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AN ISOPERIMETRIC INEQUALITY FOR DIFFUSED SURFACES
ULRICH MENNE AND CHRISTIAN SCHARRER

Abstract

For general varifolds in Euclidean space, we prove an isoperimetric inequality,
adapt the basic theory of generalised weakly differentiable functions, and obtain several
Sobolev type inequalities. We thereby intend to facilitate the use of varifold theory in
the study of diffused surfaces.

1. Introduction

General aim. The isoperimetric inequality is well established in the context
of sharp surfaces (e.g., integral currents, sets, or integral varifolds) in Euclidean
space, but little appears to be known for diffused surfaces (i.e., for surfaces that
are not concentrated on a set of the their own dimension). General varifolds
form a very flexible model for the latter case; in fact, for equations of Allen-Cahn
type, their utility was established by Ilmanen, Padilla, and Tonegawa (see [6] and
[12]) and, for discrete and computational geometry, their unifying use has been
recently suggested by Buet, Leonardi, and Masnou (see [3]). The present paper
shall contribute to this proposed development by adapting several core tools to
the possibly non-rectifiable case. To outline these results, suppose m and n are
positive integers, m < n, V' is an m dimensional varifold in R", and, to avoid case
distinctions, also m > 1; see Section 2 for the notation.

Isoperimetric inequality, see Section 3. The best result up to now (see the
second author [13, 6.11]) did apply to general varifolds, but controlled only their
rectifiable parts: If ||V][(R") < co, then

IV[i{x: @"(|V],x) = d} <Td"""|[V[(R") /S| (R")  for 0 <d < o0,

where T is a positive, finite number determined by m. Following the first author
(see [7, 2.2]), it unified the approach of Allard in [2, 7.1] and Michael and Simon
in [11, 2.1]. Clearly, if 0 <d < o0, and ®"(||V||,x) = d for || V] almost all x,
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the result implies
VI @"(|V]],x) > d})' /™ < Td~ " ||oV||(R").

We notice that ||[0V]| encodes both, the total mass of the variational boundary
and the integral of the modulus of the generalised mean curvature of the varifold,
see Allard [2, 4.3]; in particular, a more classical form results for varifolds with
vanishing mean curvature (i.e., generalised minimal surfaces) and, by Allard [2, 4.8
(4)], the isoperimetric inequality for integral currents with non-optimal constant is
a special case. In 3.5 and 3.7, we establish that, if | V||(R") < co, then

IVII(A@) ™™ < p(m)d =" SV (|(R”)  for 0 < d < oo
where A(d) = {x:||V|B(x,r) > da(m)r™ for some 0 <r < o0}.

By homogeneity considerations, one may not replace (A(d),d~'/") by (R",1).
The sets A(d), for suitable d, naturally describe the region, where the behaviour
of the diffused surface resembles the behaviour of an m dimensional sharp
surface.

Generalised weakly differentiable functions, see Section 4. We extend the
basic theory of generalised weakly differentiable functions (see the first author
[9, §§8-9] and [10, 4.1, 2]) from rectifiable varifolds to general varifolds. This
theory includes the study of closedness properties (under convergence, compo-
sition, addition, and multiplication) and a coarea formula in functional analytic
form. The main differences lie in the possible non-existence of decompositions
(see 4.12) and the ineffectiveness of (|| V]|,m) approximate differentials (see 4.7).
This development allows us to state the Sobolev inequalities in their natural
framework, but goes beyond that purpose.

Sobolev inequalities, see Section 5. In view of 4.11, 4.18, and [9, 8.16, 9.2], a
version of our Sobolev inequality in 5.6 may be stated as follows, employing (see
4.2) the space of Y valued generalised weakly differentiable functions T(V,Y)
and the derivative V'Df associated to functions f in that space: If [0V is a
Radon measure, Y is a finite dimensional normed vector space, feT(V,Y),
IVI{x:|f(x)] >0} < oo, 0<r< oo, and g:R" — R satisfies

g(a) =sup{y: [ V||(Ba,r) N {x: |f(x)| < y}) <27'(|V|B(a,r)}
for aeR", then, for 0 <d < oo, there holds

1-1/m
(JB(d) g/l d| V||> <Td ' <J [/1dlloV]] + J IV Df]| d|V|)7

where B(d) = {x: | V|B(x,r) > da(m)r™}, and T = 2f(n)y(m). In this theorem,
the number r acts as a scale on which both the lower density ratio bound and
the averaging process by medians occur; in fact, the width of a diffused surface
could be a natural choice for such a scale. More generally, in 5.6, we replace r
by a || V|| measurable function. Simple examples show that one may not replace
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(g9,B(d)) by (f,A(d)), see 5.7. Finally, the special case 0 < f € Z(R",R) of the
preceding theorem could be derived replacing the use of 4.17 and the coarea
formula for generalised weakly differentiable functions (see 4.11 and [9, 8.5, 30])
by Allard’s more basic result [2, 4.10].

Acknowledgements. We would like to thank Dr Blanche Buet, Professor
Guido De Philippis, and Professor Yoshihiro Tonegawa for conversations on the
subject of this paper. The paper was written while both authors worked at the
Max Planck Institute for Gravitational Physics (Albert Einstein Institute) and
the University of Potsdam.

2. Notation

Generally, the notation of [9, §1] is employed; the only exception is the usage
of y(m), see 3.7 and 3.9. In particular, our notation is largely consistent with
that of Federer [5, pp. 669-671] and Allard [2]. While we do not duplicate each
definition from [9, §1], for the convenience of the reader, we recall some less
commonly used symbols and conventions below.

The difference of sets 4 and B is denoted by 4 ~ B. Whenever f is a linear
map and v belongs to its domain, the expression <v, ) is synonymously used
with f(v). The inner product of v and w, by contrast, is denoted by vew. The
symbol P; denotes the symmetric linear homomorphism of R"” whose image is
P and whose restriction to P is the identity map of P, whenever P is a linear
subspace of R”. If X is a locally compact Hausdorff space, then #'(X) denotes
the vector space of continuous real valued functions on X with compact support.
Whenever ¢ measures X, Y is a separable Banach space, f is a ¢ measurable Y
valued function, and 1 < p < oo, the value of the Lebesgue seminorm ¢, at f
satisfies

1/p
¢(p)(f):(Jf|p d¢> if p < oo,

$p(f) =inf{s:s>0,4{x:[f(x)]>s} =0} if p=oco.

Whenever U is an open subset of a finite dimensional normed space, and Y is a
separable Banach space, &(U, Y) denotes the space of all functions from U into
Y, that are continuously differentiable of every positive integer order, Z(U, Y)
denotes the subspace of those functions in &(U, Y) with compact support, and
9'(U,Y) is the space of distributions in U of type Y. Whenever T € 2'(U, Y),
the symbol ||T| denotes the largest Borel regular measure over U such that

IT||(A) =sup{T(0): 0 2(U,Y) with spt) C A and |0(x)| <1 for xe U}

whenever A4 is an open subset of U. In case such T is representable by integra-
tion (equivalently, if ||7|| is a Radon measure), 7(0)) denotes the value of the
unique |7, continuous extension of T to Li(||7|,Y) at @ e Li(||T], Y), and



AN ISOPERIMETRIC INEQUALITY FOR DIFFUSED SURFACES 73

T A denotes the restriction of T to 4, whenever 4 is ||T|| measurable (i.e., we
have (TLA)(0) =T(04) whenever 0 € 9(U,Y), where 0,(x) =0(x) for xe 4
and 04(x) =0 for xe U ~ 4). Finally, if V' is an m dimensional varifold in
an open subset U of R", ||0V] is a Radon measure, and E is an || V]| + ||0V]]
measurable set, then the distributional boundary VOE satisfies

VOE = (OV)LE —6(VLE x G(n,m)) e 2'(U,R").

3. General isoperimetric inequality

In this section, we prove a general isoperimetric inequality in 3.5. It
involves a maximal-type function corresponding to the density defined in 3.1.
Additionally, its proof relies on a simple iteration lemma (see 3.2) and a variant
of the “calculus lemma” used by Simon (see 3.3 and 3.4). Finally, in 3.10 and
3.12, we state a version of the isoperimetric inequality in case the varifold is
contained in a ball and a version involving the size of the varifold.

3.1 (Maximal-type function). Suppose m and n are positive integers, m < n,
V eV,(R"), and the function M : R"” — R satisfies

M(x) = sup{M ca

a(m)sm
forxeR". Clearly,ifae R", 0 < s< 00,0 < d < o0, and ||V||B(a,s) > da(m)s™,
then B(a,s) C {x: M(x) > d}.

eR", 0 <s< oo, and xeB(a,s)}

LemmA 3.2 (Iteration lemma). Suppose 0 <k < oo, 0 <A<, 0<pu<l,
the function a:{d:0<d < oo} — R is nonnegative, limsup,_,, a(d) < co, and

a(d) < kd"a(Ad)"  for 0 <d < o0.
Then, a(d)'™ < Kd’/‘(l/)y)”z/(lf") Jor 0 <d < 0.

Proof. Assume x > 0. Then, induction yields that log a(d) does not exceed

j—1
u > + log(1/2) <Z zp"“) + u/ log a(2d)
i=1

whenever 0 < d < oo and j is a positive integer; here Z?:l in* = 0. O

j—1

(log(r) + p log(1/d)) (
i=0

Lemma 3.3 (Calculus lemma). Suppose 0 <s< oo, f:{t:s<t<o}—R
is a nonnegative, nondecreasing function, 0 < m < oo, s "f(s) > 3/4,

r=sup{t:s<t<oo and t7"f(t) > 1/3} < o0,

g:{t:s<t<r} —-Risa nonnegatlve PV {t:s<t<r} measurable function,
and t™"f (1) <r"f(r) + [ u™"g u) AL whenever s <t <r.
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Then, there exists t satisfying
s<t<r and f(5t) <5"rg(1).

Proof. Abbreviating x = sup{t "f(¢) : s <t < r}, we note that
s<r, 3/4<k<oo, sup{t™f(t):r<t< o} <1/3,

r Sr 4
J (1) 4L < e, J () dL ' < ?r

N r
Therefore, if the conclusion were false, we could estimate

th"”g(t) dzlr<r! J (50)7"/ (50 42"t = %JS

r

4
) detr< K 2

s K Ss 5 15
—my ' —m 1 3 K
K<r"f(r)+ | t™"g(t) dL 1 <=+ 2,
s 5°5
whence, as 3/4 <k < oo, it would follow 3/5 < 4x/5 < 3/5, a contradiction.

O

Remark 3.4. The previous lemma and its proof are adapted from [14, 18.7].

THEOREM 3.5 (General isoperimetric inequality). Suppose m, n, V, and M
are as in 3.1, and ||V||(R") < co. Then,

IVI({x: M(x) > d})'™™ <Td V"6V |(R") for 0 <d < o0,
where T =271 if m=1, T = 5"3/m=Vg(m)"V" if m > 1, and 0° = 0.

Proof. Assume ||0V][(R") < oco. In view of [9, 4.8 (1)], we may assume
that m > 1. We abbreviate k = 5’”31/’”(1(m)71/m||5V||(R”). By 3.2 applied with
2, 1, and a(d) replaced by 1/3, 1/m, and ||V||{x: M(x) > d}, respectively, it is
sufficient to prove

I VI[{x: M(x)>d} <xd ™| V||({x: M(x) > d/3})1/'" for 0 < d < o0.
For this purpose we define
r=sup{s:aeR" 0<s< oo, and |V|B(a,s) > (d/3)a(m)s"}

and note that r < 3Vmd=Vmg(m)™ V™| V||({x: M(x) > d/3})"" < o by 3.1.
Moreover, whenever x € R” and M(x) > d, there exist e R” and 0 <7 <r
satisfying

xeB(a,0), | V[B(a,50) < 5"roV[B(a, 1);

in fact, taking aeR"” and 0 <s < oo satisfying the conditions x e B(a,s)
and ||V||B(a,s) = (3d/4)a(m)s™, in view of [9, 4.5, 6], one may apply 3.3
with f(¢) and ¢(¢) replaced by d~'a(m) || V|B(a,?) and d~'a(m) " ||6V||B(a, 1),
respectively. Finally, Vitali’s covering theorem (see [5, 2.8.5, 8]) yields the
conclusion. O
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Remark 3.6. Apart of a possibly unnecessarily large number I', the pre-
ceding isoperimetric inequality comprises, firstly, that of Allard in [2, 7.1],
secondly, that of the first author in [7, 2.2], and, thirdly, those of the second
author in [13, 6.5, 11]. The last two items as well as the present inequality
employ the strategy introduced by Michael and Simon in [11, 2.1] (see also Simon
[14, 18.6]) in the context of Sobolev inequalities.

DeriNITION 3.7 (Best isoperimetric constant). Whenever m is a positive
integer, we denote by p(m) the smallest nonnegative real number with the follow-
ing property: if n, V, and M are related to m as in 3.1, and ||V||(R") < oo, then

V] ({x: M(x) > d})lfl/'" < p(m)d~V"|oV||(R") for 0 <d < oo;
here 0° = 0.

Remark 3.8. Considering a unit disc, we notice a(m)™"/"/m < y(m); in

particular, p(1) =2-' by 3.5. Also, if m > 1, then p(m) < 5”3/ Da(n)~"/"
by 3.5, but the precise value of p(m) is unknown.

Remark 3.9. Notice that p(m) is greater or equal to the number bearing
that name in [9, §1]; if m > 1, it is unknown whether these numbers agree.

CorOLLARY 3.10 (General isoperimetric inequality in a ball). Suppose m
and n are positive integers, m < n, V e V,,(R"), ||0V|| is a Radon measure, a € R",
0<r< oo, and spt|| V| C B(a,r).

Then,

—1/m_—
a(m)”"r Y| V(|(R") < p(m) [0V (R").

Proof. Letting d = a(m)”'r=™||V||(R") and assuming d > 0, it is sufficient
to apply 3.7, since M(x) >d for x € B(a,r), see 3.1. O

3.11 (Embeddings of weak Lebesgue spaces). If ¢ measures X, f is a ¢
measurable {7:0 <7< oo} valued function, ¢{x: f(x) >0} < o0, 1 <g<p<
o0, and

i =sup{dg({x: f(x) =d})"":0<d < w0} < o0,
then we have ¢, (f) < (1 - q/p) Vip({x: f(x) > 0p Py,

COROLLARY 3.12 (General isoperimetric inequality with size). Suppose m
and n are positive integers, 2 <m < n, Ve V,(R"), and (||V]| + [|6V])(R") < co.
Then,

dA"({x: @"(|[V]l,x) = d})' " < p(m)[sV|(R")  for 0 <d < o0
in particular, if V € RV, (R") and A" {x: @"(||V|,x) > 0} < oo, then
IVIIR") < my(m) A" ({x : @" (| V]|, x) > 0}) "™ [[6V[|(R").
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Proof. The principal conclusion is a consequence of 3.7, as [5, 2.10.19 (3)]
yields

A xO"(|[V|,x) =d} <d 7| V|{x: M(x) >d}.

The postscript follows from [2, 3.5 (1b)] and 3.11 with p = m ] and ¢ = 1.

m-= O

4. Generalised weakly differentiable functions

This section extends the basic theory of generalised weakly differentiable
functions on rectifiable varifolds (see [9, §§8-9] and [10, 4.1, 2]) to general vari-
folds. In fact, most of it extends almost verbatim (see 4.4, 4.10, 4.11, 4.18, and
4.20) once suitable approximation procedures for Lipschitzian functions (see 4.6
and 4.19) are available to replace the usages of the (||V||,m) approximate differ-
ential in [9, §§8-9]. It is unknown (see 4.8), whether the role of that approximate
differential could be taken, for Lipschitzian functions, by the notion of differ-
entiability introduced by Alberti and Marchese in [1].

A part that does not extend is the existence of decompositions (see 4.12),
hence the same holds for the characterisation of functions with vanishing deriva-
tive (see 4.13). Nevertheless, a generalised weakly differentiable function may,
under the natural summability hypothesis, be defined using a partition of the
varifold induced by sets with vanishing distributional boundary (see 4.14).

Lemma 4.1 (Disintegration for varifolds). Suppose m and n are positive
integers, m < n, U is an open subset of R", and V € V,(U). Then, (see [2, 3.3])

Jk dv = ”k(x, P)dVOP d|Vx

whenever k is an R valued V integrable function.

Proof. The case k € # (U x G(n,m)) is treated by Allard in [2, 3.3]. Not-
ing [5, 2.5.13, 14], successive approximation by the method of [5, 2.5.3] yields
the case that k is a characteristic function of a V' measurable set. Finally, we
employ [5, 2.3.3, 4.8, 4.4 (6)] to deduce the general case. O

DEerINITION 4.2 (Generalised V' weakly differentiable functions). Suppose m
and n are positive integers, m < n, U is an open subset of R", V € V,,(U), |0V
is a Radon measure, and Y is a finite dimensional normed vector space.

Then, a Y valued || V] + ||0V] measurable function f with dmn f C U is
called generalised V weakly differentiable if and only if for some ||V|| measurable
Hom(R", Y) valued function F, the following two conditions hold:

(1) If K is a compact subset of U and 0 <s < oo, then

j IF) 4| V]| < oo.
Kn{x:|f(x)|<s}
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(2) If 0e 2(U,R"), ye &(Y,R) and spt Dy is compact, then

@) (70 f)0) = Jy(f(X))Pn o DO(x) + <0(x), Dy(f (x)) o F(x)> dV(x, P).

The function F is || V]| almost unique. Therefore, one may define the generalised
V' weak derivative of f to be the function V'Df characterised (see [5, 2.8.9, 14,
9.13]) by a e dmn V'Df if and only if

(IV]], C) ap lim F(x) =6 for some o € Hom(R",Y),

where C = {(a,B(a,r)):aeR", 0 <r< o0, and B(a,r) C U},

and, in this case, V'Df(a) = 0. The set of all Y valued generalised V' weakly
differentiable functions will be denoted by T(V,Y). Finally, T(V)=T(V,R).

Remark 4.3. This definition is in accordance with [9, 8.3], where it is
introduced under the additional hypothesis that 7 is rectifiable.

Remark 4.4. The closedness results [10, 4.1, 2] hold (with the same proof)
when the condition ¥ € RV,,(U) in their statements is replaced by V € V,,(U).

Example 4.5. 1f f: U — Y is of class 1, then f e T(V,Y) and (see [2, 3.3])
VDY (x) = Df (x) OJPh dVOP for |V almost all x;
hence, ||VDf(x)|| < |IDf(x)|T(x)||, where T(x)=im [P, dV™P, for such x.
LemmA 4.6 (Lipschitzian functions 1).  Suppose m, n, U, V, and Y are as in

4.2.  Then, the following two statements hold.
() If f:U—Y is a locally Lipschitzian function, then feT(V,Y) and

1VDf(x)| < lirgl Lip(f|B(x,r)) for ||V|| almost all x.
r—0+

(2) If fi : U — Y is a sequence of locally Lipschitzian functions converging to
f:U— Y locally uniformly as i — oo, and

k= sup{[| V||, (VDfi) :i=1,2,3,...} < 0,
then feT(V,Y), [[V],(VDf) <k, and

lim [ VD, 6> AV = [<VDr.6) 4V
whenever G e L(||V],Hom(R", Y)").

Proof. Let (2)' denote the statement resulting from (2) by adding the
hypothesis, that the sequence f; belongs to T(V,Y). To prove (2), in view of
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[5, 2.5.7 (ii)], [10, 2.1], and [4, V.4.2, 5.1], we may assume that, for some function
FeLy(||V],Hom(R", Y)) with [[V][.,(F) <, we have

tim [<VDf; G d| V|| = [<F.Gyd|V] for GeLi(|V], Hom(R",7)").

Then, 4.4 and [10, 4.1] yield (2)" which, as we observe, implies (1) by means of
convolution and 4.5; in particular, (2)" and (2) are equivalent. O

Remark 4.7. (1) partly generalises [9, 8.7]. In the remaining part thereof
(i.e., in the characterisation of V'Df in terms of the (||V||,m) approximate differ-
ential), the hypothesis 7 € RV,,(U) may not be weakened to ¥V € V,,(U); in fact,
4.5 and [2, 4.8 (2)] readily yield examples.

Remark 4.8. Here, we formulate two open questions which relate the pre-
ceding remark to the differentiability theory of Lipschitzian functions by Alberti
and Marchese (see [1, 1.1]). For this purpose, suppose m and n are positive
integers, m <n, Ve V,(R"), and ||0V] is a Radon measure.

(1) Does it follow that, for ||V| almost all x, the image of g¢(x)=

[P, dV™ P e Hom(R",R") is contained in the “decomposability bundle
of |[V]|” at x introduced by Alberti and Marchese in [1, 2.6]?
(2) If so, does it follow that, for Lipschitzian functions f :R" — Y,

VDf(x) = D(f]Q(x))(x) o q(x) for [[V] almost all x,
where Q(x) = {x+ {v,q(x)) : veR"}?

Remark 4.9. 4.6 (2) is analogous to [8, 4.5 (3)].

Remark 4.10. Referring to 4.5 and 4.6 (2) in place of [8, 4.5 (3)], and noting
4.1, the result in [9, 8.6] takes the following form: If f e T(V,Y), 0: U — R" is
Lipschitzian with compact support, y:Y — R is of class 1, and either spt Dy is
compact or [ is locally bounded, then

@OV)((yof)0) = Jy(f(X)) trace(V'DO(x)) + <0(x), Dy(f(x)) o VDf (x)} d|| V]|x.
Consequently, if feT(V,Y) is locally bounded, Z is a finite dimensional normed
vector space, and g:Y — Z is of class 1, then go f e T(V,Z) with

VD(go f)(x) =Dg(f(x)) o VDf(x) for ||V| almost all x.
We notice that, by [9, 8.7], this is a generalisation of [9, 8.6].

Remark 4.11. The results [9, 8.4, 5, 12, 15, 16, 18, 20, 29, 30, 33] remain
valid when the references to “Definition 8.3” in [9] in their statements and proofs
are replaced by references to the present, more general definition in 4.2; in fact,
it is sufficient to additionally replace the references to “Remark 8.6” in their
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proofs in [9] by references to 4.10 in the present paper and use (instead of
“Example 8.7 in [9]) an approximation based on convolution, 4.5, and 4.6, to
justify the second ingredient to the equality on page 1029, line 25 in [9]: namely,
the equation

Cu, VD((v o g)0)(x)) = <u, Dv(g(x)) o ¥'Dg(x)>0(x) + v(g(x)){u, V' DO(x))

whenever u € R”, for ||| almost all x.

Example 4.12 (Nonexistence of decompositions). Suppose m and n are
positive integers, m < n, and T € G(n,m). Then the following three statements
hold.

(1) If u is a Radon measure over R", V =uxdreV,(R"), |oV] is a
Radon measure, f : R” — R is of class 1 with Df(x)|T =0 for x e R",
and E(y) ={x: f(x) > y} for yeR, then VOE(y) =0 for yeR.

(2) If E is an &" measurable set, V = (L"LE) x dr € V,(R"), ||0V] is a
Radon measure, and V is indecomposable, then V' = 0.

(3) If V=2"xdreV,R"), then ¥V =0 and there does not exist a
decomposition of V.

To prove (1), we notice f € T(V) and V'Df(x) =0 for || V] almost all x by 4.5,
whence we deduce the assertion by means of 4.11 and [9, 8.29]. Moreover, (1)
yields (2) by taking f to be a nonzero member of Hom(R",R) with T C ker f.
Finally, Allard [2, 4.8 (2)] and (2) imply (3).

Remark 4.13. 4.12 (3) shows that the rectifiability hypotheses in [9, 6.12,
8.34] may not be omitted.

THEOREM 4.14 (Weakly differentiable functions by partitions). Suppose m, n,
U, V,and Y are as in 4.2, E is a countable subset of V,,(U), & maps E into the
class of all Borel subsets of U such that distinct members of E are mapped onto
disjoint sets, (||V]|+ ||0V])(U ~ |J im &) =0,

W=VLEW)xGn,m) and VIEW)=0 for WeE,
fweT(W,Y) for WeE, and
r=Uwleow): weg), F=J{WDfw)|&(W): WeE}.

Then, the following three statements hold.

(1) The function f is | V|| + |0V measurable.

(2) The function F is ||V measurable.

(3) Ume{x:|f<x)|§S} |F|l d|| V]| < oo whenever K is a compact subset of U and
0<s<oo, then feT(V,Y) and

VDf(x) = F(x) for |V| almost all x.

Proof. The proof of [9, 8.24] applies unchanged. O
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Remark 4.15. 1In view of 4.13, it is important that the preceding general-
isation of [9, 8.24] does not assume the members of E to be indecomposable.

DErFINITION 4.16 (Zero boundary values). Suppose m and n are positive
integers, m <n, U is an open subset of R", VeV, (U), ||0V] is a Radon
measure, and G is a relatively open subset of Bdry U. Then the space Tg(V) is
defined to be the set of all nonnegative functions f € T(¥") such that, abbreviat-
ing B= (Bdry U) ~ G and E(y) ={x: f(x) > y} for 0 < y < o0, the following
conditions hold for %! almost all 0 < y < co:

VI +NoVIDE) N K) + [[VE() (U N K) < o,

| P, e DO(x) dV(x, P) = (0V) L E(»)(O1U) — VOE()(0]U)
E(y)xG(n,m)

whenever K is a compact subset of R” ~ B and 0 € Z(R" ~ B,R").
Remark 4.17. Defining W, € V,,(R" ~ B) by

W, (k) = J kdV for ke #((R" ~ B) x G(n,m))
E(y)xG(n,m)

for 0 < y < o0, we see that, whenever y satisfies the conditions of 4.16, we have
[oWy|[(4) < 0V II(E(y) N A) + [|[VOE(y)[(UNA) for A CR" ~ B;

in particular, ||0W,| is a Radon measure for such y.

Remark 4.18. The definition in 4.16 is in accordance with [9, 9.1], where
it is stated under the additional hypothesis that V' is rectifiable. Moreover, the
results of [9, 9.2, 4, 5, 9, 12, 13, 14] remain valid if the references to ‘“Definition
9.1” in their statements and proofs in [9] are replaced by references to the present,
more general definition in 4.16; in fact, taking 4.11 into account, the proofs
remain otherwise unchanged.

Lemma 4.19 (Lipschitzian functions II). Suppose m, n, U, V, and G are as
in4.16, c: UUG — R, Lip(c|K) < oo whenever K is a compact subset of R" ~ B,
g=c|U, Dis a ||V| measurable set, W € V,,(R" ~ B), W(k) = fDXc(m) k dV for
ke X ((R" ~ B) x G(n,m)), and |[0W| is a Radon measure. '

Then, there holds ¢ e T(W), ge T(V), and

WDc(x) = VDg(x) for ||V|| almost all x e D.

Proof. Assuming x = Lipc < o0, we extend ¢ to {:R” — R such that
Lip { = x by means of [5, 2.10.43]. Then, using convolution, we construct a
sequence (; € §(R" R) with Lip {; <« for every positive integer i and

(i(x) = {(x), uniformly for xeR", as i — oo.
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Since W& = V™ for ||[V|| almost all xe D by [5, 2.8.9, 18, 9.11], we note
WD((;|R" ~ B)(x) = VD((|U)(x) for ||[V| almost all xe D

for every positive integer i by 4.5. Therefore, passing to the limit i — co with
the help of 4.6, we deduce the conclusion. O

Remark 4.20. The result of [9, 9.16] remains valid if the references to
“Definition 9.1 in its statement and its proof are replaced by references to the
present, more general definition in 4.16; in fact, taking 4.11 and 4.18 into
account, it is sufficient to additionally replace the occurrences of “RV,,” on page
1044, lines 15 and 29 in [9] by “V,,” and the words “Example 8.7 in conjunction
with [5, 2.10.19 (4), 2.10.43]” on page 1044, lines 26-27 in [9] by a reference to
4.19 in the present paper.

5. Sobolev inequalities

In this section, we present Sobolev inequalities for generalised weakly differ-
entiable functions with zero boundary values, that are entailed by the general
isoperimetric inequalities in 3.5 and 3.10. As the formal analogue to 3.5 does
not hold (see 5.3), two alternative formulations are offered. The first version
(see 5.6) involves an averaging process based on medians and a scale (possibly
depending on the point). The second version (see 5.8) implies control only on
the rectifiable part. For both statements, we isolate a classical technique due to
Federer in 5.4 and 5.5. The analogue for 3.10, in contrast, is immediate (see
5.9). Finally, the negative results of this section (see 5.3 and 5.7) are entailed by
examples (see 5.1 and 5.2) based on known scaling properties of derivatives in
Euclidean space.

Example 5.1. Suppose n is an integer, n > 2, and n/(n — 1) < p < oo. Then,

Sup{(gn)(p)(f) 0< fE@(Rn,R),Sptf c U(Ov 1)7J‘Df| dg" < 1} = 003

in fact, we fix 0 <ge 2(R",R) with sptg C U(0,1) and [|Dg|d¥" =1, and
consider f; € Z(R",R) with f,(x) =&'g(e 'x) for xeR” and 0 <e < 1.

Example 5.2. Suppose m and n are positive integers, m < n, and ® is the set
of (V,f) such that V' e RV,,(R"), ||V][U(0,1) = a(n), 6V =0, 0 < f € Z(R",R),
spt f C U(0,1), and [|VDf|d||V| <1. Then, we will prove that

sup{| V[l (/) : (V.f) e ®} = o for n/(n—1) < p < .

We first pick T e G(n,m), define W = " x dr € V,,(R"), and recall 6W =0
from 4.12 (3); in particular, the assertion resulting from replacing “RV,,” by
“V,,”” is a consequence of 4.5 and 5.1. Then, we approximate W by varifolds
V e RV,,(R") with | V||U(0,1) = a(n), 6V =0, and V¥ = §7 for xe R". (Geo-
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metrically, each approximating varifold ¥ corresponds to a positive multiple of
the union of a countable collection of affine planes parallel to T.)

Example 5.3 (Sobolev inequality vs. general isoperimetric inequality). If m
and n are positive integers, m <n, f=ow if m=1, f=m/(m—1) if m > 1, and
0 < d < oo, then the supremum of the set of all numbers

(UIVlIe{x: M(x) = d}) (/)

corresponding to ¥ € RV,,(R") and f € 2(R",R) satisfying 6V =0, f >0, and
[|VDf|d||V] <1, where M is associated to m, n, and V as in 3.1, equals co; in
fact, assuming d = a(m) 'a(n), one may take p =p in 5.2.

LemMmA 5.4 (Integrating superlevel sets). Suppose ¢ measures X, f is a
nonnegative ¢ measurable function, 1 < p < oo, and E(y)={x: f(x) > y} for
0<y<oo. Then,

wmu>sjwwEu»Wd$bu

0

here 017 =0 and oo'/? = oo.

Proof. Assume p< oo and [ ¢(E(y))1/’7 d#'y < co. Then, possibly
replacing f(x) by sup{0, f(x) —¢&} for 0<e< oo, we may also assume
#(E(0)) < oo. Abbreviating f, =inf{f, y}, we define g: {y:0<y< oo} =R
by

9(y) = ¢, (fy) for 0 <y < 0.
Minkowski’s inequality (see [5, 2.4.15]) yields
0.5 g(y+0) = 4(y) < b (fro = ) < vH(E()
for 0 < y< oo and 0 <v < oo. Therefore, Lip g < oo and, by [5, 2.9.19],
0<g'(y) <PE)? for £ almost all 0 < y < oo,

hence, by [5, 2.4.7, 9.20], we infer ¢, (f) =lim, ., g(y) = [ ¢’ do!. O
Remark 5.5. The method of the proof is taken from [5, 4.5.9 (18)].

THEOREM 5.6 (Sobolev inequality—with averaging). Suppose m and n are
positive integers, m < n, U is an open subset of R", V € V,,(U), ||6V]| is a Radon

measure, f € Tpary v(V), E(y) ={x: f(x) >y} for yeR, ||[V|[(E(y)) < o for
0<y< oo,

B=co if m=1,  B=m/m-1) i m>1,
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0<d<oo,risa{t:0<t<oco} valued ||V|| measurable function, dmnr C U,
0< A< 1, g:dmnr— R satisfies

g(a) = sup{y : [[VII(UNB(a,r(a)) ~ E(y)) < 2| V[I(U N B(a,r(a)))}
for aedmnr, and A= {a: o > ||V|(UNB(a,r(a))) > da(m)r(a)"}.
Then, g is || V| measurable and there holds

(Ao < ([ alovi+ [wor ai).
where T = (1= 2) ' B(n)" ~Y"y(m)d =1/m.

Proof. Firstly, we use the facts, that the supremum equalling g(a) remains
unchanged when y therein is restricted to be rational and that

(Ux U)n{(a,x):|a—x| <r(a)}

is || V]| x || V]| measurable, to deduce the ||V|| measurability of g from Fubini’s
theorem (see [5, 2.6.2]). Next, we define W, € V,,(R") as in 4.17 and let M,
denote the function resulting from replacement of V' by W, in the definition of
the function M in 3.1. Whenever 0 < y < o0, a€ 4, and g(a) > y, we note

V(U N B(a,r(a))) < [|Wy[[B(a, r(a)) + 2| VII(U NB(a,r(a))) < oo,
IVII(U N B(a,r(a))) < (1= 2)" | W,[|B(a, r(a)),
B(a,r(a)) C {x: M,(x) = (1 - 2)d}
by 3.1. Therefore, the Besicovich-Federer covering theorem yields
IVl(4nia:gla) > y}) = lim [[V][(4N{a:g(a) >y and r(a) < i})
< Bm)(1 =)~ IWy[{x: My (x) = (1 - )d}
for 0 < y < o0, whence we infer, as || W,||(R") < co, that
IVIi(4n{az:gla) > yH" <TIsW,[|(R") < T(BVII(E()) + [ VOE()I(V))

for #! almost all 0 < y < oo by 3.5, 3.7, and 4.17; here 0° =0. Since ¢ is
nonnegative, integrating this inequality with respect to %! yields the conclusion
by means of 5.4, [5, 2.6.2], 4.11, and [9, 8.5, 30]. O

Remark 5.7. If m < n, one may not replace g by f in the preceding esti-
mate; in fact, in view of 4.5, 4.18, and [9, 9.4], it is sufficient to consider U =
R"NU(0,1), d =2 "a(m) 'a(n), and r(a) =2 for ae U, and take p= oo if
m=1and p=m/(m—1) if m>1 in 5.2.

THEOREM 5.8 (Sobolev inequality—rectifiable part). Suppose m and n are
positive integers, m < n, U is an open subset of R", V eV, (U), ||0V|| is a Radon
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measure, f € Tpary v(V), ||VI{x: f(x) >y} < o0 for 0 < y< 0,

p=ow if m=1,  f=m/m=1) if m>1,

0<d< oo, and A={a:0"(|V|,a) = d}.
Then, there holds

VI A) () < r(jf djov| +J|VDf\ d|V|>,
where T = y(m)d=/™.

Proof. We define E(y) as in 4.16. Moreover, we define W, € V,,(R") as in
4.17 and let M, denote the function resulting from replacement of V' by W, in
the definition of the function M in 3.1. Since @™ (|| W,|,x) > d for ||V|| almost
all xe ANE(y) by [5, 2.8.9, 18, 9.11], we conclude

IVIIANE(y) < |W||[{x: My(x) >d} for 0< y< 0.
In conjunction with 3.5, 3.7, and 4.17, we infer, as ||[W,[|(R") < oo, that
IVII(4n E)YP <T6W,[[(R") < T(JVI(E(») + | VEE(»)|I(U))
for %! almost all 0 < y < oo; here 0° = 0. Integrating this inequality yields the
conclusion by means of 5.4, [5, 2.6.2], 4.11, and [9, 8.5, 30]. O

THEOREM 5.9 (Poincaré inequality in a ball—zero boundary values). Sup-
pose m and n are positive integers, m <n, aeR", 0 <r < oo, VeV,U(a,r)),
|0V is a Radon measure, and f € Tgary u(a,»(V)-

Then, there holds

atm) 5w < von) ([ alov+ [1vort i ).

Proof. Define E(y) = {x: f(x) > y} for 0 < y < c0. In view of 4.17, we
apply 3.10 with V' replaced by W, to obtain

a(m) " [ VIE()) < pm)(I8VI(E(0) + | VOE(»)[|U(a, r))

for £! almost all 0 < y < co. Integrating this inequality with respect to %!
yields the conclusion by means of Fubini’s theorem (see [5, 2.6.2]) and the coarea
formula (see 4.11 and [9, 8.5, 30]). O

Remark 5.10. In view of 4.5, 4.18, and [9, 9.4], there is no similar control of
V[, (f) involving a number depending only on m and p, for any p > 1 by 5.2.
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