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This paper deals with some self-interacting diffusions (X;, t > 0) living on RY. These diffusions are solu-
tions to stochastic differential equations:

dX; =dB; — g()VV (X, — 1) dt,

where 1z, is the empirical mean of the process X, V is an asymptotically strictly convex potential and g is
a given function. We study the ergodic behaviour of X and prove that it is strongly related to g. Actually,
we show that X is ergodic (in the limit quotient sense) if and only if &, converges a.s. We also give some
conditions (on g and V) for the almost sure convergence of X.
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1. Introduction

Processes with path interaction have been an intensive research area since the seminal work
of Norris, Rogers and Williams [13]. More precisely, self-interacting diffusions have been first
introduced by Durrett and Rogers [7] under the name of Brownian polymers. They proposed
a model for the shape of a growing polymer. Denoting by X, the location of the end of the poly-
mer at time ¢, X satisfies a stochastic differential equation (SDE) with a drift term depending on
its own occupation measure (in dimension 1, we define it through the local time of X). One is
then interested in rescaling X (see [5,6,9,12,15]). Another model of polymers has been proposed
by Benaim, Ledoux and Raimond [2]. They have studied a class of self-interacting diffusions
depending on the empirical measure. When the process is living on a compact Riemannian man-
ifold, they have proved that the asymptotic behaviour of the empirical measure can be related
to the analysis of some deterministic dynamical flow defined on the space of the Borel proba-
bility measures. Benaim and Raimond [3] went further in this study and in particular, they gave
sufficient conditions for the a.s. convergence of the empirical measure. Very recently, Raimond
[16] has generalized the previous work. He has studied the asymptotic properties of a process X,
living on a Riemannian compact manifold M, solution to the SDE

dX, =dB, — g(1)VV * u,(X,) dt, (1.1)
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with Vs p, (0) = 1 [ V(x, X,)ds, e =1 [ 8x, ds, |g(1)| < alog(t) and g'(r) = O(t ™) with
0 <y < 1. He has proved that, unless g is constant, the approximation of u,; by a determin-
istic flow is no longer valid. He has more particularly investigated the example M = S" and
V(x,y) = —cosd(x,y) (where d is the geodesic distance on S") and proved that a.s. u; con-
verges weakly toward a Dirac measure. For an overview on reinforced processes, we refer the
reader to Pemantle’s survey [14].

In the present paper, we are concerned with some self-interacting processes living on R?.
Consider a smooth potential V : R? — R and an application g: R, — R% . Our goal is to study
the ergodic behaviour of the self-interacting diffusion X solution to

dX,=dB, — g(OVV(X, — ) dt,  Xo=x, (1.2)

where B is a standard Brownian motion and zt; denotes the empirical mean of X:

1 t
- — X.d ’ —
X r+t<m+/o s s) Ho

Here 4 is an initial (given) probability measure on RY, i denotes the mean of  and r > 0 is an
initial weight (it permits us to consider any initial probability measure).

First, note that for a quadratic interaction potential V', the process satisfying (1.2) is exactly
of the form of (1.1) and, in both cases, the occupation measure is penalized by g(¢). Afterwards,
a natural generalization of this process is the class of self-interacting diffusions discussed here.
The interesting point is that we manage to study precisely the asymptotic behaviour of X and
prove a convergence criterion. Moreover, this model could be used to represent the behaviour
of social insects; for instance, ant trails. Indeed, ants mark their paths with pheromones. Certain
ants lay down an initial trail of pheromones as they return to the nest with food. This trail attracts
other ants and serves as a guide. As long as the food source remains, the pheromone trail will
be continually renewed. Despite the quick evaporation, the path is reinforced and so, the ants
manage to gradually find the best route. In this (simplified) model, the function g reflects the
speed of evaporation and X denotes the trail.

In order to study the solution to (1.2), it is natural to introduce the process Y, defined by

. (1.3)

Y,:X,—ﬁt. (1.4)

It is easily seen that (Y3, > 0) is the solution to the SDE

dr
dY; =dB; —g(®)VV (Y dt — Yy Yo=x—1 (1.5)
r

and di; =Y, r%. As Y is a (non-homogeneous) Markov process, it is easier to study Y than X.

Indeed, we will prove that Y converges a.s. and satisfies the pointwise ergodic theorem. Due to
that, the behaviour of X could seem a bit easy at first glance. But it really shows unexpected be-
haviours and, in particular, it does not satisfy the pointwise ergodic theorem in general (because
1; does not converge, except for functions g going fast to infinity). This explains the difficulty
of studying more general self-interacting diffusions in non-compact spaces (see [10]), driven by
the generic equation dX; =dB; — [pa VV (X;, x) du,(x) dt.
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The remainder of the paper is organized as follows. First, we enumerate the hypotheses and
state the main results in Section 2. We motivate our study, in Section 3, by the basic case when V
is quadratic, for which we have an explicit expression of X (in terms of Brownian martingale).
Section 4 deals with the description of the behaviour of Y near the local extrema of V. Finally,
Section 5 is devoted to the proof of the main results.

2. Technical assumptions and main results

In the sequel, (-, -) stands for the Euclidian scalar product. We also denote by P(RY) the set of
probability measures on RY.

Consider the potential V ‘R — Ry. Let Max = {M;, ..., M)} be the (finite) set of saddle
points and local maxima of V and denote by Min = {m1, ..., m,} the (finite) set of the local
minima of V. So Min U Max is the set of critical points of V. We assume that V is either
quadratic (Section 3) or:

(1) (regularity and positivity) V € CE(R?%) and V > 0;

(2) (convexity) V.= W + x, where x is a compactly supported function such that Vy is C-
Lipschitz (with C > 0) and there exists ¢ > 0 such that V2W > cId;

(3) (growth) there exists a > 0 such that for all x € R4, we have

2
AV(x)<aV(x) and lim M:oo; 2.1)
lx]|=-o00  V(x)

(4) (critical points) Ym;, V& € R, (V2V (m;)€, €) > 0 and for all M;, V2V (M;) admits a neg-
ative eigenvalue.

Remark 2.1. By the growth condition (2.1), [VV|> — AV is bounded by below.

Suppose also that g: R — R is non-decreasing and g € C' (R). We denote by g(co) the
limit of g(#) and we exclude the trivial case where g is identically zero, so that g(oco) > 0. Let
G(t) = [y g(s)ds and G~! be its generalized inverse: G~1(¢) := inf{u > 0; G(u) > t}.

Remark 2.2. 1f g(co) = oo, then for all T > 0, we have that Gl¢+T)-G L) t—> 0.
—> 00

The following easy result will be very useful in the sequel.

Lemma 2.3. Suppose that g'(t)/g*(t) converges to 0. Then the following hold:
(i) forany ¢ >0, fot §2e2¢06) dg = O(r2e2°C ™ /g(1));
iy _ 1 g'(s) _ .
(i1) if g(o0) = 00, then we have fO 262 G(s)ds =0();
(iii) for H(t) :=

t ech(u)
0 (r+u)?

Ht) = H(o0) 1 —cG(1) <e—CG(t))
= o s T\ e )

du, the following expansion holds:
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Proof. We deduce all these estimates from an integration by parts:

t 2,2cG(1) t 2 2¢G(s)
/ SzeZCG(‘Y) ds _ t°e ¢ B / ( S - S g/(sg > c cG(s ds _ O(lzeZCG(Z)/g(t))ﬂ
0 2cg(r)  Jo \g(s)  2g8(s) c

e—¢G(s) e—¢G@)

and we obtain H(t) — H(s) = s P

enough and u such that g(u) > 0, we find fut j(is)% G(s)ds = —% + g((;‘)) +t—u=0(@). O

t —cG d .
— ¢ [} gu)e ¢ L Similarly, for ¢ large

2.1. Existence
We begin by proving that the SDE admits a unique global strong solution.

Proposition 2.4. For any x € R?, i € P(R?Y) and r > 0, there exists a unique global strong
solution (X;,t > 0) of (1.2).

Proof. The local existence and uniqueness of the solution to (1.2) is standard. We only need to

prove here that Y, hence X (since X, :=7Y; + fot Y, r‘%), does not explode in a finite time. To this
aim, apply It6’s formula to the function x — V (x):

1 1
dv (Y =(VV(¥1),dB:) + <§AV(Yz) —gOIVV ()P — m(VV(Yz), Yz)) dr,

and introduce the sequence of stopping times 7o = 0 and

t

T, =inf{t >0; V(Y;) +/ 2()|VV (Yy)|*ds >n}.
0

By the convexity condition, we have (VV (y), y) ‘ |—> 00 and so the growth condition (2.1)
y|—>+00

implies the existence of C such that EV (Y;»,) <EV (Yp) + eC’. O

2.2. Results
We give now a description of the asymptotic behaviour of both p; and X;.

Definition 2.5. The process X satisfies the pointwise ergodic theorem if there exists a measure
oo such that a.s. u; 1= ﬁ(ru + fé dx, ds) — oo for the weak convergence of measures: For

all continuous bounded functions f, 1 fj f(X)ds 25 [ fdieo.

Theorem 2.6.

(1) The process Y satisfies the pointwise ergodic theorem: Almost surely, the empirical mea-
sure of Y converges weakly to a measure, which is a convex combination of Dirac measures
taken in the local minima of V.
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(2) The process X satisfies the pointwise ergodic theorem if and only if the mean process i,
converges almost surely.

A necessary condition for the convergence of 71, is that 0 is the unique minimum of V. We will
prove this result in Section 5.1. Indeed, what we need here is not only the convergence of ¥; to
zero, but the convergence of the integral fot Y, r‘% which depends on the speed of convergence
of ¥;. The main result of this paper is the following description of the asymptotic behaviour of X,

shown in Section 5.3:

Theorem 2.7. Suppose that \/g(t)~'log G(t) = O(h(1)~Y), where G is a primitive of g and
o0 ds

Jo” aEemRm < oe-
(1) The process Y converges almost surely to Yoo, Wwhere Yoo belongs to the set of the local

minima of V. For each local minimum m of V, one has P(Yso =m) > 0.
(2) On the set {Yoo = 0}, both X; and t; converge almost surely to Lo, = I + fooo Y, -4

Sr+s>

whereas on the set {Y # 0}, we have that lim;_, 13)% =Yeo.

3. A motivating example

We consider V(x) = %(x, cx), where ¢ is a symmetric positive definite matrix. Let X be the
solution of the SDE

dX, =dB, — g() <cx, ' m-

t
X,ds ) dt, Xo=nx. 3.1
r+t r—l—t/o s s) 0= G-

Without any loss of generality, we suppose that d = 1. When d > 1, it suffices to diagonalize

the matrix ¢ and to remark that, for an orthogonal matrix U, the process (U - B, s > 0) is also
a Brownian motion.

3.1. Explicit expression of X

Lemma 3.1. If X is the solution to (3.1), then we have

t
(/ (r+ s)e"G(S) dBs; +r(x — E)).
0

e7cG(l)

Y =X, — =
t t— Mt P

Proof. The process Y satisfies
1 —
dY; =dB; — | cg(t) + — | Y: dt, Yo=x —1. 3.2)
r+t

To express Y in terms of a Brownian martingale, we consider the function of Y defined by
U, := (r +1)ec9®Y,. Then Itd’s formula implies

dU; = (r + 19 dB,, Up=r(x — ). 0
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Corollary 3.2. Let F(r) = [; e <¢® f(—fs) ds. The solution to the SDE (3.1) is given by
t
X, =x+rc(@—x)F(t)+ / [1—(r +5)ce“ (F(1) — F(5))]dB
0

Proof. Remark that %ﬁ, =
page 175), we have

. +t So, by Fubini’s theorem for stochastic integrals (see [17],

t
T, :f (r +5)e“S (H(t) — H(s))dBs +r(x — W H (1) + [t
0

with H(t) = fO (rjri()lg -~ —cF() — ﬂ . As X; =Y; + 1;, the latter result implies the

desired expression. (]

3.2. Ergodic result

We begin to prove the pointwise ergodic theorem for the following non-homogeneous
(Gauss-)Markov process.

Proposition 3.3. Let a:R — Ry be a continuous function, A(t) := f(; a(s)ds and K(t) :=
e 240 f(; e2A0) ds. Suppose that a(o0) = limy_, o0 a(t) exists and is non-zero, so that K (c0) =
% < 00. Consider the process

dZ,:—a(t)Z; dt+dBt, Z()ZZ.
Then, denoting by y the centered Gaussian measure with variance K (00) (with the convention
y = 8o for K(00) =0), we have for all continuous bounded functions ¢

1 d a.s.
—/ o(Zs)ds — /fp(Z))f(dZ)-
t Jo t—00

Proof. We prove the result for the Fourier transform. First, note that

t
Z, =e A0 (/ eA® dB, + Z).
0

Let 5 :=0(By, 0 <u <s). Knowing Fy, Z; has the Gaussian distribution with mean m (s, t) :=
e~ (A=A 7 and variance K (s, 1) ;= e~ 24(®) ft ezA(”) du. Fix t € Ry, u € R and define the

martingale MM = B4 | Fy) = exp{ium(s,t) — K(s t)}. Applying Itd’s formula to s +—
M!", we find that dM2" = jue~(AO—AG) plt g | and )

t
mZ, Eelul,_,r_/ iuef(A(t)fA(s))Mt,u dB;
s .

0
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Then, by Fubini’s theorem for stochastic integrals, we easily obtain

t t ! !
/ eluZS ds = / Eemzs ds + / dB, / iue—(A(r)—A(X))MSr,M dr. 3.3)
0 0 0 s

As Z; is Gaussian with variance K (0, ), it converges in distribution to a Gaussian variable of
law y = N (0, K (00)). Because of Cesaro’s result, we have

t
lim l EetZs 45 — ¢~ @/DK ()
o0t J )

We wish to find an asymptotic equivalent to the stochastic factor of (3.3). To this aim, consider
N, (v) == f; iueAW=AC) pr dr First, on the set { (N, (s)); ds < oo}, the local martingale

fot N;’J(s) dB; converges a.s. to a finite variable and thus is of the order of o(¢). Actually, we
decompose it as

t t
/N;m(s)st—/ N (s) dB. (3.4)
0 0

On the set { f0°° (N (s))s ds = oo}, the LLN for martingales implies a.s.

t oo t 2
/ dB; / iue~(A=AW) ppru qp — o(/ ds)
) .
0 K 0

Indeed, we obtain the following upper bound by using the initial definition of M :

o0
[ s
N

t
INg (8)] < |u|f A=A g — |y (1, — 1),
S

where I, := fé e AN dr = I, — % + o(%), we find by the triangle inequality that

Jo 401, — I)?ds = O(t). So we have

t 2 t t
E( / Nf' oo (s) st) = f E(N}!oo()%) ds < Jul? / 1V ds(Io — 1)* = O(D).
0 0 0
Borel-Cantelli’s lemma permits us to conclude that % fot Ny« (s) dBs converges a.s. to 0. (]

Theorem 3.4. Suppose that g'(t)/g*(t) converges to 0. Then, with probability 1, the empir-

ical measure p; = rr? m+ r]? fot 8x, ds converges weakly to woo. Moreover, the mean [, =

1

el fot X5 ds + 27w also converges almost surely.
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Proof. We remind the reader that g’(r)/g>(1) converges to 0. We start by proving that (i, con-
verges a.s. Decompose the process t; = ﬁ,l + ﬁtz + ﬁ?, where

T =T+rx—mH®),

t
it = (H(@) — H(c0)) f (r + )¢ dB,
0
t
W= / (r +5)e“““ (H (co) — H(s)) dB;.
0

The convergence of H (#) obviously implies the convergence of ﬁ}. The deterministic factor

of Etz is equivalent to p” (lr)ﬂ e 0™ and, due to Lemma 2.3, the quadratic variation of the sto-
. . . 2 .2¢G(t)
chastic factor in f? is of the order of Z(f) :

arithm ([11], Theorem 3), we have ﬁtz tﬂ) 0. Finally, ﬁ? is a L2-bounded martingale and thus
—00

. By Lemma 2.3 and the law of the iterated log-

converges a.s. Putting all the pieces together, we conclude that 1z, tg w~+ H(co)r(x — ) +
—> 00
Jo~ (r +5)e9W (H (00) — H (5)) dBy.
To show that p,; converges, we first point out that the deterministic factor of X, converges.
Decompose the process X into three parts: X; = [to, + ¢ (#)U; 4+ o(1), where

oo 1= X + cr (ft — x) F (00) +/ [1—(r +5)ce“Y (F(00) — F(s))] dB;,
0

e—cG(0)

Ut:=
r+t

¢(t) :=c(r +1)(F(00) — F(1))eC".

t
/ (r +5)e““) dBy,
0

Again, we prove the result for the Fourier transform. We have the following:

t iu(tot+o(l)) pt
l/ eiuXS ds = € / e1l4¢(S)Ux ds.
tJo t 0

By Proposition 3.3, ¢ (¢)U; is ergodic. So % fé e“®?®Us ds converges a.s. (I

Corollary 3.5. Suppose that g'(1)/g>(t) converges to 0 and g(00) < co. Then the limit lim j; =
Woo is the Gaussian measure (oo = N (Moo, M%.o)c).

3.3. Asymptotic behaviour of X

We prove here that, depending on g, X exhibits three different behaviours: X converges either
almost surely, or in probability (and not a.s.), or it diverges. First, we describe roughly the as-
ymptotic behaviour of X.
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Proposition 3.6. Suppose that g(o0) < 0o. Then we have

P(limsup X, = +oo) - ]P)(li[mian, - —oo) —1.
— 00

t—0o0

Proof. Let A be a non-negligible subset of R. We have the asymptotic equivalence
t
f 8x,(A)ds ~ 1l,
0 [—00

where [ is a positive constant depending on A. So, fooo dx,(A)ds =00 a.s. and u is diffusive.
It then implies that for all K > 0, [ 8x, ([K, 0o[) ds = 00 a.s. and so

QUL i)

K>1

We conclude that P(limsup,_, ., X; = +00) = 1. The proof is the same for liminf, . X;. [

Proposition 3.7. Suppose that g'(t)/g>(t) converges to 0 and g(00) = co. Then X; converges
in probability to a random variable X o, and a.s. p; converges weakly to §x.. .

Proof. As Y is Gaussian and IE(YZ) =0(g()™ "), it converges in L? and so in probability to 0.
Decomposing X as X; =Y; + fo Y, r‘:f , it remains to show that the previous integral converges
in probability. Using the explicit form of Y, Fubini’s theorem for stochastic integrals ensures

! ds ds ds
Y. — _ —cG(s) / cG(u) / —cG(s) dB
/0 ST =r(x u)f 12 (r+u)e ; € 12 U

The quadratic variation of the Brownian integral converges by Lemma 2.3 and thus X converges
to X oo in L%. Remark that the law of the iterated logarithm does not imply here that X converges
a.s. since we do not know whether log G(¢)/g(t) converges to 0 or not. We then easily have that
W converges toward x,. in probability. By Theorem 3.4, a.s. i, converges (weakly) and so we
conclude. ]

Proposition 3.8. Suppose that g'(t)/g>(t) converges to 0 and g(t)~'log G (t) is bounded for t
large enough. Then there exists C > 0 such that

IP’(limsup|Y,| §C):1.

—>0o0
Proof. We write Y as a Brownian (local) martingale: Y; = LG([) E— Yy + f() (r +5)ecGG) dBy). To
estimate the quadratic variation of Y, we use Lemma 2.3 and thus, by the law of the iterated
logarithm, there exists C such that a.s. limsup,_, . |¥;| < C. |
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Corollary 3.9. Suppose that g(t)~'1og G(1) is lower bounded away from 0 and upper bounded
for t large enough. Then X, is bounded a.s., converges in probability (but not a.s.) t0 Xoc = [lsg
and a.s. ji; converges weakly to §x .

Proof. Y is a.s. bounded and @, converges a.s., so X; = Y; + [z, is also a.s. bounded. As Y;
is Gaussian, it converges (in law) to a centered Gaussian variable. The latter being bounded, Y;
converges in probability to 0. By the law of the iterated logarithm, Y; does not converge a.s. to 0
(since log G(t)/g(t) > O for large ). So, X, converges in probability to ... We conclude by
uniqueness of the limit that a.s. u, converges weakly to §g__. O

Proposition 3.10. Suppose that g'(t)/g*(t) converges to 0 and lim;_, o g(t)"'log G(r) = 0.
Then the process Y, := X; — [t; converges to 0 a.s. Moreover, both X; and i, converge to i,
a.s.and a.s. Ly converges weakly to 8z .

Proof. We only need to prove that Y; := X, — i, converges a.s. to 0. We have already seen
—cG(t) cG(t)

that ¥; = erT fé(r +5)e9C dBs + r(x — @) S;H =: U; + v,. The deterministic term v,
converges obviously to 0 and the law of the iterated logarithm implies that U; converges a.s. to 0.

By uniqueness of the limit of u;, we conclude that oo = 85, . (]

4. Study of Y with respect to the critical points of V

From now on, we assume that g’(r)/g>(¢) converges to 0 (this hypothesis is only needed to study
the behaviour of Y near a local minimum of V). We study the process Y; = X; — [i;, which is
the solution to

A.1)

=

dY; =dB; — (g(t)VV(Y,)+ )dt; Yo=x—

t
r+t
More precisely, we study the behaviour of Y near the critical points of V. We show in particular,

for each local minimum of V, that Y stays close to it with positive probability, whereas this
probability is zero for any unstable critical point.

4.1. Behaviour near the critical points of V

Proposition 4.1. Almost surely,Ve > 0,Vt > 0,
T7? :=inf{s > t; d(Yy, Min U Max) < e} < oo.

Proof. Let ¢ > 0. Applying It6’s formula to x — V (x), we obtain

1 1
dv(¥y) = (VV (Y1), dB;) — <g(l)|VV(Yt)I2 + r—+t(Y" Vv (Y1) — EAV(Yt)) dr.
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It then follows from the growth condition (2.1) that on the set {z; d(z, Min U Max) > ¢} and for
t > 0, the function y > (v, VV () + g(1)|VV (y)|* — AV (y) is bounded from below. So
there exists C > 0 such that, for Vy € {z; d(z, Min U Max) > ¢}, we have

2 1 1 g(00) 2
EOIVVIIT+ —— 0, VV () = JAV() 2 | () — —— JIVV ()" =C. (4.2)
r+t 2 2

Let us introduce the stopping time 7,° = inf{s > t; d (Y, Min UMax) < e} and prove that P(7;? <
+00) = 1. It follows from (4.2) that there exists 79 such that, for r > ¢, (V(YMT;) +C(s A
T¢),s > t) and

SATf 1
(vmm) +CG AT + / (g(u) - 5g<oo)) VY Vnge) P dut, s > t)
0

are two super-martingales. As they are positive, they converge a.s. (as s — 00). So, the process
(fOMT’ é,>(u)|VV(YW\T[e)|2 du, s > t) also converges a.s. On the set {7,° = +o0}, we have

IVV (Ysnre)? 25 0.
S—>00
Thus Ysa7e gets close to Min U Max and there is a contradiction. Finally, P(T < +o00) =1 for
all # > 19. For t <9, we conclude since ¢ — T° is increasing. |

Corollary 4.2. Almost surely, the sequence of stopping times T, := inf{s > n; d(Ys, Min U
Max) < &} satisfies: T, — 00, and Vn > 1, P(T, < +00) =1 and d(Y1,, Min U Max) < €.

4.2. Case of a stable critical point: Local minimum

We will prove that if Yj is near a local minimum m, then the set {¥;; s > O} stays near m
with a positive probability. Indeed, a second-order Taylor expansion permits us to compare
(y —m, VV(y)) with |y — m|? and we use a comparison theorem. Let m be a local minimum
of V such that V2V (m) > 0. By Taylor’s formula, there exist ¢ > 0 and g9 > 0 such that for all
ly —m| < go we have (y —m, VV(y)) > aly — m|?. Without any loss of generality, we suppose
m = 0 in the proofs.

Proposition 4.3. Suppose that g(t)~'log G(t) is bounded on R . Let gy > & > 0. Then, there
exists a positive stopping time Ty such that for all T > Ty, we have on the event {|Yr —m| < ¢}
that P(¥s > 0; |Ys47 — m| < &) > 0. Moreover, for any T > Ty, we have on the event {Vs >
T;|Ys —m| <e}:

| Yo —m]| =O(\/g(t+T)*llogG(t+T)) a.s.

Proof. Consider the time-shifted process 17, = YiirT. Let~ & > 0. We will construct a one-
dimensional process U such that for all # > 0, we have a.s. |Y;| < U;.
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(1) Suppose that d = 1. As V" (m) > 0, there exists a > 0 such that for all |y| <&, yV'(y) >
ay?. Introduce the non-negative process U, a unique solution to the SDE

dU; =sign(Y;)dBl — ag(t + T)U, dr + dL,, U = |Yol, (4.3)

where L is the local time of U in 0. Let «(¢) be the function such that foa(t) e2aCGG+T) gy — ¢
and «(0) = 0. Then, the process A; := f(;w) e?G6+T) g1 is the local time in zero of W, =
Iy () eaG(s+7) sign (Y,) dBT . Denote by W+ the reflected Brownian motion associated to W.

Skorokhod’s lemma (see [8]) then entails that e“G("‘(’)JFT)Ua(t) = Wﬁ. So the (strong) solution
to (4.3) is

Uy =U+e 960Dyt

,1 (t) (44)

By a martingale comparison theorem, we prove that |Yt| < Uy a.s. Indeed, let [ be a function of
class QZ such that Vx > 0:/(x) > 0 and /" (x) > 0,and Vx <0:1(x) =~0. We apply Itd’s formula
to [(|Y;| — U;) to show that, on the event {|Ys| > U}, we have [(|Y;| — U;) <0 a.s. Finally,
as oz_l(t) = f I e2aG(s+T) ds, we conclude by the law of the iterated logarithm (LIL), that a.s.
=0(/g(t +T) TlogG(t + T)).
(2) Suppose that d > 2. Define t := inf{t > 0; Y, 0}. Itd’s formula implies

Y, d—1
YV (Fire) Winel g @1
Trtin+ T T T

INT

d|)7mr| =dWinr —gt AT + T)(

Yinel

where W; = fo dB T) is a standard Brownian motion. The condition V2V(0) > 0 implies

that there exists a > 0 such that

Vivi<e (3, VVO)) =alyl 4.5

Let us introduce the (d — 1)-dimensional Bessel process R. Consider the time-shifted process
U; :=e @G+ R i 24G04T) g which is the non-negative (strong) solution to

d—1
dU, =dp] —ag(t + T)U, dt + T (4.6)

t
where B is a Brownian motion. On the event {Vs > T'; |Y| < €}, we apply the previous com-
parison theorem to obtain a.s. |I7t| < U;. On the other hand, R is the radial part of a d-
dimensional Brownian motion. So the LIL implies a.s. R; = O(\/ (t+T)loglog(t +T)) and

=0(/gt+T)ogG(t + T)).

Now we prove that P(Vs > T'; |Yy —m| <¢) > 0. Let t7 :=inf{s > T'; |Yy — m| > ¢}. For all
T <t <17, we have a.s. |Y; —m| < U;. By the LIL applied to U, we conclude that, for T large
enough, P(sup,.. 7 Uy < &) > 0 and finally P(t7 = 00) > 0. [l

Corollary 4.4. Suppose that g(t)~ " log G (1) converges to 0 when t tends to infinity. Then there
exists Ty > O such that for all T > Ty, the process Y; converges almost surely to m on the event
(Vs >T;|Ys —m| < e}
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4.3. Case of an unstable critical point: Local maximum or saddle point

If M is a local maximum of V, then as AV(M) <0, 1 :=sup{e; V|y| <&, AV(M + y) <0}
exists and is finite.

If M is a saddle point of V, then as V>V admits a negative eigenvalue in M, there exists an
unstable direction e associated with M. Let P, : R? — Re be the projection on Re. The amount
ey :=supfe; V]y| <e, BezeV(M 4+ y) <0and (3, V(P.(y)), 3.V (y)) > 0} exists and is finite.

Proposition 4.5. Let M be an unstable critical point of V. If M is a local maximum, suppose
that 0 < ¢ < 1. If M is a saddle point, suppose that 0 < ¢ < &3.
Let T be a positive stopping time such that |Yr — M| < ¢. Then

PNVs>T;|Y; — M| <e)=0.

Proof. Note that T < oo a.s. by Proposition 4.1. Suppose that M is a local maximum and M = 0,
because the method of the proof is the same for M # 0 (in that case, we have an additional term
Mlog(t +T)). Let D(t, Y;) be the drift term of V (Y;). On the event A :={Vs > T'; |Y;| < €}, we
obtain

Yy, VV(XYiyr)) 1 Ci
D(t+T,Yi7)=2g(t+T)VVYi1)? — —AV(Yyi7) > —— + Ca,
(r+ 1) =80 +T)IVV(Yi7)|” + SrITT 5 (z+T)_t+T+ 2

where Cy = Sinf{(y, VV(»)); [y| < e} and C; = —1sup{AV (y); |y| < &} > 0. We thus find
for t large enough that D(t + T, Y;+7) > C > 0 and so

E(V(Yi+r)1a) SEV (Y7)14) — CtP(A) + 0(2). 4.7
Finally, this last inequality is impossible (since V is positive) unless P(A) = 0.

Suppose now that M is a saddle point. We apply It6’s formula to x — V(P.(x)) and
follow the previous computation with C; = %inf{(Pe(y), 0. V(P.(¥))); |yl < e} and Cr =

— L sup{d2, V(P.(); Iyl <&} > 0. O

5. Asymptotics

Throughout this section, we always suppose that g(oo) = +o0 and g’()/g>(¢) converges to 0,
even if we do not remind the reader in the statements of the results. In particular, it implies that
forall T >0, G~ '(t + T) — G~ (¢) goes to 0 when ¢ tends to infinity.

5.1. Ergodicity

Lemma 5.1. The process Y is bounded in L*.
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Proof. We show a stronger result: EV (Y;) is bounded. For all n € N, define the stopping time
7, = inf{r > 0; |Y;| > n}. Then there exists C > 0 such that we have by localization:

EV (Ying,) <EV(Yy) 4+ e < oo.

Let n go to infinity and use Fatou’s lemma to find, for all > 0, that V(Y;) € L'. For ¢ large
enough, we have that —g(#)V(x) +aV(x) < —%g(t)V(x). So, as W is c-strictly convex and by
the growth hypothesis (2.1), the following holds for ¢ large enough:

d 1
EEV(YI) < —Eg(t)EV(Y,).

Now, solving i = —%g(t)u leads to EV (Y;) = 0O(1). ([

In order to obtain the ergodic result for Y, we introduce a dynamical system ¢, whose asymptotics
are close to Y (see [1] for more details):

Definition 5.2. The process Y is an asymptotic pseudotrajectory for the flow ¢ if

YT > 0,Va > 0 lim IP( sup |Yian — on(Yy)| > oz) —0. 5.1)

t——+00 0<h<T

Proposition 5.3. Let ¢ : R x RY — RY be the flow generated by

d
E¢t(x)=—VV(¢z(x)); $o(x) = x. (5.2)
Then (Yg-1(y, t = 0) is an asymptotic pseudotrajectory for ¢.

Proof. Let ¥, = YG-1() and B = Bg-1(1).- We will use Markov’s inequality and then prove that
limy— 0o E(supo<p <7 [Yr+n — n(Y1)]) =0.
Define k(1) := (r + G~ (1))g(G~1(1)). A simple computation yields to

h

= 7 e ds
(VV(@s(F)) = VV (Fig) ds — fo y

Yion — on(Y)) = Bap — By + S
t+h ¢h( t) t+h t / H_SK(t—l-s)

0

Applying Itd’s formula to / +— e=2Ch |17t+h — ¢n (?,) 2, we have:
1 ,¢ Py e ~
R CR I AVEL ALY

Yrn — o0 (Y0), Yign)
k(t+h)

— ClYiin — dn(YDIPdh 4 (Yien — ¢n(Y), VV (9 (V) — VV (Yiqn)) dh

dh

= (Yien — ¢n(¥)), dBryn) +

e2Ch

+ 2¢(G(t + h)) dh.
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First, we notice that (G~ (1)) = 1/g(G~1(1)). By the convexity assumption on V, we also
remark that

~C1Yin — oh (YD + (Yrsn — dn(Y0), VV (@1 (Y1) — VV (Y1) <0,

and so we deduce the following upper bound for all 0 <h < T':

I & SN2
§|Yt+h — on(Yp)l
2Ch g 205 (7 S\ o4y e2CT 1 1
<e / e 3(Yz+s _¢S(Yt)vdBt+s)+ T(G_ t+T)—-G~ (t)) (5.3)
0
ds

. rh
e ~ - ~
+e Yoy — s (¥), Py ) ——m .
fo(zﬂ &s (Y1) t-H)K(t 9

To conclude, we will now find an upper bound for each right-hand term of (5.3). By
the Burkholder—Davis—Gundy (BDG) inequality for the local martingale foh e 2Cs ()NGH -
¢s(Yy),dBsys) and a rough upper bound for its quadratic variation, there exists o > 0 such
that:

h s~ ~ ~
IE( sup /0 e—m(m—¢S(YZ),dB,+S))

0<h<T

~ S o\ 12
§a(G_l(t+T)—G_l(t))]E<Os;llp it _¢h(Yt)|2> :
<h<T

We now estimate the remaining term of (5.3) by the triangle inequality. As « is non-decreasing,
we have the following bound by Lemma 5.1:

T v 2 5 )
Yrts| Yigs — ps (Vo) MT T - U
. ds < ——+—E Vern — on(M)1?).

,/(.) <K(l+5) * k(t+s) Y20 + P (0222T| t+h — Pn (Y1) )

So we obtain for ¢ large enough:

-~ - _ - o T
E( sup |Y,+h—¢h(Y,)|2)§4e4CT(G Wt +T)— G 0) +4MeT —,
0<h<T k(1)

and the result follows since G~ (r +T) — G~1(¢) and 1/k (1) converge to 0. O

Lemma 5.4. Suppose that for all T > 0, G~'(t + T) — G~ (¢) vanishes when t tends to infinity.
Then (/,L[G_l = % fot 8Y;1,,, 5.t = 0) is a tight family of measures.

Proof. It is enough to show that a.s. ¢(t) := fot V(YG-1(5)ds =O(r). Let A > 0 and K be a
compact set such that Vx € K¢, V(x) > A. Then ,utG_l(V) > AutG_l (1gc). From the growth
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assumption (2.1), there exists @ > 0 and for all ¢ > 0, there exists k; such that AV <aV and
V <kg +&|VV|?. It then yields

t t
(p(t)fkst+8/ |VV(YG_1(S))|2ds and /AV(YG_|<S))ds§a<p(t). (5.4)
0 0

Applying 1t6’s formula to V(Y5-1(,), we obtain

Gl b (Y105 VV(YG-1(5))
- - == s 7d s)
WGea) = vaw = [ ovon.an - [ e

ds
g(G~1(s))

5.5
t 2 1 t
- /0 [VV (¥g-109) [ ds + 3 fo AV(Yg-1(5)
Consider the (local-)martingale term of (5.5). On the set { fooo IVV (Y, Y)|2 ds < oo}, it is bounded

in L? and thus converges. Whereas on the set { [~ |VV (¥)|>ds = oo}, the strong LLN implies
that, for ¢ large enough, a.s.

G~ 1 [t 2
/0 (VV(Yy),dBy) < 5/0 [VV (Yg-1()| " ds.

By (5.5), we find for ¢ large enough

t 5 t ds
f()\VV(YGq(S))| dsgfo AV(YGq(S))m—2V(Y071(,))+2V(Y0)

_Z/I (YG_I(S)’VV(YG_I(S)))
0 (r+G71())g(G7(5))

< _a9® +2V(Y)+O</t ds )
~ g(G7 () 0 0o Gl (9)g(G(s)) )

So we have a.s. fot IVV (Y5-1 (S))|2 ds = O(t) + ag(t). Putting this result in (5.4) and choosing &
small enough, we conclude that () = O(¢) a.s. ([l

Theorem 5.5. The process Y satisfies the pointwise ergodic theorem. More precisely, there exist
some (deterministic) constants a; > 0, such that Y ,a; = 1 and /Lty = % fé dy, ds converges (for
the weak convergence of measures) toward | _; -, Qi Sm; -

Proof. By Benaim and Schreiber [4], Proposition 5.3 implies that the limit points of the em-
pirical measure of Y ;-1 () are included in the set of all the “invariant measures” for %q&, (x) =
—VV(¢:(x)) with the initial condition ¢ (x) = x. All these invariant measures are included
in Span{cSml, oo Oy OMys -2 Ou, ) Let uf =l L 8Y4-1,, ds- By Lemma 5.4, the empirical
measure ,ut - converges One also shows that y; is a Cauchy sequence in L': there exists C > 0



1264 S. Chambeu and A. Kurtzmann

such that for any s > 0,

! 1 ! s
Ew,,.. —Euw,| < E|X,|d —_— E|X,|du <C——.
| Hits | < /0 [ Xul ”+t+sl | X, |du < PR

)
t(t+5)

So the limit measure of ,u,G B writes Z?:l aidm; + Zle b;8py; (where a;, b; are non-negative
constants such that Y _(a; + b;) = 1). And the same result holds for j,. Indeed, for all continuous
bounded functions i and ¢ > s, we have (by an integration by parts)

! G G
[ v 90 oty - S0 u8 ! gy + / 8 (“2) @ 6 (y)du
s g(1) 8(s) s (u)
= (t —)uS, () + ((S)) (1S W) — uS ()
"¢’ ()G u) 1 -1
+/X W(Mgw)(lﬁ)—ﬂg(r)(lm) du
As ug(_;)(l/f) converges a.s., we deduce that
G _
e = o(D) + uSy () + ~ / g(MQ)( )(M)( G () — G (@) du

So, by Lemma 2.3, u,; converges. We also wish to show that b; = 0 for all i. Proposition 4.5
implies that, for an unstable critical point M, there exists a direction j such that for all ¢ > 0,
P\Vs >T, |Ys(] ) _ MU )I < ¢) =0. Consider a continuous function f, supported by a small ball
(of radius « > 0) around M: f vanishes in all critical points except M and f(M) = 1. Then
we have a.s. fot ]l{IYs(")—M(f)Ifa} ds = o(¢) and % fot f(Yy)ds converges almost surely to b. So, we
conclude that b = 0. (|

At this stage, we have proved that Y satisfies the pointwise ergodic theorem. The main question
is whether X also satisfies the pointwise ergodic theorem or not To answer it, we remind that

I, converges a.s. if and only if fo 4, converges, and if ¥; —> 0 polynomially fast, then 7z,
converges a.s.

Proposition 5.6. The measure j1; converges weakly if and only if v, converges a.s.

Proof. We have shown in Theorem 5.5 that Y is pointwise ergodic. Consider the Fourier trans-
form of w; and recall that X, =Y, + ;. We have for all u € RY:

1 rt. el ) pt 1 rt. o L
_/ X9 g — / el(”’YS)ds+—/ 15 (T _ i) g,
tJo ! 0 tJo

The first right member converges a.s. to el ) Di< p<n ¢!®™™p) For the second right member,
Cesaro asserts that it converges a.s. to 0 if and only if &, converges a.s. (]
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5.2. Almost sure convergence toward the local minima of V

Let 0 <& <ggand T > Ty be as in Section 4. Let m be a local minimum of V such that |Y7 —
m| <e.

Lemma 5.7. Iflim;_, o g(t) "' log G(t) =0, then for all & > 0 we have fooo e %80 dr < +o0.

Proof. For all ¢ > 0, there exists ¢ such that, for all s > ¢, we have g(s) > g1 log G(s). More-
over, there exists a > 0 such that for ¢ large enough g(¢) > a and then G(¢) > at. So, we conclude
that [ e=¢'@log(@n gy < oo (choose, for instance, & = a/2). O

Proposition 5.8. If g(1)~'log G(t) converges to 0, then Y, converges a.s. and for all i, we have
P(lim;— 00 Yy =m;) > 0 and P(lim;_, », Y; = M;) =0.

Proof. Benaim ([1], Proposition 4.6) asserts that if —VV (x) is a continuous globally integrable
vector field, and if for all & > 0 we have [;° e=%€°G™' 0 d < +00 and P(sup, |¥;| < 00) =1,
then Y is a.s. an asymptotic pseudotrajectory for the flow induced by —V V. Actually, the first
and last conditions are fulfilled here. Moreover, as G~ is non-decreasing, the (finite) integral
fooo e~ dr is an upper bound for the preceding one. Thus, Y is a.s. an asymptotic pseudotra-
jectory for the flow ¢ defined by (5.2) and ¢ restricted to the limit points of ¥ does not admit
any other attractor than the set of limit points. Finally, ¥ converges a.s. and its limit points are
included into the set {x; VV (x) = 0}.

If Y converges to Yo, then, due to Proposition 4.5, the limit Y, is not a local maximum. On
the event {Vs > T; |Y; — m;| < €}, occurring with a positive probability by Proposition 4.3, we

have a.s. |Yiyr —m;| < U;. As mtﬁooUt, / log(% =1 a.s., we conclude that U; [i—'sgo 0. U

Corollary 5.9. Suppose that lim g(1) ' log G (1) = 0.

(1) If V is a strictly uniformly convex function (m its unique minimum), then Y; zﬂ) m.
—00

(2) A necessary condition for the almost sure convergence of Y to 0 is that the potential V
admits a unique minimum at 0 (e.g., V is symmetric and strictly convex).

5.3. Backto X

Theorem 5.10. Assume that g(t)"'log G(t) = O(h(r)~2), with h:Ry — Ry such that

fooo (Hg% < +00. Then, on the set {Y~ # 0}, lé% converges to Yoo. Moreover:

(1) If 0 is the unique local minimum of V , then

p(tim x, =2+ [ v Y op(timm = [ v )1
Jm z—u+0 7 1s )T t_l)rg)uz—wo siys ) =0
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(2) IfV admits 0 as a (non-unique) local minimum, then X; converges on the event {Y; 25 0}
and diverges elsewhere. More precisely, one has

© ds
P(lim X, =7+ [ ¥ +1P(hm X, | = )=1
0

1op(tim X, =24 [ v Y ep(tmm =ns [ v, Y 0:
> A A=t o r+s) =Rt o r+s -7

(3) If 0 is not a local minimum of V, then

and

P(lim X, | =oo> =IP’<lim I, :oo) —1.
11— 00 —o0

Proof. Denote m = (m(l), e m(d)). First, suppose that m = 0. By Proposition 5.8, Y; con-
verges toward O with a positive probability. On this event, Proposition 4.3 implies that the inte-
gral fot r% ds converges. So, 1t; converges toward this (limit) integral and the result follows for
X. On the other hand, if m # 0, then P(Y; — m) > 0 and so the jth coordinate of &z, converges
to sgn(m))o0. So the direction j is unstable and X; does not converge a.s. Moreover, on the set
{Y # 0}, we have

I, / v logG(s) ds
logr _logt s = Yool r4+s T logt gls) r+s

The latter upper bound tends to O by the law of the iterated logarithm (Proposition 4.3). As

X _
logt = logt + 0

logt’

Remark 5.11. Any polynomial % satisfies the required condition. In particular, one can choose
g(t) =1*(log(1 +1))? witha > 0,ora =0and 8 > 2.
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