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For a multivariate stationary process, we develop explicit representations for the finite predictor coefficient
matrices, the finite prediction error covariance matrices and the partial autocorrelation function (PACF) in
terms of the Fourier coefficients of its phase function in the spectral domain. The derivation is based on a
novel alternating projection technique and the use of the forward and backward innovations corresponding
to predictions based on the infinite past and future, respectively. We show that such representations are ideal
for studying the rates of convergence of the finite predictor coefficients, prediction error covariances, and
the PACF as well as for proving a multivariate version of Baxter’s inequality for a multivariate FARIMA
process with a common fractional differencing order for all components of the process.
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1. Introduction

Baxter’s inequality in [2] provides valuable information about the convergence of the finite
predictor coefficients to their infinite past counterparts (autoregressive coefficients) of a short-
memory univariate stationary process. It has been used by [3] in proving the consistency of the
autoregressive model fitting process and the corresponding autoregressive spectral density esti-
mator, and in proving the validity of autoregressive sieve bootstrap for a stationary time series in
[9,10,31]. Due to the widespread applicability of Baxter’s inequality in these areas and others,
there has been a great deal of activities in extending it to the setups of multivariate stationary
processes in [11,17], random fields in [33], and rectangular arrays in [34]. In these extensions,
the boundedness of the spectral density function of the underlying process appears to be an ab-
solutely essential and indispensable part of proving Baxter’s inequality.

In [26], however, Baxter’s inequality was established for univariate long-memory processes
where the boundedness of the spectral density function is clearly violated. Unlike the classi-
cal proofs for short-memory processes involving the orthogonal polynomials or the Durbin—
Levinson algorithm, the key ingredient of the proof in [26] was an explicit representation of the
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finite predictor coefficients in terms of the autoregressive (AR) and moving average (MA) coef-
ficients. The derivation of the representation in turn was based on techniques that use von Neu-
mann’s alternating projections on the infinite past and future. These techniques were first used
by [22] and have been developed to derive the needed representations for the finite prediction
error variances [22-25], the partial autocorrelation functions [7,24,28], and the finite predictor
coefficients [26]. Unfortunately, most of the details of the proofs in the univariate case do not
carry over to the multivariate setup where, for example, all functions and the sequences of AR
and MA coefficients are matrix-valued and hence in general do not commute with each other.

In this paper, for a multivariate stationary process, we prove the desired explicit representa-
tions for the finite predictor coefficients, the finite prediction error covariances and the partial
autocorrelation function (PACF). See Theorems 5.2-5.4 in Section 5. The three new ingredients
that enable us to obtain the results in the multivariate framework are:

(i) Use of the Fourier coefficients of the matrix-valued phase function of the process in the
spectral domain, rather than the AR and MA coefficient matrices (see Section 4).
(i) Development of an enhanced alternating projection technique tailored to the specific
needs of the problem at hand (see Section 3).
(iii) Use of the forward and backward innovation processes corresponding to the predictions
based on the infinite past and future, respectively (see Sections 2, 4 and 5).

Our representation theorems make it possible to extend Baxter’s inequality and other univari-
ate asymptotic results to the multivariate long-memory processes. Even when specialized to uni-
variate processes, our method and results are more succinct, transparent and improve the known
univariate results in several ways. For example, our representation theorem for the finite predic-
tor coefficients, that is, Theorem 5.4 below, is stated under the minimality condition (see (M) in
Section 5) only, which is weaker than the condition in the corresponding univariate result, i.e.,
Theorem 2.9 in [26].

In this paper, when applying the representation theorems, we restrict our attention to a class
of g-variate long-memory processes, that is, the g-variate FARIMA (fractional autoregressive
integrated moving-average) or vector ARFIMA processes with common fractional differencing
order for all components. A process {X} in this class has the spectral density w of the form

w(em)z ’1 —eie’_ng(eie)g(em)*, (1.1

where d € (—1/2,1/2) \ {0} and g : T — C9*9 has rational entries satisfying some suitable
conditions; see (F) in Section 6. The process { X} is described by the equation

(1 — L)Xy = g(L)&, keZ, (1.2)

where L is the lag operator defined by LX,,, = X,,—1 and {&x} is a g-variate white noise, that is, a
g-variate, centered process such that E[£,£] = 8,,, I, with I, being the ¢ x ¢ unit matrix. See,
for example, [12]. We notice that the parameter d in (1.1) is the fractional differencing degree in
(1.2). The g-variate FARIMA processes are multivariate analogues of univariate ones introduced
independently by [16] and [19].

We present the following quick summary of the asymptotic results obtained by applying our
representation theorems to a g-variate FARIMA process { X} with (1.1):
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(1) Baxter’s inequality for {X;} with d € (0, 1/2) (see Theorem 6.9 below).

(2) The precise asymptotics for the finite prediction error covariances v, and v,, of {X} with
d e (—1/2,1/2)\ {0} (see Theorem 6.5 below; see also Section 5 for the definitions of v,
and v,).

(3) The precise asymptotic behavior for the PACF «,, of {X;} with d € (—1/2,1/2) \ {0} (see
Theorem 6.7 below; see also Section 5 for the definition of o).

First, Baxter’s inequality for FARIMA processes is of the form

g —dil <K 3 lgjl.  neN, (1.3)
j=1

j=n+1

for some positive constant K, where, for a € C7*4, ||la|| denotes the spectral norm of a (see
Section 2), and ¢; and ¢, ; denote the forward infinite and finite predictor coefficients, respec-
tively, of {Xy} (see Sections 2 and 5, respectively, for their precise definitions). We also prove
a backward analogue of (1.3); see Corollary 6.10 below. We refer to [26] for the corresponding
result for univariate long-memory processes and [1,36,39] for its application; see also [21] for
other applications of results in [26]. In [11], Baxter’s inequality (1.3) was proved for a class of
multivariate short-memory stationary processes. The original inequality (1.3) of Baxter [2] was
an assertion for univariate short-memory processes. See also [3] and [37], Section 7.6.2.
Next, the asymptotic results in (2) above are of the form

d2

v,,:voo—l——voo—i—O(n_z), n— oo, (1.4)
n
2

Uy = oo + —oo + O(n72),  n— o0, (L.5)
n

where vy, (resp., Vo) is the forward (resp., backward) infinite prediction error covariance of
{Xk}; see Section 6.3 for their precise definitions. We refer to [22-25] for the corresponding
results for univariate long-memory processes. See also [15,20] for related work.

Finally, the result in (3) is of the form

%zgv+o@4y n — oo, (1.6)

where V is a unitary matrix in C?*¢ which depends only on g (and not d). We refer to [7,22-25]
for the corresponding results for univariate long-memory processes. In the theory of orthogonal
polynomials on the unit circle, the PACF appears as the sequence of Verblunsky coefficients and
plays a central role. See, for example, [5,13,28].

The above g-variate FARIMA process has a common fractional differencing order d for
all components. The question arises of proving analogues of (1)-(3) above for more general
q-variate FARIMA processes which have, in general, different order of differencing in each
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component, that is,

1-=L)h 0
1-0)4:= .
0 (1— L)%

withd = (dy, ..., d,), instead of (1 — L) (see, e.g., [12]). We leave this question open here; the
difficulty stems from the fact that, for such a general g-variate FARIMA process, the matrices
g(L) and (1 — L)4 do not commute with each other.

This paper is organized as follows. In Section 2, we give preliminary definitions and basic
facts. In Section 3, we prove the key projection theorem. In Section 4, we describe some basic
facts about the Fourier coefficients of the phase function which is needed in Section 5. In Sec-
tion 5, we prove the main results, i.e., the representation theorems for the finite prediction error
covariances, the PACF and the finite predictor coefficients of multivariate stationary processes. In
Section 6, we apply the main results to multivariate FARIMA processes with common fractional
differencing order for all components, and establish the results (1)—(3) above for them.

2. Preliminaries

Let C™*" be the set of all complex m x n matrices; we write C? for C? x1 We write I, for the
n X n unit matrix. For a € C"*", 4T denotes the transpose of @, and a and a* the complex and
Hermitian conjugates of a, respectively; thus, in particular, a* := a¥. For a € C1%4 we write
|la|| for the spectral norm of a:

lall:=sup |aul.
ueCq,|u|=1
Here |u| := (Z?zl |u’|*)1/2 denotes the Euclidean norm of u = (u!, ..., u)" € C4. A Hermitian

matrix a € C?*1 is said to be positive, denoted as a > 0, if (au)*u > 0 for all u € C4. When
a >0, we have |la|| = sup,ccq jy=1 (@u)*u. For Hermitian matrices a, b € C1*9, we write a > b
if a — b >0.1If a > b, then we have ||lal| > ||b]|. For p € [1,00) and K C Z, €5/ (K) denotes
the space of C7*9-valued sequences {a}rcgx such that ZkeK llax||? < oco. We write E?Uiq for
€1 (NU{0}) and €, for €)' = 1XI(NU{0}).

Let T := {z € C: |z| = 1} be the unit circle in C. We write o for the normalized Lebesgue mea-
sure d0/(2m) on ([—m, ), B([—m, ))), where B([—m, 7)) is the Borel o-algebra of [—7, 77);
thus we have o ([—m, 7)) = 1. For p € [1, 00), we write L, (T) for the Lebesgue space of mea-
surable functions f : T — C such that | f|, < oo, where || f|l, :== {/™ | f(e'))|Po(d0)}/P.
Let LZ’X" (T) be the space of C"*"-valued functions on T whose entries belong to L, (T).

The Hardy class H>(T) on T is the closed subspace of L,(T) consisting of f € L,(T) such
that [ e f(e!?)o(d) =0 for m =1,2,.... Let H)"*"(T) be the space of C"*"-valued
functions on T whose entries belong to Ho(T). Let D := {z € C : |z] < 1} be the open unit
disk in C. We write Hp(D) for the Hardy class on D, consisting of holomorphic functions
f on D such that sup,cp 1, /7, | f(re'?)|?0(d6) < co. As usual, we identify each function
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f in Hy(D) with its boundary function f(e!?) := lim,4; f(re'?), o-ae., in Hy(T). A func-
tion A in Hz"X” (T) is called outer if deth is a C-valued outer function, that is, det/ satisfies
log|deth(0)| = ffﬂ log | deth(e'?)|o(d0) (cf. [30], Definition 3.1).

For g € N, let {Xy} = {Xk : k € Z} be a C7-valued, centered, weakly stationary process, de-
fined on a probability space (€2, F, P), which we shall simply call a g-variate stationary process.
Write X = (X}, ..., XZ)T, and let M be the complex Hilbert space spanned by all the entries
{X] keZ,j= 1 ...,q}in L%(Q, F, P), which has inner product (x, y)» := E[xy] and norm
lxlar := (x, x) 2 For K C Zsuch as {n}, (—oo,n]:={n,n—1,...},[n,00):={n,n+1,...},
and [m, n] :={m, ..., n} with m < n, we define the closed subspace M,’(( of M by

ME =5p{X]:j=1,....q.keK).
We write (M }g )© for the orthogonal complement of M }g in M. Let Pg and PI% be the orthogonal

projection operators of M onto M 1)§ and (M 1)§)J-, respectively.
Let M7 be the space of C?-valued random variables on (€2, F, P) whose entries belong to

M. The norm |lx|[ye of x = (x',...,xN)T € M is given by |x[lye := X7, lIx"15,)"/?. For
K CZand x = (x!, ...,xq)T € M4, we write Pgx for (Ple,...,Pqu)T. We define PLx in
a similar way. Forx:(x],...,xq)T andy:(yl,...,yq)T in M4,
1.1 1.2 1
(x’y)M (x’y)M (x’yq)M
(xz’yl)M (xz’y2)M (xz’yq)M
(x,y):= E[xy"] . . . e Cr4
(xq’ yl)M (xq’ y2)M (x47 yq)M

stands for the Gram matrix of x and y.
Let {X\} be a g-variate stationary process. If there exists a positive ¢ x ¢ Hermitian matrix-
valued function w on T, satisfying w € L‘]]Xq (T) and

T im-me, (o) 20
(X, Xn) Zf e i(m—n) ( ! ) n,mex,
o 2’

then we call w the spectral density of {X;}. We say that { Xy} is purely nondeterministic (PND)
if (M,ez M( coun] = {0}. Every PND process {X} has spectral density (cf. Section 4 in [38],
Chapter II). We consider the following condition:

{ Xk} has spectral density w such that logdetw € L{(T). (A)

A necessary and sufficient condition for (A) is that {X;} is PND and its spectral density w
satisfies detw(e”g) > 0, o-a.e. (see Theorem 6.1 in [~38], Chapter II).
In what follows, we assume (A) for {X;}. Let {X : k € Z} be the time-reversed process of

{Xi}:
Xp=X_y, keZ. 2.1
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Then, since

X, X T iem, (—ioy 40
R )= (X X = [ et e ) 2
—-n 2

{X1} has the spectral density @ given by
w(e?) = w(e ). (2.2)
In particular, { X} also satisfies (A). The spectral densities w and w have the decompositions
w(em) =h(ei0)h(ei9)*, u~)(em) =fl(ei0)ft(ei9)*, o-a.e., 2.3)

respectively, for some outer functions / and hin qu *4(T), and h and / are unique up to constant
unitary factors (see, e.g., [38], Chapter II, and [18], Theorem 11). We define the outer function
hy in HY™(T) by
h:(z) == {h@)}". (2.4)
Then, hy satisfies
w(e?) = hy () hs(e), o-a.e. (2.5)

We may take hy = h for the univariate case g = 1 but there is no such simple relation between A
and h; for g > 2. We call h"‘hﬁ_l the phase function of {X}. Since

N R W S T R P T

holds o-a.e., it is a unitary matrix valued function on T. See Section 4 and [35], page 428.
Let

n .
Xy =/ e A (), keZ,
—7T

be the spectral representation of {X}, where A is the C?-valued random spectral measure such
that

b4 ) T . T . . o\ dO
(/ o(e')A(dD), w(e’g)A(d9)> =/ p(e M w(e)y () —
o - M - 2w
for ¢,y € L(w) with L(w) being the class of measurable ¢ : T — C'4 satisfying
f,ﬂn o (@Hw () (e?)* o (db) < oo (cf. [38], Chapter I). We define a g-variate stationary pro-
cess {& : k € Z}, called the forward innovation process of { Xy}, by

£ = /ﬂ e*ik%(ei@)*‘/\(de), keZ. (2.6)

Then, {&} satisfies (§,, &) = 8umly and

X _ vt
M = M(foo,nj’

(—o0,n]

nez Q2.7)
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(cf. Section 4 in [38], Chapter II), whence, for n € Z, {E,{ :j=1,...,9,k>n-+ 1} becomes a
complete orthonormal basis of (M X o n])l.
On the other hand, the spectral representation of {X} is given by

T . ~
X = / e A (), keZ
-
with the C9-valued random measure A defined by
A(E) := A(—E), E € B((-m, 7)), (2.8)

where —F :={—6:0 € E}. Let {é‘k : k € Z} be the forward innovation process of (X} given by
I . ~ . 1 ~
& = / e () 'Aw9), keZ. (2.9)
—TT

Then, we easily see that {ék} satisfies (é‘n, §m> = 6pm1y and

M[{n,oo) = M(E_oo,n]a nez, (2.10)
whence, for n € Z, {§k’ :j=1,...,9,k>n+ 1} becomes a complete orthonormal basis of

(M{¥, o))" We also call {&x) the backward innovation process of {Xy}. Then, {£} turns out to

be the backward innovation process of { Xi).
We define, respectively, the forward MA and AR coefficients ci and ay of {X} by

o0 o0
h(z)=21k6k, —h(z)! =szak, zeD, 2.11)
k=0 k=0
and the backward MA and AR coefficients ¢ and ay of {Xy} by
o o0
h()=) & —h@'=) da.  zeDb. (2.12)
k=0 k=0

It should be noticed that c; and ay (resp., ¢x and ai) are the backward (resp., forward) MA and
AR coefficients of the time-reversed process {)~( k), respectively. All of {c}, {ax}, {cx} and {ay}
are C?*9-valued sequences, and we have {c;}, (¢} € Egiq and coag = codo = —1I,. We have the
following forward and backward MA representations of { X}, respectively:

n

n
Xo= ) cnibe Xau= ) Gibi.  nel (2.13)

k=—00 k=—00

(cf. Section 4 in [38], Chapter II). If we further assume

{a) {ar} € €17, (2.14)
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then the following forward and backward AR representations of { Xy}, respectively, also hold:

n n
> an i Xi+8 =0, > aniX ik +E =0, nel (2.15)

k=—o00 k=—00

(see, e.g., the proof of [22], Theorem 4.4). From (2.15), we obtain the following forward and
backward infinite prediction formulas, respectively, for {X}:

o0 o0
P(—oo,—l]X():Z¢kX—k, P[l,oo)XO:ZQBka-
k=1 k=1

Here
b = coay, J’k = Cody, keN. (2.16)

We call ¢y (resp., (f)k) the forwa}:d (resp., backward) infinite predictor coefficients of {X}. It
should be goticed that ¢y (resp., ¢x) are the backward (resp., forward) infinite predictor coeffi-
cients of {Xy}.

3. A projection theorem

In this section, we present a projection theorem which facilitates finding explicit representations
of the finite predictor coefficients, the finite prediction error covariances and the PACF of a
g-variate stationary process { Xy}, in terms of the Fourier coefficients of the phase function.

Let H be a Hilbert space with inner product (-, -). Let I : H — H be the identity map. For a
closed subspace A of H, we write P4 for the orthogonal projection operator of H onto A and P AL
for that onto the orthogonal complement A of A, that is, PAL =1 — P4. For closed subspaces
A and B of H, von Neumann’s Alternating Projection Theorem (cf. [37], Section 9.6.3) states
that (P4 Pp)" converges to P4np as n — oo in the strong operator topology. From this, we have
the following projection theorem.

Theorem 3.1 ([22,24]). Let A and B be closed subspaces of H. Then, we have, for x,y € H,

o0
Pirgx =Y [Py (PaPp)x+ Pi Pp(PaPp) x}), G.1)
k=0
o0
(PALmev PAlmBy) = {(Pé_(PAPB)kX, Pé_(PAPB)k)’)
k=0

(3.2)
+ (P3 Pg(PsPp)*x, P3Pp(PaPp)*y)),

the sum in (3.1) converging strongly.
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The assertion (3.2) (resp., (3.1)) is an abstract form of [22], Theorem 4.1, and [24], Theo-
rem 3.1 (resp., Remarks to [24], Theorem 3.1), and can be proved in a similar way.

For our applications in this paper, we need the next variant.

Theorem 3.2. Let A and B be closed subspaces of H. Then, we have

o0
Pinga=Y {Pg(PiPy)a—(PiPg)™a),  aca (33
k=0
- k
(Pinpar. Pinpad) =Y (Pg(PAPg) ai.a).  aay€A, (3.4)
k=0
o
(Pinpa, Pingh) = Z PrPH)*ab), acAbeB, (3.5)

=0
the sum in (3.3) converging strongly.
Proof. If a € A, then
Py PaPpa = Py (I — P{)Pga = —Pg Py Pga=—Pg Py (I — Pg)a
= Pj Pi Pga
Hence, we have, fork=1,2, ...,
Py (PaPg)a=Py(PiPy)(PaP) la=---=P}(P+pPy)a,
and, fork=0,1,...,
P4 Pg(PaPp)*a= Py (I — Pg)(PaPg)a=—Pi Py (PaPp)a
=—(PiPy)"a

Therefore, (3.3) and

WK

(Pinsar Panpaz) = ) _{(Py (Py Pg)"ar, Py (P Pp)"a2)

0

m

+((Pjpé_)m+l (PAPB)m+1 2)}, aj,ar € A

(3.6)

follow from (3.1) and (3.2), respectively. However, we have, for aj,ap € Aandm =0, 1, ...,

(P (PP ar. ).
(P (PP

(P3 (PiPg)" a1 Py (Py Py)"a)
((PALPI%)m+] ar, (PA PB )m+] 2)

al,ag).
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Thus, (3.4) follows from (3.6).
Leta € A and b € B. Then, (PBLa, P;b) =0.Form=1,2,..., wehave

Pz (PaPg)"b= Py Pa(PsP2)" 'b=—(PyPy)"b,

whence
(Pg(PaPg)"a, Pg(PaPp)"b) = —(Pg(Py Py)"a.(Pz Py)"D)
= —((P+Pg)"a,b).

Similarly, we have, form =0, 1, ...,

P+Pp(PaPp)"b = Pi(PyPa)"b = Pi(PgPt)"b,
whence

(Pi Pp(PaPy)"a, Pt Pg(PaPp)"b) = —((Pi P3)"a, P (P3 PL)"D)
=—((PiPy)" " a,b).

Thus, (3.5) follows from (3.2). O

In the applications of this paper, A and B correspond to the infinite past and future of a multi-
variate stationary process.

4. Fourier coefficients of the phase function

Let { Xk} be a g-variate stationary process satisfying the condition (A), with spectral density w.
Let {X«}, i and hy be as in Section 2. We define a sequence {,Bk},‘(’ifoo as the (minus of the)

Fourier coefficients of the phase function h*hu_ L

g —iko i0\* ioy—14d0
13]( = —/ e ! h(e ) /’lﬁ(e ) E, k € Z (41)
-

Since h*h; Uis unitary matrix valued (see Section 2), we see that {fi} € ngq(Z). The sequence
{Bx} plays a central role in our representation theorems.

Recall the forward and backward innovation processes {&;} and {ék}, respectively, of {Xj}
from Section 2.

Lemma 4.1. We assume (A). Then we have

€ &) =—Bjw,  (EE)=—B,  Jkel
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Proof. From (2.4), (2.8) and (2.9), we see that
T . . _
& ::/ M hy(¢) ) AW@O), ke
—TT

Combining this with (2.3) and (2.6), we obtain

T
<§j7 §k> =/ e—i(j+k)0h(eie)—lh(eie)h(eia)*hj(em)—l ﬁ
—r 2
T . on—1d6
— /;n ef’(]+k)0h(e’9)*hﬁ(e’0) 15 =Bk,
which also implies the second equality. (|

Remark 1. By Lemma 4.1, we have the following mutual representations between {£;} and (&)

b= Y Bbn Em- X ALt
k=—00

j=—00

Lemma 4.2. We assume (A). Then, for {s;} € Zg_tq and n € 7, we have

P, o0 (Z SzSz) =- Z(Z Slﬁn+j+l+l>§n+j+lv (4.2)
=0

j=0\1=0

o o0 o
Pl (Z S1€n+l+1> =Y (Z S1Byy jien ) & (4.3)

1=0 j=0 \1=0

In particular, {3=;2 51 Bn+ j+1+1)520s (22720 1By j 1141} 520 € e

P~roof. By Lemma 4.1, we have (Zfio s1&, §n+j+1) =— Zﬁo 81Bn+ j+i+1. On the other hand,
. :k=1,...,q,j >0} is a complete orthonormal basis o * . Thus (4.2) fol-
{s,’;ﬂ+1 k=1 i >0} i ] h 1 basi f(M[XmO))L Thus (4.2) fol
lows. We can prove (4.3) in a similar way. g

Remark 2. In Lemma 4.2, the map {s;}7° > {Z?io S1Bn+j+i+1 }Cl?o:o defines a bounded Hankel

operator I'y : €37 — £2°** with block Hankel matrix

,3n+1 ﬁn+2 ,3n+3
,3n+2 ,3n+3 ,3n+4
,Bn+3 .3n+4 ,3n+5

(cf. [35]), and similarly for {s;}7°, — {3_/2 By i1} 720
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Lemma 4.2 allows one to define, for n € N and k € N U {0}, the sequences {bllj’ j}

by the recursion

') 00
0 _ o . 2k+1 __ 2k . 2k+2 __ 2k+1 px*
bn,j - 80] I‘J’ bn,j - an,lﬁ”+l+l+1’ bn,j - an,l '3n+j+l+l‘
=0 =0

For n € N, we define the sequence {W,’f oo in M9 by

% pl L
Wi =P (P

[—n,00)
Wk = _(P[lfn,oo)

1 k+1
P(*OO,*I]) XO’ k:0, 1,

Proposition 4.3. We assume (A). Then, for n € N and k € NU {0}, we have

o0 o0
2% _ 2k 2k+1 _ 2k+1g
Wh=co) b, Wil=cod b E
-0 =0
and
2k _ 2k x 2k+1 _ 2k+1 ~x
(Wn ) Xo) - CObn,OCO’ <Wn ) X—(ﬂ+1)> - Cobn,j Co-

Proof. Note that, from the definition of W,’f,

WE SR W W —rt

We prove (4.7) by induction. First, from (2.7) and (2.13), we have
0
W,(l) = P(J;OOﬁ]]Xo =coéo=co Z bg’jéj.
j=0

Fork=0,1,..., assume that W = ¢, 230:0 bi{cjéj. Then, by (4.2),

00 00 [/ oo
2%+1 L 2 2 £
= (03 ) =02 (St J

j=0 j=0 \I=0

o0
2%+1z
= an,j Entjt1,
Jj=0

1 k
P ) Xo,  k=0,1,...

2k+1
]Wn .

1213

qxq
Z2+

4.4)

(4.5)

(4.6)

“.7

4.8)
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and, by (4.3),

00
2k+2 1 2k+1g
W = _P(foo,fl] (C() z :bn,j+ é’H’JI+1>

Jj=0

_COz<Zb2k+1 n+,+1+1>"3/ _Cozbzkﬂ
j=0

=0 \/=0

Thus (4.7) follows. We obtain the first (resp., second) equality in (4.8) from the first (resp.,
second) equalities in (4.7) and (2.13). O

Lemma 4.2 also allows one to define, for n € N and k € N U {0}, the sequences {Eﬁ’ j}?io €

€577 by the recursion
X 72k+1 72k+2
bg,/ =30jlq, bn,;_ Zb WP bn,;_ Zb ﬁn+1+l+1 (4.9)

Proposition 4.4. We assume (A). Then, forn € N and k € NU{0}, we have bﬁ{‘o > 0and l;ﬁko > 0.

Proof. Let A = M ~ n.00)
Theorem 3.2, we have

and B = M(X_oo,_u. Then, in the same way as the proof of (3.4) in

(Pg (Pi Pg)" Xo, Py (P Pg)" Xo), k =2m: even,

(ank’ XO) = m+1 m+1
(PPF)"" Xo, (PiP5)"" Xo), k =2m +1: odd.

This and the first equality in (4.8) give cobzf‘ocg >0 or bﬁ{‘o > 0. The second equality follows
from the first one applied to {X}. ]

5. Representation theorems

In this section, we develop explicit representations for the finite predictor coefficients, the finite
prediction error covariances and the PACF of a g-variate stationary process {Xy}, in terms of
the sequence {f;} defined in Section 4. We focus on the one-step ahead predictions to keep the
notation simple.

In deriving the representation theorems for the finite predictors of a g-variate stationary pro-
cess { X}, the following intersection of past and future property of { Xy} plays a key role:

X X X
M(*OO,*]]mM[fn,oo)=M[—n,—1]’ n=1,2,.... (IPF)
A useful sufficient condition for (IPF) is the following minimality condition:

{Xx} has spectral density w satisfying det w(eie) >0, o0-a.e.,

M)
and w=! e LT*(T).
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In fact, by [27], Corollary 3.6, (M) implies (IPF). The condition (M) also implies (A) by [32],
Lemma 2.5 and Theorem 2.8, or more directly by

| logdetw| = g [log(detw)'/4| < g{(detw)'/? + (detw)~"/4}

=q{()»1--~kq)1/q + ()\Tl...ki;l)l/q}

At
Sq{/\1+ thg M v

} =Trw +Trw_1,
q q

where A1, ..., A, denote the eigenvalues of w and we have used the inequality |logy| <y +
(1/y) for y > 0.
The property (IPF) is closely related to the property

ME oo 1) VMG o) = (0} (CND)

called complete nondeterminacy by [40]. In fact, by [27], Theorem 3.5, (IPF) and (CND) are
equivalent under (A). The condition (CND) is also closely related to the rigidity for matrix-
valued Hardy functions (see [29]). It should be noticed that if {X}} satisfies (IPF), then so does
the time-reversed process {X4}, and that the same holds for (M) and (CND).

Recall W,’f from (4.5) and (4.6). The next proposition is a direct consequence of (3.3) in The-
orem 3.2.

Proposition 5.1. We assume (IPF). Then, for n € N, we have

oo
L k
Py —nXo=) Wy,
k=0
the sum converging strongly in M1.

Proof. The equality follows from (IPF) and (3.3) in Theorem 3.2 applied to A = M, [X B =

—n,OO)’

M¥  _janda=X}. j=1....4q. O

Under (A), and for n e N and k =1, ..., n, the forward and backward finite predictor coef-
ficients ¢ ) € C1* and ¢, x € C1*4, respectively, of a g-variate stationary process {X} are
defined by

P[fn,fl]XOZ‘Pn,lel +"‘+¢n,nX7n, (5-1)
P[—n,—l]X—(n+1) zq;n,lx—n+"'+<;5n,nx—l' (52)

Recall co, G, Bj, by'; and b¥; from (2.11), (2.12), (4.1), (4.4) and (4.9), respectively. Here is
the representation theorem for ¢, ,, and ¢~>,,,n, which are closely related to the PACF of {X;}.
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Theorem 5.2. We assume (A) and (IPF). Then, for n € N,

¢nn_cOZ<Zb ,3n+j)co, d;n,n=502(2b2k '3n+/)col'

k=0 \j=0

Proof. Since P[{n,fl]XO =—pnXn=—¢n, ncoé,, mod M[ n1,00)7 W€ have

(P[f,,,_l]XO: én) = _¢n,n50<§ns gn) = _Cbn,nEO'
On the other hand, from Propositions 5.1 and 4.3 and Lemma 4.1, we get
o0
1 g 2k
(P[—n,—l]X0’$”>:Z(W _COZ<an ]ﬁnJr])
k=0 k=0 \j=0

Thus the first formula follows. We obtain the second formula by applying the first one to the
time-reversed process { Xk}, O

Forn =0, 1,..., we define the forward and backward finite prediction error covariances vy,
and vy, respectively, of a g-variate stationary process { X} by vo = v9 = (X0, Xo) and

vn = (P2 11 X0, Pz, -1 Xo): n=12..., (53)
On = (P X =1 Pl X—@ep)  n=1.20 (5-4)

Notice that v, (resp., v,) is the forward (resp., backward) finite prediction error covariance of
the time-reversed process {Xi}. In this paper, under (A), we fix the definition of the partial
autocorrelation function (PACF) «,, of {X\} by

(v0)™""*(Xo, X_1)(@0) /2, n=1,
Oy = ~ _
" (vnfl)_1/2<P[J;n+1’_1]X0, P[J;n_H,_]]an)(Unfl) 1/2, n=273,...

(cf. [14]).
The next theorem gives explicit representations for v,, v,, and «,.

Theorem 5.3. We assume (A) and (IPF). Then, for n € N, we have

oo oo
Un = Co <Z b2 0) ¢, =0 (Z Bﬁ{‘o> &, (5.5
k=0

k=0

L 2A+1
(P00, Plps 11X —n) —CO<ano ) Co- (5.6)
k=0
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Proof. First, by (IPF) and (3.4) in Theorem 3.2 applied to A = M[ ~1.00)° B = M(X_ c0.—1] and

a) = XO, a = Xo(z, j=1,...,q), we have v, = Zk:o an", Xo). This and (4.8) give the first
equality in (5.5). Next, we obtain the second equality in (5.5) by applying the first one to the
time-reversed process {X}. Finally, by (IPF) and (3.5) in Theorem 3.2 applied to A = M

—n,00)’
B = M(X_oo’_l] anda =X}, b= X_(n+1)(z, j=1,...,q), we have
o0
1 2k+1
(P[_n,_l]X07 P_ 1]X (n+1) ZZ Wn + 7X7(n+1)>~
k=0
This and (4.8) give (5.6). U
We can prove
(P[J_n_H _1]XO»P —n+1, _1]X—n>=¢n,nﬁn—l, n=273,...,
in the same way as in the univariate case (cf. Corollary 5.2.1 in [8]). From this, we have
=) Pun@-'? n=12,.., (5.7)

and so Theorem 5.2 with (5.5) in Theorem 5.3 gives another explicit representation of «,.

We turn to the representation of all the finite predictor coefficients ¢, ; and ¢, ;. It turns out
that, to deal with this problem, we need to assume the minimality (M) which is more stringent
than (IPF) or (CND). A g-variate stationary process {Xj} satisfying (M) has a dual process
{X, : k € Z}, characterized by the biorthogonality relation (X ;, X;) = 8;x1,; see [32] for more
information. Recall a and d; from (2.11) and (2.12), respectively. The dual process {X} } admits
the following two MA representations:

o o
= aftk. X == &€, nel. (5.8)
k=0 k=0

Here notice that (M) implies
{a). (ar} € €47, (5.9)
By (5.9), we can also define, for n € N and k, j € NU {0},

0

n j = COan 1Aj+l- skJ—H . Z aj+1,
=0
0o %)

By = R G o R
=0

Here is the representation theorem for the finite predictor coefficients.
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Theorem 5.4. We assume (M). Then, forn=1,2,...and j=1,...,n

¢n,j—2{¢’ Aol =) e ) (5.10)
k=0 k=0

Proof. From (X, X}) = 8jl,, we have (Pt

.11 %0, XLj) = —¢y,jfor j=1,...,n,and, from
Proposition 5.1, we find that

oo
k=0

Moreover, from Proposition 4.3 and (5.8) rewritten as

) 00
* / ~ % P
= Z aj.Hél, X_j = Z an_j+z+1§n+l+1,
I=—j I=—(n—j+1)
we have
2k x/
<W - C()Zb A+ = n /’

o
(WnZk+1 , X/_j) = —C0 Zb£{(1+1&nfj+l+l = _¢,%fcn+_1j+1'
=0
Combining, we obtain the first equality in (5.10). Its second equality follows from the first one
applied to the time-reversed process { Xy }. ]

6. Applications to long-memory processes

In this section, we apply the representation theorems in Section 5 to a g-variate FARIMA process
with common fractional differencing order for all components and derive the asymptotics of the
finite prediction error covariances and the PACF as well as that of the finite predictor coefficients,
and establish Baxter’s inequality.

6.1. Univariate FARIMA processes

We start with some properties of univariate FARIMA (0, d, 0) processes which we need in
our perturbation technique below. This technique reduces the study of asymptotic proper-
ties of multivariate FARIMA processes to that of the corresponding problems for univariate
FARIMA(O, d, 0) processes.
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For d € (—1/2,1/2) \ {0}, let {Yx : k € Z} be a univariate FARIMA (0, d, 0) process with
spectral density

wy (€)= |1-¢®| !, 6e(—mm) 6.1)
(see [16,19]; see also [8], Section 13.2). Then ug := E[|YO|2] isequalto I'(1 —2d)/T"'(1 — d)?
and the nth finite predictor coefficients v, , of {Yi} (see (5.1)) are given by

d
Ynn=—""7, neN. (6.2)
n—d

Let u,, be the finite prediction error variance of {Y;} defined by (5.3) with { Xy} replaced by {Y%},
for which we use the notation u, rather than v,. Then the Durbin-Levinson algorithm implies
un =uo [T {1 — (Yxx)*}, whence

_T+1-2d)T(n+1)
- Fn+1—4d)?

n , n=0,1,.... (6.3)
For u,,, we present next its precise asymptotic behavior.

Proposition 6.1. Ford € (—1/2,1/2)\ {0}, we have u,, =1+ (d*/n) + O(n™?) as n — .

Proof. By Stirling’s formula I'(x) = /27 *x*T1/2{1 4 (1/12x) + O(x?)} as x — oo and

2d” - )
n+1 + n +0(7). n+1-4d) 1+0(n™)

(n+1—2d>d_1 2d? 5 Ja+1-2dn+1)

as n — 0o, we have, as n — oo,

_ T(n+1-2d)(n+1)
T Tm+1-4d)?

d n+1—d d n+1—d 2d2 s
=<1‘m> (“m) {”7*0(” )}~

On the other hand, by I’Hopital’s rule, we have, for a € R,

Un

x 2 ,a
<1+ﬂ> —et L +O(x_2), X — 00,
X 2x

whence, as n — 00,

d n+l—d d n+l—d 42 )
(miriza)  (ragiza) ={ree)

Combining, we obtain the proposition. (]
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Since

1—¢f =

|1 =]/ if0 < <,
|1 — el ’e(i/z)(0+") if —mr <6 <0,

the phase function
Q(e'?) 1= (1— )™/ (1 =)™

of the univariate FARIMA (0, d, 0) process {Y;} above is given by

0= if0 <6 <,

oy
9(61 ) B {eid(eJrﬂ) if —m <6 <0. ©4

Therefore, the minus of the Fourier coefficients of the phase function Q (¢!?) for {¥;}, which we
write as p,, rather than 8, are given by

T 0\ dO sin(rrd)
inf i0
= — Q - - ) Z' 6‘5
Pn /;ne (e )2n w(n—d) ne ©5)

One can also obtain (6.5) using [7], Remark 1 and Lemma 4.4.

Lemma 6.2. Let {si};2 _ be a complex sequence such that Z,fi kZ|sx| < 0o. Then, we have

—00

o o o
nl_i)lgon<pn_1 Z Pn—kSk — Z Sk>: Z ksy.

k=—00 k=—00 k=—o00

Proof. Since p,—x/pn = (n —d)/(n —k — d), we have

» o) [ee) [e’s) nksk
n\ p, Z Pn—kSk — Z Sk | = Z m (6.6)
k=—o00

k=—00

For k € Z, the function fi 4 : Z — [0, co) defined by

nk )_‘ k(k +d)

fk’d(n)::’n—k—d n—(k+d

takes the maximum value at eithern =k — 1, k, or kK + 1, whence

< ck?

k(k—1) k* k(k+1)

< —
T€a§fk,d(n) < maX{ T7d i 1-d
for some ¢ € (0, 00). Therefore, we have dominated convergence, as n — 0o, on the right of

(6.6), and the sum converges to Z,fi_oo ksy, as desired. O
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6.2. Multivariate FARIMA processes

Let D:={z € C: |z| < 1} be the closed unit disk in C. We consider the following condition for
g:T— C9*4;

the entries of g(z) are rational functions in z that have

©

no poles on E, and det g has no zeros on D.

The condition (C) implies that g is an outer function in qu *4(T).

Lemma 6.3. For g : T — C2*7 with (C), there exists g : T — C9*4 that satisfies (C) and
g(e_"g)g(e_"@yk = g(e"")g(e”)*. 6.7)

The function g is uniquely determined from g up to a constant unitary factor.

Proof. Since the entries of g(1/z) are rational, the lemma follows from the proof of Theo-
rem 10.1 in [38], Chapter 1. ([

Let g and g be as in Lemma 6.3. As in (2.4), we define the outer function g in H2q “4(T) by
g :={g@}" (6.8)
Then, gy satisfies both (C) and
g(€”)s(e")" = ga(e””) g2 (). O el-m.m). ©9)

It should be noticed that the proof of Theorem 10.1 in [38], Chapter I, is constructive, whence so
is the above proof of the existence of g and g;.

1 0
@)= (1/(1 —c2) 1) ‘

Then g satisfies (C). From the proof of Lemma 6.3 and (6.8), we obtain

Example 3. For c € D, let

| 1—|c? 1

(@)= ————— 1—|c]?
T TP e \ 1+ — e ——
1—cz

1 —cz

One can also directly check that gy satisfies both (C) and (6.9).

Letd € (—1/2,1/2) \ {0}, and let {X}} be a g-variate stationary process which has spectral
density w of the form

w(el?) = |1 — e |72dg(ei9)g(e"9)*, where g : T — C9*4 satisfies (C). (F)
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We call the process { X} a g-variate FARIMA process. We easily find that {Xj} satisfies (M),
whence (A) and (IPF) (see Section 5). Let g and g; be as in Lemma 6.3 and (6.8), respectively.

In what follows, as the outer functions / and h for {X} in Section 2, we take
h@)=1-2"%@, h=01-2""3@). (6.10)
Then, hy defined by (2.4) is given by

he(z) = (1 —2) " g:(2). 6.11)

From the second equality in (6.10), we see that the time-reversed process {Xi) of {Xi}is also a
g-variate FARIMA process satisfying (F) with the same differencing order d and g as g.

Let {c,} and {c,} be the forward and backward MA coefficients of {Xy}, respectively (see
(2.11) and (2.12)). Then

co=h0)=g0), & =h(0)=h:(0)*=g:(0)* =g(0). (6.12)

The sequence {8, } for {X}, which is defined by (4.1), is given by

T . . N io\—1 do
ﬁ":—/ e ’"QQ(ele)g(e“g) g (') —, nez,
o 2w

with € (e'?) in (6.4).
We define a ¢ x ¢ unitary matrix U by

U:=g(l)*gs(1)~". (6.13)

Recall the spectral norm ||a| of a € C2*¢ from Section 2. The next proposition may be viewed
as an improvement of Proposition 4.5 in [7].

Proposition 6.4. For d € (—1/2,1/2) \ {0}, let { X} be a g-variate FARIMA process with (F).
For n €N, define Ay, A}, € C1%4 by

Bu = ou(ly + AU = puU (I + A)),
respectively. Then there exists a positive constant M satisfying the two conditions
Al <Mn™',  neN, (6.14)
|A,| <mn™',  neN. (6.15)

Proof. We put G(z) := {g(1/2)}*. Then g(e!?)*gs(e’®)~! = G(e'?)gs(¢!?)~! holds. By the
property (C) for g and gy, there exists an open annulus A containing the unit circle T such
that both G(z) and gy (z)~! are holomorphic in A, whence G (z) 8 (z)~! has the Laurent series
expansion

o
G '= ) s,  zea

k=—00
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Since A D T, the entries of s; decay exponentially as k — £oo. Moreover, since f, =
Y oo Pn—ksk and U =Y 02 _ s, we have

o o
An=<pn] Y bnkski— Y Sk)Ul,

k=—o0 k=—00
o0 o
A, =U"" (Pn_l Z Pn—kSk — Z Sk)-
k=—00 k=—00

Therefore, the proposition follows from Lemma 6.2. (]

6.3. Asymptotics of the finite prediction error covariances

In this section, we derive the precise asymptotics of the finite prediction error covariance matrices
for g-variate FARIMA processes with (F).

For d € (—1/2,1/2) \ {0}, let {X}} be a g-variate FARIMA process with (F). Let v, and v,
be the forward and backward finite prediction error covariances of {X;} defined by (5.3) and
(5.4), respectively. We define the forward and backward infinite prediction error covariances
Voo € C1*7 and 0o, € C1*Y, respectively, of {Xi} by

Voo 1= (P oo _11X0. P11 X0) = cocf. (6.16)
Too 1= {PT00)X0: PT 00y X0) = G055, (6.17)

where {c,} and {¢,} are the forward and backward MA coefficients of {Xy}, respectively (see
(2.11) and (2.12)). It should be noticed that v (resp., vso) is t~he forward (resp., backward)
infinite prediction error covariance of the time-reversed process { Xy }.

Theorem 6.5. Ford € (—1/2,1/2)\ {0}, let {Xy} be a q-variate FARIMA process with (F). Then
(1.4) and (1.5) hold.

Proof. Let u, be as in (6.3); it is the nth finite prediction error variance for a univariate frac-
tional ARIMA(O, d, 0) process {Y}} with spectral density (6.1). We prove the assertion (1.4) by
comparing v, with u,.

From the representation of v, in (5.5), we have

o0
Uy — Voo = €0 (Z bﬁ{“0> ch-

k=1
Similarly, u, can be expressed, in terms of {0;} in (6.5) only, as

]

u, — 1= erko,
k=1
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where, for n € N and k € NU {0}, {rf 11720 € Lo+ is the analogue of {Bk 372, for {¥}}, defined
by the recursion

o0

0 _ k+1 __ k
=80, ek =Dk oat e (6.18)
=0

Let A, and M be as in Proposition 6.4. Recall U from (6.13).
From the definitions, we have

o0
2
by, "0 = Z'B"H“ﬂnﬂﬂv Tn0 = an+l+1pn+l+l-
1=0 1=0

Since U is unitary, we have, for j, k > n,
,3]/3]( =pjpklg + Aj )( + Ak)
By Proposition 6.4 and the inequality (1 + x)?> — 1 < 2x(1 4 x)? for x > 0, we have

[tg +ap(ly +87) = Ig| = | A + A7 + 4,57
< (LH A (T+ 1Ak — 1 < (1+Ma~1)? 1
§2Mn71(1 +Mrfl)2
for j, k > n. Thus,
||b,21’0 — r,%’olq H < 2Mn~! (1 + Mnfl)zr,%’o, neN.
In the same way, we have, fork=1, ...,
2k 2k

675 — i dg|| < 2kMn~' (14 Mn~") "2k neN.

Take ¢ > 1 such that 2 sin(r|d|) < 1. Define 1o; € (0, 0c0) by
(7'[ arcsin x) Z ok lx] < 1 (6.19)

(cf. Lemma 3.1 in [26]). Then, as in the proof of Proposition 3.2 in [26], there exists an N € N
such that

1+Mn <1, 2 <nrsin(rld) o keN,n=N).
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Combining, we have, forn > N,

oo
|1n = vo0) = nGutw — Dvso| < llcol> > |62 —r25 1, |
k=1

o0
<n” Mileol Y 2kva{#sin(eld]) |

k=1
whence ||[n(v, — Vo) — n(uy — D] = O(n’l) as n — oo. This gnd Proposition 6.1 yield
(1.4). We obtain (1.5) by applying (1.4) to the time-reversed process { Xy }. [l

6.4. Asymptotics of the PACF

In this section, we derive the precise asymptotics of the PACF for a g-variate FARIMA process
{X} with (F). Recall U from (6.13). As above, {c,} and {¢,} denote the forward and backward
MA coefficients of {X}}, respectively (see (2.11) and (2.12)).

First, we consider the asymptotics of ¢, , in (5.1).

Theorem 6.6. Letd € (—1/2,1/2)\ {0}, and let { X} be a q-variate FARIMA process with (F).
Then

d
bun=—coUé'+0(n7?), n— .
n

Proof. The proof is similar to that of Theorem 6.5. From the representation of ¢, , in Theo-
rem 5.2, we have

o o0
k|~—1 . k. 2k
Gnn = o (Z ¢n>co with ¢} := > b2 B ;.
k=0 j=0

Similarly, the scalar coefficient v, , for a univariate FARIMA(O, d, 0) process {Yx}, which is
given by (6.2), can be expressed, in terms of {p;} in (6.5) only, as

00 00
k : k. 2k
I/fn,n=21/fn with % -:Zrn‘janrjy
k=0

Jj=0

where r,]; j are defined by the recursion (6.18). We define ¢ :=d/|d| so that |p,| = €p,. Let A,
and M be as in Proposition 6.4.
First, since

¢1(1)=ﬂn=;0n(lq+An)U, lﬂl?zpn’

it follows from Proposition 6.4 that

n

lo) —viU| < Mn~'epy = Mn ey,
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Next, we have

‘p;i = Z (Z :8n+l+1/3;,k+j+1+1),3n+j )

j=0 \I=0

o o0
Yl = Z (Z ,0n+l+1,0n+j+l+1> Pn+j-

j=0 \I=0
Then, since U is unitary, we have, for j, k,l > n,
BiBBr = pjprpiy + A (I + Af) Iy + ADU.
By Proposition 6.4 and the inequality (1 + x)> — 1 <3x(1 4+ x)> for x > 0, we have
H(Iq + AJ')(Iq + Alt)(lq +A) -1 ”
=|Aj+ AL+ A+ AGATH AN+ AFA + AAFA ||
—_1\3
<(T+1A1D)A+ 1A+ AN = 1< (1+Mn7Y) —1
§3Mn_1(1 —i—Mn_l)3

for j, k,l > n. Thus,

o — U <3Mn= (1 4+ Mn~") ey neN.
|60 — ¥ v,

n 9
In the same way, we have, for k=0, 1,...,

2k+1
+81,ﬁk neN.

ne

lgk — ykU| < @k + )M~ (1 + Mn™")

Take 7 > 1 such that 2 sin(r|d|) < 1. Define D+1 € (0, 00) by

o0
7 Varcsinx = Z Topg 1 x 2K+ lx] <1 (6.20)
k=0

(cf. Lemma 3.1 in [26]). Then, as in the proof of Proposition 3.2 in [26], there exists an N € N
such that

L+Mn <1, eyk <n Yrsin(rld))} o (keNU{0),n = N).
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o
=10 = VnncoUy " | < llcoll|eg | Yo nlen — v U]

k=0

Combining, we have, forn > N,

n
nenn — p— dC()UCO

“lcol ||601||MZ(21<+ Dok {2 sin(rldl)
k=0

whence |[n¢, , — dcoUE(;1 | = 0@ ") as n — oo. Thus, the theorem follows. |

Recall vy and v, from (6.16) and (6.17), respectively. Notice that v;}/ 200 (resp., f)gol/ 2Eo) is

the polar part of cq (resp., ¢g). Recall the PACF «,, of {X}} from Section 5. The above theorem
gives the following rate of convergence for o, as n — co.

Theorem 6.7. Letd € (—1/2,1/2)\ {0}, and let { X} be a q-variate FARIMA process with (F).
Then (1.6) holds with the unitary matrix V € C1*9 given by

V::vool/co U - ( 12 )

Proof. From the first equality in (5.5) in Theorem 5.3 and Proposition 4.4, we have v, > vs.

Therefore, we see from Theorem 6.5 and [4], Theorem X.3.7, that ||vl/ 2 Y 2|| oY as
n — o0o. Similarly, we have v1/2 = ~1/2 +0m YHasn— oo.
From v, > vy and [4], Proposmons V.1.6 and V.1.8, we have v;1/2 < vgol/z, so that
1/2 ~12
lve ““Il <llveo ' |l Hence, as n — oo,
-1/2 712 —1/2/ 1/2 1/2y —1/2
Jon 72 = vo 2 = o (vt = wa")vse |
122y, 1/2 1/2 _ —1
< JJoco [ [ |=0(").
Combining these with (5.7) and Theorem 6.6, we have
—-1/2 ~1/2
noy, =0, / NV n/l
_[,"1/2 ~—1 -1 ~1/2
={v" + 0 (") HdeoUy" + 0 (™) Hie" + 0(n7")}
:dvgol/ZC(yU (001/2 ) +0( )
as n — 00. Thus, the theorem follows. O

Remark 4. If we choose g and g so that both g(0) > 0 and g(0) > 0 hold, then we see from
(6.12), (6.16) and (6.17) that co = v.l? and &y = 5./%, whence V = U.
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6.5. Baxter’s inequality

In this section, we present Baxter’s inequality for multivariate FARIMA processes with 0 < d <
1/2. It extends the corresponding univariate result in [26].

Ford e (—1/2,1/2) \ {0}, let {X}} be a g-variate FARIMA process with (F). Recall the for-
ward and backward AR coefficients a, and a, of {X} from (2.11) and (2.12), respectively. They
satisfy

n'*ta, + F(_d)g(l)—1 =0(n™"), n— oo, 6.21)
n' g, 4 FCd ez )"} =007, n-ooo (6.22)
(cf. [23], Lemma 2.2). In particular, we have
-1
. 14+d _ le(D™
nll)rgon lanll = IT(—=d)| (6.23)

1+d” H — M

6.24
|T(=d)| (29

lim »n
n—oo

We see from (6.23) and (6.24) that (2.14) holds if 0 < d < 1/2.
Recall ¢, ; and ¢ from (5.1) and (2.16), respectively.

Theorem 6.8. For d € (0,1/2), let {Xi} be a q-variate FARIMA process with (F). Then the
Sforward finite and infinite predictor coefficients ¢y, i and ¢y, respectively, of { X} satisfy

>l —ill=0(m™4).  n—oo.

Proof. For k=0, 1, ..., we show by induction on & that
k_k
|65 < (1 +Mn~Y)'rk . neN,1eNU{0}, (6.25)

where M is a positive constant satisfying (6.14) and r,]f’ ; are defined by (6.18). Indeed, the case
k =0 is evident by the definitions bg,l = do11, and rr?’l = §¢;. Assuming (6.25) for k > 0, we see
from Proposition 6.4 that

ka = Z an . 1) Aew—y

o
<(1+ Mrfl)kJrl Z r,]f,mpn+l+m+1 =(1+ M’fl)k+1 rlﬁl
m=0
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Thus (6.25) also holds for k + 1.
Define 1; € (0, 00) by (6.19) and (6.20). Then we see from Proposition 3.2 in [26] that, for
any ¢ > 1, there exits an N € N such that

nrk, < glesina))',  1+Mn'<t  (1eNU{0},keN,n=N).

Here we take 7 > 1 such that 72 sin(rd) < 1. Then, from (6.25),

e¢]

nZ”b ,||§Z [Psin(rd)}* <00,  1eNU{0},n>N. (6.26)

From ¢; =coaj =coy 1o bg’ ;@j+1 and Theorem 5.4, we have
[e.ole o] [o.clNe o]
2k 2k+1~
—¢j=co Z anﬂjH +co Z an,z Qn—j+1+1,
k=11=0 k=0 1=0

whence

Zn%, ¢,||<ZZR,+zZIIb

j=11=0

where R; = max{||¢;|l, ||q~5j||}. Since n!*?R, is bounded by (6.23) and (6.24), we have, for
neN,

,1+JZZRI {supl”dR,}{supm 1+dzzl 1—- d}

j=li=j j=ti=j

Hence we see from (6.26) that, forn > N,

nd Z”¢”’j —¢ill < {Zrk{rzsin(nd)}k}{supm 1+dZZR1} < 00.

j=1 k=1 meN j=1i=j

The desired result follows from this. O

Since ¢, = cpay,, we see from (6.21) that

n'tg, + cog(H)™!

_ —1
T =0(n™"), n— 00.

In particular,

lleog (D"

: 1+d —
Jim g, = SE
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From this and [6], Proposition 1.5.8, we obtain the following asymptotic behavior of
Z?in-}—l ll¢;ll as n — oo:

llcog() !

; d =

nhmn E lg;ll = rd—d) (6.27)
Jj=n+1

Here is Baxter’s inequality for multivariate FARIMA processes with 0 <d < 1/2.

Theorem 6.9. For d € (0, 1/2), let {X} be a q-variate FARIMA process with (F), and let ¢, k
and ¢y, be as in Theorem 6.8. Then, there exists a positive constant K such that (1.3) holds.

Proof. In view of (6.27), Theorem 6.8 gives the desired assertion. O

By applying Theorem 6.9 to the time-reversed process {Xy}, we immediately obtain the fol-
lowing backward Baxter inequality.

Corollary 6.10. Ford € (0,1/2), let {Xy} be a q-variate FARIMA process with (F), and let &n,k
and ¢y be the backward finite and infinite predictor coefficients, respectively, of {X}. Then, there
exists a positive constant K such that

D lgnj—ill <K > ¢, neN. (6.28)
j=1 Jj=n+1
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