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This paper is a complement to the studies on the minimum of a real-valued branching random walk. In
the boundary case [Electron. J. Probab. 10 (2005) 609-631], Aidékon in a seminal paper [Ann. Probab. 41
(2013) 1362-1426] obtained the convergence in law of the minimum after a suitable renormalization. We
study here the situation when the log-generating function of the branching random walk explodes at some
positive point and it cannot be reduced to the boundary case. In the associated thermodynamics framework,
this corresponds to a first-order phase transition, while the boundary case corresponds to a second-order
phase transition.
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1. Introduction

1.1. Model and main result

Consider a branching random walk on the real line R. Initially, a particle sits at the origin. Its chil-
dren form the first generation; their displacements from the origin correspond to a point process
% on the line. These children have children of their own (who form the second generation), and
behave, relative to their respective positions, like independent copies of .Z, and so on. Denote
by P the probability distribution on the space 2 of marked trees associated with this branching
random walk, and [E the expectation with respect to P.

The genealogy of all particles forms a Galton—Watson tree T whose root is denoted by @.
Denote by {u : |u| = n} the set of particles at generation n € N and by V(1) € R the position
of u. Notice that Z\u|=1 8(vw)y = -Z. Denote by v := Zlu\=1 1 the offspring number. Let ¢ be
the log-generating function of .Z:

d(B) :=1og]E[Z eﬂV@‘)} =log]E|:/ eﬂxz(dx)} € (—00, 0], B eR.
R

lu|=1

We assume that . is not almost surely supported on a deterministic lattice. Therefore, ¢ is
strictly convex over its domain dom(¢) := {8, ¢ (8) < oo} if dom(¢) is non-trivial.

We assume that T is supercritical and define M,, := minj,|—, V (1) the minimum of the branch-
ing random walk in the nth generation (with the convention min & = 00).
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Hammersley [27], Kingman [30] and Biggins [9] have established the law of large numbers
for M, under a fairly general setting: if {8 > 0: IEE[ZW:1 e PVW] < 400} # @ then condi-
tioned upon the survival of the system, lim,_, % = v, where v = —inf{¢p(8)/B : B > 0}.
Hammersley [27] raised the problem of finding the asymptotic behavior of M, — vn. Due to
the convexity property of ¢, if inf{¢(8)/8 : B > 0} is attained at 0 < 8, < co and ¢ < oo on a
left neighborhood of B, (this is the case for instance when v has a finite expectation), we have
either ¢ (By)/Bv = ¢'(By) or $(By)/ By > ¢'(By) and ¢ (B) = oo for B > By, so that after making
the change of variable (V(u),u € T) — (B, V(1) + ¢ (By)|ul, u € T), we can assume that either
¢(1)=1and ¢'(1-)=0,0r ¢(1) =0, ¢'(1-) <0, and ¢(B) = oo for all 8 > 1.

Several recent attempts to solve Hammersley’s problem led to significant contributions (see
[1,17,28] and the references therein), until the sharp answer was given by Aidékon in [2] in the
“boundary case” (terminology introduced in [14]) which corresponds to ¢ (1) = ¢’(1—) = 0.

We study here the asymptotic behavior of M,, outside the boundary case, that is, when

¢(1)=0, (1.1)
¢ (1-) <0 and ¢(1+)=oo0. (1.2)

In the associated thermodynamics framework, this corresponds to a first-order phase transition,
while the boundary case corresponds to a second-order phase transition; see the forthcoming
Section 1.2 for detailed discussions.

For our purpose, it will be convenient to state our assumptions in terms of the distribution
of the i.i.d. increments X1, ..., X,, ... of the random walk (S,) naturally associated with the
branching random walk and assumed to be defined on a probability space whose probability
measure is P. Denote by E the expectation with respect to P and set X = X;. The law of X,
denoted as Py, is defined under (1.1) by

fR f )Py (dx) :=E[ > f(V(u))e‘V(”)}, (1.3)

lul=1

for any bounded measurable function f. Observe that for all 8, ¢ (8) =log fR e~ (F=DxPy (dx).
Then a sufficient condition for ¢(14) = oo is that near to —oo, Py (dx) has a density which
decays polynomially or subexponentially. In this paper, we only treat the polynomial decay case.

Our assumptions about Py and expressed in terms of X are the following: There exist some
constants y > 3, o > 1, a slowly varying function £ and some xo < 0 such that

m:=E[X]>0, E[(XT)"] < oo,
: [(x*)'] o
P(X <x) = / Iy le(y)dy  Vx <xo,

—00

with yT := max(y, 0) for any y € [—00, 00). We remark that the condition (1.4) implies (1.2):
The first property m > 0 is just a restatement of ¢'(1—) < 0 whenever this derivative is de-
fined. The second and third properties imply in particular that X is in the domain of attrac-
tion of a stable law of index min(w, 2). One naturally gets a branching random walk leading
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to such an X as follows: fix a random variable X obeying (1.4) and assume in addition that
1 <s=E[eX]= f e*Px(dx) < oo (in particular the second condition holds with all y > 0).
Let (§;)>1 be a sequence of random variables distributed according to s~le*Py (dx), not nec-
essarily independent. Let v be a random integer independent of (&;) j>1 such that E[v] = s, and
set £ = Z‘]’-zl 8(z;3- When s is an integer, v can be taken constant and equal to s, so that the
branching random walk is built on the s-adic tree.

For brevity, we extend the function £ to the whole R, by letting £(x) = £(—x) for x > |xo| and
£(x) =1 for any x € (xo, |xo]) [|xo| being large enough so that £(x) > O for any x < x¢].

Under (1.1), it is known that on the set S of the survival of the system, M,, — oo a.s. (see, e.g.,
Shi [43]).

It is natural to study the convergence in law of M, after renormalization. Under the condi-
tion (1.1), we introduce the martingale

W, = Z eV, n>1,

|ul=n

which is called the additive martingale in the literature on the studies of branching random walks.
Let W, be the almost sure limit of the non-negative martingale W,,. The following integrability
hypothesis, which combined with E[X] > 0, is necessary and sufficient for W, to not vanish
almost surely [9,24,29]:

+
]E|:(Z e_v(”)> <log Z e_v(”)) :| < 00, (1.5)
lul=1 |lul=1

moreover Wy, > 0 on S.

To establish the convergence in law for M, it is necessary to assume some additional condi-
tions. To avoid the technical difficulties, we state below our result in the i.i.d. case, namely ¥
can be written as .2 =) »_, 8(z,) with (§;) i.i.d. and independent of v.

Theorem 1.1 (i.i.d. case). Assume (1.1), (1.4) and (1.5). Suppose that £ =Y "}_, 8¢, with (&)
i.i.d. and independent of v. Then for any x € R,

lim P(M, > o, + x) = E(exp(—cse* Woo)), (1.6)

n—oo

where oy, := (o + 1) logn — log £(n) and cy is a finite positive constant given as follows:
o
Coi=m @D "E[emMi]. (1.7)
j=0

‘We mention that the finiteness of c, is part of the proof of Theorem 1.6.
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Remark 1.2. In the i.i.d. case, namely when .¥ = >/, (5} with (&) i.i.d. and independent
of v, (1.1), (1.4) and (1.5) are equivalent to the following set of assumptions:

Ele™*]=—— E[ge™5] >0, E[(6T)"e%] < oo,
and

{E[u] > 1,

1
E[vlogv] < oo, P& € dx) = m|x|—°“1£(x)e‘x dx, for x < xo,
1%

with @ > 1, y > 3, a slowly varying function £ and & := ;.

Example 1.3. To fix ideas, let us give a concrete family of examples. Fix o« > 1, p € (0, 1),
x9 <0, x(/) > 0 and let £ be a random variable with law equal to ), = p8x6 + (1 — p)u, where

n((—o0,x]) = Ca,xo l{xfxo}ei‘xl |x|7w71 + 1{x>x0}a with Coz,xo ;= el |x0|0[+1 .
By construction, we have IE[e”35 ] =o0if B > 1. Moreover,

E[e_f] = pe 0 + (1 — p)ell (1 + M) and
a

+ o

, 1 1
E[ge™"] = pxge 0 — (1 - p)e'm'( ol + —— 1).

Let

|xo! _

e 1+ |xo|/c 1

0 ( | 0|/ ) : (0’ l).
elol (1 4 |xg| /o) — e 0

Forall p € (po, 1), we have E[e ¢] < 1. Moreover, if x(’) is chosen large enough, then the increas-
ing function p € (po, 1) — E[£e~¢] vanishes at some point, say po. Now, let v be a random
integer with expectation ]E[e_"s]_l and such that E[vlogv] < oco. For each p € (po, 1), let &,
i > 1, be independent random variables distributed according to i, and also independent of v.
They generate a point process Y ;_; 8¢} which is outside the boundary case when p € (po, 1)
(and all the properties gathered in Remark 1.2 hold), in the boundary case when p = py, and
reducible to the boundary case when p € (po, po).

Remark 1.4. The general case will be treated in the Appendix. For instance, if £ =], 8z
with all & = & a.s. for any i > 1, and £ independent of v, then (1.6) still holds (with some
appropriate constant c,).

Remark 1.5. In the boundary case, we have E[X] = 0, and the almost sure limit of the martin-
gale W, vanishes (Biggins [10], Lyons [33]). Assuming that E[X?] < oo and some additional
integrability conditions, Aidékon [2] proved a highly non-trivial universal result (see also [16]
for an alternative approach), namely the convergence in law for M,, — % logn as n — oo toward
a convoluted Gumbel distribution; specifically there exists a constant ¢’ > 0 depending on the
distribution of . such that

n—00

lim ]P’(M,, > %logn +x> =E(exp(—c'e* Duo)) Vx e R, (1.8)
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where Do := limy 00 Y11= V(u)e™V® is the non-trivial and non-negative limit of the so-
called derivative martingale [2,13,19]. Theorem 1.1 exhibits another universality class with the
Gumbel distribution convoluted by W, as limiting law.

Let us now say a few words on the normalizing sequence ¢, and the additional conditions
.. <~
such as the i.i.d. case. For any u € T \ {@}, let u be the parent of u. Define

AV :=Vw) —V(u), Bw) :={:vEu v=ul (1.9)

Forany n > 1 and |u| = n, denote by {ug := &, uy, ..., un—1, U, = u} the shortest path relating
the root & to u such that |u;| =i forany 0 <i <n.

It turns out that the minimal position M,, will be reached only by those particles |u| = n, such
that there is a unique i € [1, n] such that AV (u;) < —n!*tM Moreover, to make V) =M,,
necessarily i is near to n and this large drop AV (u;) will be of order —n, which in view of
the density function of X in (1.4) happens with probability of order e~*". This phenomenon is
essential in the explanation of the normalizing constant «;,. Moreover, the extra i.i.d. assumption
in Theorem 1.1 guarantees that with overwhelming probability, no v € B(u;) can make a large
drop in the sense that AV (v) < —n't°() which in turns implies that all particles |w| = n such
that V(w) = M,, are necessarily descendants of ;. This is the crucial point for the convergence
of M,, — a, in the i.i.d. case.

However, in the general case, some particles v € B(u;) could also make a large drop; further-
more, v could also produce some descendants which reach M,, in the nth generation. To get the
convergence in law of M,, — «,,, we have to control this possibility of simultaneous large drops in
the same generation and the relative displacements between the particles in B(x;) and u; itself. In
particular, we need to assume the convergence in law of these relative displacements conditioned
on V(u;) - —oo, which is our main additional hypothesis in the general case. We refer to the
Appendix for more details.

We end this subsection by a remark when the density of Py (dx) in (1.4) decays subexponen-

tially near to —oo.
Remark 1.6. Assume that as x — —oo, Px(dx)/dx ~ c’|x|“e_c|"|b for some constants ¢ >
0, >0anda € R, 0 < b < 1. We conjecture that M,, is of order n®. Furthermore, if 0 < b < %,
then we believe that the phenomenon of the unique large drop still holds which would lead to the
tightness of M,, — c(mn)? + alogn.

1.2. Connection with thermodynamics

Due to the interplay between branching random walk theory and some random energy models in
statistical physics, we find it useful to relate the above-mentioned fine results on M, to critical
phenomena. In the setting of the previous section, that is, when v =0 and B, = 1, define the
convex functions

1
FaBy=~log y_ eV n=1p>0

|lu|l=n
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Figure 1. First-order phase transition.

In the random energy model introduced by Derrida and Spohn in [22] (in which T is a regular
tree and the increments of the branching random walks are i.i.d. and Gaussian, so that only the
boundary case occurs), these functions are the free energies of the directed polymers on the
disordered tree T. They converge almost surely pointwise on R to the free energy in infinite
volume

F(B) =110,11(B)p(B) + 0 L(1,00) (B). >0

(see [4,11,20,39,41]). Suppose that ¢’(1—) exists. The free energy F is analytic over its domain
except at 1. In the boundary case ¢'(1—) = 0, F is only once differentiable; in the thermodynam-
ical setting this corresponds to a second-order phase transition at the inverse temperature 8 = 1.
When ¢’(1—) < 0 and ¢ (1+) = oo, F is continuous and non-differentiable; we face a first-order
phase transition at 8 = 1 (see Figures 1 and 2 for illustrations where ¢ (0) is assumed finite).

Next, we recall some known facts associated with the boundary case, and we provide conjec-
tures regarding analogous results associated with the case considered in this paper.

Aidékon’s result (1.8) is a key point in understanding the asymptotic behavior of the Gibbs
measures g, which assigns to each bond u of generation n the mass ug , (u) = e BV —nFy ()
Based on [2], Madaule [35] showed that nG/2B Z‘ ul=n e AV converges in law; see also Webb
[47] in the Gaussian case on a regular tree. In the case where T is regular, say s-adic, Barral,
Rhodes and Vargas [8] showed, thanks to [35] and the theory of invariant distributions by random
weighted means (also called fixed points of the smoothing transformation theory) [3,9,12,24,29,
32,38], that for each B > 1, ug, converges in law to a random discrete measure g defined
as follows: Let u be the critical Mandelbrot measure on {0, ...,s — 1}N+ associated with the

?(B) F(B)

Figure 2. Second-order phase transition (boundary case).
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branching random walk, that is, the measure which assigns mass eV Do (u) to bond u, where
Do (1) is the copy of Dy, built with the branching random walk rooted at u; let N, ,(Lﬂ ) be a
positive Borel random measure on {0, ..., s — 1}N+ X Rj whose law conditionally on p is that

of a Poisson point measure with intensity %; then define the random measures vg(A) =

I fRi ZNb(f‘)(dx, dz) and pg = vg/|lvgll. All these results provide a sharp description of the
asymptotic behavior of the associated directed polymer at temperatures lower than the critical
freezing temperature 8 = 1. In particular, when the temperature goes to O they describe how the
main part of the energy concentrates on a small number of atoms.

The convergence (1.8) and some of the previous results have been extended to the context of
log-correlated Gaussian fields [15,23,36,37], which confers them an additional degree of univer-
sality.

Let us also mention that M, plays a role in the study of the modulus of continuity of the
0-dimensional measure u [6].

Our result makes us conjecture that outside the boundary case, for 8 > 1, ef® Zm\:n e AV
converges in law as n — 00; furthermore this would imply that the same convergence result as
in the boundary case holds for the Gibbs measures g, on {0, ...,s — 13N+ if one replaces the
critical Mandelbrot measure by the standard Mandelbrot measure, namely the non-degenerate
measure which assigns mass e ™" ) W, (u) to bond u. Such results would complete the parallel
between the freezing phenomena observed under a second- and a first-order phase transition.

Also, it is important to try and test the universality of such properties for instance by studying
their validity in the context of more general log-Lévy multiplicative chaos [5,7,25,42] than the
Gaussian case, for which there is a natural formulation of the notion of being in or outside the
boundary case.

Let us finish with a geometric description of the difference between second- and first-order
phase transition at the critical inverse temperature 8 = 1, and conditionally on non-extinction:
under a second-order phase transition, there exists a minimal supporting subtree T'(0) for the free
energy in the sense that the bonds of generation n in T which mainly contribute to the free energy
F, (1) are those u of T(0) N T, ; moreover, one observes the behavior, or singularity, % ~(0=
—¢’(1) for the potential V along dT(0), and #T(0) N T, ~ e°™  These properties are reminis-
cent of the fact that in the infinite volume limit 8T (0) is of Hausdorff dimension O and such that
limy— o0 2108 Yy punamoree €@ = F(1) = 0, with lim, - o0 ~222 = 0 for all x € 9T(0),
where x|, is the prefix of x of length n and 0T is endowed with the standard ultrametric distance.
Consequently, the free energy concentrates on a single type of singularity (see [4,40]). Under
a first order phase transition, for all « € [0, —¢'(1)], there exists a subtree T(«) of T such that
#T () NT, =~ e", the bonds u € T(a) NT, satisfy @ ~ o/, and they substantially contribute to
the free energy F, (1); in the infinite volume the fractal sets 9T (), o € [0, —¢’(1)], are of respec-
tive Hausdorff dimension o, and such that lim,,_, 5o % log Z|u|:n,[u]maT(a);&® eV = F(1) =0,

and at each x € 3T («) one observes the singularity lim,,_ V(’f‘”) = « (see [4] for more details).

This can be interpreted as the coexistence of uncountably many equilibrium states in the system
atg=1.
The next section is an outline of the proof of Theorem 1.1.
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a, = (a+1)logn — logl(n)

n—1, =0(1)

Typical path of the minimum outside the boundary case -
L<r<a, -~

Pis Large drop = AV(u,,)

~ — a,—x

a,—x— L

Figure 3. Typical path of an extremal particle.

2. Outline of the proof of Theorem 1.1

The main estimate leading to Theorem 1.1 is the following asymptotic tail for M,, — «,.

Proposition 2.1 (i.i.d. case). Assume (1.1), (1.4), (1.5). Suppose that £ = Z;’zl 8y, with (&)
i.i.d. and independent of v. For any ¢ > 0, there exist A = A(¢) > 0 and an integer ng = no(¢)
such that for all n > ny and x € [A, @],

|P(M, <oty —x) —cre™™| <ge™™, 2.1
where as before, oy, := (o + 1) logn —log€(n) and c, > 0 is the constant defined in (1.7).

Remark 2.2. In the general case, under some additional assumptions (see (A.1), (A.2) and (A.3)
in the Appendix), Proposition 2.1 still holds with the same normlization sequence o, and some
positive constant ¢ instead of c,.

It turns out that the machinery developed by Aidékon in [2] is general enough to be adapted
in the case considered in this paper. As a matter of fact, the proof of Proposition 2.1 (of which
Proposition 4.1 is one of the main ingredients) goes in the same spirit as that of Proposition 1.3
in Aidékon [2], namely the localization of the trajectory of a particle u such that V (u) = M,.
The main difference is that, while in the boundary case such a trajectory typically corresponds to
an excursion of length 7, in our situation the trajectory (V (u;),0 < j < n) grows linearly until
some generation k, near to n, where it makes a very large drop AV (ux). Moreover, we can prove
thatn —k = O(1), AV (ux) = —(m+ o(1))n and in the i.i.d. case that no brothers of u; make a
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drop of size —(m+ o(1))n [Intuitively, (V (#;), 0 < j <n) has a unique large drop and this large
drop can only happen near to »n thanks to Lemma 4.2].
Specifically, let us fix the threshold ¢, := (logLn)T Forany u € T, let r{(:) be the time of the first

large drop in the path {V (u;), 1 <i < |ul}:
rg” =inf{1 <i < |ul: AV (u) < —Cu),

with inf & := oco. Under the assumptions (1.1) and (1.4), we analyze the particles leading to M,
and obtain the following statement (see (5.1)): Let L and T be large constants. For all large n
and for a fixed x > 0, we consider the event {I|u| =n: V(u) < o, — x}. By Lemma 4.3 ((4.6)
and (4.8)), we may restrict our attention to those |u| = n whose trajectory (V(u;),0 < j <n)

has a unique large drop, say at generation k = r(:’). Moreover, k > n — T (see Lemma 4.5) and
ming<;<, V(u;) > a, —x — L with high probability (see Lemma 4.4). It follows that

P(M, <ap —x)

1
=E[— > 1{M,,:v<u>ga,,x}] (2.2)

n
[ul=n

1
= E|:_ Z I{M,,:V(u)foz,,—x,min

Mn lul=n

—X
(u) ’ V(uj)za,,—x—L,IC(u)E[n—T,n]}:| + 0(1)6 ’
Té'n <J=<n n
where 1, := Z\u|=n 1{vu)=m,) and o(1) — O uniformly in n and x, as L, T — oo.

The next step is to analyze the number 7, and the event {M,, = V(u)} in (2.2). To this end,
we need to introduce the probability measure (Q considered by Lyons [33] for general branching
random walks (see also [46] for regular trees) and originally defined by Kahane and Peyriere [29]
for regular trees and in the case where W, is non-degenerate (Q is there defined as the skew
product of the probability P and the Mandelbrot measure w [29] to study the Hausdorff dimension
of w).

The following proposition is well known: Denote by (F,,n > 0) the natural filtration of the
branching random walk.

Proposition 2.3. Under (1.1), on the space Q of marked trees enlarged by an infinite distin-

guished ray (wy, n > 0), called the spine, we may construct a probability measure Q such that:
(1) for any n > 1 and |u| = n, we have

—V@)

Wn

€

Qon g, =WyePlr,,  Qlw,=ulr""(Fn}= : (2.3)

where 7 denotes the projection of QonQ;

(ii) under Q, (AV (wy,), Zueﬂ(w”) SIAV (wp)—AV())n>1 IS a sequence of i.i.d. random vari-
ables. Moreover, the distribution of (V(wy,),n > 0) under Q is the distribution of the random
walk (S, n > 0) under P defined above;

(iii) under Q, conditionally on G := o{u, AV (u), U= wj, j = 0}, the processes {V (uv) —
V(w),veT}, forue U(])il B(w;), are i.i.d and are distributed as {V (v), v € T} under P.
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We refer the reader to [13,18,33,34,43] for detailed discussions on the change of measure and
the proof of Proposition 2.3.

We denote by Eg the expectation with respect to (Q. By the change of measure (Proposi-
tion 2.3), the expectation term in (2.2) is equal to

EQ [Lev(ubl)]

Nn {M,=V (wp)<atp—x,min (wn) _ ., Vwj)zey—x—L t(w”)e[n—T,n]}:|'
T,
in =

Write k := rg(:””) € [n — T,n]. A crucial step in the localization of minimal particles, stated
as Proposition 5.1, says that under (1.1), (1.4), (1.5) and the i.i.d. assumption, for any |u| =n
such that V (1) = M,,, necessarily u; = wy, that is, the trajectory of the particle u# and the spine
coincide at least until the generation k. Consequently, both 71, and {M, = V(w,)} will only
depend on the subtree rooted at wy. By the Markov property of the branching random walk
under the probability QQ, we get that

P(M, < oap —x)

n
n— (L) _
Z e XE@[ R oy Fas (Vi) = (an — x — L)) ] +o(1)e ™,
k=n—-T

where F;L) is a measurable function defined in (5.9). Using the fact that under Q, (V (wy), k > 0)
is distributed as the random walk (S, k > 0), it follows that

P(M,, < ap —x)

T
= Y B[y =5 yzan—a- 0y Py (Samj = (@ = = L)) ] +o(De ™.
j=0

Finally, we apply a renewal result (Lemma 3.6) and get Proposition 2.1 by letting 7', L — oo.

Theorem 1.1 follows from Proposition 2.1, exactly as the main result in Aidékon [2] follows
from an analogous, though different, proposition (pages 1405-1407). However, we give a proof
for the reader’s convenience.

Proof of Theorem 1.1 as a consequence of Proposition 2.1. For B > 0, define
Z[Bl={ueT: V()= B,V(u) < B,k < |ul}.

In the sense of [31], this is a very simple optional line and one has, by Theorem 9 in [31],

hm Z eV —w,

ueZ [B]

Fix x e Rand ¢ € (0, c,). Let A(¢) > 0 and ng(¢e) large be defined as in Proposition 2.1. Let
B > A(e) + 2|x| such that (cx 4+ £)e 8/2 < 1. Almost surely Z[B] is a finite subset of T (since
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lim,,— oo M,, = 400 and the offspring number v < co a.s.), then we can find n; € Ny such that
ni >no(e) and

Vn >ny PV n) >1—c¢,

where
VB = {V(u) —x< é,\m € Z[B]} N {max{|u|:u € Z[B]} <n —no(e)}.
Notice that by the choice of B, for any u € Z[B], V(u) — x > A(g). Now for n > n; we have
P(M, > ay +x) >P(M, >a, +x,VB ) = ]E<1y31,, l_[ (1= P (V) —X))),

ueZ[B]

where we have used the conditional expectation along the stopping line and for 0 < k < n,
Dy p(x) :=P(My_x < a, — x). By construction, we can apply Proposition 2.1 to each term
of the product and get

PM, > ap+x) > E<1y3’n 1_[ (1 — (cs + E)va(”))>_
ueZ[B]

If necessary, we can enlarge A(e) to get Vu € Z[B], ¥V ® <e=4®) < (¢, + )71, so we have

P(M, > o, +x)> E( l_[ (1 —(ce + S)CX—V(M))> _ P(yf;,n)-

ueZ[(B]

This yields

liminfP(M,, > «,, + x) > E( l_[ (1 — (s +8)ex—V(u))) —e.

n—oo

ueZ[B]

Moreover, since max{e”V® : u € Z[B]} tends as. to 0 as B — oo, we have
limp 00 )", zipy102(1 — (cx + £)e" VW) = —(¢, + £)e* Wy hence by dominated conver-
gence

liminf P(M, > o, + x) = E(exp(—(cx + 6)e* W) — &,
n—o0
and letting ¢ tend to O yields the desired lower bound. To get the upper bound, write
PMy, > an +x) <P(My =20y +x,YVp0) + P(yfg’n)
Following the similar reasoning as above, we get
limsupP(M,, > ap + x) < E( [T (1= (e e)ex—‘“u))) +e,
oo ueZ[B]

and conclude as for the lower bound. O
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The rest of the paper is organized as follows.

In Section 3, we collect some preliminary estimates on the one-dimensional random walk (S;,).
We prove Proposition 4.1 in Section 4, and Proposition 2.1 in Section 5 by admitting a localiza-
tion Lemma 6.1. The proof of Lemma 6.1 is given in Section 6.

Throughout the text, we denote by K, K’ and K” possibly with several subscripts, some

positive constants whose values may change from one paragraph to another one. We also wrote

~ FAE f) _
Sf(n) ~ g(n) if lim;, o0 g(_:ll) =1.

3. Preliminaries on the one-dimensional random walk (S,)

Recall that we considered in the Introduction a sequence of i.i.d. real-valued random variables
(Xi)i>1 distributed like X, and the random walk (S,) defined as S, := So + X1 + --- + X, for
any n > 1 with Sy € R. Let S, = maxo<k<p Sk and S, :=ming<x<, Sx. For x € R, denote the
distribution of (S,) by P, if So = x and P = Py. We state some known facts as lemmas.

Lemma 3.1 ([21], page 1950, Lemma 2.1). Let (S,,) be a one-dimensional random walk satis-
fying E[]S] |b] < 00 for b > 1. Let m := E[S1]. There exists a constant K = K, > 0 such that for
alln>1,y> amax(1/6.1/2) and x > 0,

P(S,,—mng—x, min X,-z—y) < Ke ™/, (3.1
1<i<n

P(|Sn — | > x, max |X;| < y) < Ke™/. (3.2)
1<i<n

Lemma 3.2 (Gut [26], Theorem 6.2, page 93). Let S be a one-dimensional random walk with
positive mean m starting from 0. Let

R(x):= ZP(E,, <), x>0.

n=0
Then
. R(x)
lim =m
X—>00 X

Lemma 3.3 (Stone [44]). Assume (1.4). There exists a slowly varying function £ such that for
allxeR,h>0andn>1,

P(S, € [x, x + hl) < hn~ ™V 1/2 g, ()

We mention that up to a multiplicative constant, £; only depends on the truncated second
moment of S7; see Vatutin and Wachtel [45]. In particular, if @ > 2, we may choose £; = K for
some large enough positive constant.
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Let us introduce the drop times in the random walk (S,,): for ¢ > 0, define

=inf{j >1:X; <—¢}, 3.3)

@ ._

3

inf{j > 7, : X; < —¢}, (3.4

the first and the second drop time of size . We shall consider ¢ € EN 4t,] with

n
tn = (ogn)?®” n>2. (3.5)

Lemma 3.4. Assume (1.4). There exists some constant K > 0 such that for all n > 2, —00 <
y<3n,

P(S, —y €0, 1]) < Kn™*4(n).
Proof. It is enough to consider large n. Observe that

P(S, —yel0.1]) < P(Sy—y <17, >n) +P(S, —yel0,1], 7 <n)

+ ) P(Sp—yel0. 1], 7, =i, z“ n) (3.6)

i=1

=:1Axe + Bie) +Caie)-

For any y < I—Z“n,
m
AGe) < P(Sn —m <l -ont, > n) < Ke™(@/2n=D/ty < o~(m/3)logn)* 3.7)

where we have applied Lemma 3.1 to get the second inequality in (3.7). For B3 ¢), we deduce
from Lemma 3.3 that

n—1 n

By = Z Z (e, =1, ‘L’ )=, S, —yelo, 1)

i=1 j=i+1

n—1 n

<Y P, =it =)=+ T D - 4 1)
i=1 j=i+1

<nx é—n 20{6({ )2 1—max(1/a,1/2) max el(k) _0( 70[)’

1<k<n

since 2 — o —max(l/«, 1/2) < 0. Finally, for all n > 2, let

E™ .= {|S,,—X —m(n — D] < } l1<i=<n. (3.8)

logn
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Observe that for any %” <¢<4f,and1<i<n,!

P(rg =1, réz) >, (Ei("))c)

=P(z; =n,(E}"))
—P(X, < —;)P( min X; > ¢, [S, 1 —mn — )| > L)
I<jsn—1 - logn
Now by using a union bound and Markov’s inequality, we get
P(t; =1, rg(z) >n, (El.(n))c)
< ;‘“ﬁ(é)(P( max X, =¢)
I<j=n-1

Sy —mn—1)| > L)) (3.9)
logn

<¢70Q) (ng VE[(XT) ]+ Ke/€lem)  (by using (1.4) and (3.2))

+P< max 1|Xj|§;“,

1<j<n—

<n= D),
with some slowly varying function ¢,. Using exchangeability,

Cae = nP(Xn <—=8lu, S —yel0,1], 1, = n)
< @24, ) +nE[1E'(1n)P(Xn +5—yel0,1], Xy < =)ls=s,_, ]

by using the independence of X,, and S,,—1. Notice that

—a—1

) <(1 +0(1))E(n)(§n> < Ke ™, (3.10)

x<—(m/3n |x[0F!

by using Karamata’s representation for the slowly varying function £. On E,(l"), y— 8- <

—3n +m+ s < —%n — 1 It follows from (1.4) and (3.10) that on Ey", uniformly for s =

Sp—1, P(X,, +s —y [0, 1D < (1 + o(l))ﬂ(n)(%ln)""’], which implies that for all large n,
Cae) < (%)_‘"—1 (I 4+o(1))n=*¢(n). Lemma 3.4 follows from (3.6). O

Recall that o, = (o + 1) logn — log £(n).

I'We consider ¢ instead of ¢, for the use of (3.9) in the proof of Lemma 3.5; Moreover, by exchangeability, the probability

P(r; =i, 1';(2) >n, (E;n))c) does not depend on .
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Lemma 3.5. Assume (1.4). There exist K > 0 and a slowly varying function £3 > 1 such that for

all large n > ngy, V¢ € [%”, 4¢,], a < lorgln , we have that

P(Sn —y€la,a+1], mn §;>y, Tc(z) < n)

w<j<n
' (3.11)
E R(a + l)nl—mdx(l/a,1/2)—20%3(”) Vy c R,
whereas for all —oo <y < Fn,
P(S,, —yela,a+1], min S >y.7 <n< zf)) <KR(a+1)e . (.12)
Tw<j<n

Moreover, for any & > 0, there exists some ) = A(¢) > 0 such that for all —o0o <y < 3n,

P(Sn —yela,a+1], min §>y,[S,—Sq|>h 1 < n) <ee . (3.13)
w=j=n

Similar results hold if we replace the interval [a, a + 1] by [a, a 4+ k] with an arbitrary positive
constant .

Proof of Lemma 3.5. We shall prove that for any 1 <i <n,

P(Sn—ye[a,a—i—l], min S Zy,TZZi,Tg(Z)Sn)

T <j<n
(3.14)
< R(a+ V)i~ ™ V@l2y=23() Yy eR,
whereas for all —co <y < r_zﬂn,
P(Sn -y S [a,a+ 1], min SJ Zy,fé‘ :i’réz) >i’l)
T <j=n
(3.15)

< KPSu_it1 <a+De™® +n~ @Dz,

Clearly, up to a multiplicative constant, (3.11) and (3.12) follow from (3.14) and (3.15) by
taking the sum overi € 1,2,...,n — 1.
Let us denote by P(3.14)(i) the probability term in (3.14). By considering the time-reversed

random walk (S, — S,,—x,0 <k < n)(é)(Sk,O <k <n), we get that for any 1 <i <n — 1,
(Sy, min,tfjf,, Siftr=i< 7 < n}) has the same distribution as (S, S,, — E(,ﬂ, {oy, =n —
i +1> 1)), where 0, := max{k € [1,n], Xy < —¢} (with the usual convention max & := 0). It
follows that

Paiy()=P(Sp—yela,a+1],S—isi <Si—y.on=n—i+1>1)
<P(Sy—vyela,a+11,S—i <a+1, Xy jiy1 <—{, e <n—i+1)

= E[I{X,,,i+1<—§,r5 <n—i+1,§n,i§a+l}PSn—i+l (S"—1 —YE [a’ a+ 1])]’
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by the Markov property at n —i + 1. Set g(i) = sup, g P;(S; — y € [a, a + 1]). We have
P3iay() <gli — DP(Xy_jiv1 <—C, e <n—i+ 1,8, <a+1)

<gli—1 Y PXpip1<—0Xj<—¢Si1<a+1)
1<j<n—i+1

=g —DPX <=0 Y PESi<a+])
1<j<n—i+1

<g(i — D) Ra+ 1),

(3.16)

for all large n. According to Stone’s local limit theorem (Lemma 3.3), fori > 2 onehas g(i — 1) <
i—max(1/e.1/2) ¢, (i), since g(0) < 1, this yields (3.14) as we shall choose

3(n) = max(zz(n), 42% (Jog n)® max 2,()0(2)>, 1),
1<i<n,$, [4<{ <48,

where ¢ (n) is the slowly varying function that appeared in (3.9).
To prove (3.15), we first establish an inequality implying that when S, = o(n), with high
probability there is a unique large drop X, before n and the drop is of order of magnitude —mv.

Recall (3.8) for the definition of El.("). Define for any i € [1, n],
Pi.ay (i) = P(Sn —y€la,a+1], min §; >y, 7, =1, réz) >n, Ei(")>_ (3.17)
i<jsn

In view of (3.9), (3.15) will follow if we can prove that
P3.17)(i) < KP(Sy—it1 <a+ e . (3.18)

By conditioning on 0 {X;,1 < j <n, j #i}, we have that

Pa.1n() <P(S,— min §;<a+1,5, - yela.a+1]E")
1<J=<n
! (3.19)
=E[1 P(X;+t—yela,a+1])|i=s,—x,].

{Su—min;<j<y Sj<a+1,E™}

On El.(”), t—m(n—1)| < @, soz=a+1+y—1t < —%nforalllarge n > ng and uniformly

foralla < @ and y < 7n, hence it follows from (1.4) and (3.10) that

Psip() < Keia”P(Sn — min §; <a+1, El-(n)),
i<j<n
which yields (3.18) by using the fact that P(S, — min;<;<, S; <a+1) = P(En_i+1 <a+1).
This completes the proof of (3.15).
Remark that in (3.19), if we replace the event {S, — min; <<, S; <a + 1} by {|S;, — Si| > A}
with A > 0, then for any i € [1, n],

P(1S, — Sil > A, Sy — y € [a,a+ 11, E) < Ke ™ P(|S, — S;| > 1.). (3.20)
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Denote by P3 13 the probability term in (3.13). Notice that by (3.11), the probability that the
event in (3.13) holds together with {z* < n} is bounded by R(a + 1)n!~max(1/a1/2=2e g3 () <
%e_“" for all large n > ng(e). On the other hand, we deduce from (3.15) then Lemma 3.2 that
for some large but fixed integer k = k(¢, a),

P(Sn—ye[a,a+1], min szy,r;<n—k,r§2)>n)

w<j<n
(0.¢]
<KY PS;<a+De ™ +n' " Di3m)
=k
&
< _—e %,
~ 4

for all n > ny(¢e) [recalling that y > 3]. Therefore,
& _
Paiy < e +P(Sy —yela.at1L18 = Se|>hn—k<z <n<t?)

< %e*an + (k+ Dn= @Dy, ()

n
+ > P(Sy—yelaa+ 1118 — Se| > h 7 =i, E"),

i=n—k

by applying (3.9)toi =n,n—1,...,n—k.Since y > 3, (k-+Dn=@*7=De;(n) < £~ which
in view of (3.20) imply that P(3 13) < 3QT’Se_“" + K ZI;'=0 P(|S;] > M)e % <ee™ %, if we choose
some A = A(k, &) large enough. This proves (3.13) and completes the proof of Lemma 3.5. [J

We present a renewal result associated to the random walk (S;,),>0.

Lemma 3.6. Under (1.4). Let G : Ry x R — R be a measurable function such that for some
b > 1 and some positive constant K > 0,

sup|G(x,2)| < K(1+x)""  Vx>0. (3.21)
zeR

Assume furthermore that for any x € Ry, lim,_, _, G(x, z) exists, and denote it by G (x). Then

n—oo

o0
lim e E[1{r,=n.5,>y)G (S — y, Xp)] =m~ @+ /0 G (x) dx, (3.22)

uniformly on |y| < o and &< ¢ <4z,

In the proof of Proposition 2.1 [i.i.d. case], we shall apply Lemma 3.6 to some function

F'P (x) which does not depend on z. We keep the possibility of dependence on z in the lemma
to deal with the general case of Proposition 2.1 (see Remark 2.2).
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Proof of Lemma 3.6. Without loss of generality, we may assume that G takes non-negative

values. Let & > 0 be small. Let EM := {|S,_1 —m(n — )| < oe;} as in (3.8). By (3.9),

P(t; =n, (EM)) <n @Dy (n) < gen,
for all large n. Let us denote by E (3 22) the expectation term in (3.22). Then

¢ E3.22) = ¢ E[1 0 G(Sy =y, X)] + 0. (3.23)

{te=n,85,>yINE,

To deal with the above expectation term, we distinguish two situations according to the value
of S, — y: Clearly,

eanE[l{rc:n,Sn—YZn/logn}ﬂEr(tn)G(Sn Y Xn)]
—b
n
< e“"K<l + —) P(Xn <-0)
logn
W . (3.24)
_ K(l + = ) e"‘”/ b=~ e(x) dx
logn 0
<e¢

’

uniformly in ¢ € [g—”,4§n] sinceb>1.If0<S§, —y< @, then on the event E,(f’), X, =

Sp — Su—1 satisfies that | X, +m(n — 1)| < 35> uniformly in |y| < logn’ a fortiori, X, < —¢ so

that 7; < n. In view of (3.23) and (3.24), we get that

e E;2) = e E[1 aem G(Sn =y, Xu)] + 0(e)

{ty=n,0<S,—y<n/logn}

= eanE[I{OSSn*y<n/logn}ﬁE:5n)G(Sn —Y Xn)] ~ Rat 0,

with
Rn = eanE[l mE}gn)G(Sn —y,Xn)]

By using the density of X,,, we see that for all large n,

{t <n—1,0<S,—y<n/logn}

eanE[l{OSSn—y<n/logn}ﬂE,(l")G(S" — 3. Xn)]
(3.25)

=E[1E<n>/ G(Sp—1+z—y,2)(e™z| ™ e(2)) dz |,

" J0<S,—1+z—y<n/logn}

where we notice that |z + m(n — 1)| < 3@, and hence e* |z| "%~ 1¢(z) = m~@*D 4 (1) uni-
formly in y. Thus, we get that

eanE[l{OSSn —y<n/10gn}ﬁEz<1n)G(Sn - Xn)]

= (m_(a+1) + 0(1))E|:1Er(ln) / I{OSS,,_1+z—y<n/logn}G(Sn—l +z—y,2) dzi| (3.26)
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n/log(n)
= (m—(a+l) + 0(1))E|:1E<n> / Gx,x+y—3S8,_1) dx:|
n 0

=: (m~ @D 4 0(1))EG3.06).

Notice that for any fixed x € Ry and |y| < logn’ 1E<n)G(x x +y— S,-1) converges a.s. to
G4«(x) as n — oo. Indeed —S,,_; tends linearly to —oo and 1 E(n converges to 1 a.s. by the

Kolmogorov—Marcinkiewicz—Zygmund law of large numbers. It ‘then follows from (3 21) and
the dominated convergence theorem that E3 26y — fo G (x)dx, uniformly in |y| <

logn

"_ (Observe that the same

It remains to show that R, — 0 as n — 00, uniformly in |y| < Togn
computation from (3.25) to (3.26) gives that

Ry = (m™@ )+0(1))E[1{r<sn—l}ﬂEﬁ”/o

By (3.21), fo sup,cg |G (x, z)| dx < ;=5 Then for some constant K' >0,

n/log(n)
Gx,x+y— S,,_l)dx].

|R,| < K’P(r; <n-—1).

Finally, P(t; <n —1) < (n — DP(X| < —¢) < n{~“4(¢) which tends to 0 uniformly in
¢ € [%, 4¢,]. This yields the desired conclusion. O

4. Tightness of the minimum

The tightness of M, — o, holds in a general setting, for instance, (1.1) and (1.4) are enough to
get the upper bound of P(M,, < «,, — x) which will be useful in the proof of Proposition 2.1.

Proposition 4.1. Under (1.1) and (1.4), there exists some positive constant K such that for all
n>2andx >0,

PM, <o, —x) <Ke™™*, 4.1)

where we recall that o, := (e + 1) logn — log£(n).

We note in passing that a computation of the second moment and an application of Paley—
Zygmund’s inequality will give the lower bound for P(M,, < «;, — x) if we assume (1.5) and an
additional technical hypothesis (e.g., (A.2) in the Appendix).

Before presenting the proof of Proposition 4.1, we fix some notation which will be used
throughout the rest of this paper: For |u| = n, we write [, u] = {up : =3, u1, ..., up—1, U = u}
the shortest path from the root @ to u such that |u;| =i forany 0 <i <n. Forany u,v € T, we
use the partial order u < v if u is an ancestor of v and u < v if u < v or u = v. By the standard
words-representation in a tree, u < v if and only if the word v is a concatenation of the word u

with some word s, namely v = us with |s| > 1. Denote by T® := {v: u < v} the subtree rooted

atu and by T, := {v : |v| = n} the set of vertices at generation n for any integer n. Let 2 be the
parent of v for any v # &.
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The following so-called many-to-one formula (4.2) can be obtained as a consequence of the
spinal decomposition (see Proposition 2.3): Under (1.1), for any n > 1 and any measurable func-
tion g : R" — [0, +00),

E[E:ngOu)”.”VTu@)]=]ﬂe&gcﬁ,”.,&0] 4.2)

lul=n

The proof of Proposition 4.1 will be based on the forthcoming three lemmas. The first one is a
well-known fact in the studies of branching random walk.

Lemma 4.2. Assume (1.1). We have that

]P’(Elu eT,Vu) < —x) <e Vx > 0. (4.3)

Proof. We give the proof for the sake of completeness: By considering the first generation k > 1
for which there exists some |u| = k such that V (u) < —x, we get that

oo
P(FueT, V() <—x) < Z [Z 1{V(u)§x,V(u,-)>x,Vi§k}i|

k=1 |u|=k

kl {Sk<—x,S;i>—x V1<k}]

||M8

o0
eﬁ§zmﬁs—x&>—LW§b
k=1

<e™”*

)

where the above equality follows from the many-to-one formula (4.2). (|

To state the second lemma we need to introduce some notation similar to that in (3.3) and
(3.4): Recall that ¢, := (1ogn)3 For any u € T, let r(") and rg(nz’") be the first and the second time

of a large drop in the path {V (u;), 1 <i <|ul}:
o = infli € [1, |ul]: V(i) — V(uizt) < —Ga) (4.4)

g” =inf{i € (71 |ul]: V@) — Vi—1) < =2}, (4.5)

with inf @ := oo. Recall that «;, = (o + 1) logn — log £(n). Our second lemma says that for those
u such that V(1) < o, — x, necessarily there is a unique large drop before |u|.

Lemma 4.3. Assume (1.1) and (1.4). For any & > 0, there exists no(e) > 0 such that for any
n>no(e) and all x > 0,

IP’(EIu eT,, Vu) <o, —x, t;u) ) <ege ¥, (4.6)
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IP’(EIu eT,,Vu) <ap—x, min V(uj)>—x —ay, téz’“) < n) <ege . 4.7
t(“)<j<n "
o =J=
Consequently, for any x > 0,
P(Eu €Ty, V) <ay—x, 10" <n) <ee™. (4.8)

We may replace in (4.7) minr@,) V(uj) > —x—ay, by minT@,) V(uj) > —x— n? with
tn &n

<jzn <jzn

any constant b € (0, o + é —2).

Proof of Lemma 4.3. By the many-to-one formula (4.2) and using the notation (3.3) and (3.4),
the probability term in (4.6) is less than

— Sn
E( Z 1{V(M)Sotnx,tg7‘)>n}) - E(e s, <an—x. 1, >n})

|u|=n

<e "TUP(S, <a, —x, 17, > 1)

< e_x+°‘”P<Sn —mn <a, —mn, min X; > —;‘,,)
1<i<n

< e~ @/2)(logn)* o —x
for all large n, say n > nj and where we have used Lemma 3.1 for the last inequality. This

proves (4.6).
Let us denote by P4 7) the probability term in (4.7). Then

P) < E

@7 = [Z 1{V(u)§arx,min i V(uj)zxan,r;f'”)fn}}
T =Jj=n
tn

uf=n

_ Sn
_E[e I{Snfa,,—x,min,;ngjf,lsz—x—oc,,,r{(i)gn}]
[20,7+1
k—x—ay _ : e 2
< e P(S,+a,+xelk—1,k), mn §;>-x Un, T, <1
T, <j<n
k=1

By applying (3.11) with y = —x — «;,, we get that [R is a non-decreasing function] for any
<k =[2a,]+1,

P(Sn Yop+xelk—1k, min S;>-x—a,72 < n) <n! =120, 1) R0, +2).

T, <j<n &n
which implies that
P(47) < e*X*(Xn eZa,,+ln17]/a72a£3 (n)R(zan + 2) — efxn27a71/oz£4(n)

with some slowly varying function ¢4. Since for@ > 1,2 —a — 1 /a <0, (4.7) follows.
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Finally, we deduce from (4.7) and Lemma 4.2 that the probability term in (4.8) is less than
e +PEueT: V) < —x —ay) <ee™* +e % ¥ <2ge™* yielding (4.7). O

Below is the third and the last lemma that we need in the proof of Proposition 4.1.

Lemma 4.4. Assume (1.1) and (1.4). There exist K, c4 > 0 such that for any n and Ly € N*
large enough, and for any x > 0 and L € [Lo, (2 + o) logn],

P(Hu €T, V) <oy —x, min V() — (@ —x) €[~L,~L+1], 7" <n < r§2>)

7 i n
om =TS
4.9)
< Ke ¢4Lle=x,
Consequently, there exists some constant ¢y > 0 such that for any L > Ly,
]P’(Elu €Ty, V) <ay,—x, min V(u;)<a,—x—L, r{(:) <n< ;3””)
T <j<n
(4.10)

< Ke @Le=x,

Proof. Let P49y the probability term in (4.9). Pick a constant g € (0, m). Notice that L <
(2 + ) logn implies e#~ < n!/4. For notational simplification, we write in this proof

y=ymn,x,L)y:=0, —x—L

(notice that y < mn/2 if n is large enough).
For any u € T, satisfying the condition in the probability term in (4.9), there exists p €

[Ti(:)’n] such that V (u,) € [y, y + 1]. Then t S

() _
n - T§n ’

¢

n
Pio) < Z]P’(Elu €T,. min V(u;) >y, V) —yelo 1],

Ve sy + L7 < p i > n) @.11)

n—efL |

n
< Z Auan(p) + Z Bua.ain(p),

p=1 p=n—|ePL ]
with

Auan(p) = E[ Z 1

. 2,
min @ V(@)2y.V ) =yel0. 1LV @<y +Li) <p7g ">>n}]’
lu|=n tn =/

Baan(p) = ELZ Yomin v<vj>zy,V(v>—ye[0,11~f§?fﬂ<f§f’v)}}’
v|=p [
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where the sum of the expectation term of B4.11)(p) is obtained by considering v = u, satisfying
V(up) € [y,y + 1]. We omitted the dependence on n in both A.11)(p) and B.11)(p). By
using (4.2), we have
— R[aS
Bu.an(p) = E[e pl{minrgn <j<p Sij,S,,fye[O,l],t(n§p<t§2)}]

n

=P min Sz 8, -yel0 1]y, <p<7) (4.12)
T, ISP "
< K'eYe™?,

where the last inequality follows from (3.12) by remarking that % <& <4g, for any p €

[n — LeﬂLJ , n]; moreover e~ %7 ~e~%  so for all large n,

n
Y Buay(p) <2K'ePlemn < Ko H2,
p=n—|efL]

It remains to estimate A4.11)(p). By applying (4.2),

— R[S
Aa.in(p) =E[e l{mm% <j<n s_,-zy,sp—ye[o,11,snsy+L,r;,1Sp,r§3’>n}]

<P min §;23.5, - yel0,11.5, - yel0, Ll w, < p. 7l > n).

T, <j<n
By applying the Markov property at time p, we see that the above probability term is equal to

E[l{min%gjsp szy,Spfye[O,1],r;,,§p<r{(3)}PSp (infp 2 Y Sn—p =y €0, L], 7, > n — p)]
For any z =S, € [y,y + 1], Pz(ﬁn_p >y, 8-—p—y€[0,Ll,tg, >n—p) <PS,_, >

p =
—1,8,—p €[-1,L+1], 7, > n — p). Recalling that y = o, — x — L, we get

A (p) <€ uizJaaz), 4.13)
with
l@a3) = P(fznrgijnfp Sj=y.Sp—yel0, 1, <p< Q?),
Ja.13) == P(§n_p >—1,8-pel-L,L+1],1, >n— p).

Forl<p< L%J, we apply Lemma 3.1 to see that Ji4.13) <P(Sp,—p <L+ 1,7, >n—p) <
Ke~Gm/4=(L+D)/& hence for 1 < p < | %],

Auin(p) < K e¥n—*o—Cmn/4—(L+1)/y < e*(m/2)(10g")3e*x. (4.14)

For 7] <p<n-— LePL |, we apply (3.12) for I(4.13) (With y =0, — L —x <, < 5p and
{=1ip € [%”,4{],]), and L + 1 times Lemma 3.4 for J413) (recall that n — p > [ePL] > ePLo
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large and thus L < 5 (n — p)) we get

Ain(p) < K'ene *‘*"<L+1)(( _’)’) <K' *X(L+1)(( f)
which together with (4.14) yield that
n—|efL | n—|ef Jg(n_ )
Z Awin(p) Se—xne—(m/Z)(logn) K"e (L +1) Z tn—p)
— (n—p)*
p=1 =ln/4]

< Ke—¥e—(@=D/2BL,

proving (4.9).
It remains to prove (4.10). Let ¢3 := m Remark that if L > 5 0‘" ,then o, — L < —c3L
and it follows from Lemma 4.2 that

]P(EIue"JI‘,,, min V(uj) <o, —x—1L, t(”)<n)<e el—x,
r{u <j<n

Therefore, it is enough to treat the case Lo < L < 1. Asn > ng, 1=
the probability term in (4.10) is less than

IF’(EIM €Ty, Vu) <ap—x, min V(uj)— (a, —x) <—c3L, r( “Wop<g® '”)

ré”)</<n G
ap+c3l
+ ) ]P’(Eiu €Ty, V) <op—x, min V(u;) — (o —x) € [—k, —k + 1),
) _ . :
k=L T <j<n
rc(") <n< T{(Z ")>

ap/(1—c3)
< e—C3L—X + Z e—C4k—x

< e—c3L—x + K/G_C4L_x.
We get (4.10) by choosing ¢ := min(c3, c4). O
Now we can tackle the proof of Proposition 4.1.

Proof of Proposition 4.1. Fix an arbitrary integer L > Lo (Lo as in Lemma 4.4) and consider n
large enough to have L € [Lg, (2 + «)logn]. Then

@ @
P(My <an —x) <P s + PG + P s + P, 4.15)
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with

Pls, =P@EueT, V() < —x),

]P’Ei)ls) = ]P’(Elu €Ty, V) <a,—x, min V(u;)>—x, 1{(2 0 < n)

(u)<j <n

+P(ueT,, V) <ap—x, A n),

{n
ay+1
3
IP’E4)]5) = Z IP(E!M €Ty, V(u) <ay —x, umm V(uj)— (an —x) €[k, —k+ 1),
§ <Jj=<n
t;:) <n< t§(2 ”)),
Pgi)]s) = IP’(EIu eT,,Vu) <o, —x, (mm V(uj)>ay—x—L, r(") <n< 1,(2 u))

':{u <Jj=<n

Based on (4.3), (4.6), (4.8) and (4.9), we only need to estimate Pgi?ls). By the many-to-one
formula (4.2), we get that

4)
]p(4 15) = = E[ Z l{V(1,4)<oz,,fx min (u) V(u,)>oz,l x—L T{(“)<n<t(2 “)}]
|ul=n
Sn
SE[G 1{S,,§oz,,—x,min,(n§j§ns >op—x—L r;n<n<r( >}]
§e°‘"_"P(Sn <op—x, mn S;j>oa,—x—L, 7, <n< rg(z)>
Tg Sj<n
L
<e"‘”_"ZP(S —ap+xel[—k,—k+1], mn S;>w,—x—L, 7, <n< téz))
Trn <j<n
k=1
< Ke™"L?

where to obtain the last estimate, we have used the display (3.12) (with y = —a, +x + L,
a = L — k there) and the fact that R(a + 1) ~ ma as a — oo. This completes the proof of
Proposition 4.1. (|

We end this section by a lemma which will be used in Section 5.

Lemma 4.5. Assume (1.1) and (1.4). Let ¢ > 0. For any L > 0, there are some integers T =
T (e, L) and no = ng(e, L) > T such that for all n > ng and all x > 0:

IP’(EIueTn,V(u)gan—x min V(uj)z(xn—x—L,r{(:) <n-—T, r(zu) >n)
{u <j<n

(4.16)

<ege "
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Proof. Denote by P(4.16) the probability term in (4.16) and write y = o, — x — L. Then by the
many-to-one formula

<

Pae) = E|: Z I{V(u)fy-‘rL,min W, V)=, o <n-Tt> ”Bn}]
T
in —

lul=n

_ Sn
_E[e I{Sn<}+L mlnrg <j<n Sj>} Ty <n— T‘[( )>n}]
—T[L]+1
< ey+kP<S —yelk—1,k), min S;>y, 1, =i, ‘L'() )
_ZZ n—yel ). min 8; >y,

i=1 k=1

Each probability term in the above double sum is less than, by (3.15), K P(En,,-ﬂ <k)e % +
n~@tY=Dps(n) < KP(S,_it1 < L+ e % +n~@+¥=Dy3(n), hence by taking the double sum
over i and k,

Pesio < K'e™ 3 PGS, < Lt 1) +eenn 725,
j=T

Taking T = T'(e, L) large enough such that Z;";T P(Ej <L+1) < % (according to
Lemma 3.2) and nq large enough so that e® n~@+7 =2 p3(n) < % for all n > ng, we get (4.16). I

5. Proof of Proposition 2.1

The proof of Proposition 2.1 relies on the analysis of the trajectory of a particle which reaches
the minimum at time n. The main step in the proof is to show that in the i.i.d. case, all minimal
particles will have a (unique) common large drop; see Proposition 5.1 for the precise statement.
At first, we shall make use of the estimates in Section 4 to localize the generation at which the
minimal particles make a large drop.
Let ¢ > 0 be small and x > 0. Let L = L(¢) > Lo where L is given by Lemma 4.4 be such
that Ke~ 2L < ¢. Consider the event that there is some u € T, such that V(1) < a, — x. By

(4.6) and (4.8), with a cost at most 2ee ™", we may assume that r(") < n, which in view of (4.10)

yields that we may furthermore assume mmr(u)<l.<n Vuj) > ozn — x — L with an extra cost
Sn —

at most equal to ee™". Finally by (4.16), there exists some integer 7 = T (L, ¢) such that we
may assume 1:( “) > n — T with an extra cost at most equal to ee™*. Consequently, for all large

n>ni(e) and for all x >0,

P(M,, <oap —x)

ZM:" 1{M,,=V(u)§oz,,7x,min o Vpzan—x—L,c™en—T,nl}
r{( )gjgn J tn
=K n

+0()e™ (5.1
2 jul=n Lvaw=m,) }

l{Mn V(wy)<ap—x,min (wn) V(wj)=ap—x— Lr(w") €[n—T,nl}

<j<n

ZEQ |:eV(wn) ] —+ O(S)C_X,

Zlu\:n Ly a=m,)
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where we have used the change of measure (cf. Proposition 2.3) for the last equality and O (¢)
denotes, as usual, some term bounded by a numerical constant times ¢ (here by 5¢).

The next goal is to analyze the number of minima Zlulzn L{vw=m,} and the set {M, =
V(wy)} in (5.1). To this end, we consider the following event:

Ea) = {Vk =" Yo e By, min V() >a—x), (5.2)

ueT®  |u|=n

where B(wyg), defined in (1.9), denotes the set of brothers of wy, and T® denotes as before the
subtree rooted at v. The following result, the key in the proof of Proposition 2.1, ensures that in
the i.i.d. case, all minimal particles must be descendants of wy if £ := tg(:)") is the first large drop
time of the path (V (w;)o<i<n)-

Proposition 5.1 (i.i.d. case). Assume (1.1), (1.4) and (1.5). Suppose that £ = _}_, 8¢} with
(&) i.i.d. and independent of v. Then for any €, L, T > 0 there exists x1 > 0 such that for any n
large enough and x > x1,

Q(V(wn) <ap—x, min V(w;)>a,—x—1L, r{(:}") eln—T,n], (En(x))c)
T <j<n

(5.3)
<ge Y,

Consequently, for all x > x| and all large n,

<ge . (5.4)

V(wy)
Eq[e”™1 V(w,->2an—x—L,rgf">e[n—T,n],<£n<x>)v}] =

o .
{V(wn)<an X'mmr[(:y”)ijfn

Remark 5.2. Without the i.i.d. assumption on .Z’, Proposition 5.1 still holds if we change the
definition of &, (x) by replacing k < 1:{(:)”) by k < ‘L';:U").

Let us postpone the proof of Proposition 5.1 to Section 6 and give the proof of Proposition 2.1.

Proof of Proposition 2.1. It follows from (5.1) and (5.4) that for any x > x, for n large enough,

P(M, <ap —x)

{Mp=V (wp)<ap—x,min_(y,) . V(wj)Zan*X*LJ[(:;J")G["*TW]}
—F V(wy) Tn I —x
=Eg|e agn(x) + O(e)e
2 lul=n Lvaw=m,)
) 5.5)
n . (wn)

{M, =V (wy) <ay—x,ming< <, V(wj)>a,—x—L,T, =k}

-y E@[ewwn) e K ,snoc)}w(e)e—x
Pt 2 ulmnuer®o Ly @=vw,))

= Y EglAss®)]+ 0™,
k=n—T
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where

=V (wp)<ap—x,ming<j<, V(w;)>a,—x—L, r(w”) =k}

1{M
Agss) (k) i= eV wn) , n—T<k<n,

2= et Ly =V w,))

and in the last equality in (5.5) we have again used (5.4). Obviously, the following upper bound
holds:

A5 (k) <e¥1 ) _gy- (5.6)

{V(wy) <anp—x,ming<;j<p V(wj)>ay—x— LT

Recall that under Q, (V(w;), j > 0) is distributed as the random walk (S, j > 0) under P.
Then

EQ[A(s,s)(k)]se"‘"_"P(S <oy —x, min S;>a, —x— L, 1, _k> <Kie ™,  (5.7)

k<j<n

by using (3.11) and (3.12).
Observe that {rz(:}”) =k} = {r(wk) k}. We deduce from the Markov property at k that

Eg[Ae.s5 (0] = Eg[l | R sk (Vo) = (e —x = D)]. (58)

where for any j >0, F ;L) : R4+ — [0, 1] is the measurable function defined as follows:

(5.9)

F®(5) = g [ev(wj> 1{M,-=V<w,-)}1{v<w_,~><Ls,z<w_,->>s}}

Z|v|:j 1{V(v)=M_,~}

where V(w;) := ming<;<; V(w;). Recall that under Q, (V (wi))i=0 is distributed as (Si)r=0
under P. Then by combining (5.5) and (5.8), we get

T
P(M, <oy —x) =Y ™ E[l{r; =n—j.5,_;zon—x— L}F B (Suej— (@ —x— L))+ 0(e)e™.
j=0

Observe that F;L)(s) < e“_L]EQ[eV(wf)l{v(wj)SL,S,K(wj)z,s}] <QV(wj) <L —ys)=
P(S; < L — ), it follows from (1.4) that for any s > 0,

FiP(s) <P(S;<L—s) < jP(X < ?) < Kj (149 7%s). (5.10)

In view of (5.10), we can apply Lemma 3.6 to F;L)(-), for any fixed 0 < j < T. This gives
that for any L > L; and large 7', for all large n > ny(e, L, T) and x € [x1, @],

< 0(e)e ™. 5.11)

T o
P(M, < ay —x) —m~@FDe™ Z/O FiP(s)ds
j=0
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Notice that in view of (4.1), (5.11) implies that for any L > L and large T,
T o
—(a+1) (L)
m~ @ Z/O F7(5)ds <K + 0(e). (5.12)
=0

Now we apply the Fubini theorem to see that

/‘” F;L)(s)dszEQ[ev(wj)(eV(wj) oLV, ))1{M,—V<w,>}1{ww,><u}
0 2= Hvw=m;)

On the other hand, we deduce from the monotone convergence theorem (when 7 and L tend to
o0) that

lim  lim m <a+1>2/ FO ) du =™ <a+1>ZEQ[ Lmj=vw)) }

L—00T—00 Z|u| =j Livw= M;}

o0
@) Y R
j=0

= Cx,

where in the second equality we have used the change of measure (2.3) to see that for any j > 1,
,7V(u/) /7V(u))

_WERIY 1 — —V(u) =y —M;
EQ[ZM = Tvoi, ] E[} ju=je ZM ~Tver M_)] = E[e~M/]. Moreover, c, < K thanks
to (5.12) and the fact that ¢ can be arbitrarily small. This and (5.11) yield Proposition 2.1. U

6. Proof of Proposition 5.1

Recall from (1.9) that B(u) is the set of brothers of u for any u € T \ {&}. To prove Proposi-
tion 5.1, we shall discuss whether the vertex w,, is good or not: If w,, is good, then with high
probability no descendent of the particles in | J k<t (wn) B(wyg) stays at a position smaller than

o, — x (i.e., close to the minimum M,,). If w, is not good then with high probability w,, cannot
be a minimal particle (see the forthcoming Lemma 6.1).

Let us give the precise definition of good vertices: Fix 0 < o < min(o‘T—l, %). Let B>0bea
large constant and J be a large integer. Recall (4.4) and (4.5).

Let us say that u € T, is a good vertex if for any x > 0,

L2, > _C;nu) ~J and Z e~ (V)+x) < 6.1)

n
veB(uy)

eB—x, ifl<k<J,
- Q, ifJ<k<r{(:).

The condition {n > r(") > J} will be automatically satisfied in the event that we are interested
in.
The following lemma treats the case when wy,, is not good.
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Lemma 6.1. Under (1.1), (1.4) and (1.5), for any L, T, e > 0, there exists J(L, T, €) such that
forall J = J(L,T,e¢),there exists B(J,L,T,¢) > 0 such that forall B> B(J,L, T, ¢), for any
n large enough and x > 0,

Q(V(wn) <ap—x, min VWw;)>a,—x—-1L, r{(w”)

wp) _ . n
T <j=<n
m SIS

€[n—T,n], w, not good)
(6.2)

<ge U,

We stress that we do not need the i.i.d. assumption in Lemma 6.1.
By admitting Lemma 6.1 for the moment, we can prove Proposition 5.1.

Proof of Proposition 5.1. For brevity, we use the following notation:

Fnan,T,x:z[V(wn)gan—x, min V(wj)zan—x—L,r{(f“e[n—T,n]}. 6.3)

rt:l“” <i<n
By (6.2), the probability term in (5.3) is less than

ge M 4 Q(an wy, good, (g”(x))c)

n
<ee ™™+ Y Q(Fut=tw0. 70" >0 FveBw,), min V() <a,—x
Sn n u>v

ul=n
t=n—T
(6.4)
n t—1
+ Z ]EQ |:1{FnJ:T§(u,vn)vwn gOOd} Z Z l{minuzv.\u\:n V(”)<an_x}:|
t=n—T " j=1veB(w;)

=:ge Y + A(644) + 3(6.4),

with obvious definitions of A4y and B.4), and where Ag.4) corresponds to the possibility
k= 7:{(:)") and B(g.4) to k < rg(:’").

In what follows, we shall bound separately A 4) and B(g 4). We stress that the i.i.d. hypothesis
on the point process, £ =Y :_, 8z with (&) i.i.d. and independent of v, will be only used in
the estimation on A 4).

Firstly, we estimate A .4). Let Tt(") ={|V(wi—1)) —m@n — 1)| < ﬁ, [V (we) — (an —x)| <
logn}. For any t € [n — T, n], we remark that

27 n
Q(Fn, t= T 1:{( wn) o n, (Tt(n))c)

n

< Q(t =, 7" > |V (wier) —min = D] >

n
logn

+Q(V(wn) <ay—x, mn V(w;)>o,—x—L,t= Ty

1) i<y
&n

|V(w,) — (o —x)] > logn).
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Recall that under Q, (V(w;);=0) is distributed as the real-valued random walk (S;) ;>0 un-
der P. Then an immediate application of (3.9) and (3.13) gives that for any n large enough and
x>0,

n
Z Q(Fn, P=T ), (T,("))C) <ege %,

t=n—T

Then we have

n
Ay <ee” ™+ Z @(T,(”), t=7T (wn,WeBw,;), min V@u)<a, _x)
En u>v,|ul=n
t=n—T
see™ 6.5)
- m
+Z sup Q(}V(uﬂ)—z}flogn,EIveIB(w]) min V(M)S_En)'

=0 Z,|z4mn|<2n/logn v, |u|=t

For any r € N, let (Mt(j )) j>0 a sequence of i.i.d. random variables distributed as M, the mini-
mum of the branching random walk at time 7. By Proposition 2.3, for any z € R, and the i.i.d.
hypothesis we have

Q<|V(u)1)—z|§logn,3veB(u)1), min V(u)g—Tn>
u>v,|ul=t+1 2

v

_ =& )

= E[Z e g —Zf“’g"}1{a./¢i,sj+M,‘-’>s—(m/2>n}}
i=1

o0
; m
ZP(V =k)kE[e™ {1, —z|<1ogn} |P <E|j efl,....k—1L§&; +MI(J) < _En)

By (1.4), there exists a slowly varying function C (n) such that

sup E[e™5 15—z <togn ] < n~@TVEn).

z,|z4mn|<2n/logn

By Lemma 4.2, for any k > 1,

IP’(Eij efl,... k—1}&+MP < —gn> < kE[e=617™/2]

_ K o,
E[v]

by using the fact that E[e~%!] = ]EL
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Combining these two inequalities then using (1.5) we get

(@<|V(w1) —z| <logn, I eB(wy), min V()< —§n>
u =t

Zv,[ul
em/8)n ()
<o (X e 3 aren)
k=1 k=e@/8)n

<0~ ) (e "+ EWL o mon))
< cn*“*IZ(n)(ef(mM)n + ”71)'

In addition to (6.5), it yields for any € > 0,

on
9

A4y < 2ee”

once n is large enough.
Now we shall treat B 4y. By the spinal decomposition (Proposition 2.3(iii)), for any ¢ €

[n —T,n], j €[l,t) and v € B(w;), conditionally on G = o {u, AV (u), U= wj, j > 0} and
on {V (v) = b}, we have

Q( min  V(u) <ay —x|g> =PWM,_j <o, —x—D).
u>v,lu|l=n

If j <2, we apply Proposition 4.1 to get that P(M,—; <o, —x — b) < Ke~(bHetan—j—an),
whereas if 2?” < j <t, we apply Lemma 4.2 (which holds obviously for all x € R) and get that
P(M,_; <a,—x—b) < e~ (’T*—@) Taking into account the fact that w,, is good, we obtain

2Ke¥nn—jeB—x, if j < J,
g} <{ Kemn—on-je /%, if j e (J,3n],
eng=J¢, if j e (%n,t).

EQ [ Z 1{minu2v.\u\:n V(u) <o, —x}

veB(w;)

By summing these inequalities, for n large enough we get that

n

B4y < K/(JeB_x + 6_19/2) Z Q(Fn, t =1z, (Wn), Wy gOOd)
t=n—T

n

_ _Jjo/2 .

fK/(JeB Y te e ) E P(S, <a, —x, min S,-Zocn—x—L,tzr;,r(z)>n
T T, <i<n n "ln

t=n—

< K//(JeB—x +e—JQ/2)(1 + L)Te_a",

where for the second inequality we have used (4.2) for F,, N {t = 7, (w,)} and for the last in-
equality, we have applied (3.15) to y =« —x — L and @ = 1,..., [L]. Finally, we choose
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J=J(L,T,K") large enough and x > x(B, J) so that K" (JeB~* + e’Jg/z)(l + )T <e.
Then B.4) < ee™* and (5.3) follows. This proves Proposition 5.1. ([l

It remains us to prove Lemma 6.1. For any integers k < n, define Sy; ,, := minje(k,n] S;-

Proof of Lemma 6.1. Firstly, we will prove that with overwhelming probability the trajectory of
(V(wi))i>o0 contains only one big jump and never drops too low. Recall the notation F,, defined
in (6.3). Write for brevity

yi=o,—x—L.

We shall use several times the fact that under Q, (V(w;), j > 0) has the same law as
(8j, j > 0) under P. Then by (3.14) witha =0, 1, ..., [L7, we get that for some constant K; > 0
depending on L,

n

2,wp . 2
QFa 7™ <n)= D P(Sp, 2.1, =i Sy €ly.y + L1z <n)
i=n—T
(6.6)

n
<Kp Z n2 V%5 (n) < gem,
i=n—T
for all large n. We claim that there exists some positive constant ¢4 = c¢4(L, T') such that for all

n large,

(@(Fn, min  V(w)) < —cs. 72" > n) < O0(e)e ™. (6.7)

. (wn) n
l=j<z,

Let us denote by Qs 7) the probability term in (6.7). Denote by j be the first time such that
V(w;) < —c4; then by using the Markov property at j, we get that

n i—1

Qen= ) ZE[1{§_1_|>*C4,Sj5*c4»mi“k§j Xe=—2)

i=n—T j=1

xst(Sn_ij—i-L, min Sizy,fgn:i_j,t(2)>n_j)]'

T, <i<n—j n

If j > 5 by Lemma 3.1 (with x =mj + ¢4 and y = ¢, there) we get that
P(Sj < —cq, min X; > —Q) < Ke~(oen¥/K,
<J

whereas for j < 7, since y —§; <y +c4 + & < 5(n — j), by using [L] times (3.15) (with
a € [0, L] being integer), we deduce that for any i € [n — T, n] and on {S; < —c4, ming<; Xy >

_g-l’l}3

Py, (Suj <V+L Sy ujy =9 T =i—J, 7P >n—j) < K'(1+ L) 6.8)
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(we used the fact that e™*—/ = O(e™*") when j < 7). It follows that

n i—1 n n/2
3
Qon< Y. Y. Ke lemV/K g/t e S S P(S; = —cs Sj < —ca)
i=n—T j=n/2 i=n—T j=1
n/2
<ee ™+ K'(14+L)Te ™ ZP(QJ»_I > —cy4, §j < —ca)
j=1

<ee ™ 4+ K'(1+ L)Te_“"P(rkniBl Sk < —C4>
>
<2ee 4,

by choosing ¢4 = c4(L, T) large enough to get the last inequality. Then (6.7) follows.
By combining (6.6) and (6.7), to get Lemma 6.1 it is enough to prove the following assertion:
forany L, T, e > 0 there exist B > 0 and J such that for any n > no(J, B,L, T, ¢), x >0,

(@(Fn, mir} )V(wj) > —c4, Tg(nz,w,,) >n, wy not good) < O0(g)e . (6.9)
I<j<z,)"

Recall that 0 < o < min(%, %). Before establishing (6.9), we prove the following claim.

Claim 6.2. (i) There is a sequence of positive real numbers (&) such that lim;_, e; =0 and
for any integer j and z e R,y >0,

> 10 mj\ "
ZP(Sp—pQSZ,ﬁpz—y)SEG—E) +ei(1+y+z"). (6.10)
p=Jj
(i1) There exists some positive constant Ky, T > 0 such that for all large n and k € [1,n — T),
sup P(Sn—k <z, min §>z-L,1, e[n—k—T,n—k],ténz) >n—k>

z<-mn/5 Ty, <i<n—k

(6.11)
< KL’Teia".

Proof. (i) Observe that

Y P(S,—p?<z.8,>-)
pzj

f(%‘f>++ > P(spevzt))

p>max(10z/m, j)
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Then observe that z + p¢ < Fp forall p > 107 and p > jo if jp is large enough. By applying
Lemma 3.4, we get

10 AN l + 0
ZP(sp_pafzﬁipZ_yk_(Z_y) P D 2k

10 o
p=Jj o P

p=max(10z/m, j)

I /\

10 mj\"
S (1 ),
m(z 10) +ej(l+y+z7)

with ¢ = O(j1=%/2), proving (6.10).
(ii) Denote by P 11) the probability term in (6.11). Then

n—k

Pe.11y = Z P(Sn—k <z, /<r:n<ir?—kSi >z—L,t,=j, 1 ( )sn —k)
j=n—k—T J==

n—k
=: Z Pe.11y ().

j=n—k-T

Notice that z — L < S, < z. Therefore, if §":= S, — X; > —gn then X; <z + jn <

—%n. Moreover, z — L — §' < Xj<z— S’. By the 1ndependence of X; and S’, we get that

P(z —L<S =<z,1,=], S > —£n> < sup P(Xj elb-L, b]) <Kpe
10 b<—(m/10)n

by using the density of X; given by (1.4). On the other hand, if §" := S, — X; < —{gn then
we can apply Lemma 3.1 to see that

P(S < —En T, =, T ) S n—k> SP(Sn_k_l < —I—H(l)n, T, >n—k— l> < Ke ™/(106)

Therefore, P.11)(j) < Kre ™ + Ke™/(08) and (6.11) follows if we take Kpr=2(1+
T)K . This completes the proof of Claim 6.2. ([l

Let us go back to the proof of (6.9). Define for any k£ > 1, &(wy) := ZveB(wk) e~ 2V® Then

Z e (VD) _ o=V =xg )y (6.12)

veB(wy)

Notice that the sequence {£(wg), AV (wk)}i>1 are i.i.d. under Q. Define & = £(w1).
Let n be large enough so that n — 7 > J. On {T(z,w,,) > n} N {w, not good}, either there
is some 1 < k < J such that &(wy) > eBTVWi-1) or some J < k < r( “n) such that E(wy) >

eV Wi-D+¥—k? We discuss separately these two cases and give the precise choices of J and B:
The first case: J <k < ‘L’C(:}") and the choice of J.
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Notice that t;:j") €[n—T,n]. Forany J <k <n — T, we apply the Markov property at k to
arrive at

Q6.13y (k)

=Qk <™. £ wp) > VDT min
" <j=

min V)= —ci, Byt > n) (6.13)
J n

k
= Eq[! {E ) >e Y =D ming i V(w))=—cq,minj < AV(wj)Z—gn}g”_k(V(wk))]’

with

gnk®):=P(S,x =y—b+L, min Szy-b,

T <j<n—k
r;ne[n—k—T,n—k],rc(nz)>n—k>, zeR.
When k < %, we can apply (3.12) to get that for b := V (wy) > —c4,
gn—k(b) < Kpe™*n,

with some positive constant K; depending on L [in fact K} = O(LY)].

For k > 5,if b:= V(wx) > 7, then y + L — b < =" and g, (b) < K 7™ by (6.11).

Consequently, we get that for any J <k <n — T and x > 0,
Q.13 (k) < K} peQ(&(wy) > e =07k
mn .
+ Lik=n/2)Q( V(wp) < —, min AV (w;) > —¢, ).
4 j<k

Moreover, Q(V(wx) < G, minj<x AV(w;) > —&) = P(Sx < G minj< X; > —¢,) <
Ke™/4) by Lemma 3.1. Since under Q, &(wy) is independent of V (wy_1) which is dis-

tributed as Sx—1 under P, and, moreover, &(wy) has the same law as &, it follows from (6.10)
that

Z Qe.13)(k) < K%Lea”EQ[ Z P(log&(wk) = S—1 — k%, S;_; > —C4)i|

J<k<n—T J<k<n—-T

1 Kne /(44
—a mJ\ " +
< Krre @ (Eg| (logt — To +&sEq[1 + ¢4+ (logé) ]
+ Kne_m"/(4§)1)’

with £, — 0 as J — 0. By (1.5), Eq[(log€&)T] < B[}, —; e @ dog[Y" = e DT <
oo, thus we choose and then fix J = J(¢, T, L) large enough so that Eg[(log& — %)Jr] +
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esEqll

> Qeask) <2ee (6.14)

J<k<n—-T
The second (and last) case: 1 <k < J and the choice of B.

Under Q and conditionally on {V (wy) = z}, the process {V (w;4r),0 <i <n — k} is dis-
tributed as {S;, 0 <i <n — k} under P;. It follows from the Markov property at k that

Q(&(wk) > BtV p lmmk V(wj) > —c4, T (2 wn) o n)
<js

- EQ[] {Ewr)=e® TV k=1 mini<j <4 V(w)) = —cq}

. 2
X Pv(wk)<5n—k <y+1L, Tzn_lzrfnjnfn_k Sizy,t, €ln—k—T,n—k], T >n— k)]

< KL Q(Ewy) = PV min V(w)) = —eq)e o,
1<j<k

where K > 0 denotes some constant depending on L and we have applied (3.12) to get the last
inequality [remark that y — V(wg) <y +cq < %(n — k)]. Furthermore,

J
Eq |:Z 1{Ing(wk)ZB‘FV(wk—l)vminlgjgk V(wj)Z_C4}:|
)
< ZQ(V(wk 1) = ——) +) EEQ (log (& (wi))) "]
k=1

J B\ 2J
= Zp(sk] < —5) + EEQ[(logS)ﬂ

by choosing B = B(J, L, T, ¢) large enough. Finally, we have

@(ake[l J1: 6w = PV, min V() = —c. Fo 7" > )gge—“n. (6.15)
<]<

By combining (6.14) and (6.15), we get (6.9) and, therefore, complete the proof of
Lemma 6.1. [l
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Appendix

The convergence in law in Theorem 1.1 holds in fact under a setting more general than the i.i.d.
case. As mentioned before, the main contribution to the renormalization M,, — o, comes from
the large drop which is unique in the i.i.d. case. However, in the general case, nothing prevents
from the possible simultaneous large drops (in the same generation), this is why we need some
assumptions.

The main additional hypothesis, which ensures the convergence of the relative displacements
at the large drop time, is stated as follows: Assume that

For any f : R — R measurable with compact support
(A.1)

lim Egfe™ Zveron /DOy ) = o] / 2 (o),

Z—>—00

where B(w) is defined in (1.9), E is the distribution of some point process on R U {—o0o} and
we use the notation (f, 0) := fR f(x)8(dx) for any 6 € M, the space of o-finite measures on
R U {—o0}. For instance, when .2 = Y "!_, §(z,) with (&) i.i.d. and independent of v it is easily
seen that (A.1) holds with & = §{_ .

In view of the compact support hypothesis of f in (A.1), we also need two other technical
hypotheses in the truncation argument:

Under Q, as z — —o0, the laws of #B(w) conditionally on {V(wl) = z} are tight, (A.2)

lim limsupQ< U {V(w) — V() zk}‘V(wl) :z) — 0. (A.3)

LA— 00 _
LT veB(wr)

The assumptions (A.1), (A.2) and (A.3) hold for a variety of situations, for instance, in addition
to the i.i.d. case and the case in Remark 1.4, here is another simple example: .Z = Z?:l 3
with £ an independent copy of & and & = &, a.s., it is easy to check that (A.1), (A.2) and
(A.3) are satisfied with E = %8{_00} + %8{0}. However, we do not know how to describe these
assumptions in a completely general setting under the original probability [P.

We have the following convergence in law of M,, — «,, in the general case:

Theorem A.3. Assume (1.1), (1.4) and (1.5), as well as (A.1), (A.2) and (A.3). Then for any
x eR,

lim P(M, > o + x) = E(exp(—ce* Wwo)),
n—oo

where ¢ > 0 is some finite constant.

As in the i.i.d. case, the key estimate in the proof of Theorem A.3 is to establish Proposi-
tion 2.1, with some positive constant ¢ instead of c,, under the assumptions (A.1), (A.2) and
(A.3). To this end, as mentioned in Remark 5.2, we firstly modify the definition of &, (x) in (5.2)

y replacing <T y <T SO that . st1 olas. € main dirference comes 1rrom
by replacing k < 7, by k < " so that (5.3) still holds. The main diff i
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the expression of A(s sy (k): Because of the possibility of large drops from the particles in B(wy)
[here k = ré’:””) is the large drop time], A s 5)(k) should be replaced by

oV () {(My=V (wy) <o —x,ming < < V(w,)zan—x—L,rg’"):k}

2y Dlul=nueT® LV =V ()

By using (A.1), we are able to estimate the contribution of these v € B(wy) to Z|u\:n,u T X
v )=V (w,)} and to {M, = V(w,)}, after a truncation argument based on (A.2) and (A.3). Fi-
nally, the constant ¢ will follow from an application of the renewal result Lemma 3.6. We feel
free to omit the details.
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