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UNIQUENESS THEOREM FOR MEROMORPHIC MAPPINGS

WITH MULTIPLE VALUES

Ha Huong Giang

Abstract

In this article, we will prove a uniqueness theorem for meromorphic mappings into

complex projective space PnðCÞ with di¤erent multiple values and a general condition on

the intersections of the inverse images of these hyperplanes.

1. Introduction

In 1975, H. Fujimoto [5] proved a uniqueness theorem for linearly non-
degenerate meromorphic mappings of Cm into PnðCÞ which have the same inverse
images of 3nþ 2 hyperplanes in general position counted with multiplicities.

In 1983, L. Smiley [8] obtained a uniqueness theorem for meromorphic
mappings which share 3nþ 2 hyperplanes in PnðCÞ in general position without
counting multiplicities (i.e., they have the same inverse images of 3nþ 2 hyper-
planes and are identical on these inverse images) and satisfy an additional
condition ‘‘codimension of the intersections of inverse images of two di¤erent
hyperplanes are at least two’’.

The unicity problem of meromorphic mappings with truncated multiplicities
has been extended and deepened by contribution of many authors. In [1], [2],
[3], [7] and [9], the authors improved the result of L. Smiley by reducing the
number of involving hyperplanes. In order to state some of them, we need the
following.

Take a meromorphic mapping f of Cm into PnðCÞ which is linearly non-
degenerate over Cm such that for positive integers k, d ð1a da nÞ and q hyper-
planes H1; . . . ;Hq in PnðCÞ in general position with

dim f �1
\dþ1

j¼1

Hij

 !
am� 2 ð1a i1 < � � � < idþ1 a qÞ:ð1:1Þ

Let Fð f ; fHigq
i¼1; d; kÞ be the set of all linearly nondegenerate over Cm meromor-

phic maps g : Cm ! PnðCÞ satisfying the conditions
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(a) minðnð f ;HjÞ; kÞ ¼ minðnðg;HjÞ; kÞ ð1a ja qÞ,
(b) f ðzÞ ¼ gðzÞ on

Sq
j¼1 f �1ðHjÞ.

Denote by aS the cardinality of the set S:

Theorem A (Z. Chen - Q. Yan [3]). aFð f ; fHig2nþ3
i¼1 ; 1; 1Þ ¼ 1:

In 2010, T. B. Cao and H. X. Yi proved a uniqueness theorem for linearly
nondegenerate meromorphic mappings with di¤erent multiple values as follows.

Theorem B (T. B. Cao and H. X. Yi [2]). Let f and g be two linearly
nondegenerate meromorphic mappings of Cm into PnðCÞ and let H1; . . . ;Hq be
q ðqb 2nÞ hyperplanes of PnðCÞ in general position satisfying the condition (1.1)
with d ¼ 1. Take mi ð1a ia qÞ be positive integers or y such that m1 b

m2 b � � �bmq b n with
(a) minðnð f ;HjÞ;amj

; 1Þ ¼ minðnðg;HjÞ;amj
; 1Þ ð1a ja qÞ,

(b) f ðzÞ ¼ gðzÞ on
Sq

j¼1fz A Cm : 0 < nð f ;HjÞðzÞamjg.

If
Pq

j¼1

mj

mj þ 1
>

nq� qþ nþ 1

n
� 4n� 4

qþ 2n� 2
þ 1

m1 þ 1
þ 1

m2 þ 1

� �
then f 1g:

In this theorem, numbers mi are called the mutiple values of the sharing
conditions (a) and (b) of f and g with respect to hyperplanes. However, in the
all results of Z. Chen - Q. Yan, T. B. Cao - H. X. Yi and mentioned authors on
unicity problem with truncated multiplicity, the case where d ¼ 1 in the condition
(1.1) is considered. Moreover their techniques do not work for case d > 1. In
2012, H. H. Giang, L. N. Quynh and S. D. Quang [4] introduced new techniques
to treat the case db 1. However, they only considered the case where the
mappings f and g share all hyperplanes with the same multiple values. Thus,
our purpose of this paper is to prove a uniqueness theorem which generalizes
Theorem B by considering the general case where db 1. Namely, we will prove
a theorem as follows.

Theorem 1.2. Let f and g be two linearly nondegenerate meromorphic
mappings of Cm into PnðCÞ. Let d ð1a da nÞ be positive integer and H1; . . . ;Hq

be q ðq ¼ ðnþ 1Þd þ nþ 2Þ hyperplanes of PnðCÞ in general position. Let ki
ð1a ia qÞ be positive integers or þy such that

Xq
i¼1

1

ki þ 1
<

2nþ 1þ dðnþ 1Þ
2nðd þ 1Þ þ 1

:

Assume that
(a) dim f �1ð

Tdþ1
j¼1 Hij Þam� 2 ð1a i1 < � � � < idþ1 a qÞ,

(b) minðnð f ;HjÞ;aki ; 1Þ ¼ minðnðg;HjÞ;aki ; 1Þ ð1a ja qÞ,
(c) f ðzÞ ¼ gðzÞ on

Sq
j¼1 Suppfz A Cm : nð f ;HjÞ;akiðzÞg.

Then f 1 g.
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2. Basic notions in Nevanlinna theory

The following definition are due to [4, 7, 9].

2.1. We set kzk ¼ ðjz1j2 þ � � � þ jzmj2Þ1=2 for z ¼ ðz1; . . . ; zmÞ A Cm and
define

BðrÞ :¼ fz A Cm : kzk < rg; SðrÞ :¼ fz A Cm : kzk ¼ rg ð0 < r < yÞ:

Define

sðzÞ :¼ ðdd ckzk2Þm�1 and

hðzÞ :¼ d c logkzk25ðdd c logkzk2Þm�1 on Cmnf0g:

2.2. Let F be a nonzero holomorphic function on a domain W in Cm. For
an m-tuple a ¼ ða1; . . . ; amÞ of nonnegative integers, we set jaj ¼ a1 þ � � � þ an

and DaF ¼ qjajF

qa1z1 � � � qamzm
: We define the map nF : W ! Z by

nF ðzÞ :¼ maxfl : DaFðzÞ ¼ 0 for all a with jaj < lg ðz A WÞ:

We mean by a divisor on a domain W in Cm a map n : W ! Z such that, for
each a A W, there are nonzero holomorphic functions F and G on a connected
neighborhood U � W of a such that nðzÞ ¼ nF ðzÞ � nGðzÞ for each z A U outside
an analytic set of dimensionam� 2. Two divisors are regarded as the same if
they are identical outside an analytic set of dimensionam� 2. For a divisor n
on W we set jnj :¼ fz : nðzÞ0 0g, which is a purely ðm� 1Þ-dimensional analytic
subset of W or empty set.

Take a nonzero meromorphic function j on a domain W in Cm. For each
a A W, we choose nonzero holomorphic functions F and G on a neighborhood

U � W such that j ¼ F

G
on U and dimðF �1ð0Þ \ G�1ð0ÞÞam� 2, and we define

the divisors nj, n
y
j by nj :¼ nF , n

y
j :¼ nG, which are independent of choices of F

and G and so globally well-defined on W.

2.3. For a divisor n on Cm and for positive integers k, M or M ¼ y, we
define the counting function of n by

nðMÞðzÞ ¼ minfM; nðzÞg;

n
ðMÞ
ak ðzÞ ¼ 0 if nðzÞ > k;

nðMÞðzÞ if nðzÞa k;

�

n
ðMÞ
>k ðzÞ ¼ 0 if nðzÞa k;

nðMÞðzÞ if nðzÞ > k;

�
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nðtÞ ¼

Ð
BðtÞ nðzÞs if mb 2P

jzjat

nðzÞ if m ¼ 1:

8<
:

Similarly, we define n½M �ðtÞ, n
½M �
ak ðtÞ, n

½M �
>k ðtÞ:

Define

Nðr; nÞ ¼
ð r
1

nðtÞ
t2m�1

dt ð1 < r < yÞ:

Similarly, we define Nðr; n½M �Þ, Nðr; n½M �
ak Þ, Nðr; n½M �

>k Þ and denote them by

N ½M �ðr; nÞ, N
½M �
ak ðr; nÞ, N

½M �
>k ðr; nÞ respectively.

Let j : Cm ! C be a meromorphic function. Define

NjðrÞ ¼ Nðr; njÞ; N ½M �
j ðrÞ ¼ N ½M �ðr; njÞ;

N
½M �
j;akðrÞ ¼ N

½M �
ak ðr; njÞ; N

½M �
j;>kðrÞ ¼ N

½M �
>k ðr; njÞ:

For brevity, we will omit the character ½M � if M ¼ y.

2.4. Let f : Cm ! PnðCÞ be a meromorphic mapping. For an arbitrarily
fixed homogeneous coordinate ðw0 : � � � : wnÞ on PnðCÞ, we take a reduced repre-
sentation f ¼ ð f0 : � � � : fnÞ, where each fi is a holomorphic function on Cm and
f ðzÞ ¼ ð f0ðzÞ : � � � : fnðzÞÞ outside the analytic set Ið f Þ ¼ f f0 ¼ � � � ¼ fn ¼ 0g of
codimensionb 2. Set k f k ¼ ðj f0j2 þ � � � þ j fnj2Þ1=2.

The characteristic function of f is defined by

Tf ðrÞ ¼
ð
SðrÞ

logk f kh�
ð
Sð1Þ

logk f kh:

Let H be a hyperplane in PnðCÞ given by H ¼ fa0o0 þ � � � þ anon ¼ 0g,
where a :¼ ða0; . . . ; anÞ0 ð0; . . . ; 0Þ. We set ð f ;HÞ ¼

Pn
i¼0 ai fi. We define the

corresponding divisor f �H by f �HðzÞ ¼ nð f ;HÞðzÞ ðz A CmÞ, which is independent
of the choice of the reduced representation of f . The proximity function of f
with respect to H is defined by

mf ;HðrÞ ¼
ð
SðrÞ

log
k f k � kHk
jð f ;HÞj h�

ð
Sð1Þ

log
k f k � kHk
jð f ;HÞj h;

where kHk ¼ ð
Pn

i¼0 jaij
2Þ1=2:

2.5. Let j be a nonzero meromorphic function on Cm, which is occasion-
ally regarded as a meromorphic map into P1ðCÞ. The proximity function of j is
defined by

mðr; jÞ :¼
ð
SðrÞ

logþjjjh;
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where logþ t ¼ maxf0; log tg for t > 0. The Nevanlinna characteristic function
of j is defined by

Tðr; jÞ ¼ N1=jðrÞ þmðr; jÞ:
Then

TjðrÞ ¼ Tðr; jÞ þOð1Þ:
The meromorphic function j is said to be ‘‘small’’ with respect to f if kTðr; jÞ ¼
oðTf ðrÞÞ.

2.6. Jensen formula. Let j be a nonzero meromorphic function in Cm. The
Jensen formula is stated as follows.

NjðrÞ �N1=jðrÞ ¼
ð
SðrÞ

logjjjh�
ð
Sð1Þ

logjjjh:

2.7. As usual, by the notation ‘‘kP’’, we mean the assertion P holds for all
r A ½0;yÞ excluding a Borel subset E of the interval ½0;yÞ with

Ð
E
dr < y.

The following play essential roles in Nevanlinna theory (see [6]).

2.8. The first main theorem. Let f : Cm ! PnðCÞ be a meromorphic map-
ping and let H be a hyperplane in PnðCÞ such that f ðCmÞ 6� H. Then

Nð f ;HÞðrÞ þmf ;HðrÞ ¼ Tf ðrÞ ðr > 1Þ:

2.9. The second main theorem. Let f : Cm ! PnðCÞ be a linearly non-
degenerate meromorphic mapping and H1; . . . ;Hq be q hyperplanes in general
position in PnðCÞ: Then

k ðq� n� 1ÞTf ðrÞa
Xq
i¼1

N
½n�
ð f ;HiÞðrÞ þ oðTf ðrÞÞ:

3. Proof of Theorem 1.2

In order to prove Theorem 1.2, we need the following.

Lemma 3.1 (Lemma 2.2 [2]). Let f be a linearly nondegenerate meromorphic
mapping of Cm into PnðCÞ: Let H be a hyperplane in PnðCÞ in general position
and kðb nÞ be a positive integer. Then

N
½n�
ð f ;HÞðrÞa n 1� n

k þ 1

� �
N

½1�
ð f ;HÞ;ak

ðrÞ þ n

k þ 1
Nð f ;HÞðrÞ

and

N
½n�
ð f ;HÞðrÞa n 1� n

k þ 1

� �
N

½1�
ð f ;HÞ;ak

ðrÞ þ n

k þ 1
Tf ðrÞ þ oðTf ðrÞÞ:
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Lemma 3.2. Let f and g be nonconstant meromorphic mappings of Cm into
PnðCÞ: Let fHigq

i¼1 ðqb nþ 2Þ be hyperplanes in PnðCÞ in general position.
Asumme that

minfnð f ;HiÞ;aki ; 1g ¼ minfnðg;HiÞ;aki ; 1g; for all 1a ja q:

If
Pq

i¼1

1

ki þ 1
<

q� n� 1

n
, then kTgðrÞ ¼ OðTf ðrÞÞ and kTf ðrÞ ¼ OðTgðrÞÞ:

Proof. By the Second Main Theorem and Lemma 3:1, we have

k ðq� n� 1ÞTgðrÞa
Xq
i¼1

N
½n�
ðg;HiÞðrÞ þ oðTgðrÞÞ

a
Xq
i¼1

n 1� n

ki þ 1

� �
N

½1�
ðg;HÞ;aki

ðrÞ þ n

ki þ 1
TgðrÞ

� �
þ oðTgðrÞÞ

a
Xq
i¼1

nN
½1�
ð f ;HÞ;aki

ðrÞ þ n

ki þ 1
TgðrÞ þ oðTgðrÞÞ

a qnTf ðrÞ þ n
Xq
i¼1

1

ki þ 1
TgðrÞ þ oðTgðrÞÞ:

Thus

k q� n� 1� n
Xq
i¼1

1

ki þ 1

 !
TgðrÞa qnTf ðrÞ þ oðTgðrÞÞ:

Hence kTgðrÞ ¼ OðTf ðrÞÞ: Similarly, we get kTf ðrÞ ¼ OðTgðrÞÞ: r

Proof of Theorem 1.2. Assume that
Pq

i¼1

1

ki þ 1
<

2nþ 1þ dðnþ 1Þ
2nðd þ 1Þ þ 1

:

Suppose contrarily that f 2 g. By changing indices if necessary, we may assume
that

ð f ;H1Þ
ðg;H1Þ

1
ð f ;H2Þ
ðg;H2Þ

1 � � �1 ð f ;Hv1Þ
ðg;Hv1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group 1

2
ð f ;Hv1þ1Þ
ðg;Hv1þ1

1 � � �1 ð f ;Hv2Þ
ðg;Hv2Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group 2

2
ð f ;Hv2þ1Þ
ðg;Hv2þ1Þ

1 � � �1 ð f ;Hv3Þ
ðg;Hv3Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group 3

2 � � �2 ð f ;Hvs�1þ1Þ
ðg;Hvs�1þ1Þ

1 � � �1 ð f ;HvsÞ
ðg;HvsÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group s

;

where vs ¼ q:
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For each 1a ia q, we set

sðiÞ ¼ i þ n if i þ na q;

i þ n� q if i þ n > q

�
and

Pi ¼ ð f ;HiÞðg;HsðiÞÞ � ðg;HiÞð f ;HsðiÞÞ:

Since f 2 g, the number of elements of each group is at most n. Then
ð f ;HiÞ
ðg;HiÞ

and
ð f ;HsðiÞÞ
ðg;HsðiÞÞ

belong to distinct groups. Therefore Pi 2 0 ð1a ia qÞ.

We set

P ¼
Yq
i¼1

Pi 2 0

and

S ¼
[

1ai1<���<idþ1aq

f �1
\dþ1

j¼1

Hij

 !
:

Then S is an analytic set of codimension at most 2. We set

V ¼ fz A Cm : n0ð f ;Hi1
Þ;aki1

:n0ð f ;Hi2
Þ;aki2

. . . n0ð f ;Hit Þ;akit
> 0g

ð1a i1 < � � � < it a q; t < dÞ

D ¼
[

j B fi1;... itg
fz A Cm : n0ð f ;HjÞ;akj

> 0g

Fix a point z B Ið f Þ [ IðgÞ [ S: We assume that z A V. For an index i A
f1; . . . ; qg, we distinguish the following four cases:

Case 1. i; sðiÞ B fi1; . . . ; itg. Then z is a zero point of Pi with multiplicity
at least 1, since f ðzÞ ¼ gðzÞ. We denote vðzÞ the number of indices i in this
case. It is easy to see that vðzÞb q� 2t ¼ ðnþ 1Þd þ nþ 2� 2t.

Case 2. i A fi1; . . . ; itg and sðiÞ B fi1; . . . ; itg. Then z is a zero point of Pi

with multiplicity at least minfnð f ;HiÞ;aki ; nðg;HiÞ;akig.

Case 3. sðiÞ A fi1; . . . ; itg and i B fi1; . . . ; itg. Then z is a zero point of Pi

with multiplicity at least minfnð f ;HsðiÞÞ;aki ; nðg;HsðiÞÞ;akig.

Case 4. i; sðiÞ A fi1; . . . ; itg. Then z is a zero point of Pi with multiplicity
at least minfnð f ;HiÞ;aki ; nðg;HiÞ;akig þminfnð f ;HsðiÞÞ;aki ; nðg;HsðiÞÞ;akig.
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Therefore, from the above four cases, it follows that

nPðzÞb 2
Xt

j¼1

minfnð f ;Hij
Þ;akij

ðzÞ; nðg;Hij
Þ;akij

ðzÞg þ vðzÞ

b 2� q� 1

ðnþ 1Þd

� �Xt

j¼1

minfnð f ;Hij
Þ;akij

ðzÞ; nðg;Hij
Þ;akij

ðzÞg

þ q� 1

ðnþ 1Þd
Xt

j¼1

minfnð f ;Hij
Þ;akij

ðzÞ; nðg;Hij
Þ;akij

ðzÞg þ vðzÞ

b 2� q� 1

ðnþ 1Þd

� �Xt

j¼1

minfnð f ;Hij
Þ;akij

ðzÞ; nðg;Hij
Þ;akij

ðzÞg

þ q� 1

ðnþ 1Þd
Xt

j¼1

ðminfnð f ;Hij
Þ;akij

ðzÞ; ng þminfnðg;Hij
Þ;akij

ðzÞ; ng � nÞ þ vðzÞ

b
d � 1

d

Xt

j¼1

minfnð f ;Hij
Þ;akij

ðzÞ; nðg;Hij
Þ;akij

ðzÞg

þ d þ 1

d

Xt

j¼1

ðminfnð f ;Hij
Þ;akij

ðzÞ; ng þminfnðg;Hij
Þ;akij

ðzÞ; ng � nÞ þ vðzÞ

b
d � 1

d
tþ d þ 1

d

Xt

j¼1

ðminfnð f ;Hij
Þ;akij

ðzÞ; ng þminfnðg;Hij
Þ;akij

ðzÞ; ngÞ

� d þ 1

d
ntþ ðnþ 1Þd þ nþ 2� 2t

b
d þ 1

d

Xt

j¼1

ðminfnð f ;Hij
Þ;akij

ðzÞ; ng þminfnðg;Hij
Þ;akij

ðzÞ; ngÞ

þ d � 1� nðd þ 1Þ þ ðnþ 1Þd þ nþ 2� 2d

¼ d þ 1

d

Xt

j¼1

ðminfnð f ;Hij
Þ;akij

ðzÞ; ng þminfnðg;Hij
Þ;akij

ðzÞ; ngÞ þ 1

b
d þ 1

d
þ 1

2nd

� �Xq
i¼1

ðminfnð f ;HiÞ;akij
ðzÞ; ng þminfnðg;HiÞ;akij

ðzÞ; ngÞ;

for all z outside the analytic set Ið f Þ [ IðgÞ [ S.
Set TðrÞ ¼ Tf ðrÞ þ TgðrÞ. Integrating both sides of the above inequality and

using the Second Main Theorem, we have
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NPðrÞb
d þ 1

d
þ 1

2nd

� �Xq
i¼1

ðN ðnÞ
ð f ;HiÞ;akij

ðrÞ þN
ðnÞ
ðg;HiÞ;akij

ðrÞÞ

¼ d þ 1

d
þ 1

2nd

� �Xq
i¼1

ðN ðnÞ
ð f ;HiÞðrÞ �N

ðnÞ
ð f ;HiÞ;>kij

ðrÞ þN
ðnÞ
ðg;HiÞðrÞ �N

ðnÞ
ðg;HiÞ;akij

ðrÞÞ

b
d þ 1

d
þ 1

2nd

� �Xq
i¼1

N
ðnÞ
ð f ;HiÞðrÞ þN

ðnÞ
ðg;HiÞðrÞ �

n

ki þ 1
ðTf ðrÞ þ TgðrÞÞ

� �

b
d þ 1

d
þ 1

2nd

� �
ððnþ 1Þd þ 1ÞTðrÞ �

Xq
i¼1

n

ki þ 1
TðrÞ

 !
þ oðTðrÞÞ

¼
 
ðnþ 1Þd þ nþ 2þ 1

d
þ 1

2nd
þ nþ 1

2n

� 2nðd þ 1Þ þ 1

2nd

Xq
i¼1

n

ki þ 1

!
TðrÞ þ oðTðrÞÞ:

On the other hand, by the Jensen formula, we have

NPðrÞ ¼
ð
SðrÞ

logjPjhþOð1Þ ¼
Xq
i¼1

ð
SðrÞ

logjPijhþOð1Þ

a
Xq
i¼1

ð
SðrÞ

logðjð f ;HiÞj2 þ jð f ;HsðiÞÞj2Þ1=2h

þ
Xq
i¼1

ð
SðrÞ

logðjðg;HiÞj2 þ jðg;HsðiÞÞj2Þ1=2hþOð1Þ

a qðTf ðrÞ þ TgðrÞÞ þ oðTf ðrÞ þ TgðrÞÞ ¼ qTðrÞ þ oðTðrÞÞ:

This implies that

qTðrÞb ðnþ 1Þd þ nþ 2þ 1

d
þ 1

2nd
þ nþ 1

2n
� 2nðd þ 1Þ þ 1

2d

Xq
i¼1

1

ki þ 1

 !
TðrÞ

þ oðTðrÞÞ:

Letting r ! y, we get

qb ðnþ 1Þd þ nþ 2þ 1

d
þ 1

2nd
þ nþ 1

2n
� 2nðd þ 1Þ þ 1

2d

Xq
i¼1

1

ki þ 1

 !
;

i.e.,
2nþ 1þ dðnþ 1Þ
2nðd þ 1Þ þ 1

a
Pq

i¼1

1

ki þ 1
: This is a contradiction.

Then the supposition is impossible. Hence the theorem is proved. r
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