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We propose a new platform of goodness-of-fit tests for copulas, based on empirical copula processes and
nonparametric bootstrap counterparts. The standard Kolmogorov—Smirnov type test for copulas that takes
the supremum of the empirical copula process indexed by orthants is extended by test statistics based on
the empirical copula process indexed by families of L, disjoint boxes, with L; slowly tending to infinity.
Although the underlying empirical process does not converge, the critical values of our new test statistics
can be consistently estimated by nonparametric bootstrap techniques, under simple or composite null as-
sumptions. We implemented a particular example of these tests and our simulations confirm that the power
of the new procedure is oftentimes higher than the power of the standard Kolmogorov—Smirnov or the
Cramér—von Mises tests for copulas.
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1. Introduction

This paper introduces new powerful goodness-of-fit (GOF) tests for copulas in [0, 114, d > 2,
based on the empirical copula process

Zn(w) = /n(Cy — C)(w), u=(ui,...,uq) €[0,11%, (1.1)

given a sample of n independent random vectors X; = (X1, ..., Xiq) € R i=1,...,n, from
a common distribution function H. Let C be the associated copula function, as given by Sklar’s
theorem [30]. Here, C,, is the usual empirical copula, as introduced by Deheuvels [7]: denoting
by Hi, the joint c.d.f. of the sample (X1, ...,X,), F, ; the jth empirical c.d.f. associated to
(X1j,.--»Xnj),j=1,...,d,and F;j its empirical quantile function, we have

Ca(w) = Hy (F, | ). ... Fy 4 (u)

by definition, for every u = (uy, ..., uq) € [0, 1]d. The Kolmogorov—Smirnov (KS) test statistic
for testing of the null hypothesis Hy: C = Cy is

KS, = sup |[v/n(Cy— Co)u)]. (12)
uel0,114
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The Cramér—von Mises statistic (CvM) is
CM, = / (VA(C, — Coyw)} dC, (u). (13)

It is well known (see, for instance, [11]) that Z, and its bootstrap counterpart Z, defined
in (2.4) below, both converge weakly to the same tight Gaussian process in £°°([0, l]d) un-
der the null hypothesis. Therefore, we can compute the «-upper points of KS, and CM,, via
the bootstrap. To the best of our knowledge, all the proposed GOF tests rely on simulation-
based procedures to calculate their corresponding p-values, with the notable exception of the
distribution-free test statistics of Fermanian [9]. The latter idea has been further developed by
Scaillet [26] and Fermanian and Wegkamp [12]. A parametric bootstrap has been proposed [14]
to tackle composite null hypotheses, while Rémillard and Scaillet [25] advocate the use of the
multiplier central limit theorem to build an alternative bootstrap empirical copula process. Biicher
and Dette [5] give a survey and a comparison of various bootstrap methods.

The goal of this paper is to develop more powerful tests than the KS test (1.2) and CvM
test (1.3) for simple and composite null hypotheses. The next section offers a class of such tests.
For instance, in the case of a null simple hypothesis Hy : C = Cp, we propose the test that rejects
Hy for large values of the test statistic

Lil
Ty:= sup > |Zu(By). (1.4)
By,..., B, k=1
The supremum is taken over all disjoint boxes By, ..., By, C [0, 1]1¢ of the form H;{:l (aj,bjl,
using the convention
_ Al 2 d
Zu((@r b1l - X (ag, bal) = AL 4 A2, AL | Zy() (1.5)
for any arbitrary point_u € [0, l]d andforall0<a; <b; <1, j=1,...,d. Here, we have used
the usual operators A/ defined for every function f by
(Ai’bf)(u) :f(ul"--’uj—l’bvuj-‘rlv'"'vud) _f(ula "'auj—17a5uj+15 ...,Md)
for all u € [0, l]d, and all real numbers a and b.
‘We will also consider the related statistics
Ly
T,= ma Zy(Bi)|, 1.6
n Bly-~~,§Ln§| n(Bi) (1.6)
with the maximum taken over all disjoint rectangles By, ..., By, of the form B = ]_[‘;:1 (aj,b;]

with a;,b; belonging to a grid (n=Vd op=1d _  |n'/dn=1/4} . Asymptotically, ﬁf‘,, and
T, are the same (see Proposition 13 in Section 5), but T, is computationally much more
tractable.
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Now, if L, = L for all n, the collection of boxes is sufficiently small that we can still appeal
to the weak convergence of Z, and Z;; in conjunction with the continuous mapping theorem,
to obtain a-upper points of the test statistic T, via the bootstrap. Taking L, = +oo for all n,
or equivalently, if we consider all families of disjoint boxes in [0, 1]¢ (possibly partitions), the
statistic T}, is equal to the total variation distance TV (Z,) of Z,. The resulting test is not statisti-
cally meaningful as TV(Z,,) is maximal, to wit, TV(Z,) = n'/?> — +o00. The problem is to find
a rich collection that quickly detects departure from the null, but still yields a consistent test. The
main novelty of our approach is the fact that we let L,,, the number of boxes, slowly tend to oo in
that L, ~ (logn)”, 0 < y < 1. While in this case the process Z, no longer converges, Theorem 1
in Section 2 states that we can still consistently estimate the distribution of the process Z, by the
bootstrap. We refer to our procedure as the Asymptotic Total Variation (ATV) test. The consid-
ered families of boxes are finer and finer, presumably improving the power of the test, while for
each n large enough, we still have a consistent test in that we control the type 1 error. A key obser-
vation is that under the null hypothesis Hy: C = Cy, we have T, < L, supg |Z,(B)| = Op(L,),
while under the alternative H4 : C = C for some fixed C; # Cp, T, is much larger since the bias
is at least of order O(n!/?).

Theorem 1 extends the surprising result obtained by Radulovi¢ [23] for empirical processes
indexed by sums of indicator functions of VC-graph classes (see Theorem 14 in the Appendix).
We require very mild conditions on the copula function C. This is one of the few notable excep-
tions known to us in the literature where the bootstrap “works”, that is, the conditional bootstrap
distribution consistently estimates the distribution of the test statistic, while the distribution of
the statistic itself does not converge. For other instances of this phenomenon, we refer to [4] and,
more recently, [22-24].

Section 3 considers the more general hypothesis that the underlying copula C belongs to some
parametric copula family {Cp,0 € ® C RP}. Given a sufficiently regular estimator 6 and its
bootstrap counterpart 0*, we adjust our statistic (1.4) and its nonparametric bootstrap counterpart
to obtain a consistent level « test (Theorem 4). Again, the result is established under very mild
regularity conditions on the copula Cy and the estimators 6 and 6*. Incidentally, we introduce a
new bootstrap procedure under composite null hypotheses, an alternative to the usual parametric
bootstrap or the multiplier CLT.

Section 4 then reports a small numerical study where we show that, in complex but realistic
situations, our test (1.4) is superior to the Kolmogorov—Smirnov and the Cramér—von Mises
tests. We also comment on a possible inadequacy in the way the copula GOF tests are commonly
evaluated. Finally, the proofs are collected in Section 5. The Appendix contains some technical
results from [27] and [23] and a description of the implementation of the proposed tests.

2. The asymptotic total variation test

Notation. Let H be the distribution function of the random vector X with marginals Fy, ..., F4.
We will assume throughout the paper that H is continuous. Let (X1, ...,X},) be independent
copies of X. We denote the generalized inverse of a distribution function F by F~. For instance,
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F j_ (u) =inf{x | Fj(x) > u}. The empirical counterparts of H and any F; are, respectively,

1 n
Hy0=—) 1Xi<x}, xeR’,
i=1

1 n
Fn’j(x):;ZI{Xi’jfx}, xeR, j=1,....d.
i=1

The copula function of X is C(u) = H(F| (u1), ..., F; (ug)), u= (uy,...,uq) € [0, 119, and
its empirical estimate is C,(u) = H, (F;l(ul), e F; 4(ua)). The empirical copula process
Zn,(0) = /n(C, — C)(u) is already defined in (1.1). We define F,, as the class of functions

Ly

f® =Y alixe B, 2.1

k=1
with cx € {—1, +1} and disjoint boxes By of the form ]_[‘j:l(aj, b;] in the unit cube [0, l]d,for
alll1 <k <L,. We let
Lll

Zn(f) =) cxZn(Br)

k=1

and observe that

Ly,
To= sup |Z,(f)|= sup > |Z,(B)

reFu By By =

’

where the supremum is taken over all disjoint boxes By, ..., By, of the unit square [0, 119.

If L, = L for all n, then F, = F and Z, converges in £°°(F) to a Gaussian process under
regularity conditions on C; see, for instance, [11] and [27]. As a consequence of the continuous
mapping theorem, T, trivially converges weakly as well. However, if L, — 00, as n — 00, this
is no longer true as the process Z, does not converge weakly.

The main point of this paper is to show that, provided L, = (logn)? for some 0 < y < 1, the
distribution of T, can be estimated by the bootstrap. The bootstrap counterparts of the above
processes are defined as follows. Let the bootstrap sample (X7, ..., X*) be obtained by sampling
with replacement from X7, ..., X,,. We write

Hﬁ(x):%Zl{X;“gx}, x e RY (2.2)

i=1

for the empirical c.d.f. based on the bootstrap, with marginals

1 n
]P‘Z’j(x)=;ZI{ij§x}, xeR, j=1,....d. (2.3)
i=1
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We denote its associated empirical copula function by C;;. The bootstrap empirical copula pro-
cess is

Ly =/n(C; = Cy) = Vn{H(Fy ... By ) —HL(F, .. Fy ) ) (24)

Assumptions. We will assume the following set of assumptions:

(Cl) Forany j=1,...,d,forallu €0, l]d withQ < u; < 1, the first-order partial derivative
Cj(u) =dC(w)/du; exists and is of bounded variation ([16], e.g.). Moreover, it satisfies,
for somer >0, 8>0and K < o0,

d
ICiw) — Cj(v)| < K(u;ﬂ(l —u;)7F +vj‘”(1 —vj)—ﬁ)Zm, —yl
=1

forallua,v e [0, 1]d, 0<uj,v; <1.As in[27], we extend the domain of each C; to the
whole [0, 11¢ by setting

Cu+ he;
1imsupy ifuel0, 19, u; =0;
=1 " oy _cu—n
J . — — .
lim sup W h(u ¢)) ifue [0, l]d, uj=1.
hl0

Here, ¢; is the jth coordinate vector in R,
(C2) The number Ly, is of order (logn)? for some 0 <y < 1.

Remark. We know that continuity of the partial derivatives of C on (0, 1)¢ is required for weak
convergence; see [11] and [27]. The requirement that the partial derivatives are of bounded vari-
ation is natural since we compute the supremum of Z, over increasingly finer families of boxes
in [0, 1]%. The process Z, (u) is asymptotically equivalent to «,, () — Z?:l Cj(way, j(u;) with
oy (u) = /n(H, — H)(w) and &y, j(u;) = /n(F, j — F)(u;) (see Proposition 10).

Remark. The additional requirement (C1) is weaker than imposing a Holder condition on the
derivatives. Segers [27] imposes a slightly stronger condition on the second-order partial deriva-
tives of C (corresponding to r = 1 and B = 1) to obtain an almost sure representation of the
empirical copula process.

As a counterexample, consider the bivariate Archimedean copula C whose generator is given
by ¥:(0,1] = R, ¢ (¢) := exp(t~?) — e for some 6 > 0. This copula (see display (4.2.20)
in [21]) is

Cui,up) = [ln(exp(ul_e) + exp(uz_e) - e)]_l/e
for any u € [0, 1]2. It can be checked easily that, when u — 0, the copula density Cy»(u, u)
behaves like u~?~!. Therefore, C cannot fulfill Condition 4.1 in [27]. Nonetheless, by the mean
value theorem and simple calculations, we can prove that

|C1w) — C1 0| < K (minGuy, v1) 7 7 uy — vi] + K (minur, v1) ™ uz — val.
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Moreover, Cy is of bounded variation: introduce the cross-derivative function 8122C 1:(uy, up) —
93C (uy,uz)/ 82u18u2. This function exists on (0, 1)2 and is integrable. Indeed, after lengthy
calculations, it can be proved that, for every u € (0, 1)2,

exp(2u1_0 + u2_0)
(exp(u;?) +exp(u;?) —e)?

|8122C1(u1, u2)| < Kul—ze—zuz—a—l min(uy, up)¥t!

for some positive constant K. Integration of the latter upper bound with respect to u» yields the
integrable function u; — u?_l and Tonelli’s theorem implies that the total variation f |[dCq| =
f |8]22C1 (u1,uz)| duy dus of Cj is finite. The same reasoning applies to C», and we conclude that

condition (C1) is fulfilled with this copula family.

The second assumption (C2) allows for sub-logarithmic rate in the sample size for the number
of boxes considered. In practice, even this fairly slow rate yields much better tests, see our sim-
ulations in Section 4. And we have not observed any significant differences empirically between
choosing ¥ = 1 and y close to one.

Our first result states that the processes Z, and Z;; are close in the bounded Lipschitz distance
that characterizes weak convergence. Formally, we show that

E[sup|E[(Z)] - E*[A(Z;)]] 2.5)
h
is asymptotically negligible. Here, E* is the conditional expectation with respect to the bootstrap

sample and the supremum in (2.5) is taken over BL| = BL{ (£°°(F},)), the class of all uniformly
bounded, Lipschitz functionals % : £°°(F,) — R with Lipschitz constant 1, that is,

sup  |h(x)| <1 (2.6)
XEL®(Fy)
and, for all x, y € £°(F,),
|h(x) — h(y)| < sup [x(f) — y(f)|. 2.7)
feFu

Theorem 1. Let Z, = {Z,(f), f € Fu} and Z} ={Z(f), f € Fu} with F;, as defined in (2.1)
above. Under conditions (C1) and (C2), we have

lim B[ sup [E[n(Z,)] - E*[(Z;)][] =0. 2.8)
=00 LpeBL,;

Corollary 2. Consider any sequence of Lipschitz functionals ¢, : £°°(F,) — R with Lipschitz
constants 1. Under conditions (C1) and (C2), we have

Jim B [sup [E[ (00 20))] ~ B [e(@ (21)]] =0
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The supremum is taken over all uniformly bounded Lipschitz functions g:R — R with
sup, [g()| <1 and |g(x) —g(W| = |x —yl.

Corollary 2 follows directly from Theorem 1 since, for a fixed Lipschitz function ¢, the set
of compositions g o ¢ above is a class of uniformly bounded Lipschitz functions (with the same
Lipschitz constant). In particular, since the mapping ¢, (X) = sup reF, X () is Lipschitz (with
the Lipschitz constant 1), Corollary 2 implies that we can approximate the distribution of the
statistic T,, by the conditional (bootstrap) distribution of

Lil
T; = sup [Zi(f)|= sup  |Zi(By). (2.9)
feFn By,..., Ln =1

Corollary 3. Under conditions (C1) and (C2), we have
nli)rgoE[sgpm[g(Tn)] ~E*[g(T})][] =0. (2.10)

The supremum is taken over all uniformly bounded Lipschitz functions g:R — R with
sup, [g(x)| = L and |g(x) —g(W)| < |x — y| forall x,y € R.

We may replace with impunity in Theorem 1 and its corollaries, the Lipschitz constant 1 by
an arbitrary but fixed (independent on n) Lipschitz constant K.

Actually, T,, and T, are just two examples of many potentially useful asymptotic variation
type statistics. We mention two other possible statistics:

o Generalized x? statistics. Form an equidistant grid i /p, i =0, ..., p = LL,I,/dJ + 1 on each
axis of [0, 1]d, and use the (p + 1)d points of the resulting equidistant grid on [0, l]d as the
corners of p?¢ disjoint boxes B;. We define the statistic ) _; |Z,, (B;)|?, which, for fixed L,,
reduces to a nonnormalized X2 statistics, in the same spirit as in [8]. Here, since the statistic
as a function of Z, is Lipschitz on £*°(F},), L, — oo is allowed. However, we suspect that
the full power of Theorem 1 is not needed, since Radulovi¢ [24] proved a result similar
to Theorem 1 via a more direct approach, in the noncopula, i.i.d. setting under a weaker
restriction on the partition size.

e Generalized Kuiper statistics. We start with the usual Kuiper statistics

3

K1 =Zy(B)) = sup|Zy(B)
B

where supremum is taken over all boxes B C [0, l]d, and achieved at B;. Then we define
recursively, given boxes B, ..., B, withm < L,,

Ky =Zn(Bui1) = sup |Zn(B)|.
BNB;=@,j=1,..,m

The supremum is taken over all boxes B that are disjoint with By, ..., B,,, and we denote
by By, for the box at which supremum is achieved. The resulting sum ZJLLI K of statis-



1918 J.-D. Fermanian, D. Radulovi¢ and M. Wegkamp

tics K, based on disjoint boxes B}, is a Lipschitz functional of Z, and Corollary 2 applies
to this statistic as well.

The performance and the actual implementation of these additional statistics will not be dis-
cussed here, but we will report on them elsewhere. This paper offers a numerical study only as a
proof of principle and for this purpose we used the straightforward statistic T,, and optimization
scheme (pure random search) to demonstrate the applicability of Theorem 1. Nevertheless, even
this conservative approach resulted in a superior performance.

Remark. We may approximate the a-upper point of the statistic T,, by that of the bootstrap
counterpart T}. Unlike the classical bootstrap situation that assumes a continuous limiting dis-
tribution function, the bootstrap quantile approximation can be used as follows. Let ¢ > 0 be
arbitrary (independent of n) and define the Lipschitz function

l‘ —
8re(x)=1x <t} + Ml{t <x <t+e¢}
e

We have, for §, := supy, |E[h(T,)] — E*[A(T})]| with the supremum taken over all 4 € BLj,
uniformly in 7 € R,

P{T, <t} =E* [gt,s(']r:)] + E[gt,s(Tn)] - E* [gt,s(']r:)]
<P{T, <t +e}+8/e,

since g; . has Lipschitz constant 1/¢. Note that this value is different of one, but is not a problem
to apply our theoretical results, as explained above. A similar computation shows that P*{T} <
t —e}—6,/e <P{T, <t}, so that, uniformly in 7, and each ¢ > 0

PHT; <t —e} —8,/e <P{T, <t} <PH{Ti <t+e}+6,/¢ (2.11)
and in the same way we may prove
P{T, <t —e}—8y/e <P*{T} <t} <P{T, <t +¢}+8u/e, (2.12)

uniformly in ¢, and each & > 0. For instance, if * is the bootstrap 95% critical value of T}, it is
prudent to reject the null for values of T, larger than r* + ¢.

Remark. The test for Hy: C = C¢ based on the critical regions {T, > c} is consistent. In-
deed, under the null, since T, < L, supp |Z,(B)|, we have L, IT, is bounded in probabil-
ity, while under the alternative hypothesis, Hq: C = C; for a fixed C; # Cp, we have that
T, > /n|Co(B) — C1(B)| — |Z4(B)|, so that n~'/2T, > 1|Co(B) — C1(B)|, with probability
tending to one, for any box B where Cy and C; differ. Such a box exists under the alternative
and the increasing sequence ., likely contains at least one such box for relatively small n. The
improved power of our test statistic is confirmed in our simulation study.
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3. Parametric hypothesis

In this section, we consider the problem of testing if the underlying copula C belongs to a para-
metric family C := {Cy, 6 € ©}. That is, the null hypothesis states that C = Cg, for some 6y € ©.
Here ® C R”, equipped with the Euclidean norm || - ||2. Suppose that we have a consistent esti-
mator 6 = 6 (H,,) of 6.

Replacing Cyp by Cy in the definition of the test statistic T, we consider the process

Y, = V/n(Cy — Cg) = Z, — /n(C5 — C), 3.1
and its bootstrap version
Y =75 —/n(Cs — Cp), (3.2)

based on the nonparametric bootstrap estimate o* = é\(H,’Z), obtained after resampling with re-
placement from the original sample. Note that

Y, =/n(C; = Cg:) = V/n(C, = Cp) # +/n(C;, = Cp). (3.3)

The process +/n(C: — Cz), while perhaps a natural candidate, does not yield a consistent esti-
mate of the distribution of Y,,. Indeed, the “distance” between Y, and the latter process will be
of the order of Z, thus asymptotically tight. On the other hand, the distance between Y, and Y
will be of the same order of magnitude as the distance between Z,, and Z, that tends to zero (see
the proof of Theorem 1).

We stress that our approach does not involve the parametric bootstrap, as studied by Genest
and Rémillard [14], to estimate the limiting law of copula-based statistics. In other words, we
calculate 6* after resampling from the empirical distribution H,,, and not from the law given by
the parametric copula Cp.

We impose some regularity on our parameter estimate 6.

(C3) There exists a ¥ : R? > R? with [ ||y ||3dH < oo such that
5—90:/1pd(Hn —H)+e, and 5*—?:/%(1&113 —H,) + ¢},

under the null hypothesis, with ||e,|l2 = 0,(n"1/2/L,) and |}l = 0,+(n~"1/?/L,) in
probability.

Note that the estimators satisfying (C3) are closely related to the estimators in the class R of
regular estimators, as defined by Genest and Rémillard [14].

Example (Estimators based on the inversion of Kendall’s tau). As an example, we verify con-
dition (C3) for estimators based on the inversion of Kendall’s tau in the bivariate case (d = 2).
Let 6 = g(t) for some twice differentiable function g and Kendall’s 7 :=4E[Cy(U, V)] — 1,
with the expectation taken over (U, V) ~ Cy. Kendall’s 7 is estimated empirically by

B e 2 2 =G = X0 >0 - 1.

i=1 j=i+1
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Then U, :=T7, + 1 is a U-statistic of order 2 for the kernel

h((x1. yD): (x2,y2)) =2 1{(32 — y1) (x2 — x1) > 0}.

The projection of U,, — E[U,] onto the space of all statistics of the form Z?:l gi (X;,Y), for
arbitrary measurable functions g; with IE[gl.2 (X,Y)] <o0,is

n

~ " 2
Un =Y E[Up —ELULIX:, Yi] = = 3 {v (X, Yo) —E[y(X;, Y ]}

i=1 i=1
with
Yx,y)=PX<x,Y<y)+ PX>x,Y >y).
By Héjek’s projection principle,
Var(U, — U,) = Var(U,) — Var(U,,).
From the proof of Theorem 12.3 in [31], due to [17],

~ 4n-2) 2 4 _dn
Var(Un)—Var(U,,)—n(n_l)Zl+n(n_1)§2 ngl_n(n—l)

with {1 = Cov(h(X, Y1), h(X, Y>)) for X independent of Y| and Y>, and with tl/l\e same distri-
bution as X, and ¢{, = Var(h(X1, Y, 1)).Jhus, the difference is Var(U,,) — Var(U,) is of order
O(1/n?). Consequently, U, — E[U,] = U, + R, with R, = O, (1/n) so that
2 n
T —1=U, —E[U,) =0, + Ry == ) {¥(Xi, ¥) —E[¥ (X, Y]} +0,(1/n).

n
i=1

Hence, if g is twice continuously differentiable in the neighborhood of 7, a limited expansion
ensures that 0 := g(7,,) satisfies the first part of (C3). The second (bootstrap) part of (C3) follows
from the same reasoning: We set 7" := U;F — 1 with

* 4 . ‘ * * * *
Un=mz > vy -y (x5 - x7) >0}

i=1 j=i+1

and for
n
Ur=Y B Uy —E*[U;]IX}, ¥}']
i=1

we can show that

Var* (U — UY) = Var* (U}¥) — Var*(UY)
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is of order O(1/n) almost surely, using the same arguments as above, keeping in mind that the
empirical counterparts of ¢ and ¢, are bounded everywhere. Moreover, for

1 « 1 ¢
,y)=— 1HX; Y - HX; Y s
Yn(x,y) n; {(Xi<x l<y}+n; {(Xi>x,Y >y}

we find
ZIE* U UrlIX;E v
__Zl/,n (X5, Y —E* [y (X[, Y7)]
=23t - w0

Z (U — Yi*)_E*[(w" lﬁ)( i 1)]}

The second term on the right is of order O+ (1/n) as its variance equals

4 * * oy 4 ¢ 2v. V) — 2
—Var (Y = ) (X7, 77)) < ;Z(x/fn — )’ (Xi, Y) =0, (1/n%),

i=1
by the reasoning in [3], page 1202. This implies

n

~ 2
T =T = U —E U] = = 3 e (5 ) — By (XF )]} + 0, (1/m).

i=1

Again, for a g that is twice continuously differentiable in the neighborhood of 7, a limited ex-
pansion ensures that 6* satisfies the second part of (C3).

Moreover, we need more regularity concerning 6 +— Cy itself.

(4 Eor every (s,t) € [0, 114, the function 6 — Cg(u) has continuous partial derivatives
Co(u) = (9/00)Cg(u) that satisfy a Holder condition with Holder exponent v > 0 lo-
cally: there exists a constant K < oo such that

sup| Co(u) — Cgy (u) H2 <K|6—6lly
u

for every 0 in a neighborhood of 6y. Moreover, Cgo is of bounded variation.
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The regularity condition (C4) is satisfied for most of standard copula families. Simple cal-
culations show that it is the case for the Gaussian-, Clayton- and the Frank-copula families in
particular. Although copula partial derivatives with respect to their arguments often exhibit dis-
continuities or nonexistence near their boundaries, justifying conditions such as (C1) (see [27]),
the derivatives 0Cy(x, y)/06 with respect to the copula parameter 6 behave a lot more regularly.

Theorem 4. Let Y, ={Y,(f), f € Fu}and Y, ={Y;(f), f € Fu} with F, in (2.1) as defined
above. Assume that conditions (C1), (C2), (C3) and (C4) hold. Then, under the null hypothesis
Ho:C =Cy,0 € ©, we have

tim E[ sup [E[a(¥,)] — E*[n(¥;)]|] =o0. (3.4)

=00 LpeBL,

This result implies that the distribution of the test statistic

Ly
T, = sup |V, (f)|= sup Y [Ya(By) (3.5)
feFn By,..., Ln k=]
can be “bootstrapped” by the distribution of
Ly
T;= sup [Yi(f)|= sup > |Yi(Bo|. (3.6)
fe}',, B],..A,BL,, k=1

Corollary 5. Assume that conditions (C1), (C2), (C3) and (C4) hold. Then, under the null hy-
pothesis Hy: C = Cy, 0 € O,

tim E[sup|E[¢(T.)] - E*[¢(T})][] =0, 3.7)
8

n— o0
with the supremum taken over all Lipschitz functions g : R — [—1, 1] with Lipschitz constant 1.

Often, (C3) can be replaced by
(C3') There exists a ¢ : RY > R? with [ ||y]|3dC < oo such that

1 n

0 —6)=— Z{W(Fm(xi,l), v Fua(Xi@) —E[¥ (Fi(XiD, ..., Fa(Xia) ]} + €n,

(e

*
|

)
I
S| =
=

{v(F (X)) Fr g (X)) = v (Fna (Xi)s - Fua(Xia)) ) + &5
i=1

under the null hypothesis, with ||e,|l2 = 0,(n"1/2/L,) and ||e} |2 = 0,*(n~'/2/L,) in
probability.

This is a consequence of the following result.
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Proposition 6. Assume (C1) holds. Any estimator é\satisjjzing (C3"), satisfies (C3).

Copula parameters are typically estimated through pseudo-observations or ranks, without any
assumption on the marginal distributions. For this reason, the copula estimators that satisfy (C3")
are relevant. They are very closely related to the estimators in the class R of Genest and Rémil-
lard [14]. In particular, the maximum pseudo-likelihood estimator that maximizes the pseudo
log-likelihood function f logcg dC,, over 6 € O (see, for instance, [13] or [28]) satisfies (C3")
under suitable regularity conditions on the copula density cg.

Since the bootstrapped copula process Y is new, it is noteworthy to stress that it provides
a valuable alternative to the usual parametric bootstrap. Now, assume L, = L is a constant, to
retrieve the standard framework.

Corollary 7. Assume that conditions (C1), (C3) and (C4) hold. Then the process {Y,(u),u €
[0, l]d} tends weakly loward a Gaussian process in £>°([0, 119). Moreover, the bootstrapped

process {Y¥(u),u € [0, 1] 1%} converges weakly to the same Gaussian process in probability in
£2([0, 11%).

4. Applications and numerical studies

We present a limited numerical study, serving as a proof of principle rather than the final word
on this subject. The evaluation of GOF tests in copula settings is a complex problem and only
partial answers can be found in literature; see the surveys of Berg [2], Genest et al. [15] and, more
recently, Fermanian [10]. Here, we restrict ourselves to the bivariate case. A full-scale numerical
analysis is beyond the scope of this paper.

We have implemented T,, a computationally simpler version of T, ; see Appendix C for the
algorithm. In the case of a composite null hypothesis, we have implemented a 31mphﬁed version
of Tn in the same way, by restricting the boxes B to be of the form B = 1_[1 1(a;, b;] with
ai,bj € {(n=14 2p=1/4 ) [0, 1]. Since the distance between T, and ']T tends to zero in
probability (as a result of Lemma 9 and Proposition 10 in Section 5), the weak convergence
results are valid with T,, instead of T,, or /'fn. Moreover, the reasoning to approximate p-values
by bootstrap still applies.

4.1. Heuristics

For two copula densities ¢g and c1, we define the difference sets A™ and A~ as
AT = {(s, t):co(s,t) > ci(s, t)} and A™ = {(s, t):co(s,t) <ci(s, t)}.

The proposed test statistics are designed to sample L, boxes in order to maximize the difference
between the “true” and postulated copulas. In situations where the geometry of the difference sets
AT and A~ is complex, statistics such as T,, can “pick out” disjoint subregions of A* and A™,
and one could expect superior performance consequently. However, sometimes just a single well
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Figure 1. Common comparisons. Copula density differences, through contour plots and 3D plots of syn-
thetic data: Clayton — Frank (left), Gumbel — Frank (center), Clayton — Gumbel (right). Their Kendall’s
tau is 0.4.

placed box can pick essentially all the mass of sets AT or A~, while the remaining L,, — 1 boxes
are just collecting noise and consequently diminish the power of the statistic T),.

Most common scenarios encountered in the literature compare Frank, Clayton, Gumbel,
and Gauss copulas with each other, after controlling for some dependence indicator (typically
Kendall’s tau): see, for instance, [2,14] and [15]. However, all these pairings produce trivial dif-
ference sets A* and A™, as revealed in the contour plots and 3D plots of ¢y — ¢1 of Figure 1. We
see that nearly all the mass difference between copula densities ¢y and c; is concentrated in a
single spot, located in either the lower left or upper right corner. Here Kendall’s t = 0.4, but we
observed similar plots for different values of 7. Therefore, these common simulation scenarios
are tailored toward many standard GOF tests such as KS and CvM tests. We are not aware of
any argument that justifies such specific types of pairing, except for analytical tractability. Fig-
ures 2 and 3, however, paint a very different scenario with more elaborate difference sets A™
and A~ that appear in real life situations. How often and to what extent this complex situation is
encountered in reality is largely an open empirical issue.

In this study, the copula densities c; were estimated by kernel density estimators based on the
following data:

e The bivariate ARCH-like process (X1, Y1),..., (X, Yy), with n = 10, was generated as
follows: First, we created independent Z; ~ N(0,1) and W; = Z; (1 + O.6Wl.2_1)1/ 2 with
Wo = 0. Second, we set (X;, Yi) := (Wio0i, Wi00i+1), creating nearly independent couples
(of strongly dependent observations). Such models are commonly used in empirical finance,
for instance.



ATV tests for copulas 1925

Ah’ i
155

oy
SR

AN
D

AN Xog ¥,
T L
SN a gy Errrs
2
5

Figure 2. Complex relation (synthetic data). Copula density differences, through contour plots and 3D
plots: ARCH (left) and mixture copula (right), compared to the independence copula.

e The Mixture Copula data (X1, Y1), ..., (X,, Y,), withn = 100, are generated from the mix-
ture ci(s,t) = %CF(S, 1)+ %CF(l — s, t) for the Frank copula cr with Kendall’s t = 0.4.
Therefore, this copula has asymmetrical features, contrary to most copulas that are tested
in the literature. Obviously, other asymmetrical copulas could be built, following [19] for
instance.

e The Euro—Dollar data (X1, Y1), ..., (X», ¥,), with n = 1800, are quoted currency exchange
values. X is the daily percentage change of the Euro against the US dollar, while Y corre-
sponds to the daily change of the Canadian dollar against the US dollar.

e The Silver-Gold data (X1, Y1), ..., (X,,Y,), with n = 5000, presents the log ratio of the
average daily price of silver and gold futures, respectively. For instance, X; = log(S;+1/S;)
based on the average price S; of silver in US dollars on day i.

We compared Mixture copula and ARCH with the independence copula, for which cy(s, ) =1
(see Figure 2). In the case of real data (Euro—Dollar and Silver—-Gold), we chose the Frank
copula density with parameters v = 2.6 and t = 3.4, respectively, for ¢y (see Figure 3). The
latter parameters were chosen after minimizing the (estimated) L-distance between cg and c;.
The difference sets are easily depicted by dark and bright sections of the contour plots, and
the 3D plots clearly indicate that the mass difference between copula densities ¢y and cj is not
concentrated in a single spot.



1926 J.-D. Fermanian, D. Radulovi¢ and M. Wegkamp

s L0,
TR
',"l TTTTTRY

Wy
"’ \ '0 LA
,”,'. \\\‘ \\‘\ \’." "l: ,',':':’." I A
. \‘.\\\ ¢.~ Y /_l,l.u S RO
A\ 1 e

Figure 3. Complex relation (actual data). Copula density differences, through contour plots and 3D plots:
Euro — Dollar (left) and Silver — Gold (right), compared to Frank copulas (with Kendall’s tau equal to 2.6
and 3.4, resp.).

4.2. GOF tests in practice

We generated the data sets ARCH and Mixture Copula as described above. For each data set, we
run two sets of simulations:

e (ARCH-S and Mixture-S) Test the simple null hypothesis Co(s, t) = st using the method-
ology of Section 2.

e (ARCH-C and Mixture-C) Test the composite null hypothesis that Cyp is a Frank copula
using the procedure described in Section 3.

In both cases, the null hypothesis is wrong and should be rejected.

In our simulations, the number of boxes is L, = |In®%(n) | —2. We approximated the p-values
of all the statistics we consider via the bootstrap procedures introduced in Sections 2 and 3.
For each approximation, we used 1000 bootstrap samples. For the second set of simulations
(ARCH-C and Mixture-C), we computed the parameters 6 and 9 by the usual pseudo-maximum
likelihood procedure. Each procedure is repeated 100 times. We report the percentage of times
that the computed p-value is below o = 0.05.

Our limited numerical study confirms the above assessment. Table 1 shows that the ATV test
outperforms largely the KS and CvM tests in the case of complex pairing, while Table 2 confirms
that the ATV test is inferior in case of the commonly used pairings of Figure 1.
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Table 1. Complex pairing, related to Figure 2: relative frequencies of rejected null hypotheses under
a=0.05

Type n ARCH-S ARCH-C Mixture-S Mixture-C
ATV 400 75 % 80% 41% 25%
KS 400 6% 4% 8% 12%
CvM 400 25% 50% 6% 15%
ATV 800 100% 99 % 94 % 98 %
KS 800 32% 50% 20% 25%
CvM 800 50% 92% 31% 84%

In Table 2, for each pair of copulas, say Clayton-Frank, we generated n observations from the
first copula (Clayton), and we tested the null hypothesis that the second copula (Frank) is the true
underlying copula. In this simple scenario, the sophistication of T,, is a disadvantage compared
to simpler usual test statistics. The former test looks for discrepancies everywhere in the unit
hypercube (at the price of noise), while the simpler KS and CvM tests pick up easily the right
boxes (by chance, in our opinion).

Table 3 shows that the significance level of the ATV test is below 0.05. The data were simulated
from the null hypothesis. In all tables, Kendall’s T = 0.4.

5. Proofs

Throughout the proofs, we assume without loss of generality that F/; = I forevery j=1,...,d
(uniform marginal distributions). This implies that H = C. This is justified by the following
lemma.

Lemma 8. Let F;, j =1,...,d be continuous distribution functions. Denote by H the cdf. of
(F1(X1), ..., F3(X4)) and by C its associated copula. The fmpirical copula associated to the
sample (F1(Xi1), ..., Fg(Xiqa)),i =1, ...,n, is denoted by C,,. We have

Cuwy=Cu=Hm) foralluel0, 1.

Table 2. Trivial pairing, related to Figure 1: relative frequencies of rejected null hypotheses under o = 0.05

Type n Clayton — Frank Gumbel — Frank Clayton — Gumbel
ATV 400 42% 26% 88%
KS 400 58% 25% 90%
CvM 400 84% 47 % 95%
ATV 800 92% 58% 94%
KS 800 98% 53% 98%

CvM 800 100% 73% 100%
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Table 3. Errors of the first kind: relative frequencies of rejected null hypotheses under « = 0.05

Type n Clayton — Clayton Gumbel — Gumbel Frank — Frank
ATV 400 3% 2% 2%

KS 400 4% 5% 4%

CvM 400 4% 5% 4%

ATV 800 2% 4% 3%

KS 800 3% 3% 5%

CvM 800 5% 3% 6%
Moreover,

n n n n

Cn<'—1,...,’—d>=@n<’—1,...,’—d) forit,....igef{0,1,...,n}.

Proof. This is a straightforward extension of Lemma 1 in [11]. ([l

Since the letter C is reserved for the copula function, we use the letters K, Ko, K1, etc. in the
sequel to denote generic constants, and we write [|S||co = maxj<j<q|s;| of 8 = (s1,...,54) €
[0, 11%.

5.1. Proof of preliminary results

In general, note that, for each f € F;, defined in (2.1), we can write
2L,

Ly
Zn(f)=) aZn(Bi) =Y _ 01Zy(s))
k=1 =1

and

2L,

Zi(f)=Y_ oZi(s)
=1

for some o; € {—1,+1} and s; € [0, 114, using formula (1.5). Let a, (u) := /n(H, — H)(u) =
A/n(H, (u) — u) be the ordinary uniform empirical process in [0, 114, and let its oscillation mod-
ulus be defined as

M., (8) == sup{|otn(s) — aa ()| : s — 8|, < &:s.8 €10, 119} (5.1

for any § > 0.
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Lemma 9. Let (8,)n>0 be a sequence of positive real numbers such that né, /logn — oo. Then
we have

M, (8,) = 0(8,11/2 (logn) 1/2) almost surely.

Proof. We apply Proposition 15 with A, = Koé,l,/ 2(log n)'/2 for some constant Ko > 0. Since

n_l/zkn/Sn = Ko(log n/(nS,,))l/2 tends to zero, this inequality can be rewritten

Ky ()2

K
P{Mn((Sn) > An} < —16Xp
38 Sn

n

) =Kin exp(—Kngl/f(l) log n)
for some constants K1, K, and n sufficiently large. When K| is sufficiently large, we check that
K3
PiM, (8,) > Ant < —
for some constant K3. Invoke the Borel-Cantelli lemma to conclude the proof. (]

In addition, let ,, j(u) = /n(F, j — Fj)(u) = /n(F, j(u) — u) be the ordinary uniform
(marginal) empirical process in [0, 1], and we define

d
Zn(s) = an(s) — Y _ Cj(S)atn,(s). (52)
j=1
Proposition 10. Under conditions (C1) and (C2), we have

lim sup [E[A(Zy)] —E[h(Zy)]| =0.

=00 heBL,

Proof. First, we observe that

sup [E[1(Z,) — h(@n)]| < 8+28] sup [Z,() ~Zu ()] > 5},
heBL, feFn

The latter inequality holds for any § > 0, and uses the fact that || is bounded by 1 and has
Lipschitz constant 1. It remains to show that

sup |Zn(f) = Zn(f)]| = 0, (5.3)
feFu

in probability, as n — oo. The remainder of the proof generalizes Proposition 4.2 of [27]. Now,
we note that

SUp |Zu(f) = Zn(f)| < 2Ly sup |Zn(s) = Zn(s)| < 29L,(1 +10)
feF, se[0,1]4
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with
I= sup |an(F,;]s1,...,IF;dsd)—an(s)|,

se[0,1]4

d
= sup |Vn[C(F, s1.....F, jsa) = C®)]+ Y _ Cj(S)anj(s))]-
se[0,114 j=1

The first term, 1, can be bounded as follows. Set B, ;(s) = \/E(]Fnijs —s),j=1,...,d.Bythe
Chung—Smirnov LIL, we have

max sup |,B,,,j(s)| = O((loglogn)l/z) almost surely.

I=j=dp<s<1

172

Using Lemma 9 with § = n~!/2(loglogn)!/?, we get

sup e (s) — aa (s')| = O(n~/*(logn)'/*(loglogn)'/*),

ls—slloo <6

almost surely. This implies that I = O(n~'/#(logn)'/?(loglogn)'/#), almost surely.
For the second term, we get by the mean value theorem that

d
= sup |Vn[C(F, s1.....F, ysa) = C®&)]+ Y _ Cj(S)an,j(s))
se[0,114 j=1
d d
< sup | Y Cilsa)Bui(s))+ Y Ci(®an j(s)),
se[0,114 j=1 j=1
where s, is a vector in [0, 117 s.t. ||s, — S|lee < n~1/2 maxi<j<d|Bn,j(s;)|. Since |C;| <1 for
every j =1,...,d (because copulas are Lipschitz with Lipschitz constant 1), we deduce
d d
II < sup Z|/3,,j(s,-) +au,(s))| + sup Z![Cj(sn) — Cj(s)]otn, i (s))|
se[0,1]4 j=1 sel0,1]4 j=1
<Ila+IIb.

The Bahadur—Kiefer theorem ([29], page 585) states that

max sup |ﬂn,j(s) + ozn,j(sj)| = O(n_l/4(logn)1/2(log10gn)1/4) almost surely.

I<j=dp<s<]

Then Ila = O(n~'/*(logn)'/?(loglogn)'/#) almost surely.

Concerning IIb, we consider a positive sequence (&,), &, — 0, that will be specified later
independently of any s = (sq, ..., sq) € [0, 11¢. For any index j =1,...,d and any s € [0, 114,
we will distinguish the two cases: s; € [¢,, 1 — &,] and the opposite.
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If s; € [en, 1 — &,] then

Snj — 8 S — 8] S
SanSj(l+ J /)Zsj(l—ij / Z;j
s &
J n

|Snj—Sj| l—Sj
1—Snj2(1—sj)<1— : > 7

almost surely and for n sufficiently large, for all &, — 0 and ns,zl /logn — oo. Corollary 2 in [20]
implies that

and

max sup |s ( —sj)_l/zan,j(s,')|SK(logn)l/zloglogn,
l=j=do<s;<1 '

almost surely, for some constant K > 0.
In this case, using condition (C1), we deduce

|Ci(sn) = C(®)|n.j (5| = Kollsn —sl"{s77 (1 =)~ + 5, P (1 = s0) ™ Yo, (5)]
< Killsp —sl| sl/2 ﬁ(l sj)l/z_ﬂ(logn)lﬂloglogn

V2= ’3 )(logn)l/2 loglogn,

< Kon~"/*(loglogn)"’? max(sn
almost surely, for some constants Ko, K1, Ko > 0 and every j.
If s; ¢ [en, 1 — &,], then

}Cj(Sn) - Cj(s)Han,j(Sj)| < 2’% j(sj)’

1/2 -

<2, P =572 |an ()]

< Ks,i/ (log n)'/? loglogn almost surely,

see Corollary 2 in [20].
Combining all these bounds entails then

1Ib < K3[n~"*(loglogn)"/* max (e, 1/2-p 1)+ 1/2](logrz)l/2loglogn

with K3 > 0. We now specify the choice of ¢, = n~?, with p depending on B and r only.
If28>2r+1,wetake 0 < p <r/28 —1). If B < 1/2, set p = 1/4. Otherwise, take p =
min(1/4,r/(48 — 2)), for instance. In each case, these choices ensure that IIb = O(n~7) almost
surely, for some g > 0.

Since L, = O((logn)¥) by assumption (C2), we obtain L, (I + II) — 0 almost surely, as
n — 00, and the proof is complete. (]
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Next, we turn our attention to the bootstrap counterparts. We define o (s) = /n(H} — H,,)(s)
as the ordinary bootstrap empirical process in [0, 1]¢. We prove the following exponential in-
equality for the oscillation modulus

M) = sup |agi(s) —ai(s))].

Is—5'lloo <8
Lemma 11. For all bounded sequences &, such that né, /log(n) — oo as n — oo,
M (8,) = 0(5,2/2 (log n)l/z) almost surely. (5.4)

Note that the sequence (§,,) may be constant.

Proof of Lemma 11. Since o, is a step function, we find that

sup |a:(s)—a:(s/)|:max|a;l"(X,']’1,...,X,~d,d)—a:(X,-i,l,...,Xi&’d)‘,
[Is—8"ll oo <8n
with the maximum taken over all | X;; j — X;r ;| <8, j = L....d iy, iy, ... 0q, i) €{1,...,n}.
1
For any i:= (i1,...,ig) andi' = (i{,....i)) in{1,...,n}4, we rewrite

n
ok (Xiy 1,y Xigua) — ap (Xi gseees X,’(/],d)| =n"'/2 Z{Vk,i,i’ —E*[Viinl}
k=1

as a sum of bounded independent random variables with

Vi =UXE <X joj=1...d} =X} ; <Xy ;. j=1.....d},

conditionally on the sample (X1, ..., X},). Moreover, a simple calculation and Lemma 9 yield

d
Var* (Vi) < ) PH{min(X;, ;. Xy, ) < X{ ; <max(X;, ;. Xy )}
j=1

P/\ﬁ&

sup[Fo,j(sj +8n) — Fy i (s))]
1%

~.
Il

dsy +dn~ '’ M,, (8,)
< dmax(8,, M, (8,)/+/n)
< K max(8,, /8, logn//n) = K$,

for n large enough, for almost all realizations and for some constant K > 0. Hence, by the union
bound and Bernstein’s exponential inequality for bounded random variables, we have, for some

IA
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constant K,

* * *
P { ”,Er{rllax y |an(Xil,l""7Xi(lvd)_an(Xii,l""’Xi;,d)|>‘x}
ii'efl,..., n
|Xij,j_Xi},j|<8n»vj

<o exp(—Ko(v/nx A x26n_1))

for all samples (X1, ..., X,). By integrating the previous inequality over P, we get the same
inequality, but replacing P* by P. Set x = K 18,1,/ 2 (logn)!'/? and take a constant K sufficiently
large to obtain

—+00
> P{ME(5,) > K18,/ (logn)?} < +o0.
n=1

Apply the Borel-Cantelli lemma to conclude the proof. (]

Analogous to the approximation of the process Z, by Zn before, we introduce a simpler pro-
cess Z to approximate Z. Set

d
Z3(s) = Vn(H; —H,)(s) = > Ci)Vn(Fs ; —Fuj)(s)). (5.5)
j=1
Proposition 12. Under conditions (C1) and (C2), we have

lim E| sup [E*[1(Z) — h(Z})]|

[ ] —0.
=00 LpepL,

Proof. First, we notice that, for any n > 0,

B[ sup [ETh(Z}) ~h(E)]|] < n-+ 28[P| sup |20 = Z0)] = ]

<0+ 2B[P" {sup2’L,|Z}(5) ~ Z3(5) 2 n} |

Some straightforward adding and subtracting yields Z; (s) = ZZ (s) + R (s) with
Zyy(s) = Nn{Hy(s) = H, ()} — /n{C(F} 151, . F 4sa) = CFnist, ..., Foasa)}
and R (s) = R;’;’l (s) + R;‘;’Z(s) + R;J(S) + R,’;A(s) with
Ry ((s) = a:(FZ,_lsl, e FZ;{Sd) — O‘:(F;,lslv e ]F;’dsd),
Ry 5 (s) =y (]F;JSU ey IF;’dsd) —ai(s),

RZ&(S) = an(FZ]sl, el F;;lsd) — a,,(]F,;lsl, e Fn_’dsd),
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Ry 4(8) = n{C(Fy 51, Fy ysa) — C(F, 51, ... By ysa)}
+ «/Z{C(F;’lsl sy ]F:,dsd) —CEu1815---s Fn,dsd)}-
Letay ;(s) = \/ﬁ(]F:,j —TFy,j)(s) and B ;(s) = \/ﬁ(F;j — T, ;)(s) be the bootstrap versions of
the empirical processes «;,, j(s) and B, ;(s), respectively. Both converge to the same weak limit

as

sup |,3nj(s])+an](sj)| =0(n *1/4(logn)l/z(loglogn)1/4) almost surely,

0<s;<

see displays (2.10") and (2.12") in Theorem 2.1 of [6]. It remains to show that

P*{Lnsup|R;f(s)|>n}—>0 for all n > 0,
S

conditionally given all sequences (X, ..., X,) € 2, for some sequence of events €2, C Rdxn
with lim,, _, 5o P(£2,) = 1.
Let 8, = n~'/4. (Other choices are possible as well.) We have

limsupP*{L, | R} || ., =n} < limsupP*{L,M}(8,) = n}
n—00 n—oo
+limsup]P’*{mz_1x||ﬂ,fJ |y = \/ﬁén} =0,
n—00 J

by Lemma 11. Next, on the event max; || 8, j llooc < /né, (that holds almost surely by the law of
iterated logarithm),

limsupP*{L, | R} | = n} <limsupP*{L,M;(8,) = n} =0,
n—oo n— oo
by Lemma 11. On the event L, M,,(8,) < n (that holds almost surely by Lemma 9), we have
limsup P*{L, | R;:,3||OO >n} < limsupﬂj’*{max”ﬂ:J ||OO > ﬁén} =0,
n—oo n—oo J

by the weak convergence of ,3* Finally, for some s between [F - (s j) and F - j(s ), and s;‘*
between F*, (s;)and I, ;(s;), we have

QU

Ry 4)| = Z B 1)+ Cj(s7) ety 5(5))

S

Z (SJ)+°‘* (SJ)‘+Z‘“ (SJ)HCJ ) Cj(s;f*”'

The first term is of order O(n~/*(logn)'/?(loglogn)'/#), uniformly in s j. For the second term,
we argue as in the proof of Proposition 10. First, we observe that |s;.‘* — s7f| < |s7 -8+ |s;f* — 5]
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is of order Op*(n’l/z). Second, since the class 1{x < r}r~2(1 — #)~? is a P-Donsker class for
the uniform probability measure P on [0, 1], for all 0 < b < 1/2, see [32], Example 2.11.15
(page 214), the weak convergence of the bootstrap empirical process ([32], Theorem 3.6.1,
page 347) implies that

sup e ;()]/(s"(1 = )") = 0p (D).

O<s<l1

Consequently, as in the proof of Proposition 10, we find that, for some constant K < oo,

sup oy (s)]|Ci(s7) = Ci(s77)|

en<sj<l—gy,

< K|s —s5'sT P -5yt ﬂsup|a S6H (P —5))

which is of order O« (1) - max(n~"/2 max(l, 53_’3). On the other side,

wp e 6p[C5(s) ~ C(55) <2 sup a5

sjé¢le,1—en] sj¢le, 1—en]

<2l supleg; ;(s)|/(s"(1 = 5)?),
Sj

which is of order O+ (e2). Combining both bounds yields supg |Ry 4(s)| = O+ (el +n~"/% x

max(1, 827/3)) Taking &, = n~? with p depending on b, 8 and r, we get that lim,,_, oo P*{L, x
supg | R 4®)= n} = 0 for all > 0, conditionally on all sequences (X, ..., X,) € @, for some
sequence of events €2,, with lim,, P(€2,)) = 1. This completes our proof. ]

Proposition 13. Under conditions (C1) and (C2), we have |'TF,Z — Tyl =0p(1).

Proof. From (5.3), it follows that

T, — Tul < supZ|Z (B))| —supZ|Z || +0p(D). (5.6)
Bj j=1 Bj j=1

The first supremum is taken over all disjoint boxes By, ..., By, of the form B; = ]—[Z= 1@@ji s
bjx] CIO, 11, while the second supremum is taken over all disjoint boxes Bl, e, B’Ln of the
form B} = ]_[kzl(aj‘k, j,k]’ with aj’k,b},k are chosen on the grid Z,, = {n='/4 2014 .|
[n'/4n=1/4}. Obviously,

supZ|Z (Bj )|>supZ|Z
Bj j=1 Bj j=1

Conversely, for each set of disjoint boxes B = l_[k 1(a;, k bjxl,j=1,..., Ly, we can construct
an “approximate” set of disjoint boxes B = ]_[k l(aj b b, 1 with a;. o b;. €L j=1,..., Ly,



1936 J.-D. Fermanian, D. Radulovi¢ and M. Wegkamp

by taking B} as the largest box of the latter form but inside B;. If such a B} does not exist, that
is, for some index k, we have |b; ; —a;j x| < n~1/4 _ we set B; = . Recall Zl in (5.2), the fact
that ||Cjlloc < 1forall 1 < j <d, and Lemma 9, to prove that

\Z(B}) — Za(B})| < Kn™"@D (1ogn)!/2,

almost surely, for some finite constant K. Consequently, we have a.e.

supZ|Zn(B )| < supZ|Z |—|—KL n 1sz)(logn) 172
Bj j=1 Bj j=1

—supZ|Z )] +o0p(1).
B; j=1

Here, sup B; and supp are taken as in (5.6) above. This proves the result. |
J

5.2. Proof of Theorem 1
By triangle inequality, we have

E[ sup |E[A(Zy)] —E*[h(ZZ)H] < sup |E[1(Zy) — h(Zy)]]
heBL| heBL

-HE[ sup |E [h(Z )] —E*[h (Z*)]‘]

hEBLl

+E| sup [B°[n(Z}) - 0(2;)]]]

In view of Proposition 10 and Proposition 12, it remains to show that the second term on the right
is asymptotically negligible. We recall that

27, 2L,

Zn=Y el =Y o [ R danco

for

d
A =1x<si}— Y Cislx; < s ).

j=1

Now, let /17 (x) = Y27 o fi (%) so that

Za()= [y da. 5.7)
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and we can derive in the same way

Zj;(f):/hfda;;. (5.8)
We now apply Theorem 3 in [23], stated as Theorem 14 in the Appendix for convenience. We
need to verify that
e the d 4 1 classes

Gf = {1{x <s}. s €0, 119},

glgf) ={Cj(s)1{x < st j}.s¢ €10, 1]d}, J=1....4d,

have VC-indices Vk and Vk(] ) respectively, with Zi (Vk + Z -1 Vk(] )) < K(logn)Y for
some finite constant K and some 0 < y < 1;
o the class H,, = {hy: f € F,} has an envelope H (x) with E[H*(X)] < oo.

First, we verify the VC property. The class G is VC with VC-dimension V! =d + 1 ([32],

page 135), while the class g“) is a subclass of the class of functions c1{a < x < b} witha,b e R
and ¢ > 0. This class has a VC index 3: see [32], Problem 20, page 153. Consequently,

2L, d
Z (Vk“ + Z Vk(f)> < (@&d +1)29L, < K (logn)”

k=1 j=1

for some K < oo.
It remains to verify the envelope condition. We will show that / ¢(x) has envelope 1 + d +

Y 9_, TV(C;). Writing

d
gx(s) =1{x <s}— Y C;(®)l{x; <s;},
j=1

we see that

Ly
hy(x) = Z ckgx(Br)

k=1
for ¢ = %1 and the operation ¢ (By) defined in (1.5) for any function ¢ : R? — R. Furthermore,
writing
we=1x<sl,  O=CieUx<s;l  j=1....d,

we have

d Ly d Ly

hy] < Z|yx(3k)| +Y Y e Bl <1+ >3 |6 (B

J=1k=1 j=1k=1
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since the boxes By, ..., By, are disjoint. Since each By is of the form H?:l (s,: e s,? j], there is

a (fine enough) lattice partition IT of [0, 1]¢ with the property that each By can be written as a
union of (disjoint) elements Ay T with A ;€ I1. A little reflexion shows that, foreach 1 < j <d,

Ln . .
Sled Bl = Y e )]
k=1 Aell

and, moreover, for A,, = H?:l(srln j,si j] ell, Ay, _;= ]_[l;,,él.(s;1 B sfn.l] and

Ci(s_jlt):=Cj(s1,---s8j—1,1,8j41,---,5d)
for every s_; € [0, 119! and every ¢ € [0, 1], a little algebra gives the identity
& (Am) = 1xj <52 1C5(Am) +1{s), s <xj <52 1Ci(Am—jlsh ).
Since
Ci(s_jlsj) =P{X_; <s_;|X; =s;},

we obtain

L, ) )
YleBol< Y 16 (Aw)]
k=1

Amell

< D 1CiAw[+ D0 s, <xj =5, IPIXCj € AnjIX; =5, )]
Apell Apell

STVCH+ Y Us,; <xj <sp  JP{X_j € Ap_jIX; =5, }.

Apmell

Let Ay, x) € IT with x € A, (x) and sjl. <x < sjz with (sjl., sjz.] be the projection of A,,x) on the
jth axis of the lattice. Then the last term on the right of the previous display can be bounded as
follows:

Z I{Srl”’j <Xj fsi’j}P{X_j eAm,_lej =S)31,j}

Ap€ell
, . R |
< » P{X_j€An—jIX; =5}
112 2
Amel'[,smv_/—sj,sm‘j—sj
<1

since the boxes A, € Il and, therefore, A, _; are disjoint. We have shown that the class H, has
envelope 1 +d + Z‘;Zl TV(C)).
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We can now apply Theorem 14 to conclude that

tim B[ sup [E[n(Z)] — E*[n(Z})][] =0,

n—=00  LpeBL,

and the proof is complete.

5.3. Proof of Theorem 4

We proceed as in the proof of Theorem 1. We write C= Cg and C*= Cj-. Recall that
Yy =2y — /n(C —C).
We may replace Z,, by Z, with impunity since

sup |E[A(Y,) — h(Zy — v/n(C — 0))]|
heBL;

<5 +zum[fsu£ Ya () = () + V(€ = ()] 2 6]
A

=3+2IP>{ sup |Zy(f) — Zn(f)| 28}
feFn
) asn — oo

for every § > 0, as in the proof of Proposition 10. Next, by the mean value theorem and assump-
tions (C3) and (C4), we have

V(€ = C)(s) = /n(@ — 80) Cgy (s) + /n(@ — 60) {C5(5) — Coy(9))

for some & between 6 and 6o

= ( / ¥ day, +n1/25n) Cop(8) + /1@ — 60) {C5(5) — Cop ()}

= ( / wdan) Coy(s) + R (s)

for some remainder term R,, that satisfies
|Ru(®)| < n'2enll2] Cop(®)], + Kn'/2118 — 6015+

=0, (n'2llenlla +n7"3)
= Op(l/Ln)-
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This bound holds uniformly in s. Consequently, for

A ED A ACH!
k=1
based on
Y (8) = Zn(s) — ( f W dan> Coy (s),
we have

sup |E[i(Zy — vn(C — )] = E[h¥)]| = sup |E[A(Y, — R)] - E[r(TD]|.
heBL heBL,

Since
sup| Ry (f)| < 29L, sup| Ry (s)] — 0
f s
in probability, we get sup,, |IE[h(Z,, - ﬁ(@ —-O)]— E[h(‘?n)“ — 0, as n — o0. We conclude
that

limsup sup [E[a(Y,)] —E[a(¥,)]| =0.

n—00 heBL;

For the bootstrap counterpart, we can argue in the same way. Using the expansion

V(C*=C)(s) = ( / v da,’{) Coy(5) + R} ()

for some remainder term R that satisfies

sup|R% ()| < Kon'/?|ex], + Kin'/2118 — 60137 + Kan/2||6* -85
S

for some finite constants Ko, Kj and K,. We check that the processes Y} and YNZZ are close with
Y} based on

Yi(s) = Z(s) — ( / wm:) Coy (9).

Note that ¥, (f) = 3, ox Y, (s) = (X oxgr) dar, with

d
g =1{x<s)— Y Cilslfx <sp ) — (VX)) Coy (s0).

j=1
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As in the proof of Theorem 1, it remains to verify the two conditions of Theorem 14. Since
the only difference with the proof of Theorem 1 is the addition of the term (v (x))’ Cgo (sk),
we concentrate on the class of functions (¥ (x))’ Cgo (sr). Since it is a subclass of ¢’ (x) with
¢ € R?, its VC dimension trivially is equal to p. Moreover, it is not hard to see from the proof of
Theorem 1 that

2L, d
Y orgk®)| < 1+d+ Y TV(C)) + ¥ X)] TV(Cay).
k=1 j=1

Since E[||v (X) ||‘2‘] < 00, the conditions of Theorem 14 are met, and we conclude that
E[ sup [E[n(F)] - E*[n(¥;)]| | > 0
hEBL|

as n — OQ.

5.4. Proof of Proposition 6

From the proofs of Proposition 10 and Proposition 12, we see that

SUp  |Zy () — Zy(w)| = Op(n™") and
uel0,1]4

sup | Z;(w) — Z; )| = 0 (n ")
uel0,1]4

almost surely, for some > 0. The result follows after integration by parts.

5.5. Proof of Corollary 7

By the delta-method, {E?n (s),s € [0, 114 } converges toward a Gaussian process in £2°([0, 11%9).
The proof of Theorem 4 shows that limsup,,_, o, SUPjeBL, |E[h(Y,) — h(Y,)]| = 0. Hence, the
process Y, converges weakly to the same weak limit as 3?,, This proves the first claim. The
second part of the corollary is a straightforward consequence of Theorem 4 and the triangle
inequality.

Appendix A

Let X1,..., X, be independent random variables with probability measure P. Let P, be the
empirical probability measure, putting mass 1/n at each observation, and let P} be the nonpara-
metric bootstrap measure based on n independent observations from P,,. We index the empirical
process «/n(P, — P) and its bootstrap counterpart /n(P% — IP,) by functions f that belong to a
sequence of classes J,.
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Theorem 14. Let d, be an integer sequence and, for each 1 <i <d,, let G; , be a VC class of
Sunctions with VC index V; ,, and

d}l
Y Vin < K(logn)
i=1
for some K <ocoand (0 <y < 1. Set
dil
Fn= {f =Zgi 18 € gi,n},
i=1

and suppose that there exists an envelope function F > sups.r | f|, independent of n, with
E[F*(X)] < 0. Then

limsupE| sup [E[a(va(®, — P))] ~ E[h(v/n(P} ~ B))]| | =0.

n—oo heBL

Proof. See Theorem 3 in [23]. U

Appendix B
Set M, (8) as in (5.1) for § > 0, and define

¥ (x) =2x2{(1 +x)log(1 + x) — x}, x €(—1,0)U (0, 00)
and ¥ (—1) =2 and ¥ (0) = 1. This function is continuous and decreasing.

Proposition 15. There exist constants K| and K, such that

K\ K22 A
P{Mn(a)z)\}§7exp{_ a ¢<ﬁa>} (B.1)
foralla € (0,1/2] and all A € [0, 00).
Proof. See Proposition A.1 of [27]. O

Appendix C

We present a stochastic optimization algorithm that approximates T,. The algorithm is based on
Pure Random Search and easily implementable.
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Step 1. Compute and store, for alli; € {0, ..., Lnl/dj IR

. . i id
F(y,..., =yl —,....,— |.
(i1 id) n(nl/d nl/d)

Step 2. (a) Compute and store, for all B; = ]_[?zl(ai,jn_l/d, b,-,jn_l/d], witha; j, b; j €10, ...,
[n'/4]} and a; j < b; j,

G(B;):=A! A? A

ai1,bi,1 Sai2.bin " Saia.bia

F.

(b) Rank the B; according to G(B1) > --- > G(By,). We suggest m = n as the default value.

Step 3. (a) Sample without replacement (A1, ..., Ar,) € B={Bi,..., By}
(b) Compute, for A = (Aq, ..., AL,) of part 3(a),

TA) = G(A1) + G(A)lana,=0) + -+ G(AL)L{an-n4L, =)
(¢) Repeat parts 3(a) and 3(b) K times. We suggest K = 10* as the default value.

Step 4. Find T (A%) = maxa T (A) with the maximum taken over the obtained list Ay, ..., Ak
in Step 3, and use this to approximate T,,.

Remark (Computational cost). Step 1 requires n computations. We would like to caution that
Step 1, although negligible if coded in C++ or Fortran, tends to be very slow if performed us-
ing more elaborate programming languages like R or Mathematica. Step 2 requires less than
n? summations. Step 3, the verification whether L, rectangles overlap, requires at most L% /2
verifications, each in turn requiring 2d operations. Thus, we need at most d K Lﬁ operations in
Step 3.

For a typical (larger) case n = 800, d =2, and L, = 4, the number of computations needed for
Step 2 and Step 3 is bounded by 10°. Since an ATV test typically requires 103 bootstrap samples,
the total number of summations needed is of the order 10°. A typical desktop computer (using
C++ or Fortran code) needed less than 5 seconds.

Remark (Improvements). We took m = n and K = 10*. Smaller values for m and K would
speed up the computation, while larger values would offer more guarantees that we find the true
optimum. We experimented with m = 10n, m = 100n, K = 10° and K = 10°, but we did not
observe any significant improvements.

It is possible to enhance the proposed algorithm by including an additional step, which would
concentrate on local search. Implementation of more sophisticated algorithms such as the Accel-
erated Random Search algorithm [1] would allow us to quickly search the neighborhod of A°.
We experimented with this approach, and although it produced slightly larger values for statis-
tic T, the overall performance did not significantly change. We suspect that such an additional
step would be more valuable in dimensions d > 2. For a good review of optimization schemes
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relevant to this scenario, we refer to the paper by Hvattum and Glover [18], where the authors
describe eight optimization schemes and contrasts their performance on numerous test functions
in higher dimensions (up to dimension 64).
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