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Hormander-type theorem for 1t0 processes
and related backward SPDEs
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A Hormander-type theorem is established for Itd processes and related backward stochastic partial differen-
tial equations (BSPDESs). A short self-contained proof is also provided for the Lz-theory of linear, possibly
degenerate BSPDEs, in which new gradient estimates are obtained.
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1. Introduction

Let (Q,.7, {jt}tZO» IP) be a complete filtered probability space, on which two independent d;-

dimensional Wiener processes W = (W;);>0 and B = (B;);>0 are well defined. The filtration

generated by W, together with all P null sets, is denoted by {.%#;};>0. The o-algebra of the

predictable sets on 2 x [0, +00) associated with {.%; };>0 is denoted by &2, and .Z :=J,~( F:.
An Itd process (see [19]) starting from time s and position x is of the form B

' '
X :x+/ b(r, Xﬁ’x)dr—i—/ ok(r, Xﬁ”c)dB;c
N N
' (D
+f ok (r, X5¥)dwt,  0<s<t.
s

Here and throughout this paper, the summation over repeated indices is enforced by convention
unless stated otherwise. Fix T € (0, co) and define

T
u(t,x)=E [/ f(r, X0%)dr + G(Xff")}, (t,x) €[0,T] x R’ 2)
t

For the sake of convenience, we assume that:
(A0) b, 0,0 and f are Z x B(R?)-measurable and G is F7 x B(R?)-measurable.

Under certain conditions (see Proposition 4.4 and Remark 4.1), the random field u turns out
to be & x B(R?)-measurable and together with some endogenous random field v, it satisfies the
following BSPDE

—du(t,x) = [5(L2 + M?)u(t, x) + Mok (e, x) + b7 (¢, x)Dju(t, x) + f(t,x)] dt
— (¢, x)dW/, (t,x) € [0, T] x RY; 3)
u(T, x) = G(x), xeRY,
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where it is written in the Hérmander form, D = (Dy, ..., Dy) is the gradient operator, Ly =
o/*D;j, My = 67*¥D;, for k = 1,....dy, and b/ = b/ — L(c'*D;o/* + 67k D;97%), for j =
1,...,d. BSPDE like (3) is said to be degenerate when it fails to satisfy the following super-
parabolicity: There exists A € (0, o) such that

olkaik (1, x)E T > NEPP  as.,V(t,x, &) e[0,T] x R? x R,

Borrowing notions from the optimal stochastic control theory, we say the framework is Marko-
vian if and only if all the coefficients b, o, 0, f and G are deterministic functions. In the Marko-
vian case, X is a diffusion (Markovian) process, u is deterministic, v = 0, and BSPDE (3) turns
out to be a classical parabolic PDE. In Hérmander’s seminal work [7], it is proved with the ana-
Iytical method that given smooth coefficients b, o, 8 and f, under the hypo-ellipticity condition
allowing for degenerateness (like condition () below), u is smooth on [0, T') x R4, even when
the terminal value G is just a generalized (irregular) function. Hérmander’s theorem shows in
fact the smoothness of transition probabilities of hypo-elliptic diffusions, for which the proba-
bilistic approach was formulated on the basis of Malliavin calculus (see [14]), and along this line,
see [3,15] and references therein for the generalizations.

In this paper, we are concerned with a Hormander-type theorem for It6 processes, which allows
random, possibly degenerate coefficients and goes beyond the scope of Markovian framework
and thus of diffusion processes. In fact, for It processes, the smoothing property depends not
only on the (hypo-)ellipticity of the diffusion coefficients but also on the extent to which the
framework is Markovian. In other words, not just the degenerateness but also the randomness of
coefficients may damage the smoothing property. Let us consider the following example.

Example 1.1. Letd =d; =1,0=0, f=0,0 =1, b(t,w) = b(t, H/(w)) and G(x) = U (x —
Hy)M7 with b and U being deterministic functions, H, = X?’n and M; = exp{aW; — %} for
t €[0,T], n, ¢ € R. (In the field of mathematical finance, X can be seen as a wealth process, the
terminal value G(x) = U (x — Hr)MT is the utility from terminal wealth which is subject to the
delivery of liability Hr, and M7 denotes the transformation of probability measures.)

It is easy to check that u(z, x) = U (x — H;) M, along with v(¢, x) :=aU (x — H)M; — U’ (x —
H;)M; solves BSPDE (3). Moreover, we see that # does not have more spacial regularity than
its terminal value G. Taking a close look at the non-Markovian framework, we consider the two
particular cases:

(i) when n =0 and b =0, X;* = x + W, — W, is Markovian and the framework is not
Markovian due to the randomness of G(x) = U (x — Wr)Mr;

(i) when o =0 and H is chosen to be the Brownian bridge with Hr =0, then X is equipped
with a random drift and thus is not a Markov process while the terminal value G (x) = U (x) is
deterministic.

In view of assumption (A0), we see that the randomness of all the coefficients b, o, 0, f
and G is only subject to the sub-filtration {.%#;},>¢ that is generated by Wiener process W and
one may conjecture that the term associated with Wiener process B, seen as the Markovian
part, may serve to the smoothing property. The answer is affirmative. Under a hypo-ellipticity
assumption on the coefficients {68, k=1,...,d; (see (H) below), we prove that the random
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field u(z, x) is almost surely infinitely differentiable with respect to x and each of its derivatives
is continuous in (¢, x) on [0, T') X R4, Compared with the time-smoothness assumption in the
classical Hormander theorem, the coefficients herein is only required to be measurable with
respect to the time variable, and the time-differentiability of u(z, x) is not investigated due to the
appearance of the stochastic integral in BSPDE (3). For the related linear, possibly degenerate
BSPDEs, a short self-contained proof is presented for the L2-theory, and in particular, we obtain
some new gradient estimates from which we start the proof of the Hormander-type theorem.

Inspired by the filtering theory of partially observable diffusion processes, Krylov [11] has just
obtained a Hormander-type theorem for forward SPDEs. However, there is an essential difference
between forward SPDEs and BSPDEs, that is, the noise term in the former is exogenous, while
in the latter it comes from the martingale representation and is governed by the coefficients, and
thus it is endogenous. On the other hand, we would also emphasise that the method of Krylov
[11] relies on the generalized [t6—Wentzell formula and associated results on deterministic PDE:s,
while we use directly elaborate estimates on solutions of degenerate BSPDE:.

The study of linear BSPDEs can date back to about thirty years ago (see [2]). They arise in
many applications of probability theory and stochastic processes, for instance, in the nonlinear
filtering and stochastic control theory for processes with incomplete information, as an adjoint
equation of the Duncan—Mortensen—Zakai filtration equation (for instance, see [2,9]). Naturally
in the dynamic programming theory, a class of nonlinear BSPDEs as the so-called stochastic
Hamilton—Jacobi—Bellman equations, are introduced in the study of non-Markovian control prob-
lems (see [16]). In addition, the representation relationship between forward-backward stochas-
tic differential equations and BSPDEs yields the stochastic Feynman—Kac formula (see [9]). The
BSPDEs have already received extensive attention; see [1,6,10,17,18,20] and references therein
for the recent developments.

The rest of this paper is organized as follows. In Section 2, we introduce some notations and
state the main result (Theorem 2.2). Section 3 is devoted to an L2-theory for linear degenerate
BSPDEs. In Section 4, we prove the Hormander-type theorem.

2. Preliminaries and main results

For each [ € N and domain IT C R/, denote by CZ°(I1) the space of infinitely differentiable
functions with compact supports in IT. L2(RY) (L2 for short) is the usual Lebesgue integrable
space with usual scalar product (-, -) and norm || - ||. For n € (—o0, 00), we denote by H”" the
space of Bessel potentials, that is H" := (1 — A)~"/?L? with the Sobolev norm

Iplln =1 = A)'2¢],..  $peH"

For the sake of convenience, we shall also use (-, -) to denote the duality between (H myk and
(H™™* (k e N*,n € R) as well as that between the Schwarz function space 2 and C2° (RY).
Moreover, We always omit the index associated to the dimension when there is no confusion.

Given Banach space (B, | - [|IB), S2(B) is the set of all the B-valued, (:%#;)-adapted and contin-
uous processes (X;)e[0,7] such that

IXlls2 = | sup Xl , <oo
) 1€[0,T] LX)
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For p € [1,00], denote by L£P(B) the totality of all the B-valued, (.%;)-adapted processes
(X1)rero, 7 such that

IX N zovy = | ||Xt||lBHLp(szx[o,T]) < 0.

Obviously, both (S2(B), || - lls2®)) and (LP(B), || - |l cr(s)) are Banach spaces.

Denote by Cj, the space of bounded continuous functions on R¢ equipped with the usual
uniform norm || - [lo. Let C;° be the set of infinitely differentiable functions with bounded
derivatives of any order. Denote by L>*(C go ) the set of functions # on  x [0, T'] x R such that
h(t, x) is infinitely differentiable with respect to x and all the derivatives of any order belong to
L(Cp).

Throughout this work, we denote I = (1 — A)"/? for n € R. Then I" belongs to W, that is
the class of pseudo-differential operators of order n. By the pseudo-differential operator theory
(see [8] for instance), the m-th order differential operator belongs to W, for m € N*, the mul-
tiplication by elements of Cgo lies in W(, and for the reader’s convenience, some useful basic
results are collected below.

Lemma 2.1. (i) If J1 € V,,, and J, € Y, with n1,ny € R, then J1Jp € Wy, 1, and the Lie
bracket [J, Jo]l:=J1Jy — JpJ1 € “I’n1+nz—l-

(ii) For m € (0, 00), let ¢ belong to the continuous function space C;' which is defined as
usual. Then for any n € (—m, m) there exists constant C such that

IEolln < Clicliemligln VYo e H".
Set
Vo={Li,....Lg;} and V, =V, U{[Ls,V]:V eV, k=1,....d}.

Denote by IL,, the set of linear combinations of elements of V,, with coefficients of L% (C [‘7’0).
We then introduce the following Hormander-type condition.

(H) There exists ng € No such that {D; :i =1, ...,d} CL,,.

Throughout this paper, we denote n = 27"0.

Instead of BSPDE (3), we consider the following one of the general form

—du(t,x) = [(3LF + s M})u+ Mk + b/ Dju+ cu + y'v' + f + Ligh](e, x) dt
=" (¢, x)dW/, (t,x) € Q; )
u(T,x)=G(x), xeR4,
We define the following assumption.
(AD) Fori=1,....d, k=1,...,d;, 0% 0 b, y* c € L2(CE).

Definition 2.1. A pair of processes (u, v) is called a solution to BSPDE (4) if (u, v) € S>(H™) x
L2(H™ 1Y for some m € R and BSPDE (3) holds in the distributional sense, i.e., for any { €
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CrXR)®CF (R?) there holds almost surely
T T
(c@).u(t) - (£(T). G) + / (0, (5). u(s))ds + / (). v (5))d W
t t

T 1 )
=/ <§,E(L,%+M,§)u+Mkvk+beju+cu+ylvl+f+Lkgk>(s)ds
t
vr [0, T1.

We now state our main result. The following theorem is a summary of Theorem 3.3, Corol-
lary 4.3 and Theorem 4.1.

Theorem 2.2. Let assumption (Al) hold. Assume (f,g,G) € L>(H™) x LX(H™)%) x
LZ(Q, Fr; H™), for some m € R. There hold the following three assertions:

(i) BSPDE (4) admits a unique solution (u,v) € S*(H™) x L>(H™™ ) with (Lgu,v* +
Miu) € L2(H™) x L2(H™), k=1, ...,d, and

tel0,T

T/ di
E sup}”u(l)“i—i—E/O (Z\;Lkua>|}fn+y|v<t>+Du<t>e<t>||fn)dt
k=1

T
<cleici £ [ (1ol + leol)as),

with C depending on T, m and quantities related to coefficients o,0, b, c and y .
(1) If the Hormander-type condition (H) holds, for the above solution (u, v), we have further

T 2 ) T 2 2
E[ ol < c{EIGE+E [ (0l + e Bas).  ©

with C depending on T,m,ng,0,0,b,c and y.
(iii) If both (f,8) € Nyer(L*(H™) x L2((H™)4)) and assumption (H) hold, we have for
eache € (0,T),

(w,v) € [ L3(Q: C(10, T —el: H")) x LA( L2(0, T — & H" ™)),
nelR

and for any n € R

T—¢
E sup [u)],+E f (le® ]y, + o) + Dud@)]) di
1€[0,T—s] 0

2 T 2 2
< C{Eucnm + E/o (Jre|; + ||g<s>||n)ds},
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with the constant C depending on ¢, T,n,m,ng, 0,0, y,b and c. In particular, the random field
u(t, x) is infinitely differentiable with respect to x on [0, T) x R? and each derivative is a con-
tinuous function on [0, T) x RY.

Remark 2.1. An L*-theory on degenerate BSPDEs was initiated by Zhou [21], and it was
developed recently by [5,9,13]. Along this line, to get a solution of BSPDE (4) in space
S2(H™) x L*(H™ ") requires that L gk lies in £2(H™) for some m € N*, but in (i) of Theo-
rem 2.2, gk is allowed to be in £2(H™) and thus Lkgk € L2(H™ 1), and there holds the addi-
tional gradient estimate Lyu € £L>(H™),fork =1, ..., d;. Moreover, compared with the existing
L?-theory on degenerate BSPDEs, m herein can be any real number instead of being restricted to
positive integers, and under the Hormander-type condition (), one further has u € £L>(H™*")
in (ii). Hence, the L>-theory presented in (i) and (ii) of Theorem 2.2 seems to be of independent
interest.

Starting from the estimate of Liu, we prove the Hérmander-type theorem ((iii) of Theo-
rem 2.2) by increasing the regularity of u step by step. In this paper, it is indeed necessary to
allow m to be real number in the L2-theory, as for each step the regularity is increased from m
to m + ¢ for a possibly real number ¢ € (0, 1] (see Section 4 below for more details).

3. An L? theory of linear BSPDEs

We consider the following BSPDE

—du(t,x) = [$(L? + M?)u + Myv* + b/ Dju + cu+ y'v! + f + Ligh](t. x) dt
+8Au(t,x)dt —v"(¢t,x)d W/, (t,x) e Q; (7
u(T, x) =G(x), x e R,

with § > 0.
Note that we do not need the Hormander-type condition () in this section. We would first
give an a priori estimate on the solution for BSPDE (7).

Proposition 3.1. Let assumption (A1) hold. For (f, g, G) € LE2H™) x L2((H™D) x L2,
Fri; H™) with m € R, if (u, v) € (S2(H™) N L2(H™T2)) x L2((H™ YD) is a solution of
BSPDE (7), then one has

T 4
E s[t)lp]”u(t)”i—l—E/O <s||Du<z>||;+Z||Lku<z>||fn+Hv(r>+Du<t>9<t>|li> dt
tel0,T =
<cleici £ [ (1ol + lol)as).

with C depends onlyon T,m,o,0,y,b and c.

Proof. Set & =v + Du#f. Putting L} := D;(c'*) and M| = D;(6'*"), we have Ly = L} + cx
and My = M} + ay with cx = —(D;o'%)- and o = —(D;0°%)-, for k =1, ..., d;. Applying Itd
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formula for the square norm (see, e.g., [12], Theorem 3.1), one has almost surely for 7 € [0, T'],
T
Hlmu(t)||2+/ (28] 1" Duts) | + || 17 (& — Dub)(s)|*) ds
t

T
= e’ +/ (1" u(s), 1™ (L + MZ)u + 2My (8° — Diut™))(s)) ds
t

©)
T
+/ 2A1™u(s), I" (B! Dju+y' (&' — Djub™) +cu+ f + Lig)(s))ds
t
T
—/ 2(1Mu(s), 1" (€ — Dub)(s) dWy).
t
First, basic calculations yield
(1", 17 (L3u)
= <Imu, Im(L;( + Ck)Lku>
—(LiI™u, I" Lgu) + (1" u, [I™, L} | Lgu + 1™ cx Liu) (10)

— | " Ly | ([, LaJu, I L) + (1w, [ 17, Ly L + T e Lyu)
<—(L—)|[I"Liu|* + C|I"u|?, s, 1),
(I"u, I (v'&" + cu+ f + Lig"))
=(I"u, I"(y'E" +cu+ f))+ (I"u, (LeI™ + [1™, Ly ]) 8")
=(I"u, 1" (y'&" + cu+ f)) = (I" Ly + [Li, 1™ Ju, 1" g*) (11
+ (I"u, (e I™ + [1™, Li])g¥)
<e(lrm Ll + |17 )+ Co(lmal + [ £ 1P+ |18 ). e e
and
(I™u, 1™ (MEu +2Mi (* — Diu6™)))
(I™u, 1™ (—MPu + 2ME"))

(1" u, —MI" My + [ My, T | M) + (1w, 1™ (2MER + 2006 — oy Myu))
(M u, 1" Myu) + (1" w, [ My, I™ | M)

— My I u, 1 ER) + 21, [ 1™, M} )EF)
+{1"u, 1" (201" — o M)

= |17 Myue||* = 2(1" My, 7 €X) + ([ My, 17 u, 17 M) + (17w, [ M}, 1" My
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— o[ My, 1™ Ju, 1™ EX) + 2(1u, [ 17, MEJER) + (1™, 1™ (208" — oy M)
= 17 M| =21 M, 17E4) — | [, 17 (12
+([Mi, I Ju, M )+ (T, [My, T M) — (1" w, o My 1™ )
— [ M, I Ju, XY+ 2( 1w, [ 17, ML)ER) + (1w, 1™ (204 8% ) + [k Mic, 1™ u)
= 1" M| = 21" Miae, 176*) = || [ 17|
+<1mu,ak[Mk,Im]u—[ak,lm]Mku)
— (1", e M ™ )+ (1", [[ My, 1], My Ju)
— [ My, 1™ Ju, 1™ EF) + 2(1™u, [ 1™, MEJER) + (1™, 200 1™ EX + [0 M, 1™ Ju)
< |7 M| = 217 My, 1)~ | M, 77
+e| e+ Co|1"u|?, e,
where we have used the relation
<Imu,akMkImu)=—%(Imu,Di(aink)Imu>. (13)
Noticing relations like (13) and that fori =1, ..., d,k=1,..., dp,
[ 77 (€ — M) |* = | 17€4|* = 21", 17 M) + 17 M|,
(1™u, 1™ (y* Diju6™)) = 31" u, Di (y*0'*) I"™u + 2[y*6™* D;, 1™ Ju),
(I™u, 1™ (b' Diu)) = —5(I™u, D; ()™ u + 2[b' D;, 1™ Ju),

putting (9), (10), (11) and (12) together, and taking expectations on both sides of (9), one gets by
Gronwall inequality

d
sng]E”u(t) 12 + E/ (3 | Du®|2 + > Liu @] + o) + Du(t)@(t)”i) dr
k=1
(14)

<clmon i [ (ol + e l)as).

On the other hand, one has for each ¢t € [0, T')

T
E sup f 21"u(s), I" (€ — Dub)(s) d Wy)
telt, T]lJT
<2E sup /2<Imu(s),1m(§—Du9)(s)dWS)
telt, T/t
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di T 172
< C(EZ/ ({17 u(s), 14 )| + | (1" us), (M ™ + [Im,Mk])u(s)>|2)ds>
k=171

1/2

T
(e [ Plmeo |+ rmaco ] )
t

T
<eE sup ||Imu(s)”2+C8Ef ([1"&@|)* + |17 uts)|)ds Ve e ©,1),
s€(t,T] t

which together with (9), (10), (12) and (14) implies (8). O
An immediate consequence of Proposition 3.1 is the following.

Corollary 3.2. Let assumption (A1) hold. For (f,g,G) € L2(H™) x L2(H™)%) x L*(%Q,
Fr; H™) with m € R, the solution of BSPDE (7) is unique.

Theorem 3.3. Let assumption (Al) hold. Given (f, g, G) € L2(H™) x L2(H™%) x L*(Q,
Fr; H™) withm € R, BSPDE (4) (equivalently, BSPDE (7) with § = 0) admits a unique solution
(u,v) € SE(H™) x L2(H™ 1Y with (Lgu, v* + Myu) € L2(H™) x L2(H™), k=1, ...,dy, and

T /4

E sup ||u(t)||fn+Ef (Z”Lku(t)||,2n+||v(t)+Du(t)9(t)||’2n)dt

t€[0.T] o \io 5
(1

<clmei - [ (ol + o))
with C depending on T, m. 5,0, y,b and c.
Proof. We use the method of approximation. Choose {8/};cx+ C (0, 1) and
(o G e © L055) L2 5)) L2605 )

such that §; converges down to O and (f,, gs, G,) converges to (f,g,G) in £2(H my x
L2((H™%Y x L*(Q2, ZFr; H™). By the LP-theory of BSPDEs (see [4] for instance), BSPDE
(7) admits a unique solution (u;,, v;.,) € (S2(H™>) N L2(H™T6)) x L2(H™T3) associated
with (8;, fu, gn, Gn).

For each n, it follows from Proposition 3.1 that {(u; ,,, Lxut1 n, Vi n + Du; ,0)};en+ is bounded
in S2(H™ %) x L2(H™*) x L2((H™*)4), k=1, ...,d,. Notice that § Au; , tends to zero
in £2(H™*?) as [ goes to infinity. Therefore, letting  tend to infinity, from Proposition 3.1 and
Corollary 3.2 we derive the unique solution (u,,, v,) for BSPDE (7) associated with ( f;;, g,, G,)
and & = 0 such that (u,, Liun, vy + Du,0) € SE(H™2) x L2(H™12) x L2((H™T%)41) for
k=1,...,d.

Furthermore, letting n go to infinity, again by Proposition 3.1 and Corollary 3.2, one obtains
the unique solution (#, v) and associated estimates. This completes the proof. ]
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Remark 3.1. Like in [5,9], the random field v+ Duf € L2((H™)%) is estimated as a unity which
appears in the corresponding BSDE (see (22) below for instance), and thus we only have v €
L2(H™ 1) (see Example 1.1). In fact, if we further have oo/ > 6067, then Du6 € £2(H™) and
thus v € L2(H™), as u, Lyu € L2(H™), k=1, ..., d;. In addition, in view of (ii) of Lemma 2.1
and the proofs involved in this section, the required regularity for the coefficients b, ¢, o, 6 and
y can be relaxed like in [5,9], but we would not seek such a generality in the present paper.

4. Hormander-type theorem

Recall that 7 = 270, Basing on the L?-theory of SPDEs presented in the preceding section, we
derive the following Hormander-type theorem.

Theorem 4.1. Let assumptions (A1) and (H) hold. Suppose that

(f.8) € m(ﬂz(H") X Ez((H”)d])) and G e L2(Q, Fr; Hm) for some m € R.
neR

For the unique solution (u, v) of BSPDE (4) in Theorem 3.3, we have for any ¢ € (0, T)

(o) € (Y 2(2: C(0.7 — el 1) x L2(25 L2(0.7 =5 1),

neR

and for any n € R

T—¢
E sup [u®|? +E/ (lu®]2,, + [v@ + Du®o®)|?) ar
1€[0,T—e] 0 16)

T
< C{Encui + E/o (lr®)?+ ||g(s>||ﬁ)ds},

with the constant C depending on ¢, T,n,m,ng, 0,0, y,b and c. In particular, the random field
u(t, x) is almost surely infinitely differentiable with respect to x on [0, T) x R? and each deriva-
tive is a continuous function on [0, T) X R,

Because of the appearance of the stochastic integral in BSPDE (4), we do not investigate the
time-differentiability of u (¢, x) and the coefficients herein is only required to be measurable with
respect to the time variable, while in the classical Hormander theorem, the associated coefficients
are smooth and the function u(¢, x) turns out to be deterministic and smooth with respect to the
time variable.

Before the proof of Theorem 4.1, we first give an estimate on the Lie bracket.

Lemma 4.2. For {Z, L} C Ulzo Vi,m e Rand ¢ € [0, 1], there exists a positive constant C such
that almost surely for any ¢ € H™ with Zq) e H" '*¢ and Lo € H™,

IZ, 1], sepp < CULGImr14e + ILSlm + IBllm).
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Proof. Assume first ¢ € HMHL SettingNA" = ijl[Z, L], we have A" € W,, a.s., for each n €
R. As the joint operators of H and L, L* = —L + ¢ and L* = —L + ¢ with ¢,¢ € L>(C)°),
respectively. By Lemma 2.1, one has

(LLg, ImA™+eg)
=(Lo, (I"L* + [L*, 1"]) A"~ Heg)
=(1"Lp, (A" 1TEL* +[L*, A" 1)) ) + ([1™, L]Lp, A"~ 1)
<C(ILplz + ILI7, 1. + 117%)
and
(Lo, 1mAm=1T2 )
— (Z¢’ (Im—H-sL* + [L*, Izn—1+s])Am¢)
= (1" T (AL 4 [L*, AM])@)+ (1" L, 1= [Lx = 1He] Amg)
<C(ILplI5_ 1 1e + 1L + I115,)-
Hence,
1L, L3001y jp = (L, L1, 17 A" 42 0) 2 < C(IZpNm— 1 + LD + 0 lm)-

Through standard density arguments, one verifies that the above estimate also holds for any
¢ € H" with Lp € H"1*¢ and Lo € H™. O

Starting from estimate (15) of Theorem 3.3, applying Lemma 4.2 iteratively to elements of
Vo, ..., V,,, we have the following.

Corollary 4.3. Assume the same hypothesis as in Theorem 3.3. Let condition (H) hold. For the
unique solution (u, v) of BSPDE (4), one has further u € £>(H™*") with

T T
£ [ ol ar=c{eici + e [ (ol +leoRa)

where the constant C depends on T,m,ng,o0,0,b,c and y.
We are now ready to present the proof of Theorem 4.1.

Proof of Theorem 4.1. By Theorem 3.3, BSPDE (4) admits a unique solution (u,v) €
S2(H™) x L2(H™ ') and the pair of random fields (u, v)(¢, x) := (T — t)(u, v)(¢, x) turns out
to be the unique solution of BSPDE

—dii(t,x) = [(3L} + $M})it + Mok + b/ D it
+cit + y'0! + (T — ) (f + Lrg") +u](t, x)dt — 0" (t,x) dW/; (18)
i(T,x) =0,
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with
e 2 2
E o lao|’ +E /0 (Z |Lea@) |, + |0(0) + Dia(1)6(r) Hm> dt
r k=1
T
=@+ 0E [ (ol + el + Juw ) ds

Starting from the above estimate and applying Lemma 4.2 iteratively to elements of Vo, ..., V,,,
we have

T
-2
/O 1Dl 4, ds

<o )E [ (Ol + lel + ) as

Fix any ¢ € (0, T A 1) and define g, = Zf 1 2, By interpolation and Theorem 3.3, one gets

s o2k [ (oL, o+ oo ) a

t€[0,T—¢1] (19)
C2(T*+1)

54

&

T
E[ ol + sl + e ) ds

Noticing that (f, g) € ﬂneR(ﬁz(H") x L2((H™)%)), by iteration we obtain for any j € NT,

T—
Ete[OSI;Es Hu(t) ”m+(1 Dn + E/Q (”M(t) ”mﬂn T ”U(t) + D”(l)e(t)Her(/ 1)77) dt
c2J (ITZ +1) T—¢; (20)
-l 2 2 2
< [ T Oy + 18O o+ 0Oy, ) s

which, together with estimate (15), implies by iteration that

T—
E sup Hu(t) ||m+(] Dn + E/ (”u(t) ||m+]n + ”U(t) + Du(t)e(t)Hm+(] 1)77) dt

t€[0,T—¢/]

2 2
= CJ{E||G||31 + E./o (||f(s)||m+(j—1)n + ||g(s)||m+(j—l)n) ds}-

Hence, we have

(u,v) € [V L*(2 C(I0. T —el: H")) x L*(Q: L*(0, T —e; H"™')) Ve e (0, 7),
neR
and there holds estimate (16). In particular, by Sobolev embedding theorem, the random field

u(t, x) is almost surely infinitely differentiable with respect to x and each derivative is a contin-
uous function on [0, T') x R, O
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At the end of this section, we would show the connection between the conditional expecta-
tion (2) and the solution of BSPDE (3).

Proposition 4.4. For the coefficients G, f,o0,0,b, we assume the same hypothesis of Theo-
rem 4.1. Suppose further that G € LP (2, Fr: Cp). Let (u,v) € SE(H™) x L2(H™ ™) be the
solution of BSPDE (3). Then, we have for all x € R,

T
u(t, X)) = Egz |:G(XST’X) —I—/ f(rX2) dr:| as.forall0<s<t<T. (21)
t

Proof. In view of the continuity of X % with respect to (s, x,r), we first check that all the
terms involved in relation (21) make sense in view of the Hormander-type theorem 4.1. Let
peCx (R?) be a nonnegative function with the support in the unit ball centered at the origin
such that fRd o (¥)dy = 1. Define the convolution:

GN(x)zf G(x —y)p(Ny)N%dy  for N eNT.
]Rd

In view of the smooth approximation of identity, we have Gy € ﬂneR LZ(Q, Fr; H") for
each N € N, and Gy converges to G in space LZ(Q,fT; H'™). Obviously, it holds that
limy_ o0 E|Gn(X7") — G(X;’x)|2 =0 for every x € R?. For each N, let (1, vy) be the unique
solution of BSPDE (3) with G replaced by G . For each ¢ € [0, T), by Theorem 4.1, we have
forany ¢ € [0, T — 1),

(un, o), (u,v) € [V L2(Q: C(10, 1 +£]; H")) x L*(2: L*(0,1 4 &; H" "))
nelR

and

len = ull}2 0. 0.srep: 1y < COVENGN = Gl =0 as N — 00, Vn €R,

and in particular, since H d+2 i5 embedded into C », there holds

E sup |y —w(rX)|2 < Clun
rels,t+e¢]

2
_“”L2(Q;C([0,t+s];Hd+2)) -0 as N — oo.

On the other hand, by the It6—Kunita formula we have for each N and 0 <s <7,

T T
uN(t,Xf*"):GN(X;x)JF/ f(r,Xﬁ”‘)dr—/ (N + Dun6)(r, X)*) dW,
. t t (22)
—/ Duyo (r, X2*) dB, a.s., Vx e RY.
t

Taking conditional expectations on both sides, we get for every x € R?

T
uN(t,X‘;’x)zEg:’ |:GN(X‘YT’X)+/ f(r, Xﬁ’x)dri| as.,forall0<s<t<T. (23)
'
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Letting N go to infinity, we prove (21). (]

Remark 4.1. In Proposition 4.4, we assume G € LZ(Q, Zr; Cp) to make sense of the compo-
sition G (X ;x). We would also remark that by taking s = ¢ in relation (21), the function u(z, x)
defined by (2) is just .%;-measurable and thus that the conditional expectation in (2) is equivalent
to the one with respect to the sub-filtration {.%;};>0, that is,

T
u(t,x)=Eg, [/ f(r. Xp%)dr + G(X;x)], (t,x) €0, T] x RY.
t
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