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The logarithmic law of random determinant
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l.(]'.’),i,j =1,...,n} is a collection of

independent real random variables with means zero and variances one. Under the additional moment con-
dition

Consider the square random matrix A, = (q; j)n,n, where {a; ji=a

sup max Ea?~<oo,
n 1<ij<n Y

we prove Girko’s logarithmic law of det A, in the sense that as n — oo

log|detA,| — (1/2)log(n — 1)!

J({A/2)logn

4 N, D).

Keywords: CLT for martingale; logarithmic law; random determinant

1. Introduction

Consider the square random matrix A, = (a@;;)n,n, Where {a;; := al.(;?), i,j=1,...,n}is acol-
lection of independent real random variables with means zero and variances one. Moreover, we

assume

sup max Eafj < 00.
n 1<i,j<n

The main purpose of this paper is to study the determinant of A,. As an important and funda-
mental function of a matrix, the random determinant has been investigated in many articles. For
instance, the study of the moments of random determinants arose in the 1950s. One can refer
to Dembo [3], Forsythe and Tukey [5], Nyquist, Rice and Riordan [15], Prékopa [17] for this
topic. Besides, some lower and upper bounds for the magnitudes of random determinants were
obtained in Costello and Vu [2] and Tao and Vu [19] recently. A basic problem in the random
determinant theory is to derive the fluctuation of the quantity log | det A, |, which can give us an
explicit description of the limiting behaviour of | det A, |. Particularly, when the entries of A,, are
i.i.d. Gaussian, Goodman [10] found that det A% can be written as a product of n independent x>
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variables with different degrees of freedom. In fact, by using the Householder transform repeat-
edly, one can get that the joint distribution of the eigenvalues of AnA,{ is the same as that of the
tridiagonal matrix L, = Dy, DnT , Where

Aan
D, = by—1 an—
=
by a
Here {ay,...,a1,by—1, ..., b1} is a collection of independent variables such that a; ~ x;, b; ~
xjfori=1,...,n,j=1,...,n—1.Suchatridiagonal form is well known for Gaussian matrix.

One can refer to Dumitriu and Edelman [4], for instance. Then apparently one has

n
det A2 =det A, AT LT a2

i
i=1

which implies that log | det A,,| can be represented by a sum of » independent random variables.
Then by the elementary properties of x 2 distributions, the following CLT can be obtained

log|detA,| — (1/2)log(n — 1)! 4

N(O,1). 1.1
Vv (1/2)logn — NOD (1.1)

For details, one can see Rouault [18] or the Appendix of Costello and Vu [2] for instance. Like
most of topics in the Random Matrix Theory, one may ask whether there is a “universal” phe-
nomenon for the CLT of log|det A,| under general distribution assumption. The best result on
this problem was given by Girko in [9] (one can also refer to Girko’s books [7] and [8] or his
paper [6] for his former results on this topic), where the author only required the existence of
the (4 + 6)th moment of the entries for some positive 6. Girko named (1.1) as “the logarithmic
law” for random determinant. In Girko [9], using an elegant “method of perpendiculars” and
combining the classical CLT for martingale, Girko claimed (1.1) is universal under the moment
assumption mentioned above. However, though the proof route of Girko [9] is clear and quite
original, it seems the proof is not complete and several parts are lack of mathematical rigour.
Recently, Nguyen and Vu [14] provided a transparent proof of (1.1) for the general distribution
case, under much stronger moment assumption in the sense that for all # > 0,

P(laij| = t) < Cyexp(—t©?) (1.2)

with some positive constants C1, C; independent of i, j, n. Obviously, (1.2) implies the existence
of the moment of any order. The basic framework of the proof in Nguyen and Vu [14] is similar
to Girko’s method of perpendiculars, which will be introduced in the next section. However, in
order to provide a transparent proof, the authors of Nguyen and Vu [14] inserted a lot of new
ingredients. Moreover, some unrigorous steps in Girko [9] can be fixed by the methods provided
in Nguyen and Vu [14]. One may find that Nguyen and Vu [14] also provided a convergence rate
of the logarithmic law as log™'/3T°() n_which is nearly optimal.
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In this paper, also relying on the basic strategy of Girko’s method of perpendiculars, we will
provide a complete and rigorous proof under a weaker moment condition. More precisely, we
only require the existence of 4th moment of the matrix entries. Our main result is

Theorem 1.1. Let A, = (ajj)n,n be a square random matrices, where {a;j,1 <1i, j <n} is a
collection of independent real random variables with common mean 0 and variance 1. Moreover,
we assume

sup max Ea}; < oo.
n isijzn Y

Then we have the logarithmic law for |det A, |: as n tends to infinity,

log|det A,| — (1/2)log(n — 1)!

V(1/2)logn

Our paper is organized as follows. In Section 2, we will sketch the main idea of Girko’s method
of perpendiculars and the proof route of Theorem 1.1. In Sections 3, 4 and 5, we will present the
details of the proof with the aid of some additional lemmas, whose proofs will be given in the
Appendix.

Throughout the paper, the notation such as C, K will be used to denote some positive constants
independent of n, whose values may differ from line to line. We use || - |2 and || - [|op to represent
the Euclidean norm of a vector and the operator norm of a matrix respectively as usual.

4 N, 1.

2. Girko’s method of perpendiculars

In this section, we will sketch the main framework of Girko’s method of perpendiculars, which
was also pursued by Nguyen and Vu in the recent work [14]. To state this method rigorously, we
need the following proposition whose proof will be given in Appendix B.

Proposition 2.1. For the matrix A, defined in Theorem 1.1, we can find a modified matrix A}, =
(al{ j)n’n satisfying the assumptions in Theorem 1.1 such that

P{all square submatrices of Al are invertible} =1 (2.1)
and
P{log|detA,| — log|det A},| = o(y/logn)} =1 —o(1). (2.2)

Remark 2.2. The construction of the modified matrix A/, can be found in Nguyen and Vu [14].
The strategy is to set alfi = - 82)1/2aij + €6;j, where {6;;,1 < i, j <n} is a collection of
independent bounded continuous random variables with common mean zero and variance one
and is independent of A,. By choosing & to be extremely small, say n~ X" for large enough
constant K > 0, it was shown in Nguyen and Vu [14] that (2.2) holds. The proof in Nguyen and
Vu [14] relies on a lower bound estimate on the smallest singular value of square random matrices
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provided in Theorem 2.1 of Tao and Vu [20]. To adapt to our condition, we will use Theorem 4.1
of Gotze and Tikhomirov [11] instead (by choosing p,, = 1 in Gotze and Tikhomirov [11]). For
convenience of the reader, we sketch the proof of Proposition 2.1 in Appendix B. The proof is
just a slight modification of that in Nguyen and Vu [14] under our setting and assumptions.

Therefore, with the aid of Proposition 2.1, we can always work under the following assump-
tion.

Assumption Cy. We assume that A, = (a;j)n,n s a square random matrix, where {a;;, 1 <i, j <
n} is a collection of independent real random variables with common mean zero and variance
one. Besides, sup, maxi<; j<n Ea?j < 00. Moreover, all square submatrices of A, are invertible
with probability one.

The starting point of the method of perpendiculars is the elementary fact that the magnitude
of the determinant of n real vectors in n dimensions is equal to the volume of the parallelepiped
spanned by those vectors. Therefore, by the basic “base times height” formula, one can repre-
sent |det A, | by the products of n perpendiculars. To make it more precise, we introduce some
notations at first.

In the sequel, we will use a] to denote the kth row of A,. And let A be the k x n rectan-
gular matrix formed by the first k rows of A,. Particularly, one has A(j) = al and A, = A,.
Moreover, we use the notation V; to denote the subspace generated by the first i rows of A,, and
P; = (pjk(i))n,n to denote the projection matrix onto the space Vl.l. Let y;41 be the distance
from a[TJrl toVifor 1 <i <n—1. And we set y; = ||alT||2. Then by the “base times height”
formula, we can write

n—1

detA? =[] v (2.3)
i=0

Observe that y; 1 is the norm of the projection of al.TJrl onto V:-. Thus we also have
2 _ T .
Yiy1 =i Piaig, l<i<n-—-1 (2.4)

Moreover, by the definition of V; and Assumption Cq one has that with probability one A(i)Ag)
is invertible and

Pi=1,— AL (AnAL) " A, 2.5)
Then a direct consequence of the definition of y;41 is
E{y2,|P}=tP=n—i, 0<i<n-—]L.
It follows from (2.3) that

n—1

logdet A2 = Z log Vi2+1 ,
i=0
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which yields
n—1 )/~2
logdetAﬁ —log(n — 1)! = Zlog RASE R logn. (2.6)
i "t
Now we set

Vi2+1 —(n—1i)

Xit1=Xpiv1 =
n—i
And we write
2 2
Vi X
log - = Xiy1 — 55 + Rig. 2.7)

where

X2,
Riy1:=log(l+ X;41) — (Xi+l - IT+>

Then by (2.6), one can write

logdetAﬁ —log(n — 1)!

2logn
2.8
1 n—1 1 n—1 Xz 1 n—1 ( )
- S'Xip - il jogn |+ —— > Rit1.
«/210gn§ i leog_n<l_§ 2 Og”> 4/_210gn§ Ak

Crudely speaking, the main route is to prove that the first term of (2.8) weakly converges to
the standard Gaussian distribution and the remaining two terms tend to zero in probability. Let
&; be the o -algebra generated by the first i rows of A,, by definition we have

E{X; 1€} =0.

Thus X1, ..., X, is a martingale difference sequence with respect to the filtration @ C &} C -+ - C
En—1. In Girko [9], under the assumption of the existence of (4 4+ §)th moments of the matrix
entries for some 6 > 0, Girko used the CLT for martingales to show the first term of (2.8) is
asymptotically Gaussian. He also showed that the last term of (2.8) is asymptotically negligible.
However, some steps in the proofs of these two parts are lack of mathematical rigour. Moreover,
we do not find the discussion of the second term of (2.8) in Girko’s original proof in [9]. Recently,
Nguyen and Vu provided a complete proof under the assumption that the distributions of the
matrix entries satisfy (1.2), thus with finite moments of all orders. In the following sections, we
will also adopt the representation (2.7) and the theory on the weak convergence of martingales.
It will be clear that the proof will rely on some approximations of X;; and R;;1. However,
these approximations are i-dependent and the large i case turns out to be badly approximated.
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To see this, we can take the Gaussian case for example. Note that when the entries are standard
Gaussian, Vi2+1 ~ x,%_i, thus

Xip1=0((n—i)~'"?), Riy1=0(n—i)7/?)

with high probability. Especially, when n — i is O(1), the main term X;;; and the negligible
term R; | are comparable to be O(1). Such a fact will be an obstacle if we use crude estimations
for X;41 and R;1; for general distribution case. This is explained such as follows. When we
estimate the last term of (2.8), a basic strategy is to use the Taylor expansion of log(1 4+ X;41)
to gain a relatively small remainder R; .1, which requires |X; | < 1 — ¢ for some small positive
constant ¢. However, as we mentioned above, when n — i is too small, such a bound is hard to be
guaranteed since X;41 = O(1) with high probability, especially under the assumption of the 4th
moment. Fortunately, if all the aiT+1 ’s are Gaussian for large i > n — s for some positive number
S1, yi2+ | are independent x? variables for all i > n — s; even if A—s) 1s generally distributed.
Such an explicit distribution information can be used to deal with the large i part. Therefore, in
[9] Girko proposed to replace some rows by Gaussian ones and prove the logarithmic law for
the matrix after replacement, and then recover the result to the original one by a comparison
procedure. Such a strategy was also used in Nguyen and Vu [14]. To pursue this idea, we set

s1= |_10g3“ n|

for some sufficiently large positive constant a. Our proof route can be split into the following
five steps.

()
IRD'¢
—leolog;“ 4 N, 1).
(i)
Yico' Xiyi/2—logn ®
2logn
(i)

o Ri+li)0
2logn

(iv) If the last s1 rows of A, are Gaussian, then

Yo e/ =D) &
2logn
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(v) Let B, be a random matrix satisfying the basic Assumption Cq and differing from A,
only in the last s; rows. Then one has

sup|P{|detA,| < x} — P{|det B,| <x}| — 0.
X

We will prove (i) and (ii) together in Section 3, and prove (iii) and (iv) in Section 4. Section 5
is devoted to the proof of (v).

3. Convergence issue on the martingale difference sequence
In this section, we will prove the statements (i) and (ii). The arguments for both two parts heavily
rely on the fact that {X;, 1 <i <n} is a martingale difference sequence.

In order to prove (i), we will use the following classical CLT for martingales, which can be

found in the book of Hall and Heyde [12], for instance.

Proposition 3.1. Let {S,;, Fni, | <i <ky,,n > 1} be a zero-mean, square-integrable martingale
array with differences Z,;. Suppose that

P
max |Znil — O,
L
P
ZZﬁi — 1.
i
Moreover, E(max; qu.) is bounded in n. Then we have

Suk, — N(0, 1).

Now we use the above proposition to prove (i). Let k, =n — s1, Z,; = X;/+/2logn. Thus, it
suffices to show that

1 P
Jlogn 0 max |Xi+1] — 0, (3.1)
<i<n-—s|
1 n—si P
2
Tonn inﬂ 1, (3.2)
g i=0
and
1 n—si
lognE<mlaxXi2+1> < lognEZX,?H <C (3.3)
i=0

for some positive constant C independent of n. To verify (3.1) it suffices to show the following
lemma.
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Lemma 3.2. Under the Assumption Cgy, we have for any constant € > 0

n—si
1
Y Pl ——IXisi|zel —>0
{ logn| t+1|_5}

i=0

as n tends to infinity.

Proof. Below we use the notation

1

n—i

Qi =aqjk (i)]n,,, =: P;.

Thus by definition and the fact that tr Q; = 1 we have

Xiy1= a,-T+1Qiai+1 1= quk(i)(a,a_l,k -1)+ unv(i)ai+1,uai+1,u-
k u#v

Now we introduce the quantities

U1 = Y _ () (a7 — 1), Vi1 = ) quo (@i utis v
k u#v

Obviously
| Xit1] < Uit1| + Vi1l

Then it is elementary to see

1 1 1
Pl ———|X; > <P -
{«/lognI il = 8} - {«/logn Jlogn

Therefore, it suffices to verify the following two statements instead:

I I
|U,~+1|3§}+]P>{ |Vi+l|25}-

&
Uit1l = 5} —0

n—si 1
Y pl o=
= logn

and
_ZP{ L Vil 2 5} 0,
which can be implied by
1 &,
Togn g EU?, — 0, (3.4)



1608 Z. Bao, G. Pan and W. Zhou

and

n—sij

Y EVY, — (3.5)

i=0

log n
First, we verify (3.4). In the sequel, we set
s2=|nlog 2" n|.

By definition, we see

2
EUZ, —E(ZQkk(i)(a?_i_l,k - 1)> <CEY gy ().
k k

Using the basic fact 0 < pgi (i) < 1 one has 0 < g (i) < 1/(n —i). Taking this factand tr Q; =1
into account we have

n—sy n—sy

1 2 ! 2
ZOEUH-I = C@ ;E;Qkk(l)

logn -
1 n—s» 1 1 n—si
<C E
- (logn IZ(; n—i logn Z maquk(l))

i=n—sy
| loglogn
<C > Emax g (i) + O (3.6)
logn . logn
i=n—sp
1 &1 log1
<cC 3 ,Emaxpkk(i)JrO( 08 Og”>
logn . n—i k logn
i=n—sp
. loglogn
<C max Emaxpu@()+O0O| ———).
n—sy<i<n—si k lOgI’l

Now we need the following crucial technical lemma which will be used repeatedly in the sequel.

Lemma 3.3. Under the above notation, we have

max Em}.{ax i) < Clog™3n (3.7)

n—sy<i<n—1
for some positive constant C.

The proof of Lemma 3.3 will be given later. Now we proceed to the proof of (3.4) by assuming
Lemma 3.3. Note that (3.4) follows from (3.6) and (3.7) immediately. Hence, it remains to show
(3.5). We need the following simple deviation lemma for the quadratic form, whose proof is quite
elementary and will be given in Appendix A.
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Lemma 3.4. Suppose x;,i = 1,...,n are independent real random variables with common
mean zero and variance 1. Moreover, we assume max; E|x; |l <v. Let My, = (m;j)n,n be a non-
negative definite matrix which is deterministic. Then we have

4
—trM,| < C(\)g trM;f + (w;trM,%)z) (3.8)
and
N 2
E|Y muxux,| < Cvi(rMy) 3.9)
u#v
for some positive constant C.
Note that by (3.9) one has
BV, < CE(r 0?)° = c— 1
i+1 — (n _ i)2 ’
which implies that
n—si
— Y EVY, =0(log™>n). (3.10)
i_

Thus (3.5) holds. Then Lemma 3.2 follows from (3.4) and (3.5) immediately. Thus (3.1) is veri-
fied. (I

Now we prove Lemma 3.3.

Proof of Lemma 3.3. We denote the jth column of Ay by b;(i) and use the notation A
to denote the matrix induced from A(;) by deleting the jth column b (i). Moreover, we set the
positive parameter o = a, :=n"1/%. By (2.5), we have

i) = 1= b (A AL) ™' bi)
= 1= b (Agp AL g +br@beT) (i)
< 1= be()T (A AL oy + nali + br@br)T) ' be(d)
= (1+ 5T (Aan AL 4 +nal) b)) ™,
where in the last step we used the Sherman—Morrison formula

=t Mbb' M
(M +br()br()') =M WA Twe (3.11)
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for k x k invertible matrix M. Let

1 . - 1 . -

Gip(a) = ;A(i,k)A(,',k) +al; | Gi(a)= ’—lA(i)A(,-) +al;
Then one has
1 —1
Prk (i) < (1 + ;bk(i)TG(i,k)(a)bk(i)) .

Hence, to verify (3.7) we only need to show

1 -1
Em]?x(l + —bk(i)TG(,,k)(a)bk(i)> <Clog®n, n-sm<i<n—1. (3.12)
n

It is apparent that G ;) («r) and G; k) (o) are positive-definite and

Gt (@], s

” G(l) (Ol) “ op’
Moreover, we have

|tr G(,')(ot) —tr G(i,k) (o) |

1 1 - 1 -
tr<;A(i,k)Ag,k) + ;bk(i)bk(i)T +OZI,'> — tr(;A(i,k)Ag’k) +OZI,') ’ 3.13)

_ /b Gip@?be@
1+ (1/m)br ()T G i gy ()bye (i) ~

where in the second step above we used the Sherman—Morrison formula (3.11) again. Now we
set

3

XD =117y 1 Gy (@)= log! ny >

and we denote the (u, v)th entry of G x) () by G r)(u, v) below. Moreover, for ease of pre-
sentation, when there is no confusion, we will omit the parameter « from the notation G ; ) (o)
and G;)(«). Then we have for some small constant 0 < ¢ < 1/2,

1 -1
Emgx(l + ;bk(i)TG(i,k)bk(i))
—1
l . 10a i l el ]
=Py —trGp <log™np +Ex (@ max( 1+ —br()’ Gipbi()
n n

; -1
1 10 . BN .0
SP{;trG(i)glog “n}+Ex(1)m’?x<1+;'X;G(i,k)(],])ajk—e
]:
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.

-1
LI 10a : —a, Loe
<Pi-tuGy <log™n —i—Ex(z)m]?x l4+log “n-—trGip —¢
n n

Z G i,k (u, v)aukavk

n 1<k<n .
1<uzv<i

1
—HP’{— max

(3.14)

n i
1
+ CZP{ZG(M)(L j)ajz-k <log™n-trGp, ;trG(i) > logloan

k=1 Lj=1
el

—1
l . 10a . —a l "
<Pi-uGy <log™“n+Ex@)|1+log “n- —trGy) —2e¢
n n

1
—HP’{— max

n 1<k<n

Z G(i,k) (u, v)aykayk

1<u#v<i

n i
1
+ CZP{ZG(“()O’ j)a]2_k <log™ntrGp, ;tI'G(i) > loglOan}

k=1
28}7

where in the above last inequality, we used (3.13). Below we will estimate (3.14) term by term.
To this end, we need the following two lemmas, whose proofs will be given in Appendix A.

j=1

1
—HP’{— max

n 1<k<n

Z G(i,k) (u, v)aykayk

1<u#v<i

Lemma 3.5. Under the assumption of Theorem 1.1, forn—s» <i <n—1, we have for o =n~1/°

E{ % trG(i)(a)} =si(a) + O(nil/ﬁ)
and

1
Var{—trG(,-)(a)} =0(n"'7),
n

. . 2 .\ —1
si(a)=2(a+1—i+\/|:oz—l—<l—l—>:| +4a’—) .
n n n

With the aid of Lemma 3.5, we can estimate the first term of (3.14) as follows. Note that by
definition s; (o) > 1]—0 logzoa nforn—sy)<i<n-—1,wehave

where

1 10a 1 1
Pl-tuGg <log “n;t <Pi|-trG;) —E-tr G
n n n

1
2 % 10g20a n}

1
<C log_40“ n Var{ - trG(i)} = o(n_1/3).
n
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For the second term of (3.14), with the definition of y (i), obviously one has

-1
. —a l o —8a
Ex@{1+log“n-—-trG) —2e <Clog "“n.
n

Now we deal with the third term of (3.14). We set

ik — Eaji

dik=aplia, <togins G = ik
J JkHlajk|<log” n} J =

!  Var{a i}
Since G k) (j, j)’s are positive and &fk < ajz.k one has

n i
.. _ 1
ZP{ZG(U‘)(]’ J)ajz‘k <log™n-trGp, ;trG(i) > logloan}

k=1 Lj=1

n
o 1
= P{Z G, j)a?k <log™@n-tr Gik)» p rGgy > logloa n}
k=1 j
Moreover, by the assumption sup,, max; Ea?j < 00 it is easy to derive that
Eajx = O(log™* n), Var{d k) = 1 + O(log™*" n).
Consequently,
ajk = &jk + (’)(log_“ n),
which implies
a3, <243, +O(log™* n) <243 +log™“n
for sufficiently large n. Therefore, we have

n
.. _ 1
Z]P’{Z G, ])a?k <log™@n-tr Gi k) p trGg) > logloa n}
= U

n
N _ 1
< ;P ZG([,]()(], ])ajz-k < log 4y . trG(,',k), ;trG(,') > loglo"n}
= J

n
.o _ 1
< ;}P’ ZG(i’k)(J’ ])aj2~k <3log™n-trGp, ;trG(i) > logloan}
= J

§ G N v . l . 1 L > logl04
@0 U, J)ajk G| > 2 tr G k), o trGy >log ™ n
J

k=1
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T (1
Sp{-

1
> _
4

> Ghw G N — r Gy logloa”}
J

n
< Clog™n-n~* Y E[log" n -G, ) + (0 G3,)’]

k=1
- 1
ol — ).
~ \not

In the fourth inequality we used the fact (3.13) and in the fifth inequality we used (3.8) and the
fact E|a;; |4+ = O(log'® n) for any ¢ > 0, which is easy to see from the definition of a;j. Now
we begin to deal with the last term of (3.14). Note that by (3.9)

el
> G, v)akav | = 8}
u#v

n 4
<4t Z E(Z Gix(u, U)aukavk>

k=1 U#v

{1
P{ — max

n 1<k<n

Z G i,k (u, V) aur vk
u#v

!

k=1

n
<Ce*n > E(ur G%i’k))2
k=1

1
fo(m)-

Therefore, (3.12) follows from the above estimates, so does (3.7). Hence, we complete the
proof. (]

Now we come to deal with (3.2) and (3.3). Note that (3.2) can be implied by (ii) directly. Thus
we will prove the statement (ii) and (3.3) below. We reformulate them as the following lemma

and then prove it.

Lemma 3.6. Under the Assumption Cy, one has

Yo' X2y —2logn p

N =50, (3.15)
and
1 n—si
Tiogn ZEX,?H =14o(1). (3.16)
i=0
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Proof. We begin with (3.15). We split the proof of (3.15) into two steps.

Cin! R B ED
Jlogn

0,

and
Zn 51]E{X[+1|8i}—2logn ﬂ)o
Jlogn

Observe that

J

2
=-——+ Xk:Qkk(i)z(E|ai+l,k|4 -3).

2
E{X7, &) {(Z qjk(D)ait1,jaiv1k — 1)

Jj.k=1

Therefore, to verify (3.18), we only need

n—sy

logn Z Zm(z)z — 0.

Note that from the proof of (3.4) we can get the following estimate directly.

n—si
loglogn
i .
«/logn ; §qkk( V= < J/logn >
Thus it suffices to show (3.17). By elementary calculations, we have
2 2
Xiv1— {Xi+1|5i}

= —ZZqW(i)(al-ZHM — 1) +2Zq:,m(i)qvv(i)(aiz-kl,uaiz—}-l,v - 1)
u u#v

+22¢]uv(l) z+1u l+1v 1)
u#v

+2 Z CIu]v|(i)quzvz(i)ai+l,u1ai+l,v1ai+l,u2ai+l,v2
U171, U F#v2
{ur,vi}A{ua#v2}

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

+ Z%Au(l) ,+1 u EaH.l u + 2(25]uu(l) Ay~ 1)) (ZQMv(i)ai-‘rl,uai-‘rl,v)

U#v
= 2W1 (i) + 2Ws (i),
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where
Wi@) == qu@ (@l — 1)+ Y quu@Dquu)(alyy a7y, — 1)
i u#v
+unv(l) z+]u l+1v_1)
u#v
+ Z qul(i)Qszz(i)ai+l,u1ai+1,v1ai+1,u2ai+l,v27
U1F£V]L,U2FV2
{ur,v1}FE{uz#v2}
and

Wh(i) = ZQW(Z) l+l u IEaz—i—l u)

+ (ZQMM(i)(ainrl,u - 1)) (ZQMU(i)ai+l,uai+1,v)~

UF#v

We split the issue to show

51
P P
i Wy (i) — 0. (3.22)
Jlogn = J/logn ;

First, we deal with the second statement of (3.22). Note that

n—si

M 2 E{W200)

1 n—si
= C\/@ ;E;quu(l)
(3.23)
n=si 5 2\ 172 2\ 1/2
@ Z( (;q””(i)(ai+l,u - 1)) ) <E<l;%w(i)ai+l,uai+l,v) )

n—sy n—si 1/2 1/2
2
<C e Jiogn 2 B2 +C¢@Z<n—z) OE;C’“”(”) |
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By (3.21), we have that the first term of (3.23) is of the order of O(loglogn/+/logn). For the
second term, by using (3.7) we have

LS 2 N\ 2
e () (EXwr)

1 "2 1 n—s 1 1/2
< E )2
~ Jlogn IX(; n—i * Jlogn ; ;S (n —1i XM:CIW(I) )
= =n—s)

n—sy

1 1 O\ 1/2 loglogn
< E max ) @)
_ O(loglogn)
Jlogn

Now we consider the first term of (3.22). It is easy to see
E{Wih} =0, E{WiOWi()H}=0, i#],

which yields

2
R R
E Wiy | = — Y EW,6)?
(./logn ; ) logn g

n—si n—si

C 7 C . . .
= logn Z Eunu(1)2+ logn Z E Z %tu(l)zchv(l)%vw(l)
- e 3.24
C n—si ( . )
=D B Y g )’
ogn i=0  uFv,uFw
C n—si
T ogn STE D i DG (D u (D uyey ().

i=0  u1Fv,up#v

The estimation of (3.24) is elementary but somewhat tedious. In fact, one can find the estimate

towards every term of (3.24) in Nguyen and Vu [14] (see the estimation of Var(}_/_;' Yi41) in
Section 6 of Nguyen and Vu [14]). Here we omit the details and claim the following estimation
loglogn )

2
| ,
E(«/logn ;Wl(l)> :O< logn

Then (3.17) follows, so does (3.15). Moreover, it is easy to see that (3.16) holds by combining
(3.19) and (3.20). Therefore, Lemma 3.6 is proved. O
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Thus we complete the proof of (i) and (ii).

4. Negligible parts (iii) and (iv)

In this section, we will prove the statements (iii) and (iv). We start with (iii). The following
elementary but crucial lemma will be needed.

Lemma 4.1. By the definitions above, if X; 11 > —1 +1og~%? n, one has
|Rit1] < C(Ufyy + Vi1 ") loglogn
forany 0 <§ < 1. Here C := C(a, d) is a positive constant only depends on a and §.

Proof. We split the discussion into three cases. Choose some small constant 0 < ¢ < % (say)
and consider the three cases | X; ;1| <1—¢, Xj4+1 > 1—¢and —1 +log’“/2n <Xit1<—-1l+e¢
separately. For the first case, we can use the elementary Taylor expansion to see that

|Ris1] < CIXig1 P < ClUi1 + Vit IPH

forany 0 <§ < 1.If |U;41]| = 1 or |Vi41| > 1, we will immediately get

|Rist] < C(URy + Viea P77
since |Uj41 + Vig1| < 1. If both |U; 41| and | V;41| are less than 1, we have

|Ris1] < C(1Ui1 P72 + Vit P7) < C(UZ + Vi PF0).
Now we come to deal with the second case. When X;;1 > 1 — ¢, obviously one has
|Riy1] < C(Uig1 + Vig )™,

Then it is elementary to see that we always can find some positive constant C such that

Risi] < C(URy + Viea P7?)

since max{U;41, Vi41} > % — 5. Finally, we deal with the last case. Note that when —1 +
log7“n < X;j41 < —1+¢, we have

|Ri+1| < Cloglogn.
Moreover, it is obvious that we have max{|U;+1|, |Vi+1]} > % — % Consequently, one has
|Ri1] < C(UR, + Vi1 1*T?) loglogn.
In conclusion, we completed the proof. (]

The next lemma is devoted to bounding the probability of the event U::(; "UXip1 < —1+
log™ n}.



1618 Z. Bao, G. Pan and W. Zhou

Lemma 4.2. Under the Assumption Cy, we have

n—si
Z P{Xit1 < -1 +10g_“/2n} —0
i=0

as n tends to infinity.
Proof. Note that
P{Xis1 < —1+log™*/?n}

=P{a/,, Qiai11 <log™/*n}

. 1 _
Z‘]uv(l)ai+1,uag+m > E10g a/Zn}'

= P{Z%k(l‘)afﬁ’k < 210g_“/2n} + ]P’{
k u#v

Now we recall the definition

N 1 ~ Gk —Edipik
dip1k =it i g 1<ioginy, itk = —F—m———"
v Var{a; 1 i}

A similar discussion as that in the last section yields

P{quk(i)aiz+l,k < 210%”/2'1} = P{ZQkk(i)d,'2+1,k < Clog“/zn}
k k
)
Z%k(l)am)k -1

{ |
<P > —
P 2

< C(log4“ n-tr Qf + (tr Qiz)z)
<C(log"“n-(n—i)> +m—i)7?).

Here in the third inequality, we used (3.8) again. Moreover, by (3.9), we obtain

|

Thus finally, we have

unv(i)ai+l,uai+l,v
u#v

1
=5 log”/zn} <Cm—i)2log*n.

n—si
Y P{Xip1 < —1+1log*n}
i=0
n—si n—si
< c<1og4“n Y =) +log¥n Y (n— i)_2>
i=0 i=0

<Clog “n.



The logarithmic law of random determinant 1619
Therefore, we complete the proof. (]

Combining Lemmas 4.1 with 4.2, one has with probability 1 — o(1),

[Ri+1] < C(Ul-2+] + Vﬁ:‘s)loglogn, 0<i<n—s.

Thus to show (iii), it suffices to verify that

n—si

loglogn Z 5 248\ P
(U,'+1 + | Viqal ) — 0,
Jlogn =

which can be implied by
@ pard i+1 i+ . .
Note that
n—si n—si
> EBUYL, <C Y ED qji(i)? = O(loglogn). 4.2)
i=0 i=0 Jj
Moreover, we have
n—si n—si n—sj
248)/4 N —
SEV P < Y@V )T e Y - =0, 4.3)
i=0 i=0 i=0

Then (4.1) follows from (4.2) and (4.3) immediately. Thus, we completed the proof of (iii).

It remains to show (iv) in this section. The proof is quite elementary owing to the fact that
{yl.2+1,i =n-—s1,...,n — 1} is an independent sequence and Vi2+1 ~ X,%_i. One may refer to
Section 7 of Nguyen and Vu [14] for instance. By using the Laplace transform trick, Nguyen and
Vu [14] showed that for 0 < ¢ < 100,

log(y7y,/(n =) . .
IP’{ Z ﬁ < —log!/?*+ n} = o(exp(—log/? n)),

n—s1<i<n—1

which implies (v) immediately.

5. A replacement issue: Proof of (v)

In this section, we present the proof for (v). In other words, we shall replace the last s; rows
of Gaussian entries by generally distributed entries. We will need the following classical Berry—
Esseen bound for sum of independent random variables. For instance, one can refer to Theo-
rem 5.4 of Petrov [16].
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Lemma 5.1. Let Zy, ..., Zy be independent real random variables such that EZ; =0 and
IE|ZJ~|3 <o, j=1,...,n. Assume that
m
-3/2
0}?=EZ},  Duw=)Y o0l  Lu=D,"?Y E|Z;P.
i=1 j=1

Then there exists a constant C > 0 such that

m
P(D,;W Y z;< x) —d(x)
j=1

<CLj.

sup
X

Our strategy is to replace one row at each step, and derive the difference between the distribu-
tions of the logarithms of the magnitudes of two adjacent determinants. Hence, it suffices to com-
pare two matrices with only one different row. Noting that since the magnitude of a determinant
is invariant under swapping of two rows, thus without loss of generality, we only need to compare
two random matrices A, = (a;;)n,» and An = (G i )n,n satisfying Assumption Cy such that they
only differ in the last row. More precisely, we assume that ¢;; = a;j,1<i<n—1,1<j<n
and al and a are independent. Here we use al and a! to denote the nth row of A, and A,, re-
spectively as above. Below we use the notation «;,; to denote the cofactor of ay;. It is elementary
that

n
detA, = Zank(xnks

k=1
and
n
detA, = ankatn.
k=1
Now we set

Consider the quantities

detA, Clnk det An Ok

= Ank —— > .

A A A A
k=1 k=1

By using Lemma 5.1, we obtain

<x

]P’{ detA,

5}1—1} - q)(x) =

sup
X
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Therefore, we have

IE”{ detAA" < x} —d(x)

E{P{detA" <
A

sup
X

En1 }} —®(x)

= sup
X

" ok ?
n
§C]Ek§_1 A

For simplicity, we will briefly denote by (n — 1) and A(,_1 x) by by and A, respectively in the
sequel. Then by the definitions of cofactors and the Cauchy—Binet formula, we have

2 2
Onk detA;, T T Ty~1
—= ) = ——— " =detA,, (A AL +bib{) " Auk
(A) detAg_nyAl_,, (A ) A
1

= el -+ At (%)) = (14 B] (AweAl) )

Moreover, one always has

n
lotni | ot T Ta—ly \—1/2
E <E — =K 1+b; (A A b .
2 “as =SB max S5 =B, max (4B (Andn) b
Recall the definition
1 . - 1 . -
Gu-1.0(a)= ;AnkAnk'i‘aInfl s Gu-n(@) = ;A(n—l)A(n,1)+(¥In71

By using (3.12), we obtain
E max (1+b](AuAL) b))~
=1,...,n

{ -1,2
<E max <l +_bZG(n—l,k)(a)bk>
n n

1 —1\ 1/2
S(E max <1+—b[G(n_1,k)(a)bk) )
n n

Thus we have
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and

sup < Clog % n.

detA,
]P’{ fx} — d(x)

Consequently, we have

sup
X

which implies

<C log*4" n.

sup
X

2 _ _ 1) A2 _ — 1
IP’{ logdet A7 —log(n — 1)! - x} B IE”{ logdet A; —log(n — 1)! - x}
2logn - /2logn -

Then after s; = |log>® n| steps of replacing, we can finally recover the logarithmic law to general
distribution case. Thus we completed the proof.

Appendix A

In this appendix, we provide the proof of Lemma 3.5 and Lemma 3.4. The proof is intrinsically
the same as the counterpart in Bai [1]. For convenience of the reader, we sketch it below. For
ease of notation, we represent Lemma 3.5 as follows.

Lemma A.1. Let X = (x;j)pxn be a random matrix, where n — sy < p <n and {x;;,1 <i <
p, 1 < j <n}is a collection of real independent random variables with means zero and vari-
ances 1. Moreover, we assume sup, max; ; ]Exfj < o0. Let G(a) = (%XXT +a)7 !, we have for

a=n"1/0
E{%trG(a)} =s5p(@)+O(n™"/%)
and
Var{%trG(a)} = O(nfm),
where
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Proof. For convenience, we set

rp(a) = iEtr G()

)4
1
2 (1/mxixg +a = (A/n)xX R (1/mX €)X (k) +olp) " X (k)x]

Here x; is the kth row of X and X (k) is the submatrix of X by deleting its kthrow. Set y, = p/n.
Then we write

P 1

rp(a) = — E
p p; ert+1+a—y,+ypary(a)

| (A1)

= +6,
l+a—yp+ypary(a)

where

- 1 !
o= Z(x,fj — 1)+ yp — ypary(a) — —kaT(k)( X(K)XT (k) + el ) X (k)xf
j=1

and

&k
§=8,=——
P pz (I+a—y,+ypary@)(1 +a —y, + ypor,(e) + &)

1 14
-YE Fk . (A2)
pim (ta—yp+yparp(@))

1< €
_ZE 2 : :
P p (I+a-— Yp +Yp0”’p(0l)) I+« —Yp +)’p0”’p((¥) + &k)

From (A.1), we can get

rp(a) = — yp — ypad)? +4ypa — (1 +a — y, — ypad)). (A3)
It is not difficult to see that
1
<o (A4)
I1+a—y,+ypory(a)+ el
By (A.2) and (A.4), we can get
1 <& 2

18] < - > (IBei] + o 'Eef) (1+ o — y, + yporp(@)”. (A.5)

k=1
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First, note that
1 1 /1 . -1 -
[Eex| = |E( yp — ypa—trG(e) —  tr( =X X" (k) +alp—1 ) —X(R)XT (k)
n n n n
1 - 1
— a—[E(w(xXT +al,) " —u(X®)XT (k) +al,_1))| + - (A.6)
n n

-of})

Next, we come to estimate Es,%. Note that

c
Ee? = Var{ey} + (Ber)? < — + 11 + T, (A7)
n
where
1 T 1 T B T
T1=E ﬁka (k) ;X(k)X k) +al,—1) Xk)x;
1 1 -1 2
- E(k)n—zkaT(k)<;X(k)XT(k) +a1,,_1> X(kxl |,
and
2 —1 —1)2
o 1 T 1 T
ILh=—=E tr<—X(k)X (k) —i—alpl) - Etr(—X(k)X (k) —i—alpl) (A.8)
n n n
Here E®) represents the conditional expectation given {x; .1 #k}. Let
1 o (1 . !
Fe= (i (0) = ~XT () ~X0)XT k) +alper ) Xk,
Then one has
C c
i< SEulf<—. A9

Let E; be the conditional expectation given {x;;,d + 1 <i < p,1 < j <n}. Define
1 -1 1 -1
va(k) =Eg4_y tr(—X(k)XT(k) +a1,,_1> —Ey tr<—X(k)XT(k) +a1,,_1>
n n
ZEd_IUd(k)—EdUd(k), d:1a27"'7p7

where

—1 -1
oa(k) = tr(lX(k)XT(k) + alp_1> — tr(lX(k, DX (k,d) + Ol],,_g)
n n
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Noting that
loatk)| <a™ ',
one has
Cc < c
—ZZ vito| = —. (A.10)
— no
Combining (A.7)—(A.10) we can get
C
Fe? < —. A1l
e = no? ( )

Substituting (A.6), (A.11) and the basic fact

(1 +o—y,+ yotrp(oc))2 <a?

into (A.5) one has

5l < <
~ noS’
Then by (A.3) one has
ro(@) = 5—— (/1 +a =y +4ype — (L +a = 3,)) + O(n ™)
p 2_))[)0[ p p p

= 2(\/(1 +a—y,)?+4ypa+(1+a— yp))_l + O(n_la_s).
Moreover, similar to the estimate towards (A.8), we can get that
Var{ % trG(a)} < %.
Therefore, we can complete the proof. (I
Now let us prove Lemma 3.4.
Proof of Lemma 3.4. For the diagonal part, we have

= Y mjmigmumunE(xF; 1) (g = 1) (i, = 1) (x5, = 1)
Jioku,v

< C(v;;Zmu + vy Zmnmkk>

J#k

)

< C(vstr M, + (wtrM,f)z).
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For the off-diagonal part, we have

4 4 4
E E MyyXyXy| = E Hmuiv,-Equixvi
UuF#v u;#v;,i=1,...,4i=1 i=1
2 4 2 2 4
= C(V4 § m,, +v3v2 E My, My My + Vs E muvmvrmrwmwu>
u#v u,v,r u,v,r,w

< C\Jﬁ%((trM,%)2 —|—trMn2 . (trM,f)l/2 —i—trMﬁ)
< Cv}(rM2)’.

Thus, we may complete the proof of Lemma 3.4. ]

Appendix B

In this appendix, we state the proof of Proposition 2.1. We use the idea in Nguyen and Vu [14].
First, we need the following lemma derived from Theorem 4.1 in Go6tze and Tikhomirov [11].
Let s, (W,) <s,—1(W,) <--- <s1(W,) be the ordered singular values of an n x n matrix W,,.

Lemma B.1. Under the assumptions of Theorem 1.1, there exist some positive constants ¢, C, L
such that

n C./logn
N

Remark B.2. 1t is easy to get Lemma B.1 from Theorem 4.1 of Goétze and Tikhomirov [11] by
choosing p, = 1. We also remark here Theorem 4.1 of Gotze and Tikhomirov [11] are stated for
more general case under weaker moment assumption. For convenience, we just restate it under
our setting.

Plsn(An) <n tisi(Ay) <n}<e™

Now by the result of Latata [13], it is easy to see under the assumption of Theorem 1.1,

/ 2 2 4
Esl(An)§C<miax ZEaij"’_mj?‘X\/ZEaij"'C/ZEaij)Scﬁ'
j i ij

Therefore, one has

Esi(A
Plsi(4,) = n} = L) _ 12,
n
Together with Lemma B.1 we obtain
_ J/logn
P{sy(An) > n L}:l—(’)( \/5 ) (B.1)



The logarithmic law of random determinant 1627

Now let 6y follow the uniform distribution on the interval [—+/3, v/3] independent of A,.
Let 0;j,1 < i, j <n be independent copies of 6y. And we set A;, = (alfj), where alfj =(1-
e2)1/2a;; +,0;;. Here we choose &, = n~ (102D (say) Writing ®,, = (6;;).n» then by Weyl’s
inequality, one has

Is:(AL) — (1= 62)s5i(A0)| < £nllOpllop < Cn=+2D1,

Therefore, by (B.1) we have with probability 1 — —Vlo\/%"

n

[det 4y | = Tsi(Ap) = (1 = €2)"(1 + O(n= D))" [ si(An) = (1 + o(1)) | det Ay,

i=1 i=1

which implies (2.2). Moreover, by the construction, since 6 is a continuous variable, it is obvious
that (2.1) holds. Thus, we may complete the proof.
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