bounded away from 0. For s > 0 we have

P(YerB) P(Y€rB.maxj—i . .p Y;Zmax <st) LP.P(YetB, Y;"‘“ > st)

P(Y{m= > ) P(Y{™ > 1) = PO
u u (B.9)
P(Y €tB, le‘“ax > St, Y].2leX > st, for some ji # jo)
B P(Y{™ > 1) '
Since B is bounded away from 0, there exists v > 0 and 1 <i <n such that B C {(x1,...,x,) €

[0, 00]" : x; > v}. From Lemma B.2, (B.5) the first summand in (B.9) therefore tends to O by
first + — oo and then s — 0. Furthermore, the third summand converges to zero as t — 0o by
independence of the Y l’.s. We are thus left to show

P(Y € 1B, Y™ > st)
lim lim —
sN\01—>00 PY™ > 1)

=u;j(B),1<j=<p,

with 1 as in (B.7). For s > 0 write

P(Y etB, Y;"“‘“ > st)
lim =
t—00 Py ™ > t)

=5~/ im P(Y € 1B | Y{™ > st)
t—00 J
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y Gmax i
. j amax  %ij 4ij _1 a
=5~/ [im P § @max f Gmax 1_[ Y
—0o0 st - .
k;ﬁ] 1<i<n

00
= Sia/umax / IED((l(aij = max)Sy 1_[ Y]?ik> € B)‘)az/amax (dy).
1 1<i<n

k#j

Substituting sy by z in the integral finally gives

P(Y € tB, Y™™ > st) 00 .
lim lim J =/ ]P><<1(aij = Amax )77 mx 1_[ Ylf’k>
0

0t—>00 %max .
SN\ HD(YI > 1) kot j 1<i<n

(ii) Note first that under our assumptions for any 1 <nj <ny < p,

lim j=ny+1 J(dy)

=00 P([T/L, Y > 1) -

PATL, Y >0 o P(TL, Y, i) e
t—>00/0 ]P’(]_[ Y>>0

)
]E|: 1_[ Y;?‘:|=c>o
j=n1+1

by Fatou’s lemma and the regular variation of ]_['j“:] Y;. Write now

p p
@ @
Y=Y (e ¥ [
o 1<izn j=1 o I<izn =1
IJ ‘aij =amax }|=Pett I ‘aij =amax }| < Pett
where e; stands for the ith unit vector. The first sum can also be written as

> diag((l(a,'j =amx Vj € A) [ | ykafk> ) [Trom= Y v4,
1<i<n jeA g

A€ Pegr k¢ A A€ Pegt

€ B’Y;"“‘“ > st)

B) Ve (dz).

(B.10)

(B.11)

(B.12)

where for each summand the random matrix and the random factor are independent and for the
non-zero entries of the matrix we have a;; < amax since k ¢ A. Thus, by the multivariate version
of Breiman’s lemma each Y# is a multivariate regularly varying vector with limit measure 4 (up
to a constant multiplier) as in (B.8) and normalizing function P(]_[p oft Yamax > x). Furthermore,
for A, A" € Pegy with A % A" and i, i" such that a;; = amax Vj € A and ajrj = amax Vj € A" we

have

IF’(YA > X, YA/ > X)
]P)(Hpeff Yamax > )C)

aij a;r
. ]P((HjeAmA/ Y j)tmax l_[je(AﬂA’)" Y;' >x, (HjeAmA' Y j)tmax Hje(AmA’)f Y; !

(B.13)

> X)

]P)(Hpeff Yamax > )C)
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By Janfen and Drees [34], Theorem 4.2 (in connection with Remark 4.3(ii) and the minor change
that our random variables are regularly varying with index « instead of 1), the numerator be-
haves asymptotically like ]P’((]_[jeAmA/ Y;)dma > x), since ko = anqu, ki=0,je€(AN AN¢ is
the unique non-negative optimal solution to

Ko + Z Kk j — min!
je(AnA)

under

K0Gmax + Z Kjdij =2 1, K0Omax + Z Kjapj = 1.
Je(AnAye JE(ANAY)

This is because min(a;j, a;'j) < amax and max(a;j, ajj) < amax for all j € (AN A")¢. Since
A # A, wehave |[ANA’| < pegr and thus, by (B.10), the expression (B.13) converges to 0 as x —
o0o. Therefore, each component of Y4 is asymptotically independent of each component of Y4
and thus the sum in (B.12) is multivariate regularly varying with limit measure ), Py A and

normalizing function P(Hfifﬁ Y l.”"‘ax > x). Since the second sum in (B.11) consists by (B.10) only

of random vectors for which P(|| ]_[f:1 Y;.lij el >x)= ]P’(]_[j.’:l Y;.Jij > x) = o(P( 7 yim >
x)), we have that Y is regularly varying with index «/amax and limit measure ), Py A DY

Lemma 3.12 in Jessen and Mikosch [35].
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