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The class of type G distributions on RY and its nested subclasses are studied. An analytic
characterization in terms of Lévy measures for the class of type G distributions is known. In this
paper, probabilistic characterizations by stochastic integral representations for all classes are shown,
and analytic characterizations for the nested subclasses are given in terms of Lévy measures.
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1. Introduction

Throughout this paper, 7(R?) (Isym(lR{d)) stands for the class of all infinitely divisible (all
symmetric infinitely divisible) distributions on R?. The characteristic function fi(z), z € RY,
of an infinitely divisible distribution u € I(RY) has the so-called Lévy—Khintchine
representation as follows:

fi(z) = exp | — % (z, Az) + i(y, z) + JRd (ei<w> —1- 11% |ch2> v(dx)],

where 4 is a symmetric non-negative definite d X d matrix, y € R? and v is a measure
(called the Lévy measure) on R? satisfying

v({0}) =0 and J (|x[* A Dv(dx) < oo.
Rd
The triplet (4, v, y) is called the generating triplet of u € I(R?). Let C,(z) = log ju(z) be the

cumulant of u € I(R?). Summarizing the discussions in Rosinski (1991) and Maejima and
Rosifiski (2001, 2002), we use the following definition of type G distributions on R¢.

Definition 1.1. A probability measure uy € Isym(IRd) is said to be of type G if its Lévy
measure Vv is given by

vo(B) = E[W(Z7'B)], B € By(RY), (1.1)
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where v is another Lévy measure on R and Z is the real-valued standard normal random
variable. Here By(RY) is the class of all Borel sets B in R such that B C {|x| > €} for some
e>0.

Remark 1.1. v in (1.1) is not necessarily unique. However, if we let ¥ be the symmetrization
of v defined by #(B) = 4(¥(B) + v(—B)), then

vo(B) = E[W(Z ™' B)] = E[¥(| Z| "' B)]

also holds and 7 is uniquely determined (see Maejima and Rosinski 2002).

Definition 1.1 is a multidimensional extension of the well-known notion of type G
distributions on R. (Another type of multidimensional extension is discussed in Barndorff-
Nielsen and Pérez-Abreu (2002).) In the one-dimensional case, a type G random variable X
can be expressed as X 4 V127, where £ means equality in law and V is a non-negative
infinitely divisible random variable, independent of Z. Examples of R-valued type G
distributions are symmetric stable distributions, convolution of symmetric stable distribu-
tions of different stability indices, symmetric gamma distributions (a special case of which
is the Laplace distribution), Student’s ¢-distributions and normal inverse Gaussian
distributions. The first two have multidimensional extensions.

Maejima and Rosinski (2001) introduced an operator K : Isym(Rd) — Isym(Rd), where
K(u) is a symmetric infinitely divisible distribution having the same Gaussian component as
u and the Lévy measure v, in (1.1), where v is the Lévy measure of u € Iyym(R?). Let
Go(R?) be the class of all type G distributions on R? and define, for m € N,

Gn(RY) = {uo € Go(RY) : v in (1.1) is the Lévy measure of
some symmetric infinitely divisible distribution in Gm,l(Rd)}.

Also define Goo(R?) = NMyp=0Gn(R?). The classes G,,(RY), 1 < m < oo, were introduced in
Maejima and Rosinski (2001), and if we use the operator K,

Go(RY) = K(Isym(R?)) (12)
and G,,(RY) = K(G,,_1(R?)). It was also shown in the paper that
Lym®%) D GoR) D GIR) D -+ D Gu(R) D -+ D Goo(R’) D Sym(RY),

where Sqym(RY) is the class of all symmetric stable distributions on R?, and G..(R?) is the
largest subclass of Isym(Rd) that is invariant under the operation K.
2. The case m =0

We start with the case m = 0. The following is a known characterization of the Lévy
measures of type G distributions (see Maejima and Rosinski 2002).
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Proposition 2.1. 4 probability distribution wy € ]Sym(Rd) is of type G if and only if its Lévy
measure Vv either is zero or can be represented as
wi®) = | 209 1a0oe0ar B e By®R,
s 0
where A is a symmetric probability measure on the unit sphere S in RY, gg(r) is a jointly

measurable function such that g¢ = g_g, A-almost everywhere for any fixed § € S, and ge(-)
is completely monotone on (0, 0co) and satisfies

J (1A rz)gg(r2)dr =c € (0, o0),
0
with ¢ independent of &.

One of our purposes in this paper is to give a characterization of type G distributions by
stochastic integrals with respect to Lévy processes. This is a probabilistic characterization,
while Proposition 2.1 is an analytic characterization in terms of the Fourier transform of the
probability distribution. As to the definition of stochastic integrals of non-random functions
with respect to Lévy processes {X,} on R?, we follow the definition in Sato (2004, 2005),
whose idea is to define the integrals with respect to R¢-valued independently scattered
random measure induced by a Lévy process on R¢. This idea was used in Urbanik and
Woyczynski (1967) and Rajput and Rosinski (1989) for the case d = 1. See also Barndorff-
Nielsen et al. (2006).

We call u € I(R?) self-decomposable if, for every b € (0, 1), there exists a distribution
p» on RY such that fi(z) = fi(hz)pp(z). We know that the class of all self-decomposable
distributions can be characterized by stochastic integrals with respect to Lévy processes;
that is, u is self-decomposable if and only if there exists a Lévy process {X,} such that
E[log"|X |] < oo and u = L(J;" e 'dX,), where L£(Y) stands for the law of Y. Jurek
(1985) defined s-self-decomposable distributions. u € I(RY) is s-self-decomposable if, for
every b € (0, 1), there exists p, € I(R?) such that fi(z) = ji(bz)’py(z), and Jurek gave a
stochastic integral characterization such that u is s-self-decomposable if and only if
U= L(f()] tdX,) for some Lévy process {X,}. However, only a few classes of infinitely
divisible distributions were characterized in this way. Recently, Barndorff-Nielsen et al.
(2006) found such characterizations for what they call the Goldie—Steutel—-Bondesson class
and the Thorin class. Our study is along the lines of this history.

The following result for the integrability of stochastic integrals is due to Sato (2005),
who studied more general stochastic integrals of matrix-valued integrands with respect to
additive processes. We state without proof parts of Propositions 2.7 and 3.4 of Sato (2005)
as the following lemma.

Lemma 2.2. Let i € I(R?), let {X'"} be the Lévy process with LX) = u on R?, and let
f(t) be a real-valued measurable function on [0, 1]. If

1
L F(0)?dt < 0, 2.1)
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then Y := J"OI f(t)dXi”) is integrable, fol |C.(f()z)|dt < oo and Cpy(z) = fol C.(f(t)z)dt.
Furthermore, if we let (A, v, y) and (Ay, vy, Yy) be the generating triplets of u and L(Y),
respectively, then

1
AYzAJ f(0dt, (2.2)
0
1
vy(B) = L d’JW 1/ (Dx)(d) 23)
and
y :J1<f(t)y+f(t)J x( ! - ! )v(dx))dt 2.4)
ah ge” \L+[f(0x2 T+ [x2 ' '
Let
P(u) = (V2m) e/
and

h(x) = ro ¢(u)du, x e R.

Define the inverse function of & by h* namely, x = h*(#) if and only if A(x)=r. The
stochastic integrals we need can be shown to be integrable as follows.

Theorem 2.3. The stochastic integral
1
J ¥ (Hdx¥
0
is integrable for every u € I(R?).

Proof. 1t is enough to show that f(f) = h™(¢) satisfies the conditions in Lemma 2.2 for every
u € I(RY). Since

1 00
J R ()*dt = J rrop(rydr = 1,
0 —00

we have (2.1). This completes the proof. O

Definition 2.1. For any u € I(R?), define a mapping G : I(R?) — I(RY) by

1
G(u)y=L (L h*(t)dX(,")).

Proposition 2.4. (i) For any u € I(R?),
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1
|| 1cuanoplar < oc @.5)
0
and
1
Cou(z) = J C(zh*(1))dt, z€ R (2.6)
0

(ii) The mapping G is many-to-one from I(RY) into Isym(Rd), and one-to-one from
Lym(RY) into Igym(RY).

(i) For any w1, 1o € IRY), Gur * 2) = G(aur) * G,

(iv) Let u, € IRY), n=1,2,.... If u, — u, then G(u,) — G(u).

(v) Let (A, v,y) be the triplet of u and (4, v, y) the triplet of u = G(u). Then

A=A,
1

W(B) = J

dtJ 15(h* (t)x)v(dx) = E[W(Z~' B)],
0 JR?

7=0.

Proof. (i) Expressions (2.5) and (2.6) follow from Lemma 2.2.
(ii) Since G(u)(z) = exp{Cg)(2)}, in order to show that G(u) € Iym(RY), it is enough to
show that Cg,(z) is symmetric in z. Actually, we have

1 00

Coo(—2) = J Cﬂ(—zh*(t))dt = —J Cu(—zr)dh(r)

0

{o.¢]

= ro Cu(=zr)p(r)dr = J C.(zs)p(s)ds

—00

00 1
= —J Cu(zr)dh(r) = J C‘u(zh*(t))dt

—00 0

= Cgu(2),

and thus Cg)(z) is symmetric. This shows that the mapping G is from /(R?) into /m(R?).
The fact that G is one-to-one from /sm(RY) into /ym(R?) can be shown by Remark 1.1.
(iii) and (iv) can be proved using the same idea as Proposition 2.7(iii) and (iv) of
Barndorff-Nielsen er al. (2006).
(v) follows from (2.2)—(2.4) if we notice that jol K (f)dt =0 and fol RE(0)2de = 1. tl

The following theorem shows that each type G distribution admits the stochastic integral
representation defined in Definition 2.1.

Theorem 2.5.
Go(RY) = G(I(RY)).
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Proof. Let u € I(R?) and @i = G(u). Then by Proposition 2.4(v), we have (1.1), and thus
i € Go(R?), concluding that G(I(R?)) C Gy(RY).

Conversely, suppose that g € Go(RY). Then by Definition 1.1 and Proposition 2.4(v)
again, we see that ji = E(fo1 h*(6)dX'") for some u € I(R?). This means that g € G(I(RY)
and Go(RY) C G(I(R?)), completing the proof. O

Corollary 2.6. Let H be a subclass of I(R?) and let

GrRY) = {uo € Iym(RY) : v,,(B) = E[W(Z ' B)], B € By(R), for some u, € H},

Where v, is the Lévy measure of u € 1 (R?) and w, is the infinitely divisible distribution with
Lévy measure v. Then we have

Gu(RY) = G(H).

Remark 2.1. 1If H = I(R?), then the corollary above is nothing but Theorem 2.5. The
corollary can be proved in the same way as Theorem 2.5. Also, we see from the discussions
above that, as mappings from Isym(IR") into Isym([Rd), the two mappings K and G are the
same.

3. Lévy measures of distributions in G, (R), m € N
In this section, we characterize Lévy measures of distributions in G,, m € N. Write
Bo(x) = P(x), ho(x) = h(x) and hy (1) = h*(1).

For me N, let ¢,(x) be the probability density function of the product of m + 1

independent standard normal random variables. Then we have the following.

Lemma 3.1. For each m € N,

(1)
Pm(x¥) = Pm(=x),
(i)
Joo Pm(x)dx = 1,
(iii)
JOO |x|@m(x)dx < 00 and JOO XP m(x)dx = 0,
(iv)

V)



154 T. Aoyama and M. Maejima

() = j Bo(t)pm1(xludl u " dus 3.1

Proof. (1)—(iv) are trivial. (v) is a consequence of a standard calculation. O

For m € N, let

o0

h(x) = J ¢ m(u)du, x e R,

X

and define its inverse, x = h",;(t), by ¢ = h,,(x). We note that, for each m € NU {0},
hm(+00) =0, hm(—00) =1,

1 1
J R (dt =0 J R (0 de =1,
0 0

where the last two integrals are given by Lemma 3.1(iii) and (iv).

Theorem 3.2. For each m € N, let u,, € Isym(Rd) and denote its Lévy measure by v,,. Then
Unm € G(RY) if and only if

0.0}

v(B) = j V(™ By (u)du, (32)

—00

where vq is the Lévy measure of some uy € Go(R?).

Proof. We begin with the ‘only if” part. Let m = 1. Then, by definition,

o0

v1(B) = E[vo(Z ' B)] = J vo(u™ Bypo(u)du

—00
for some Lévy measure vy whose distribution is in Gy. Suppose the statement is true for
some m € N. The Lévy measure v, of U1 € Gpai1(R?) is given by
Vmi1(B) = E[v,(Z7' B)]

for some Lévy measure v, of a distribution u, € G,(RY). Then, by the induction
hypothesis,

o.¢]

Vni1(B) = Lo Po(u)v,(u™" B)du
= J O; qbo(u)dur; vo(u v BYg,,_1(v)dv
= f; ¢o<u)dur; vo(y ™ B) 1 (]ul " Dlu| " dy
S IR

by (3.1).
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We now turn to the ‘if part’. Let m = 1. Then, by definition, if a Lévy measure v; is
represented as

00

@ = | ot Bl
for some v, the Lévy measure of some uy € Go(RY), then u; € Gi(RY). Suppose that the
‘if” part of the statement is true for some m € N. By the same calculation as above (from the
bottom to the top), we have

Vini1(B) vo(u™' B)p u(u)du

-
-

for some Lévy measure v,, having the representation (3.2). Then, by the induction hypothesis,
U, with the Lévy measure v,, belongs to G,,(R). Thus, i, € Gy1(R?). This completes
the proof. O

Go(u),(u~ "' B)du

[vu(Z'B)]

The following is a G,,-version of Proposition 2.1, and it characterizes Lévy measures of
distributions in G,,(R?).

Theorem 3.3. Let m € N. A u,, € Iym(R?Y) belongs to G,(RY) if and only if its Lévy
measure v, either is zero or can be represented as
00
vulB) = | 209 1a08gn0P B e Bi®,
s 0

where X is a symmetric probability measure on the unit sphere S in R and g, :(r) is
represented as

mi(s) = j B (V51D g5,

Jfor some function gg on (0, oo) which has the same properties as in Proposition 2.1.

Proof. We see by Theorem 3.2 and Proposition 2.1, u,, € G,(R?) if and only if v,, is

represented as
o0

V(B) = J vo(u~ ' B)p 1 (u)du

| o] 20| 1000t
If we use here the facts that A(d§) = A(—d§), g¢ = g_¢ and @p—1(u) = @p—1(—u), then we
have
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v(B) =j ¢>m,1<y|r|*‘>\r|”dyLA(d&)jo 15(vE) g()dr

= | 20| 1s09gns0an

oo

where

Emils) = J B (V3D g2

This completes the proof. O

4. Stochastic integral characterizations of G, (R), m € N

In this section, we characterize distributions in G, (RY) by stochastic integral representa-
tions.

Theorem 4.1. For each m € N, the stochastic integral
Yo i= J; (Xt
is integrable for every u € I(RY),
J; CuRE(DDNdr < oo

and
1
Crer,(2) = J Cu(hy,(1)2)dt.
0
Proof. Since

1 00
J h,x(0)*dt = J X2 m(x)dx < o0,
0 —00

we have the assertion by Lemma 2.2. O

Let G =G'=G.

Definition 4.1. Let m € N. Define a mapping G,,,1 by

1
ngrl(;u) = ﬁ(JO hj:l(t)dX(tﬂ)) > u € [(Rd)a

and
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G"* () = G(G" (W), ue IR

Proposition 4.2. For m € N,
Gn(RY) = G(G -1 (R).

Proof. The proof is almost the same as that of Theorem 2.5. Let u,_; € Gm_l([Rid) and
Um = G(Um—1). Also let v,y and v,, be the Lévy measures of u,,_, and u,, respectively.
Then by Proposition 2.4(v), we have v,(B) =E[v,_(Z"'B)]. Thus u, € G,(R?) and
GG 1(R)) C Gu(RY).

Conversely, suppose that u, € G,(RY). Then by the definition of G,(RY) and
Proposition 2.4(v) again, we see that u,, = E(f(; K (0)dX (,” )) for some u € G,,_1(R?). This
means that u,, € G(G,,_1(RY) and G,(RY) C G(G,,_1(R?)), completing the proof. O

Corollary 4.3. For m € N,
Gu(R?) = " (I(RY)).
We next show the following.

Theorem 4.4. For m € N,
Gt (IR) = G" (I(RY)).

Proof. We note that
i € Gt (I(RY) if and only if g = E(J; h;j(z)dX&“)), u € I(RY),
and that
A € G"TN(I(RY)) if and only if f = a(J; h?;(t)dX(,”)>, u € G"UI(RY).
We next claim that

JOO (po(u)duro |C(uvz)| @ m—1(V)dv < 00, ze RY. 4.1

(o @]

If this can be proved, we can exchange the order of the integrals in the calculation of
cumulants below.

The proof of (4.1) is as follows. The idea is from Barndorff—Nielsen et al. (2006). If the
generating triplet of u is (4, v, y), then

€I = 27 e+ ]+ | etz o,

where
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gz x) = — 1 —ilz, x)(1 + x>

Hence
Colon) = 27 ey ?lef + [yl o] 1+ |Gz womot
+ ] etz )~ oG oot = 1+ 1+ 1+ T
Rd

say. The finiteness of [~ ¢o(u)du [~ (I} + )¢ m—1(v)dv follows from Lemma 3.1. Noting
that |g(z, x)| < c.|x[*(1 + |x|*)~! with a positive constant ¢, depending on z, we have

J ¢o(u)duJ L, 1(v)do
© (uv|x|)?

T (ol P10y

< cZJRdU(dx)Joooogbo(u)duJ

= = > (uv|x|)?
=, (Jlxgl U(dX) + J|x>1 U(dx)> Jloc(p()(u)dujioo m (pm,l(U)dU

=: I31 + I3,

say, and

00 o0

u2¢o(u)duj V1 (0 < o0,

—00

TETIES CZJ |x|2v(dx)J
[x|<1

—00

o0

v(dx)f ¢o(“)d“J B (04 < ox.

—00

132 = CZJ

[x[>1
As to 14, note that for a € R,

_ ez x| P — |
|8z, %) = 8@ @)l = T A £ TP

_ _|=AxPdal + |aP)
(1 + [xP)(1 + [ax]?)

_ =l x201 + [aP)
20+ X2 7

since |b|(1 + b?)~' < 27! Then
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[ o]

o0

[4¢m,1(U)dU

2 00 00
< |Z\JW ; _|;C||x|2v(dx)J_ ¢>o(u)duJ (1 + 120H) P -1 (v)dv < 0.

—00

This completes the proof of (4.1).
If we calculate the necessary cumulants, we have

Cg,(2) =

anwl(#)(Z) =

1
J Cu(hh (z)dt
0

—Jm Cu(uz)dh,(u)

—00

Cu(uz)gp m(u)du

—00

1

) Cgn(uy(hg (t)z)dt

1 1
dtJ Cu(hy (DR (s)z)ds
0 0

00 o0

dhu(w)|* Coluwz)ih, 10

—00 —00

¢0(u)duJ Cu(uvz)p —1(v)dv

00

c,u<yz>dyji Po()Pmr (Yl Dl du

—00

{o¢]

Cu(yz)pm(y)dy

—00

= CQ'”“(#)(Z)'

This completes the proof of Theorem 4.4. O

The following is a goal of this section and a G,-version of Theorem 2.5. Namely, any
u € G,(R?) has the stochastic integral representation defined in Definition 4.1.

Theorem 4.5.

Gu(RY) = Gt (IRY).

Proof. The statement is an immediate consequence of Corollary 4.3 and Theorem 4.4. [l
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S. The case m = oo

We conclude this paper with two statements for G (RY).

Proposition 5.1. G(G.(R?)) = G.(RY).

Proposition 5.2. Sym(R?) is invariant under G-mapping and G (RY) is the largest class
which is invariant under G-mapping.

These two propositions are given by Remark 2.1 above and Theorem 2.3 of Maejima and
Rosinski (2001).
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