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We study the conditional distribution of goodness of fit statistics of the Cramér—von Mises type given the
complete sufficient statistics in testing for exponential family models. We show that this distribution is
close, in large samples, to that given by parametric bootstrapping, namely, the unconditional distribution
of the statistic under the value of the parameter given by the maximum likelihood estimate. As part of the
proof, we give uniform Edgeworth expansions of Rao—Blackwell estimates in these models.
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1. Introduction

In this paper, we compare conditional and unconditional goodness-of-fit tests and give condi-
tions under which the two give essentially identical results in large samples. Our results apply in
testing fit for exponential family models for independent and identically distributed (i.i.d.) data,
X1, ..., Xy Our interest is to test the null hypothesis that the distribution of the individual X;
belongs to a natural exponential family with density, relative to some o -finite measure, ((dx),
on some sample space €2, of the form

f(x;0) =c(x)exp{d'T (x) —«(0)) ey

with natural parameter space ® C R¥; we assume that ® has non-empty interior which we denote
int(®). In (1), T takes values in R* and superscript / denotes transposition. A complete and
sufficient statistic for the parameter 6 is then

n
Ty =Ty(X1..... X)) = Y T(X).

i=1

To apply classical hypothesis testing ideas, we regard this model as a null hypothesis. We
consider the omnibus alternative hypothesis that the sample is drawn from a distribution which
is not in the parametric model. One common approach to this hypothesis testing problem is to
define some statistic S(X1, ..., X;; ) which measures in some way departure of the sample
from what is expected if 6 is the true value. Since 6 is unknown, it is replaced in this measure
by 6,, the maximum likelihood estimate of the parameter vector, leading to the statistic S, =
S(X1,...,Xn,6,).
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Common examples include empirical distribution function statistics such as Cramér—von
Mises, Kolmogorov—Smirnov, Anderson—Darling and many chi-squared statistics. The usual sit-
uation is that the test statistic has a distribution which depends, even in large samples, on the
unknown parameter value (exceptions arise in the normal and other families which have only lo-
cation and/or scale parameters). Thus, to implement the tests in practice it is necessary to specify
how to compute critical points for the tests or how to compute appropriate P-values correspond-
ing to the test statistics. A method long in use is to derive large sample theory for the statistic Sy,
establishing the convergence in distribution of S, to some limiting distribution which depends
on the true value of 6. If C,(6) is the upper « critical point of this limiting distribution and C,,
depends continuously on 6, then the test which rejects if S, > C, (6,) has asymptotic level «.
See Lockhart and Stephens [9] for a discussion of this method in testing fit for the von Mises
distribution for directional data; this testing problem is discussed below in more detail.

A more modern method which achieves the same asymptotic behaviour is the parametric boot-
strap. Let H, (-; 6) denote the cumulative distribution function of S, when the true parameter
value is 6. Then

Py=1— Hy(Sy; 0n)

is the parametric bootstrap P-value. This P-value is usually computed approximately by gen-
erating some number, B, of bootstrap samples drawn from the density f (-, 6,), computing the
statistic S, for each of these B samples and then counting the fraction of these bootstrap statistic
values which exceed the value of §,, for the data set at hand.

These two methods for goodness-of-fit testing both depend on asymptotic theory to justify
their performance. They do not have, except in the location-scale situation mentioned, exact
level o and thus no exact finite sample optimality properties. Conditional tests, which we discuss
next, offer at least the potential for such optimality. (See Remark 9 in the Discussion section for
some comments.)

One standard approach (discussed in detail in [5]) to optimality theory is to search for powerful
unbiased level « tests: tests whose power never falls below « on the alternative. Such tests will
generally have Neyman structure; that is, their level will be « everywhere on the boundary of the
null hypothesis. For the omnibus alternative, this boundary is generally the entire model.

Now suppose T, is a complete sufficient statistic for this model. Then the requirement that the
level of the test be o everywhere in the parametric model and completeness guarantee that the test
must have conditional level «. That is, an unbiased level « test must have the property that the
conditional probability of rejection given T, is identically «. This is precisely the argument used
in Lehmann and Romano [5] to show that Student’s ¢ test is uniformly most powerful unbiased.

By a conditional test, then, we mean a test whose level, given the sufficient statistic T}, is
identically «. Two recent papers on goodness-of-fit, Lockhart, O’Reilly and Stephens [7,8], have
compared such conditional tests with parametric bootstrap tests. They implemented their con-
ditional tests as follows. For a test statistic S,;, let G, (:|-) denote the conditional distribution
function, when the true distribution of the data comes from the exponential family, of S, given
T,,. This function G,, does not depend on 6. If this conditional distribution function is continuous
then

Po=1- Gn(Sn|Tn)
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has a uniform distribution under H,; it is therefore an exact P-value. These P-values are often
computed by Monte Carlo or Markov Chain Monte Carlo; see Lockhart, O’Reilly and Stephens
[7,8] for examples and references.

In Lockhart, O’Reilly and Stephens [7], for instance, the authors considered an i.i.d. sample
from the von Mises distribution. Observations X; are points on the unit circle; see Section 4.2
below for details of the density. The complete sufficient statistic is T, = ) X; and the authors
use Watson’s U? statistic for S,. They use Markov Chain Monte Carlo methods to generated a
sequence of samples from the conditional distribution of X1, ..., X, given T, ; all the generated
samples have the same value of T,,. The authors evaluate P, by computing U? for each data set
and estimating P. by the fraction of samples giving larger values of U? than the original data
sample.

These authors also compute the parametric bootstrap value, Py, for the same statistic by gen-
erating i.i.d. samples from the von Mises distribution using, for the parameter value, the estimate
of the parameter derived from the original data. Of course the values of the sufficient statistic T,
vary from one bootstrap sample to another. Again U? is computed for each bootstrap sample and
a P value is computed as the fraction of bootstrap U2 values which are larger than the observed
value of U2,

Very high correlations between the P-values computed using these two methods were ob-
served in Lockhart, O’Reilly and Stephens [7]. For example, they considered a test that a sample
of size 34 comes from a von Mises distribution. Using Watson’s U? and generating samples from
the null hypothesis they observed a correlation of 0.997 between the two P-values. For a sample
of 55 observations, the correlation observed was 0.9997.

Here we show that for statistics S, of the Cramér—von Mises type these two methods must
give similar P-values because, when the null hypothesis is true,

sup{|G (s|T) — Hy(s; 6,)|} = 0O
S

in probability, at least when the model being tested is an exponential family. In fact, the con-
vergence is almost sure for samples from any distribution for which 6,/n converges almost
surely to an interior point of the parameter space. For statistics S, which are sums of the form
Zi un,(X;, é) this result is established by Holst [4]. Our results extend his to statistics which we
now describe.

When €2 is the real line, many goodness-of-fit tests are based on statistics which are functionals
of the estimated empirical process

W (s) = /n{Fu(x) — F(x,6,)},

where we now use F(x,6) for the cumulative distribution function, s is related to x by s =
F(x,6,) and F, is the usual empirical distribution function:

Fa)=n""Y 1(X; <x).

i=1

Common choices for statistics include:
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e Cramér—von Mises type:

1
Sp = f YA (s)W2(s) ds; )
0

e Watson type:

1 1 2
| {an—/ wu)Wn(u)du} Y2(s) ds:
0 0
e Kolmogorov—Smirnov type:

sup [P (s) Wy (s)].
O<s<l1
In each case, v is some weight function defined on (0, 1).
The large sample analysis of the unconditional distribution of such statistics comes from the
well known weak convergence, in D[0, 1], of the process W,, to a Gaussian process, W, which
we now describe. Let Z(6) be the Fisher information matrix and define the column vector

dF(x;0)

§(s.0)=—0,

where x is defined as a function of s by F'(x,8) = s. Then the limit process W has mean 0 and
covariance function

po(s, 1) =min{s, 1} — st — &(s, 0){Z(©6)}"'&(t,0).

The statistics indicated above are all continuous functionals of W,, (under mild conditions on the
weight functions involved) and as such converge in distribution to the same functional applied to
the limit process W. See Stephens [14] for a detailed discussion of the resulting tests and Shorack
and Wellner [12] for mathematical details.

The weak convergence result can be proved in two steps: prove convergence in distribution
of the finite dimensional distributions of W, and then prove tightness of the sequence of pro-
cesses in D[0, 1]. We believe a similar result holds, in exponential families, conditional on the
sufficient statistic. Results in Holst [4] can be used to establish convergence of the conditional
finite dimensional distributions but we are unable to extend the calculations to prove conditional
tightness. Instead we use Holst’s results and a truncation argument to deal directly with statistics
of the Cramér—von Mises or Watson types. Without tightness we cannot handle statistics of the
Kolmogorov—Smirnov type.

Our truncation argument uses an accurate approximation to the conditional expectation, given
T,, of the statistic in question. This approximation is based on an expansion of the difference
between a Rao—Blackwell estimate and the corresponding maximum likelihood estimate. Our
results here extend the work of Portnoy [11].

Section 2 gives precise statements of our results for the case of Cramér—von Mises statistics.
Section 3 gives the expansion of the Rao—Blackwell estimate. Section 4 applies the calculations
to two examples showing how to verify the main condition, Condition D below, and illustrat-
ing the expansions of Section 3. Section 5 provides some discussion and indicates the extension
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to Watson’s statistic and other statistics which are quadratic functionals of the empirical distri-
bution. In that section, we consider power and discuss various rephrasings of our main result.
Details of some proofs are in Section 6.

2. Main results

2.1. Absolutely continuous distributions

We seek to test the hypothesis that the distribution of each X; belongs to a natural exponential
family with density, relative to some o -finite measure w(dx) on €2, of the form (1) and complete
sufficient statistic T, as described in the Introduction. We will need a number of well known
facts about exponential families which we gather here in the form of a lemma.

Lemma 1. The random vector T,, has moment generating function
Eglexp{¢'T,}] = expln{c (¢ +6) —k(6)}]
which is finite whenever 0 + ¢ € O, and cumulants nk;,

9"k (0)
Kiy = ——.
Mooty 36;, --- 96;

ir
In particular, the mean of Ty, is
Eo(Ty) =nu(0) =nVk(0),
where V is the gradient operator. The covariance matrix is
Varg(T,) =nV () = nV?k(0),

where V2 denotes the Hessian operator. Thus, V (0) has entries

9%k (0)
36; 00,

Vij(0) =
Moreover, all moments and cumulants of T, depend smoothly on 6 on the interior of ©.

Our results apply to exponential families where T, has a density relative to Lebesgue measure.
We assume the following condition.

Condition D. For every compact subset I' of int(®), there is an integer r such that the charac-
teristic function

no(¢) = Eq{exp(i¢'T,)} = explr{x (0 +ip) — k (0)}]
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is integrable for all 6 € T and

SUP/ In6(¢)|d¢ < oo.
Rk

oel’

Condition D has two consequences we need. First, it means the matrix Varg(T;) = VZk(6)
is positive definite for each 6 € int(®). This implies the map 6 +— u(f) = Vi (0) is an open
bijective mapping of int(®) to u(int(®)). A second consequence is that T, has bounded contin-
uous density for each 6 € I' and n > r. In the examples it will be useful to know the converse is
also true. The following lemma is essentially Theorem 19.1 in Bhattacharya and Ranga Rao [2],
page 180; see also Lemma 6 in Section 6 below.

Lemma 2. Condition D is equivalent to Condition D*.

Condition D*. For every compact subset T’ of int(®) there is an integer r such that T, has
continuous (Lebesgue) density f,(t;0) for each 6 € I" and

sup sup f»(t,0) < oo.
Ol teRK

As in the Introduction, we let G, (-|t) denote the conditional cumulative distribution function
of S, given T,, =t¢. Also let H,(-; ) denote the unconditional cumulative distribution function
of S, when 6 is the value of the parameter.

We will show that for statistics which are sums as in (3) below or of the Cramér—von Mises
type these two cumulative distributions are uniformly close provided that ¢ and 6 are related
properly, thatis, t =nu =nVk(0).

Our results use a minor modification of Corollary 3.6 of Holst [4] which establishes this uni-
form closeness for statistics which are sums over the data as described below. We use the fol-
lowing notation. By £(S),; ) we mean the unconditional distribution of S, under the model with
true parameter 6. By L£(S,|T, =t) we mean the conditional distribution of S, given T, =1.
We use the symbol = to denote convergence in distribution (weak convergence) and £(W) and
similar notation for limiting distributions. Our version of Holst’s results is:

Lemma 3. Assume Condition D. Suppose that u, ;) is a sequence of measurable functions
mapping 2 x © to R™. Let

$2(0) =n""2 > "[u, (Xi, 0) — Bg{un (X;, 0)}]. 3)
i=1

Assume that for any deterministic sequence 0, of parameter values converging to some 6 € int(®)
the joint law

L6,(Sn(0n), n™ 2Ty = npu(6,)})
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converges to multivariate normal with mean 0 and variance—covariance matrix of the form

A@) B(@®)
B'(0) V()

which may depend on 0 but not on the specific sequence 6,. Then with S,, denoting S, (6,) we
have for every such sequence 6,

LS| Ty =1tn) = Gu(-|n1u(6n)) = MVN(0, A(6) — BO)V ' (0)B'(9)).
where t, = nu(0,). Moreover, for every compact subset I' of int(®) we have

lim sup sup|Gn(xlnw) — H,(x]6)| =0.

=00 _co<x<oofel’

The condition involving the sequence 6, amounts to requiring that the central limit theorem
apply uniformly on compact subsets of ®. Our main result extends the last conclusion of the
lemma to statistics of the Cramér—von Mises type for the case where €2 is the real line; see
Remark 8 in Section 5 for discussion of more general sample spaces.

Theorem 1. Suppose S, is as defined in (2). Suppose the weight \ is continuous on [0, 1].
Assume Condition D. Then for every compact subset I" of int(®) we have

lim sup sup |G, (x|nu) — Hy(x16)| = 0. “4)

=00 _co<x<oofel’

The theorem asserts that two distribution functions, one conditional, the other unconditional,
are close together everywhere and simultaneously for all 8 belonging to some compact set. In the
Introduction, we described our results in terms of P-values; we now recast the theorem in those
terms. The conditional P value, now denoted P, ;, is

Pc,n =1- Gn(Sn|Tn)'
The unconditional P value, P, ,, is
Pu,n =1— H,(Sy; én)

We then have the following result which also clarifies the sampling properties of the distributions
G, and H, evaluated at sample estimates.

Theorem 2. Assume the conditions of Theorem 1.

(a) If X1, X2, ... is an i.i.d. sequence generated from the model with true parameter value
0 € int(®) (i.e., if the null hypothesis is true and the true parameter value is not on the
boundary of the parameter space), then

lim sup sup|G,(x|T,)— H, (x|é,1)| =0 almost surely

=00 _co<x<oofel’
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and
Pen — Pun—>0  almost surely.

(b) Suppose X1, X, ... is an i.i.d. sequence generated from some fixed alternative distribu-
tion. Suppose that for this alternative E(T1) = p, exists and is in the open set 1 (int(®)),
that is, the image of the interior of ® under the map 0 +— . Then both conclusions of
part (a) still hold. In particular, if one test is consistent against the alternative then so is
the other.

Details of proofs are in Section 6 but here we outline the strategy of proof for our Theorem 1.
Fix a complete orthonormal system of functions g; defined on [0, 1]; for definiteness we take

gji(s) = «/zsin(rcjs). Define

1
Un,j Z/O Y (s)Wy(s)g;(s)ds.

Then by Parseval’s identity

o0
S, = Z U,%j.
j=1

The proof then has the following steps:

1. The sequence of distribution functions H,(-|0) converges weakly to a limiting distribution
function Hx(+|6); the convergence is uniform on compact subsets of ®. The distribution
in question is the law of

1 o)
/0 YW (s)ds = ;Ué, i
]=

where we define

1
Usc,j = /0 V()W (5)g;(s) ds.

This reduces the problem to proving that the sequence G, (:|nu) converges uniformly on
compact subsets of int(®) to Hx(-|0) where u = Vi (0).

2. Uniform convergence is established by considering an arbitrary sequence 6,, of parameter
values converging to some 6 € int(®) and showing that, with u,, = Vk(6,),

lim sup |Gp(x|nwp,) — Heol(x;0)] =0. (&)

=0 _co<x<oo

3. Apply standard weak convergence ideas to see that for each K fixed

'C((Un,la cee Un,K); On) = L((Uoo,lv ceey Uoo,K))-
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4. Use Holst’s results to prove that

E((Ul’l,lv cee Un,K)lTn :n,un) :> E((UOO,IV MR UOO,K))V

this is the same joint limit law as in the previous step.
Prove the sequence £(S,|T, = nu,) of conditional distributions of S, is tight.
6. Prove that there is a sequence K,, tending to infinity sufficiently slowly that

Ky 1
E(Z Uy i 9n> = z:(/ Y (5)W(s) ds).
j=1 0

7. Prove the corresponding conditional result given T,, =nu,,.
8. Prove that for any sequence K, tending to infinity

o0
> Ui

J=Kn

i

converges to 0 in probability given T, = npu,,.
9. Apply Slutsky’s theorem to 6, 7 and 8 and use S, = Z?‘;l U,%’j to see

1
LS| Ty =npy) = c( / ()W (s) ds)
0

which establishes (5) and completes the proof.

2.2. Unconditional limits

We now consider the random function Y, (z) = ¥ (¢) W,(¢) and review some well known facts
about the unconditional limiting distributions of the processes Y;; see Shorack and Wellner [12],
for example. If 6, converges to 6, then the unconditional laws of Y, converge weakly in D[0, 1]
to the law of a Gaussian process Y with mean 0 and covariance

So(s, 1) =Y (s)pa (s, Y (1).

The covariance ¢y is square integrable over the unit square; it is convenient to suppress 6 in the
notation for what follows. There is a sequence of bounded continuous orthonormal eigenfunc-
tions x;(¢), j =1,2,..., with corresponding eigenvalues A ; such that

1
/0 C(s,)xj@)de=Ajx;(s).
Then

1
/ Y2(n)de =Y 2,25, (©6)

0
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where
—-1/2 !
Zj=kj /0 Y(t)x;(t)de.

The Z; are independent standard normal. Let Hy(+; 6) denote the cumulative distribution of (6).
It is then standard that

lim  sup sup|H,(x;0) — Hoo(x;6)] =0.

=00 _co<x<oofel’

Our main result will therefore follow if we establish (5).
Next, recall that W, converges weakly to the Gaussian process W with covariance function
po. The map

1 1
S (/O S (s)gi(s)ds, ..., /O f(S)lﬁ(S)gK(S)dS)
is continuous from D[0, 1] to RX so that
WUn1y - Un k) = Ueo,15 -+, Un k).
This limit vector has a multivariate normal distribution with mean 0 and covariance
1,1l
Cov(Uwo,i» U, ) = / / 8i($)gj (D) (s, ) ds dr. @)
o Jo
It follows that
K K
2 2
D Usi= ) U
j=1 j=1
Since

1 00
[0 Y2 (s)W(s)ds = 2 UL,
j=

almost surely we have, for any sequence K,, tending to infinity, that
Kll

1
Y UL= /0 Y2 (s)W2(s) ds.
j=1

This completes the analysis of the unconditional limit behaviour of S,,. The next subsection
considers the conditional limit behaviour.
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2.3. Convergence of finite dimensional distributions — conditional case

In the following, all distributional assertions are statements about the conditional distribution of
the objects involved given T, = nu,, for a specific sequence 6, converging to some 6 € I' and
wn = VK (6,). We apply Lemma 3 as follows. We have

1 n
Un,,-zfo POW, (g0 dr =012 3 @4 (X),
i=1
where
1
<1>J-n<x)=/ [L{F(x: 6,) < 1) — 119 (g, (1) 1.
0
It follows from Lemma 3 that
‘C((Un,l ooy Un )| Ty = n,U«n) = L((Uso,15---» Uso,k))-

The vector (Ueo,1, ..., Uxo, k) has a multivariate normal distribution with mean 0 and variance
covariance matrix with entries as at (7). This is the same limit behaviour as in the unconditional
case. Thus,

K
z(z
=1

Again this is the same weak limit as in the previous section. Finally, since convergence in distri-
bution is metrizable there is a sequence K, tending to infinity so slowly that

K, o0
c(Z Uy ;| Ta :nu,1> =Y UL ;-
j=1

j=1
We need only show, therefore, that for any sequence K, tending to infinity we have, condi-
tionally on T,, = nu,,

K
T =) > 102,

Jj=1

Z Uz ;=0

J=Kp+1

in probability. It suffices to show that

o
E( > v, T,,:nu,,)—)O. )

]=Kn+1

We will prove this from the following statements. First, we will show that for each fixed j

E(Uy jITu =npn) — E{UZ, ;). ©)
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This shows that for each fixed K we have

K K
E(ZU,%J T,,:nu,,) —>E(ZU§OJ>. (10)
j=1

j=1
Finally, we will show that
o0
E (Z Uy
j=1

Assertion (8) is a straightforward consequence of (9) and (11). It is now straightforward to apply
Slutsky’s theorem to complete the proof of the main theorem.

Statements (9) and (11) are proved in Section 6. The proofs relate /J(Unzy j|Tn =npu,) to an
integral involving

T,,:nu,,) —>E(ZU§OJ>. (11)

j=1

E(1(X; <0)1(Xk < )Ty = npty)

and other similar Rao—Blackwell estimates. They then use a conditional Edgeworth expansion of
Rao—Blackwell estimates which is of some interest in its own right. We describe these expansions
in the next section.

3. Conditional Edgeworth expansions

In this section, we compute the first term in an Edgeworth expansion of the conditional expec-
tation of a function of X1y, ..., X, given T,. We will focus on uniformity, extending the work
of Portnoy [11]. The calculations may be interpreted as a computation of the difference, to order
1/n, between a Rao—Blackwell estimate of a parameter and the maximum likelihood estimate.

Our results use the Edgeworth expansion of the density of T,. Assuming Condition D, for
n > r the quantity {T,, — nu(0)}/+/n has a density g, (-; 6). The following lemma is essentially
a uniform version of Theorem 19.2 in Bhattacharya and Ranga Rao [2]; see Holst [4], Yuan and
Clarke [15]. It extends a lemma appearing in Lockhart and O’Reilly [6]. Let u denote a k vector
with entries uq, ..., u.

Lemma 4. Assume Condition D. Then there are functions

Y¥j(u; 0), j=12,...,

and
Yk (u; ), k=0,...,j+2,
such that
L. ¥k is homogeneous of degree k as a function of uy, ..., uy. That is

Vik(ui, ... ug; 0) = Z Ajksiy iy Oty -y

iy iy
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for some coefficients ay;j,...;, (6) not depending on u.
2. If j —kisodd, then v = 0.
3. ¢ is a polynomial of degree j + 2 as a function of u given by

Jjt2

Wj=21ﬂjk-
k=0

4. The coefficients ajy;j, ...i;, (8) in these polynomials are smooth functions of .
5. Fix an integer s > 0 and a compact subset T of int(®). Let ¢ (u, V) be the multivariate
normal density with mean 0 and covariance matrix V. Then

&n = supsup|q, (u; 0) — ¢{u, V(G)}{l + Z 1//1 (u 9) H O(n_(“‘l)/z).

fel’ u

We will use this lemma with s = 3 to get an error rate on our 1 term expansion. We need the
following notation. Define

Bu(x1,..,xm) = Y (T (xi) — p}

i=1
and let B,,, denote the random vector
Bm(le ceey Xm) :Tm —mu.

Let D = V! be the inverse of the variance covariance matrix V. The lowest degree term in the
polynomial v has the form

k
Yi1(w) =— Zal,l;e(e)uz

1

where, from Bhattacharya and Ranga Rao [2], page 55, we have
aiie = ZKllzDletl/z + ZKH] (2D1] Di¢+ D;i;Dig)/2
i i#]j
+ Z Kijk(Dij D¢ + Dix Dj¢ + Dji Dig).
i<j<k
If J(xi,...,x,) is a real valued measurable function on Q"; we let J = J(X1,..., X,).

Remember in the following that u and 6 are related through Eg(T,,) =npu.
Theorem 3. Fix an integer m > 0. Suppose J > 0 is a real valued measurable function on Q"

such that

EG{j(Xlw--sXm)} <0
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for all 6 € int(®). Then for each compact subset I of int(®) we have

limsupn2 supsup |[E{J|T, =nu}— A, J,0)| < oo, (12)
n— 00 gel’ J
where
R(J,0)
A(n, J,0)=E¢(J) +
and
mk 1 ;-1
R(J,0) = TEO(J) - EEQ{JBmV @)B} —Eg{J¥r1,1(By)} (13)
= VZEo(J) + ¥1.1{VEs (D)} (14)

The supremum over J is over all measurable J defined on Q™ with |J| < J (almost everywhere).
Moreover,

sup sup R(J,0)=0(1). (15)
O AVIEN

In (14), the symbols V and V? are as in Lemma 1. It is part of the theorem that the quantities
on the right in (13) and (14) are equal.

4. Examples

In this section, we consider the Gamma and von Mises models and show that the theory of the pre-
vious sections applies. These two models were considered in Lockhart, O’Reilly and Stephens [7,
8] where Gibbs sampling was used to implement the conditional tests discussed here via Markov
Chain Monte Carlo. In the case of the Gamma distribution, we also illustrate the use of the ex-
pansion of the Rao—Blackwell estimate by giving a formula for an approximate Rao—Blackwell
estimate of the shape parameter.

4.1. The Gamma distribution

Suppose X1, X2, ... are i.i.d. with density

a—1
f(x;d,ﬁ)=ﬁ<%> exp(—x/B)1(x > 0).

Wetake 0 =, 60 =1/ and ® = {0 : 6; > 0, 6, > 0}. We then have

T(x) = (log(x), —x)
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and

TO+¢1) 65 }

K((blv ¢2) = lOg{ F(el) (92 ¥ ¢2)91+¢l

The characteristic function of T is

L @1 +ig1) (62 +ig)" T

V(d1,¢n) = N 9291

Fix a compact set I" in the parameter space and let
e =inf{f: 30,: (01,6,) €'}

In Section 6, we use properties of the Gamma function in the complex plane to show that for r
so large that re > 2 and r > 4 we have

SUP/ [W (1, ¢2))|" depy depa < co. (16)
oel’

This establishes Condition D in this case.

For completeness, we record here the functions needed to apply Theorem 3 to this family. Let
¥ (0) =dlogT'(9)/d6 denote the digamma function and let ¥ and v denote its first and second
derivatives. Let § = 61¢'(8;) — 1. Then we find

w1 =y (01) —log(62), w2 =—061/62,
Vit =v'(0), Vig=Va1=1/6s,
Voo = 61/63, Diy = D11 =6,/4,

Dy =61/5,  Dyp=63¢'(61)/8,

ki1 = 9" (01, k112 = k121 = k211 =0,
K222 = —2601 /65, K122 = k21 = ko1 = 1/63,

02y (01) + 20,9 (61) + 2 019" (01) + 202 {y' (61)}% + 26,9 (61)
a1 = 252 , ai; = 252 .

These formulas may be used to give approximations in terms of the maximum likelihood estimate
6 to order 1/n of the Rao-Blackwell estimate of a parameter. As an example, we consider the
approximation to the Rao—Blackwell estimate of the shape parameter 0;. In this case Eq (J) = 6;
so the Hessian matrix in R(J, 8) is 0 and the gradient is simply (1, 0)". Our approximation from
(14) is then

U g(1L,0) A 02T (O1) + 209" (O1) +2
91291_1&1,1( ):91+ 1@”(1} A2'(//(1) -
n 2n{01y'(61) — 1)2
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Remark. 1 do not know if there is, for some value of m, an unbiased estimate of 6;. That is, I do
not know if J exists in the calculation just given. It seems worth noting that the expansion can be
computed anyway since the terms therein depend only on the function of the parameters which
is being estimated and the derivatives of that function.

4.2. The von Mises distribution

Suppose X1, X2, ... are i.i.d. with density

1
f(x; o, x0) = ———exp{a cos(x — xp)}1(0 < x < 27),
27 ly(a)
where I is the modified Bessel function of the first kind of order 0. We take 6; = « cos(xp),
0> = a sin(xp) and © = R2. We then have

T (x) = (cos(x), sin(x)).

Here we find it easier to verify Condition D*. For a sample of size m the density of the sufficient
statistics is known analytically in the case 8; = 6, = 0, that is, when the distribution is uniform
on the interval (0, 2w). Write T,, in polar coordinates as (R cosd, R sind) with the angle § in
[0,27) and R = ||T,||; then R and § are independent. The distribution of § is uniform on [0, 27).
From Stephens [13], we find R has the density

) =u /Oo Jo(ut) Jy' ()t dt,
0

where Jj is the Bessel function of the first kind of order 0. The function Jy(¢) is bounded and
decays at infinity like #~1/2. So for all m > 4 there is a constant C,, such that

Jm(W) < Cpu

for all u > 0. The density f;, vanishes for negative u and for u > m. Change variables to see that
for all m > 5 the density of T,, is bounded by C,,/(2w). For 6 = (61, 62) not 0 the likelihood
ratio of 6 to 0 is exp(0'T,,) /1" (||01]). Since the density of T,, for 6 is the density for 0 multiplied
by the likelihood ratio Condition D* holds with r = 5.

5. Discussion
We conclude with a series of remarks.

Remark 1. For a given goodness-of-fit test statistic we may compute P-values in several ways.
The parametric bootstrap technique proceeds by estimating the unknown parameters and then
generating a large number of samples from the hypothesized distribution using the estimated
value of the parameters. Except in location-scale models the resulting tests are approximate; that
is, the distribution of the P-value is not exactly uniform though it becomes more so as the sample
size increases.
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An alternative technique is to compute a conditional P value using
P(Sy > s[Ty)

evaluated at s equal to the observed value of S,,. This P-value must generally be evaluated by
Monte Carlo methods. For some distributions, such as the Inverse Gaussian, there is a direct
way to simulate samples from the conditional distribution of the data given T,. See O’Reilly
and Gracia-Medrano [10]. For other distributions, Markov Chain Monte Carlo may be used; see
Lockhart, O’Reilly and Stephens [7,8].

If the null hypothesis is true and the true value of 6 is in int(®), then we have shown that the
difference between these two P-values converges almost surely to 0. In our experience, these two
P-values are usually extremely close together suggesting the agreement extends to some higher
order expansion; I do not know how to show such a thing.

Remark 2. Indeed this equivalence of P-values requires only a large sample size and an estimate
6 not too close to the boundary of ®. It is not at all necessary that the null hypothesis be true.
Of course if the null hypothesis is not true the estimate 6,, could converge to the boundary of the
parameter space and then our results permit the P-values to be different even in large samples.

Remark 3. For fixed alternatives, our results imply that the difference in powers between the
two tests tends to 0 except when T,,/n does not have a limit in u(int(®)). The conclusions in
Theorem 2 can be extended to contiguous sequences of alternatives yielding conclusions that the
two tests have identical limiting powers along such sequences.

Remark 4. The local central limit theorem for lattice distributions may be used to prove the
equivalent of Theorem 1 if T (x) takes values in a lattice and the data are discrete.

Remark 5. The result also extends to a variety of other statistics such as

1 1 2
f {an— / wu)wn(u)du} VA1) dr
0 0
or
1 1
f / K(s, )W, (s)W,, (¢t)ds dt
0 0

or any other suitable quadratic form in the process W,,, under regularity conditions on the weight
functions i, the kernel K, or the quadratic form.

Remark 6. One important case not covered by our proof is the Anderson—Darling test which is
of the Cramér—von Mises type but with weight function

V(s)=1/vs(l —s)

which is not square integrable. It may be possible to verify our assertions (9) and (11) by more
careful analysis of the conditional moments of W,, near the ends of the unit interval.
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Remark 7. Our proofs show that the Edgeworth expansion to order 2s given in Lemma 4 may
be used to provide an expansion of any Rao—Blackwell estimate about the maximum likelihood
estimate of Eg(J) in inverse powers of n out to terms of order n~* with a remainder which is
O(n~G+h)y uniformly on compact subsets of int(®). We have not done the algebra for any s > 1
but we can state the following theorem.

Theorem 4. Under the conditions of Theorem 3, there are functions R;(J,0) for j =1,2,...
such that for any integer s > 1 we have

limsupnlﬂ supsup |[E{J|T, =nu} — As(n, J,0)| < oo, 17

n— 00 oel’ J

where
R; J 0
A 1.6y =B + 3 R0 10
j=1
The functions Rj are computed using Taylor expansions as in Theorem 3 and collecting terms in
inverse powers of n. Each R; is bounded uniformly over 6 € I and |J| < J.

Of course R is just R of Theorem 3 and the point is that the arguments in the proof of that
theorem can be applied to all remainder terms occurring here.

Remark 8. In Theorem 1, the X; are real valued; this is needed only for the weak convergence
results. In the von Mises case, for instance, it is useful to regard the observation X; not as an
angle but as a unit vector X; as was suggested in the introduction. This makes T, = >_ X;. In
many examples, the X; can usefully be taken to be multivariate. Our results may be expected
to extend to any statistic admitting a sum of squares expansion like that of Cramér—von Mises
statistics.

Remark 9. The conditional tests described here have level identically equal to «. In the intro-
duction, we noted that this is a necessary condition for an unbiased level « test in models with
a complete sufficient statistic. Though necessary, the condition is not sufficient; we do not know
how to check that a given conditional test is unbiased, nor how to establish any optimal power
properties for the tests considered here.

6. Proofs

6.1. Proof of Lemma 3

The proof in Holst [4] of his Corollary 3.6 extends directly to prove this lemma. However, Holst’s
Corollary 3.6 assumes “the general conditions” of his Section 2. In particular, we must verify the
integrability hypothesis of his Proposition 2.1 which we now describe in our notation. Let

W,.6(¢1, 02) = Boexp(i¢] S, (0) +i¢) T, )}
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be the joint characteristic function of S, (6), T,. Holst requires that for each ¢; and each compact
subset I' of int(®) there is an » > 0 such that for all 6 € T’

/I‘I’r,e(él,ﬁz)ldé“z < 00. (18)

Lemma 5. Condition D implies (18). In fact, r can be chosen free of (1.
This is an easy consequence of the following lemma.

Lemma 6. Suppose X € R" and Y € R™ have joint distribution F (dx,dy) and joint character-
istic function vy (u, v). Then

1. If Y has density f bounded by M and  is real valued and nonnegative, then
/Rm Y, v)ydv < MQ2n)™.

2. If Y has density f bounded by M, then
/Rm [ (u, v)[*dv < M21)".

3.IfM= me |¥ (0, v)|dv < 00, then Y has a density f such that for all y
f»)=M/2m)".
Proof. Statement 3 is a well-known consequence of the Fourier inversion formula. Statement 2
follows from Statement 1 by symmetrization: if the pair (X*, Y*) has the same joint distribution
as (X, Y) and is independent of (X, Y) then the second statement is the first applied to (X —
X*,Y — Y*) noting that Y — Y* has a density also bounded by M.

To prove Statement 1, we follow Feller [3], pages 480ff. Let & denote the standard normal
density in R”. Then for each a > 0 the function a&(ax) is a density with characteristic function

Qm)"/%€(u/a).
fexp{—ig‘/v}amé(av)l/f(u, v)dv = /amé(av)ei”,x exp{iv'(y — ¢)} F(dx, dy) dv
=@mW{/W*a@—omumu@w.
At ¢ =0, we get
0< /Iﬂ(u, v) eXp(—azv/v/Z) dv < (2m)" f(l/a)mé'(y/a)F(dx, dy)

=QMMfamwawmf@mysMQMW

Now let a — 0 to get Statement 1. (]
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6.2. Proof of Theorem 3

We use the shorthands x for the vector (xy, ..., x;) and dx for u(dxy)---u(dx,,). Let f,, be
the joint density of X1, ..., X,,; we suppress the dependence of this density on 6. For n > r, we
let g, denote the density of (T, — nu)/+/n again suppressing the dependence on . (Densities
of sufficient statistics are relative to Lebesgue measure while those of the data are relative to
products of the carrier measure p.) We adopt the useful notation

On=B,V By,  Quu=0n/n and gi(x)=q,(x)/¢(0,V).

It is elementary that

k/2
BUIT, =nuj = (%) /J(X)fm(x)q”L(A’”) dx,

- qn(0)
where
m AT (x;) — B
A i D (TG =) Ba
N NG
The quantity in (12) may be written as |I1 + --- + I3| where [; = f J(X) frn (X)7; (x) dx for
suitable functions 7y, ..., 7g. We will argue below that each integral is O(nfz) uniformly in 6

over compact subsets I" of int(®). The functions 7; are given by

)

n N2 nm(Am) = (A, VI + X3 ¥ (An)/ (0 — m) 772}
71 (w) < )

n—m qn(0)
r(u)—{( " )"”_(H_)}MAWV){H; 5 =)
RAVEE 2n 4n(0)
— mk 1 Y20 | | .~ 0u/2 Yi(Am)
r3(U)—<1+ n)[q:(o) {1 ” {1+Z(n_mw2}
= m_k — L an/2 I/,]e(IAWI)
1:4(u)—<1+ n)(l " )e {j§4—(n_m)j/2}
(1475 (1= 20 o]y ED W)
_<1+ n)(l . )e {i§4n5/2(n—m)//2}’
rs(u)=<1+’;’—k><1_‘/’_>e Oy, 1(Bm){ 1 }
n n n(n —m)
o = (1425 (1= 220 ey L ]
n n n—-m n
17(u)_<1+';_k>(1_ﬂ)<e—gmn/2 Qm){l Wzo—lﬂll(Bm)}
n n
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T8(w) = (1 + m—k> (1 - M) (1 - &>{1 + $20~ ¥1.1(Bm) } — To(w),
2n n 2n n

where
mk/2 — Qu/2 —¥1,1(Bm)
n

o) =1+

Theorem 1 will follow if we show fori =1, ..., 8 that

sup sup |l;| = O(n_z).
|J]<J Ol

These 8 assertions may be established using several bounds. We do not give complete details
since the arguments are routine but we illustrate some of the details. For instance, it is elementary

that
k/2 k/2 k
( n ) <@m+1¥? and (L> - <1 + m—) =02,
n—m n—m 2n

Continuity and compactness imply

sup sup <00

gel’ x

i (x)
¢wmk+25%}
j=

and
inf ¢ (0, V) > 0.
Inf (0, V) >
Lemma 1 guarantees that
liminf inf ¢,(0) > 0
n—-oo fel’

and so with g, as in Lemma 4 we have

11| < (m + ¥, supEg(J)/ inf g, (0).
gel’ oel’

For I, I5 and I¢ use the elementary facts that

! —l—ooﬂ) and ;—l—om”)
n—-m n Jnn—m) n '

Integral I3 is bounded using Lemma 1 again. Integral 14 uses the powers of n in the displayed
sum. For I; use the inequalities 0 < e ™ — 1 + x < x?/2 to see that

2
0< <e_an/2 —1 + &) &

m ) " a2

These bounds apply to the integrands; they are used to bound the integrals based on the fol-
lowing observation. The condition that J have finite expectation for all 6 in int(®) means that
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J(X) fin(x)/Eg (J) defines another exponential family with natural parameter space including
int(®). This permits differentiation under the integral sign with respect to 6 as many times as
desired. It is then easily established that for all @ > 0

sup Eg (|| T, ) < oo.

el
This permits all the bounds derived above to be integrated against J (X) f;, (X) to establish the
desired conclusion.

Differentiation under the integral sign permits us to show for any J with |J| < J the following
two identities:

VEs(J) = Covg(J, Tpn),
V?Es(J) = Cove(J, BBy,
=E¢(JB,B,,) —Es())V.
From these two identities, we deduce
E¢(JB, V~'B,,) = trace{Es (JB,,B,,)V '}
= trace{V’Eg(J)V '} + Ey (J) trace(V "1 V).
This and the observation that v ; is a linear function establish the equivalence of the two forms

of R(J,0) in (13) and (14).

6.3. Proof of assertions (9) and (11)

We must prove

1,1
E[U3J|T":”Mn]_>f() /0 V()Y (1)gj(s)gj(t)pg(s,t)dsdt
and

1
E[Sy| T, = nit,] — / Y2 (5)pa (s, 5) ds.
0

To this end, define
F(ulw) =E{1(X; <x)|T, =nu},

where u is related to x by u = F(x,6). Then F (u|T,/n) is the Rao—Blackwell estimate of
F(x,0). Also define u; = F(x;,0) fori = 1,2 and

F(up, uzlp) =E{1(X1 < x1, X2 < x2)|T, =npu}.

Then 152(141 ,uz|T,/n) is the Rao—Blackwell estimate of F(x1,0)F (x2,60) (the unconditional
joint cumulative distribution function of X and X»).
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Define

on(ur, uz|p) =E{W, (u)W,u2)|T, =nu}.
‘We then have
1 2 1 pl
EH/O Yn(t)gj(t)dt} |Tn=nun]=/0 /0 V()Y ()g;(s)g;(t)pn(s, t|u)dsds.
Direct calculation shows that

on (1, uz|pe) = F(min(uy, uz)|w) — F(ui|)us — F(ualp)uy + uyua
+ (n— D{F2(uy, uz|p) — F(ur|)uz — Fualpuy + uyuz)

= F(min(uy, u2)|p) — F(ur|p) F(uz|p) (19)
+ (n— D{Fa(uy, uz|p) — F(ur| ) F (ua|p))
+n{F(ui ) — un MF (ua| ) — ua)}. (20)

We will establish (9) by proving

Pn(ur, uzlp) — po(uy, uz) 21

uniformly in #; and u>. We apply Theorem 3. Take J=1, J1(X1, X2) =1(X1 <x1), Lh(Xy) =
1(X1 < xp) and J3(X1, X2) = 1(X1 < x1, X2 < x2). (The odd looking indexes in J, are delib-
erate. The algebra involved in simplifying the remainder terms is easier if we take m = 2 for J3
and m =1 for J1 and J>.) We find from (15) applied to J; and J; that the term (20) converges to
0 uniformly in u; and uy. Applying (15) to J; shows that the term (19) converges, uniformly in
u1 and uy, to

min(uq, up) — uiuy.

Finally from (12), we find that

(n — D{Fa(uy, ualp) — F(ur|p) F(ualp))
converges to
A(l’l, J3’ 0) - A(l’l, Jl’ G)A(Vl, J27 9)

uniformly in u1, u>. Adopt the temporary notation R; = R(J;,0) and A; = A(n, J;,0) for i =
1,2, 3. Then

n(A3 — A1A2) = R3 — R1Eg(J2) — RoEg(J1) + R Ry /n. (22)
From (15), we see that R Ry /n converges to 0 uniformly in u1, us, x; and x3.

Computing we get

1
R3 =kEo(J1)Eo(J2) — EEe(J3BzV_le) +Eo(J3v1,1(B2)),
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k 1
RiEg(J2) = EEG(JI)EG(J2) - EEG(JIBIV_IBI) +Eo(J1¥1,1B1)),

k 1 _
RoEg(J1) = EEG(JI)EG(JZ) - EEQ(JzBl V7IB1) +Eo(Jay1,1(B)).
Since B> is a sum of two independent terms we expand the quadratic form in Rj3 to see

Eo(J3B2V ™ 'By) = Eg(J1B1 V™ 'B)Es(J2)
+Eg(JaB1 V™ B)Eg(J1) + 2Eg(J1B))V " 'Es (B1J2).

We may also use the linearity of v1 ; and the independence of X; and X to see that

Eo(J3v1,1B2)) = Eo(J1¥1,1(B1))Eg (J2) + Eg (J231,1(B1))Eo (J1).

Thus, R3 — R1Eg(J2) — R2E¢ (J1) simplifies to —Ey (JlB’l)V_lEe (B1J>). Since V is the Fisher
information matrix in this problem, we have established (9). To check (11), we make a very
similar calculation.

6.4. Verification of Condition D for the Gamma family

Here, we establish (16). Change variables via u = ¢, /6, to show the integral in (16) is propor-
tional to 92’ ; thus we take 6, = 1 without loss. The integral becomes:

//‘F(ﬁ +igy) |
sup
gel ')

The substitution ¢ = tan(u) reduces the integral to

/2
sup / /
6er /2
We integrate separately over 4 ranges: Ry ={—M < ¢1 < M}, Ry ={|¢1| > M, p1u <0}, R3 =

{$p1 > M,u >0} and Ry = {¢p1 < —M,u < 0}. Since |I'(61 +1i¢1)| = |I'(6; — i¢p1)| the integrals
R3 and R4 are equal. Over R| we use the inequality

exp{roi tan~! ¢} dg; dgo.

(1+¢3)rn/2

L1 +ig1) +ipp) |

—Ten 0" 2 (u) exp(rpyu) du de

IT(61 +ip1)/ T (O] <1

(because the quantity inside the modulus signs is the characteristic function of log(X1)) to get
the bound, for 01 > ¢ with re > 2

A

/2
Osr(9172(u)er¢1u dudg; < Mexp{Mrm/2} COerfZ(M) du
—m/2

< M exp{Mrm/2}.

L@ +ig1) |
r'6)
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Over R; the term exp(r¢ju) is bounded by 1. Thus,

J.

The integral is bounded by the supremum of the density of log(X1) over the real line and the
compact parameter set I'.

Finally, we consider the integral over R3. From Section 6.1.45 of Abramowitz and Stegun [1],
we find there is a constant C such that

L6 +ig1) |

doq.
T 9!

o8 2 (w)e " du dgpy < T[/

—00

OO‘F(QI +igy) |"
I'(61)

<C 7T[¢1/2¢91 1/2

‘F(Ql + i)
I'(61)

For 61 <1/2,¢1 > M > 1 and re > 2 we then get

Jy

NGRS

n/2 poo
Osr91—2(u)er¢lu du d¢] < C/ / e—(f)]r(ﬂ:/z—u) COSrel_Z(M) d¢1 du
INCID) 0 M

C/TE/Z cos’el*z(u) &
o r(m/2—u)
/TE/Z Sinr91—2(u)

ru

2 sin’e~ 2(u)
du
0

w3 du < oo.

IA

c

du

IA
a

i Ee!
(=)

IA

For 61 > 1/2 we get

Jy

n/2 poo
< Cf / e—¢1r(1‘t/2—u)¢1(91_1/2) COSrGl_Z(u) d¢1 du
0

L6 +ig1) |

Ton cos” 2 (u) exp(reyu) du dg

C(14+r@ —1/2) ™% sin® %)
- r1+r(91—1/2) ur(01—1/2)+1

du
0

_cPa+ro—1/2)

/2 3
/o
= L1+ 01—1/2) u du.

0

For r > 5 the right hand side is uniformly bounded over I' N {6; > 1/2}.
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