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UNIQUENESS THEOREM FOR MEROMORPHIC MAPPINGS
WITH MULTIPLE VALUES

Ha HuonG GIANG

Abstract

In this article, we will prove a uniqueness theorem for meromorphic mappings into
complex projective space P"(C) with different multiple values and a general condition on
the intersections of the inverse images of these hyperplanes.

1. Introduction

In 1975, H. Fujimoto [5] proved a uniqueness theorem for linearly non-
degenerate meromorphic mappings of C"” into P”(C) which have the same inverse
images of 3n+ 2 hyperplanes in general position counted with multiplicities.

In 1983, L. Smiley [8] obtained a uniqueness theorem for meromorphic
mappings which share 3n + 2 hyperplanes in P”(C) in general position without
counting multiplicities (i.e., they have the same inverse images of 3n + 2 hyper-
planes and are identical on these inverse images) and satisfy an additional
condition “codimension of the intersections of inverse images of two different
hyperplanes are at least two”.

The unicity problem of meromorphic mappings with truncated multiplicities
has been extended and deepened by contribution of many authors. In [1], [2],
[3], [7] and [9], the authors improved the result of L. Smiley by reducing the
number of involving hyperplanes. In order to state some of them, we need the
following.

Take a meromorphic mapping f of C" into P"(C) which is linearly non-
degenerate over C™ such that for positive integers k, d (1 < d < n) and ¢ hyper-
planes Hi,...,H, in P"(C) in general position with

d+1

(1.1) dimf_l<mH,jf)£m—2 (lgi1<...<id+13q).
J=1

Let 7 (f,{H;}! . d, k) be the set of all linearly nondegenerate over C" meromor-
phic maps ¢ : C" — P"(C) satisfying the conditions
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(a) min(v(s, H) k) = min(v (gH k) (1<j<q),

(b) f(z) =g(z) on UL, f~'(H,
Denote by #S the cardlnahty of the set S.

THEOREM A (Z. Chen - Q. Yan [3)). #Z(f,{H}> >, 1,1)=1.

In 2010, T. B. Cao and H. X. Yi proved a uniqueness theorem for linearly
nondegenerate meromorphic mappings with different multiple values as follows.

THeoreM B (T. B. Cao and H. X. Yi [2]). Let f and g be two linearly
nondegenerate meromorphic mappings of C" into P"(C) and let H,,...,H, be
q (q = 2n) hyperplanes of P"(C) in general position satisfying the condition (1.1)
with d =1. Take m; (1 <i<gq) be positive integers or oo such that m; >
my >--->=my =n with

(a) min(v<f,Hj)<m/ 1) = min(v(gH )<mys 1) (1<j<q),

(b) f(z) =g(z) on UL {ze ?'" : 04< V(£ (2 ) ;ﬂ} |

q m ng—q-+n-+ n— .

DY P n gt2n-2 <m1+l+mz—|—1> then f = g.

In this theorem, numbers m; are called the mutiple values of the sharing
conditions (a) and (b) of f and g with respect to hyperplanes. However, in the
all results of Z. Chen - Q. Yan, T. B. Cao - H. X. Yi and mentioned authors on
unicity problem with truncated multiplicity, the case where d = 1 in the condition
(1.1) is considered. Moreover their techniques do not work for case d > 1. In
2012, H. H. Giang, L. N. Quynh and S. D. Quang [4] introduced new techniques
to treat the case d > 1. However, they only considered the case where the
mappings f and g share all hyperplanes with the same multiple values. Thus,
our purpose of this paper is to prove a uniqueness theorem which generalizes
Theorem B by considering the general case where d > 1. Namely, we will prove
a theorem as follows.

THEOREM 1.2. Let f and g be two linearly nondegenerate meromorphic
mappings of C" into P"(C). Let d (1 <d < n) be positive integer and H,, ..., H,
be q (gq= (n+1)d+n+2) hyperplanes of P"(C) in general position. Let k;
(1 <i<gq) be positive integers or +oo such that

1 <2n+1+d(n+1)
2+ 1" 2n(d+1)+1

Assume that
(a) dim /(N2
(b) min(v V(s Hy),<kis 1) = min(v(g,H/‘),SkN 1) (I<j<gq),
(©) f(z)=g(z) on UL, Supp{z € C" : v(s m) <x(2)}.
Then [ =gy.

+1 Hi)<m-2(1<i < <igy1 <9q),

<
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2. Basic notions in Nevanlinna theory

The following definition are due to [4, 7, 9].

21. We set ||zl =(z1)*+ -+ |zn)"* for z=(z1,...,zn) eC” and
define

B(r) = {zeC": |z <r}, S()={zeC:|z| =r} (0<r< o).
Define

o(2) = (dd“|z|P)""" and

n(z) = d“ log|z||* A (dd* log||z*)"™"  on C"\{0}.

2.2. Let F be a nonzero holomorphic function on a domain Q in C". For
an m-tuple o = (o4,...,0,) of nonnegative integers, we set |o|=oy + -+ ay,
'\lﬁl‘
0"F

and Q“F:W. We define the map vp: Q — Z by
L .

ve(z) :=max{l: 2*F(z) =0 for all « with || <[} (zeQ).

We mean by a divisor on a domain Q in C” a map v : Q — Z such that, for
each a € Q, there are nonzero holomorphic functions F and G on a connected
neighborhood U C Q of a such that v(z) = vp(z) — vg(z) for each z € U outside
an analytic set of dimension < m — 2. Two divisors are regarded as the same if
they are identical outside an analytic set of dimension < m — 2. For a divisor v
on Q we set |v| :={z:v(z) # 0}, which is a purely (m — 1)-dimensional analytic
subset of Q or empty set.

Take a nonzero meromorphic function ¢ on a domain Q in C”. For each
a e Q, we choose nonzero holomorphic functions F and G on a neighborhood
U C Q such that ¢ :g on U and dim(F~!'(0) N G~'(0)) <m — 2, and we define
the divisors v,, v,” by v, := vp, v,° := vg, which are independent of choices of F
and G and so globally well-defined on Q.

2.3. For a divisor v on C" and for positive integers k, M or M = oo, we
define the counting function of v by

0 if v(z) >k
M)y _ ’
VS/( (Z) - { V<M)(Z) lf V(Z) S k7
0 if v(z) <k

M)y _ ’
vop (2) = { vM)(2) i v(z) > k,
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IB(,) v(z)o if m>2
n()=9 Sz if m=1.

|z| <t

Similarly, we define nl™l(¢), nzﬁ(t), n™(1).
Define

N(r,v) = L ,’21:«(1[—)1 dt (1<r< o).

Similarly, we define N(r,v™]), N(r v[M]), N(r v[M]) and denote them by

» U<k ' >k
NMI(r,v), N[SA,{] (r,v), NLAZ] (r,v) respectively.
Let ¢ : C" — C be a meromorphic function. Define
Ny(r) = N(r,vy), N;M](r) = NM(, V),
M M M M
NEDL ) = N2L(v), NI = NI (v ).

For brevity, we will omit the character ! if M = oo.

24. Let f:C"™ — P"(C) be a meromorphic mapping. For an arbitrarily

fixed homogeneous coordinate (wy : ---: wy,) on P"(C), we take a reduced repre-
sentation f = (fp:---: fu), where each f; is a holomorphic function on C” and
f(z) = (fo(z) :---: fu(z)) outside the analytic set I(f)={fo=---=f, =0} of

codimension > 2. Set ||| = (fo]* + - + |ful )"~
The characteristic function of f is defined by

Ty(r) = J

S(r)

log|L /Il —j log|L /1l
s(1)

Let H be a hyperplane in P"(C) given by H = {aywy + --- + a,0, = 0},
where a:= (ag,...,a,) #(0,...,0). We set (f,H)=>."yaf;. We define the
corresponding divisor f*H by f*H(z) = vy g(z) (z € C™), which is independent
of the choice of the reduced representation of f. The proximity function of f
with respect to H is defined by

B - 171 1H]
’”f’H(’)‘Lml"g )" Lml(’g )"

where [|H|| = (X0 |ail*)".

2.5. Let ¢ be a nonzero meromorphic function on C™, which is occasion-
ally regarded as a meromorphic map into P'(C). The proximity function of ¢ is
defined by

m(r,p) :=j o i

(r
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where log™ ¢ = max{0,log t} for > 0. The Nevanlinna characteristic function

of ¢ is defined by
T(r,p) = Nijy(r) +m(r,p).
Then
T,(r)=T(r,p)+ O(1).

The meromorphic function ¢ is said to be “small” with respect to f if || T'(r,p) =

o(Ty (r))-

2.6. Jensen formula. Let ¢ be a nonzero meromorphic function in C™. The
Jensen formula is stated as follows.

Ny (1) — Nyjp(r) = L( tosiply - Lm loglols.
r

2.7. As usual, by the notation “|| P”’, we mean the assertion P holds for all
re[0,00) excluding a Borel subset E of the interval [0,00) with [, dr < oo.
The following play essential roles in Nevanlinna theory (see [6]).

2.8. The first main theorem. Let f: C" — P"(C) be a meromorphic map-
ping and let H be a hyperplane in P"(C) such that f(C™) ¢ H. Then

Nigpmy(r) +mypy(r) = Ty(r)  (r>1).

2.9. The second main theorem. Ler f:C"™ — P"(C) be a linearly non-
degenerate meromorphic mapping and H,...,H, be q hyperplanes in general
position in P"(C). Then

q

I g—n—1T0) < SN () + 0T ().
i=1

3. Proof of Theorem 1.2

In order to prove Theorem 1.2, we need the following.

Lemma 3.1 (Lemma 2.2 [2]). Let f be a linearly nondegenerate meromorphic
mapping of C" into P"(C). Let H be a hyperplane in P"(C) in general position
and k(= n) be a positive integer. Then

7] n
Ny () < n(l e 1)

(1] n
N(f,H).<k(”) Jrk T IN(f‘H)(”)

and

N%’}];Hﬁr)sn(l—kﬂ)fv}?,) W)+ T ) 4 o(Ty (1),
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LemMMa 3.2. Let [ and g be nonconstant meromorphic mappings of C" into
P"(C). Let {H;}!, (¢ =n+2) be hyperplanes in P"(C) in general position.
Asumme that

min{v(/v,Hi)éki, 1} =min{vy m) <k, 1}, for all 1 <j<gq.

WSy < TR then | T,0) = O(Ty (1) and. || Ty(r) = O(T,(0).

Proof. By the Second Main Theorem and Lemma 3.1, we have

< Z(n(l s I)N};]H) k() + ﬁrm) +o(T,(r)

< 3 N e 0+ 1)+ ol T (0)

i=1 ki +
Thus
|| ( —n—l—nzk ) ) < Ty (r) + o(T,(0).
Hence || T,(r) = O(Ty(r)). Similarly, we get || Ty(r) = O(T,(r)). O

1 2n+1+dn+1)
P Th 12. A h !
roof of Theorem ssume Al 2 TS 2n(d A 1) £ 1

Suppose contrarily that f # g. By changing indices if necessary, we may assume
that

i) _ () (L )-}é(f’ Hor) _ _ ([ He)
(9,H1)  (9,H>) (9,Hy) " (9, Hy 41 (9,H.,)
group 1 group 2
” (s Hor) _ ([ Hy) T o Hy ) _ o (L Hy)
(9, Hyy 1) (9, H.,) (g, Hy, 1) (9, H,,)’
group 3 group s

where v; = g.
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For each 1 <i<gq, we set
L Jitn if i+n<gq,
G(l)_{ﬂrn—q if i+n>gq
and

(f H)( 0(1)) - (gaHi)(fv Ha(i))'

Since f # g, the number of elements of each group is at most n. Then

(f7 Hl) (faHJ(i)) .. .
and belong to distinct groups. Therefore P, #0 (1 <i <gq).

(Q,Hj) (gvHa(i)) [ ( )
We set

q

p=][r#0

i=1

and

S = U f1<dﬁ1 H,-j.).

1<i<<igy1 <q
Then S is an analytic set of codimension at most 2. We set
0 0
={zeC"” / Hy) ks VU HL) <k VO ) <k, 0}
(I<iq <-~-<lt£q,t<d)

Je{in,. i}
Fix a point z¢ I(f)UI(g)US. We assume that ze¥". For an index i€
{1,...,q}, we distinguish the following four cases:
Cast 1. i,0(i) ¢ {i1,...,i}. Then z is a zero point of P; with multiplicity

at least 1, since f(z) =¢g(z). We denote v(z) the number of indices i in this
case. It is easy to see that v(z) >¢—2t=m+1)d+n+2 -2t

Case 2. ie{i,...,i;} and o(i) ¢ {i1,...,i;}. Then z is a zero point of P,
with multiplicity at least min{v(; g, <k, V(g o). <k: }-

Cask 3. oa(i)e{i1,...,i;} and i ¢ {i,...,i;}. Then z is a zero point of P
with multiplicity at least min{v,, Hy)o<kis Vi, Hﬂw),gki}.

Case 4. i,o () e {il,...,i;}. Then z is a zero point of P; with multiplicity
at least min{v(s m,) <k, Vg, 1)<k} +MI0{V(1 11, ) <k Vig Hy) <k |-
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Therefore, from the above four cases, it follows that

z) > ZZmin{v(/-,Hﬁ),gk&,( ), Vg, Hy) ( )} +v(2)

J=1

-1 \N~
= (2 - m) ;mm{v(fﬂ,j),gk,j (2), Vg 1)<k, (2)}

+(n+ dzmm{fo <k (23 Vg ) <k, (2)} 4 0(2)

2(2—( 1 )me{v(fH <k() (gH,)Sk,-/.(Z)}

g—1 < . .
+ mzl:(mm{"(f, H,) <k, (2): 0} +min{vg ) <k, (2),n} —n) +0(2)
J:

1

-1 .
—Z mln{v(f,H[j),Sk,’j (2)7 v(g,H[j),Sk/j (Z)}
j=1

LS i, (211} + i1t (2} =)+ ()
=1
> %H—% Atl (min{v(fﬂHij)’Skij_( z),n} +m1n{ng <k,( z),n})
=
—d+1nl+(n+1)d+n+2—2t
> % Il(min{v(f,H,-j),sk (2),n} + min{vg g, ) <i, (2),1})
=

+d—-1-nd+1)+n+1)d+n+2-2d

d+1, .
= )_(min{vs ) <, (2),n} +min{v ) <, (2),n}) +
=

d+1 1\, . ,
= (T + %) ;(mln{‘/(_ﬂ 1)<k, (2), 1} +min{v ) <, (2),1}),

for all z outside the analytic set I(f)UI(g)US.
Set T(r) = Ty(r) + T4(r). Integrating both sides of the above inequality and
using the Second Main Theorem, we have
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d+1 1
NP(F)Z( d +2naz)

d+1 1\ () () )
— %) Z(N(}I)Hf)(r) n N(;-, Hi),>ki; () + N(;»Hi)(r) B N(gnyHi%Sk‘ (1)

\Y

d
(i) 2o (V0 M 0~ A (10 400 )
(

d i=1
d+1 1 o
> d+2nd) (((n +1)d +1)T(r) — ;Wm)> +o(T(r))
1 1 n+l
<(n+l)d+n+2+d+ﬁ+ "

. n
_ 2n(d;;1611) +1 ;ki - 1) T(r) +o(T(r)).

On the other hand, by the Jensen formula, we have

q

Np(r)=| log|Plp+0(1)=> | log|Pln+ O(1)
S(r) i—1 JS()

q

< ZL( log(|(f, H)I> + (/. Ho))|))

q

i ZJS( ) log(|(g, Hi)|* + (g, Hoo)I*) 0 + O(1)

i1
< q(Ty(r) + Ty(r) + o(Ty (r) + Ty(r)) = T (r) + o(T(r))-
This implies that

1 1 n+1 2nd+1)+1 1
qT(r)z<( Dd+n+24 o454+ ¥ By T(r)

+o(T(r)).

Letting r — oo, we get

I 1 n+l 2nd+1)+1 1
> 1)d 24 —+— —
q—<(”+ Mt 2 G 5 2d kit
2n+1+dn+1) ¢ 1
1.€., <D
2n(d 4+ 1) + 1 kit 1
Then the supposition is impossible. Hence the theorem is proved. O

This is a contradiction.
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