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L2 CONTINUITY OF THE CALDERÓN TYPE COMMUTATOR

FOR THE LITTLEWOOD-PALEY OPERATOR WITH

ROUGH VARIABLE KERNEL

Yanping Chen, Zhendong Niu and Liwei Wang1

Abstract

For b A LipðRnÞ, the Calderón type commutator for the Littlewood-Paley operator

with variable kernel is defined by

mW; 1; bð f ÞðxÞ ¼
ðy
0

1

t2

ð
jx� yjat

Wðx; x� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy
�����

�����
2
dt

t

0@ 1A1=2:
By giving a method based on Littlewood-Paley theory, Fourier transform and the

spherical harmonic development, we prove the L2 norm inequalities for the rough

operators mW; 1; b with Wðx; z 0Þ A LyðRnÞ � LqðSn�1Þ q >
2ðn� 1Þ

n

� �
satisfying certain

cancellation conditions.

1. Introduction

Let Sn�1 be the unit sphere in Rn ðnb 2Þ with the normalized Lebesgue
measure ds ¼ dsðx 0Þ. A function Wðx; zÞ defined on Rn � Rn is said to belong
to LyðRnÞ � LqðSn�1Þ, qb 1, if it satisfies the following conditions:

(i) Wðx; lzÞ ¼ Wðx; zÞ for any x; z A Rn and l > 0;
(ii) kWkLyðR nÞ�LqðS n�1Þ :¼ supx ARnð

Ð
S n�1 jWðx; z 0Þjq dsðz 0ÞÞ1=q < y,

where z 0 ¼ z

jzj , for any z A Rnnf0g.

For ab 0, the singular integral operator TW;a with variable kernel is defined
by

TW;a f ðxÞ ¼ p:v:

ð
R n

Wðx; x� yÞ
jx� yjnþa f ðyÞ dy;
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where f A SðRnÞ and Wðx; z 0Þ A LyðRnÞ � L1ðSn�1Þ satisfiesð
S n�1

Wðx; z 0Þ dsðz 0Þ ¼ 0:ð1:1Þ

When a ¼ 0, we denote TW;0 by T for simplicity. It is easy to check that,
by (1.1), Tf ðxÞ exists for almost every x A Rn. As is well known, L2 continuity
of T was initially studied by Calderón and Zygmund [2]. Furthermore, they
showed that the operator T is closely related to the problem about the second-
order linear elliptic equations with variable coe‰cients. They obtained

Theorem A (see [2]). If Wðx; z 0Þ A LyðRnÞ � LqðSn�1Þ, q >
2ðn� 1Þ

n
,

satisfies (1.1), then for all f A SðRnÞ, there is a constant C > 0 such that

kTf kL2ðR nÞ aCk f kL2ðR nÞ:

Afterwards, the continuity properties of the singular operator TW;a f have
been intensively investigated (see [4, 10, 18, 21, 31] for example). Nevertheless,
we would like to mention the recent paper [9], where the decomposition techniques
via spherical harmonics were used to extend the ð _LL2

a ;L
2Þ-boundedness of TW;a to

all ab 0. We recall the following result of [9].

Theorem B (see [9]). Let ab 0. If Wðx; z 0Þ A LyðRnÞ � LqðSn�1Þ with

q > max 1;
2ðn� 1Þ
nþ 2a

� �
, satisfiesð

S n�1

Wðx; z 0ÞYmðz 0Þ dsðz 0Þ ¼ 0;ð1:2Þ

for all spherical harmonic polynomials Ym with degreea ½a�: Then there is a
constant C > 0 such that

kTW;a f kL2ðR nÞ aCk f k _LL2
a ðR nÞ;

where _LL2
aðRnÞ is the homogeneous L2 Sobolev space with the order a.

An analogous operator of the singular integral TW;a is the Marcinkiewicz
integral operator m

r
W, which is defined by

m
r
Wð f ÞðxÞ ¼

ðy
0

jF r
W; tðxÞj

2 dt

t

� �1=2
;

where 0 < r < n, and

F
r
W; tðxÞ ¼

1

tr

ð
jx�yjat

Wðx; x� yÞ
jx� yjn�r f ðyÞ dy:
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If Wðx; z 0Þ ¼ Wðz 0Þ, m1
W is a Littlewood-Paley function, that was studied by

many authors (see [1, 23, 32, 33, 37, 36, 39]). For a general Wðx; z 0Þ, Ding, Lin
and Shao [25] gave the L2 boundedness of m1

W with variable kernel. Recently,
many new advances have been made in the study of the Lp boundedness of mr

W,
see [8, 12, 24] for further details.

On the other hand, it is well known that commutators have played a crucial
role in harmonic analysis and partial di¤erential equations (see [3, 5, 19, 27,
29, 30] for example). For b A LipðRnÞ, Calderón [5] introduced the following
commutator on R:

½b; dH=dx� f ðxÞ ¼ p:v:ð�1Þ
ðþy

�y

bðxÞ � bðyÞ
x� y

f ðyÞ
x� y

dy;

which is called first Calderón commutator. Obviously, if bðxÞ ¼ �x, then
½b; dH=dx� reduces to the Hilbert transform. Thus, its role in the theory of
partial di¤erential equations becomes apparent. Some known results show that
the commutator ½b; dH=dx� is also of fundamental importance in the study of
Cauchy integral along Lipschitz curves and the Kato square root problem, see
[6, 7, 34, 35] for its history and significance.

In addition, there are large classes of commutators of singular integrals,
which are of interest in the theory of nondivergent elliptic equations with dis-
continuous coe‰cients, see [16, 17, 22]. Moreover, there is also an interesting
connection between the nonlinear commutator, considered by Coifman, Rochberg
and Weiss in [20], and the Jacobian mapping of vector functions. They have
been applied in the study of nonlinear partial di¤erential equations, see [28] and
the references therein.

In this paper, for b A LipðRnÞ, we will study the Calderón commutator for
the Littlewood-Paley operator with variable kernel defined by

mW;1;bð f ÞðxÞ ¼
ðy
0

1

t2

ð
jx�yjat

Wðx; x� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy
�����

�����
2
dt

t

0@ 1A1=2;
which is a new kind of commutator of Littlewood-Paley operator. When Wðx; z 0Þ
is independent of x, Chen and Ding [14] showed that if W A Lðlogþ LÞ1=2ðSn�1Þ,
then mW;1;b is of type ð2; 2Þ. Motivated by [5] and [14], it is an interesting
problem that if mW;1;b is still bounded on L2ðRnÞ when Wðx; z 0Þ does depend on x.

We will give an a‰rmative answer to this question. Our main result can be
stated as follows.

Theorem 1.1. If Wðx; z 0Þ A LyðRnÞ � LqðSn�1Þ, q >
2ðn� 1Þ

n
, satisfies ð1:2Þ

for all spherical harmonic polynomials Ym with degreea 1, then for b A LipðRnÞ,
there is a constant C > 0 such that

kmW;1;b f kL2ðRnÞ aCkbkLipðR nÞk f kL2ðR nÞ:

407L2
continuity of the calderón type commutator



Remark 1.2. In fact, since the integral kernel in Theorem 1.1 has no any
smoothness, the usual manner such as the method of rotation, which is e¤ective
in [5] fails utterly to treat the operator mW;1;b. Therefore, we are forced to give
here a new approach which is fundamentally di¤erent from the one in [5]. The
proof of Theorem 1.1 involves careful decompose arguments using the pro-
perties of Littlewood-Paley functions and Fourier transform, and the well known
techniques for treating ‘‘variable kernel’’ operators via spherical harmonics.

2. Preliminaries and Lemmas

As usual, the notations ‘‘5’’ and ‘‘4’’ denote the Fourier transform and the
inverse Fourier transform, respectively. Denote by SðRnÞ the Schwartz class
and S 0ðRnÞ the space of tempered distributions. If E � Rn is a measurable
set, then jEj stands for the Lebesgue measure of E. fE represents the mean

value of f on E, namely, fE ¼ jEj�1 Ð
E
f ðxÞ dx. For brevity, we write Lip1ðRnÞ

¼ LipðRnÞ. Throughout this paper, the letter C indicates a positive constant
whose value may change from appearance to appearance. We also denote
f ðxÞF gðxÞ if there exist positive constants A and B independent of x such that
Af ðxÞa gðxÞaBf ðxÞ.

For x A Rn and a multi-index a ¼ ða1; . . . ; anÞ, we set xa ¼ xa1
1 � � � xan

n . qaf
denotes the derivative qa1

1 � � � qan
n f , jaj ¼ a1 þ � � � þ an denotes its size.

Lemma 2.1 (see [38]). Let nb 2, and f A L1ðRnÞ \ L2ðRnÞ has the form
f ðxÞ ¼ f0ðjxjÞPðxÞ, where PðxÞ is a solid spherical harmonic of degree k. Then
the Fourier transform of f has the form f̂f ¼ F0ðjxjÞPðxÞ, where

F0ðrÞ ¼ 2pi�kr�½ðnþ2k�2Þ=2�
ðy
0

f0ðsÞJðnþ2k�2Þ=2ð2prsÞsðnþ2kÞ=2 ds;

r ¼ jxj, and Ju is the Bessel function.

Lemma 2.2. Suppose that nb 2, 0 < b < 1, m A N and k A Z. Denote by Hm

the space of surface spherical harmonics of degree m on Sn�1 with its dimension
dm. fYm; jgdm

j¼1 denotes the normalized complete system in Hm. For t > 0, let

sk; t;m; jðxÞ ¼ ð2ktÞ�2 Ym; jðx 0Þ
jxjn�1

wfx:0<jxja2ktgðxÞ:

Then for mb 2

j dsk; t;m; jsk; t;m; jðxÞjaCð2ktÞ�1
m�l�1þb=2 minfj2ktxj2; j2ktxj�b=2gjYm; jðx 0Þj;ð2:1Þ

where l ¼ ðn� 2Þ=2 and x 0 ¼ x

jxj . For any fixed multi-index a with m > jaj, we
have

jqa dsk; t;m; jsk; t;m; jðxÞjaCð2ktÞð�1þjajÞ minfj2ktxjm�jaj; 1g:ð2:2Þ
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Proof. To estimate (2.1), we set Pm; jðxÞ ¼ Ym; jðx 0Þjxjm, then Pm; j is a solid
spherical harmonic of degree m and

sk; t;m; jðxÞ ¼ ð2ktÞ�2jxj�n�mþ1
Pm; jðxÞwfx:jxja2ktgðxÞ:

Obviously, c0ðjxjÞ :¼ ð2ktÞ�2jxj�n�mþ1
wfx:jxja2ktgðxÞ is a radial function in x for

fixed t > 0, by Lemma 2.1, we havedsk; t;m; jsk; t;m; jðxÞ ¼ C0ðjxjÞPm; jðxÞ ¼ Ym; jðx 0ÞjxjmC0ðjxjÞ;ð2:3Þ
where

C0ðrÞ ¼ 2pi�mr�½ðnþ2m�2Þ=2�
ðy
0

c0ðsÞJðnþ2m�2Þ=2ð2prsÞsðnþ2mÞ=2 ds

¼ 2pi�mð2ktÞ�2
r�½ðnþ2m�2Þ=2�

ð2kt

0

s�nþ1�mJðnþ2m�2Þ=2ð2prsÞsðnþ2mÞ=2 ds

¼ ð2pÞn=2þ1
i�mr�mþ1ð2p2ktrÞ�2

ð2p2ktr

0

Jðnþ2m�2Þ=2ðsÞ
sðn�2Þ=2 ds:

From this and (2.3), it follows that

dsk; t;m; jsk; t;m; jðxÞ ¼ ð2pÞn=2þ1
i�mð2p2ktjxjÞ�2

Ym; jðx 0Þjxj
ð2p2ktjxj

0

JmþlðsÞ
sl

ds;ð2:4Þ

where l ¼ ðn� 2Þ=2. Now we can distinguish three cases as follows:

Case 1�: 2ktjxja 1. The classical formula of the Bessel function yields
(see [40, p. 48])

jJmþlðsÞjaC
smþl

2mþlGðmþ lþ 1=2Þ :

For x > 1, using Stirling’s formula, we getffiffiffiffiffiffi
2p

p
xx�1=2e�x

aGðxÞa 2
ffiffiffiffiffiffi
2p

p
xx�1=2e�x:

Then, in view of mb 2, we obtain

ð2p2ktjxjÞ�2jxj
ð2p2ktjxj

0

JmþlðsÞ
sl

ds

�����
�����

aC
ð2p2ktjxjÞ�2

2mþlGðmþ lþ 1=2Þ jxj
ð2p2ktjxj

0

sm ds

aCð2ktÞ�1 1

2mþlGðmþ lþ 1=2Þ �
ð2p2ktjxjÞm

m

aCð2ktÞ�1 emþlð2p2ktjxjÞm�2

2mþlðmþ lþ 1=2Þmþl
� ð2

ktjxjÞ2

m

aCð2ktÞ�1ð2ktjxjÞ2 e
mþl

2mþl
� ð2pÞm

mðmþ lþ 1=2Þmþl
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aCð2ktÞ�1
m�l�1ð2ktjxjÞ2 e

2

� �l
� ð2epÞm

ð2mþ 2lÞm

aCð2ktÞ�1
m�l�1ð2ktjxjÞ2:

aCð2ktÞ�1
m�l�1þb=2ð2ktjxjÞ2:

Case 2�: 1 < 2ktjxj < mþ l

4p
. In this Case, we have

ð2p2ktjxjÞ�2jxj
ð2p2ktjxj

0

JmþlðsÞ
sl

ds

�����
�����

aCð2ktÞ�1 1

2mþlGðmþ lþ 1=2Þ �
ð2p2ktjxjÞm

m

aCð2ktÞ�1 e
mþl

2mþl
� ð2p2ktjxjÞm

mðmþ lþ 1=2Þmþl

aCð2ktÞ�1 e

4

� �m
� e

2

� �l
� ðmþ lÞm

mðmþ lþ 1=2Þmþl

aCð2ktÞ�1ðmþ lÞ�l
m�1

aCð2ktÞ�1ðmþ lÞ�lþb=2
m�1ð2ktjxjÞ�b=2

aCð2ktÞ�1
m�1�lþb=2ð2ktjxjÞ�b=2:

Case 3�: 2ktjxjb mþ l

4p
. By the second integral mean value theorem,

arguing as in [11, p. 195], we have

ð2p2ktjxjÞ�2jxj
ð2p2ktjxj

0

JmþlðsÞ
sl

ds

�����
�����

¼ ð2p2ktjxjÞ�2jxj
X0
j¼�y

ð2p2kþ j tjxj

2p2kþ j�1tjxj

JmþlðsÞ
sl

ds

�����
�����

aCð2p2ktjxjÞ�2jxj
 X0

j¼�y

ð2p2kþ j�1tjxjÞ
ð2p2kþ j tjxj

h

JmþlðsÞ
slþ1

ds

�����
�����

þ
X0
j¼�y

ð2p2kþ j tjxjÞ
ð h
2p2kþ j�1tjxj

JmþlðsÞ
slþ1

ds

�����
�����
!

aCð2p2ktjxjÞ�2jxj � ð2ktjxjÞ � ð2ktjxjÞ�l�1

aCð2ktÞ�1
m�1�lþb=2ð2ktjxjÞ�b=2;
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where 2p2kþ j�1tjxja ha 2p2kþ j tjxj. Hence, combining (2.4) and the estimates
above, we arrive at

j dsk; t;m; jsk; t;m; jðxÞjaCð2ktÞ�1
m�l�1þb=2 minfj2ktxj2; j2ktxj�b=2gjYm; jðx 0Þj:

This gives the proof of (2.1). We omit the proof of (2.2) since it is essentially
similar to the proof of Lemma 3.1(3.3) in [13, p. 88–89].

Lemma 2.3 (see [15]). For 0 < d < y, m A N and j ¼ 1; 2; . . . ; dm, take
Gd;m; j A Cy

c ðRnÞ such that suppðGd;m; jÞ � fx : d=2a jxja 2dg. Let Td;m; j be the
multiplier operators defined bydTd;m; j fTd;m; j f ðxÞ ¼ Gd;m; j f̂f ðxÞ; j ¼ 1; 2; . . . ; dm:

Moreover, for b A LipðRnÞ, denote by ½b;Td;m; j� the commutator of Td;m; j and b.
Define Td;m;b by

Td;m;b f ðxÞ ¼
Xdm
j¼1

j½b;Td;m; j � f ðxÞj2
 !1=2

:

If for some constant 0 < b < 1, Gd;m; j satisfies

jGd;m; jðxÞjaC2�km�l�1þb=2 minfd; d�b=2gjYm; jðx 0Þj;

where l ¼ ðn� 2Þ=2, and for any multi-index a with jaj > 2

b
ðlþ 1� b=2Þ and t

with jtj ¼ 2,

kqaGd;m; jkLy aC2�k; m > jaj;
kqtGd;m; jkLy aC2�k; ma jaj;

�
then for some 0 < v1; v2 < 1, there exists a positive constant C ¼ CðjajÞ such that

kTd;m;b f kL2 a
C2�km�1þb minfdv1 ; d�bv1=2gkbkLipk f kL2 ; m > jaj;
C2�k minfdv2 ; d�bv2=2gkbkLipk f kL2 ; ma jaj:

(

Lemma 2.4 (see [14]). Let f A SðRnÞ be a radial function such that supp f �
fx : 1=2a jxja 2g. Define the multiplier operator Sj by cSj fSj f ðxÞ ¼ fð2�jxÞ f̂f ðxÞ
for j A Z. Let b A LipðRnÞ. Then for f A L2ðRnÞ, we haveX

j AZ

22jk½b;Sj� f k2L2

 !1=2
aCkbkLipk f kL2 :

3. Proof of Theorem 1.1

Using the spherical harmonic development [4] and (1.2), we get

Wðx; z 0Þ ¼
Xy
m¼2

Xdm
j¼1

am; jðxÞYm; jðz 0Þ;
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where

am; jðxÞ ¼
ð
S n�1

Wðx; z 0ÞYm; jðz 0Þ dsðz 0Þ

and dm Fmn�2 (see [4]). Denote

amðxÞ ¼
Xdm
j¼1

jam; jðxÞj2
 !1=2

and bm; jðxÞ ¼
am; jðxÞ
amðxÞ

:

Then

Xdm
j¼1

b2m; jðxÞ ¼ 1ð3:1Þ

and

Wðx; z 0Þ ¼
X
mb2

amðxÞ
Xdm
j¼1

bm; jðxÞYm; jðz 0Þ:

If we write

mm; j;b f ðxÞ ¼
ðy
0

1

t2

ð
jx�yjat

Ym; jðx� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy
�����

�����
2
dt

t

0@ 1A1=2;
then by Hölder’s inequality and (3.1), we have

ðmW;1;b f ðxÞÞ
2

¼
ðy
0

1

t2

ð
jx�yjat

Wðx; x� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy
�����

�����
2
dt

t

¼
ðy
0

1

t2

ð
jx�yjat

X
mb2

amðxÞ
Xdm
j¼1

bm; jðxÞ
Ym; jðx� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy
�����

�����
2
dt

t

a
X
mb2

a2mðxÞm�e

 !

�
X
mb2

me

ðy
0

1

t2

ð
jx�yjat

Xdm
j¼1

bm; jðxÞ
Ym; jðx� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy
�����

�����
2
dt

t
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a
X
mb2

a2mðxÞm�e

 !X
mb2

me

ðy
0

Xdm
j¼1

b2m; jðxÞ
 !

�
Xdm
j¼1

1

t2

ð
jx�yjat

Ym; jðx� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy
�����

�����
2
dt

t

¼
X
mb2

a2mðxÞm�e

 ! X
mb2

me
Xdm
j¼1

ðmm; j;b f ðxÞÞ
2

 !
;

where 0 < e < 1. By [4, p. 230], if we take e su‰ciently close to 1, thenX
mb2

a2mðxÞm�e

 !1=2
aC

ð
S n�1

jWðx; z 0Þjq dsðz 0Þ
� �1=q

aCkWkLyðR nÞ�LqðS n�1Þ:ð3:2Þ

for q > 2ðn� 1Þ=n. Let

mm;b f ðxÞ ¼
Xdm
j¼1

jmm; j;b f ðxÞj
2

 !1=2
:

Minkowski’s inequality and (3.2) imply that

kmW;1;b f k
2
L2 aCkWk2LyðR nÞ�LqðS n�1Þ

X
mb2

mekmm;b f k
2
L2 :ð3:3Þ

If we can show that for some 0 < b < ð1� eÞ=2, such that

kmm;b f k
2
L2 aCm�2þ2bkbk2Lipk f k

2
L2 ;ð3:4Þ

then from (3.3) and (3.4), we get immediately the conclusion of Theorem 1.1.
Hence, it remains to show (3.4) to prove Theorem 1.1.

Let c A Cy
c ðRnÞ be a radial function such that 0aca 1, supp c �

fx : 1=2a xa 2g and
P

l AZ c2ð2�lxÞ ¼ 1 for jxj0 0. Define the multiplier Sl

by cSl fSl f ðxÞ ¼ cð2�lxÞ f̂f ðxÞ. Let

sk; t;m; jðxÞ ¼ ð2ktÞ�2 Ym; jðx 0Þ
jxjn�1

wfx:0<jxja2ktgðxÞ

for k A Z, m ¼ 1; 2; . . . , and j ¼ 1; . . . ; dm. Set

Gk; t;m; jðxÞ ¼ dsk; t;m; jsk; t;m; jðxÞ; G l
k; t;m; jðxÞ ¼ Gk; t;m; jðxÞcð2k�lxÞ:

Denote by Fk; t;m; j the convolution operator whose kernel is Gk; t;m; j and ½b;Fk; t;m; j�
is the commutator of Fk; t;m; j. Define the operator F l

k; t;m; j bydF l
k; t;m; j fF l
k; t;m; j f ðxÞ ¼ G l

k; t;m; jðxÞ f̂f ðxÞ:

Let ½b;F l
k; t;m; j� denote the commutator of F l

k; t;m; j. Then

413L2
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mm; j;b f ðxÞ ¼
X
k AZ

ð2kþ1

2k

1

t2

ð
jx�yjat

Ym; jðx� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy
�����

�����
2
dt

t

0@ 1A1=2

¼
X
k AZ

ð2
1

1

ð2ktÞ2
ð
jx�yja2kt

Ym; jðx� yÞ
jx� yjn�1

ðbðxÞ � bðyÞÞ f ðyÞ dy
�����

�����
2
dt

t

0@ 1A1=2

¼
ð2
1

X
k AZ

j½b;Fk; t;m; j� f ðxÞj2
dt

t

 !1=2

¼
ð2
1

X
k AZ

X
l AZ

½b;Fk; t;m; jS
2
l�k� f ðxÞ

�����
�����
2
dt

t

0@ 1A1=2:
So we get

kmm;b f k
2
L2 ¼

Xdm
j¼1

ð
R n

jmm; j;b f ðxÞj
2
dx

¼
Xdm
j¼1

ð
R n

ð2
1

X
k AZ

X
l AZ

½b;Fk; t;m; jS
2
l�k� f ðxÞ

�����
�����
2
dt

t
dx:

By Minkowski’s inequality, we have

kmm;b f kL2 a
X
l AZ

ð2
1

ð
R n

X
k AZ

Xdm
j¼1

j½b;Fk; t;m; jS
2
l�k� f ðxÞj

2
dx

dt

t

 !1=2
:ð3:5Þ

It is easy to see that

½b;Fk; t;m; jS
2
l�k� f ðxÞ ¼ ½b;F l

k; t;m; j�Sl�k f ðxÞ þ F l
k; t;m; j ½b;Sl�k� f ðxÞ;

then ð
R n

X
k AZ

Xdm
j¼1

j½b;Fk; t;m; jS
2
l�k� f ðxÞj

2
dx

a
X
k AZ

Xdm
j¼1

" ð
Rn

j½b;F l
k; t;m; j �Sl�k f ðxÞj2 dx

� �1=2

þ
ð
Rn

jF l
k; t;m; j½b;Sl�k� f ðxÞj2 dx

� �1=2#2

¼
X
k AZ

Xdm
j¼1

ðk½b;F l
k; t;m; j�Sl�k f kL2 þ kF l

k; t;m; j½b;Sl�k� f kL2Þ2:
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Thus

ð2
1

ð
R n

X
k AZ

Xdm
j¼1

j½b;Fk; t;m; jS
2
l�k� f ðxÞj

2
dx

dt

t

 !1=2

a

ð2
1

X
k AZ

Xdm
j¼1

k½b;F l
k; t;m; j�Sl�k f k2L2

dt

t

 !1=2

þ
ð2
1

X
k AZ

Xdm
j¼1

kF l
k; t;m; j ½b;Sl�k� f k2L2

dt

t

 !1=2
:¼ I þ II :

If we can show that for 0 < b < ð1� eÞ=2, there exists a constant 0 < g < 1 such
that

maxfI ; IIgaCm�1þb2�gjljkbkLipk f kL2 ;ð3:6Þ

then (3.4) follows. So it remains to show (3.6) to prove Theorem 1.1. Let

F l
k; t;m f ðxÞ ¼

Xdm
j¼1

jF l
k; t;m; j f ðxÞj

2

 !1=2
and

F l
k; t;m;b f ðxÞ ¼

Xdm
j¼1

j½b;F l
k; t;m; j� f ðxÞj

2

 !1=2
:

The proof of (3.6) needs the following fact: for t A ½1; 2�, 0 < b < ð1� eÞ=2, there
exists a constant 0 < y < 1 such that

kF l
k; t;m f kL2 aC2�km�1þb minf22l ; 2�bl=2gk f kL2 ;ð3:7Þ

and

kF l
k; t;m;b f kL2 aCm�1þb2�yjljkbkLipk f kL2 :ð3:8Þ

First we prove (3.7). In fact, for any fixed constant 0 < b < 1, by Lemma
2.2(2.1), we have for t A ½1; 2�,

jG l
k; t;m; jðxÞj ¼ jGk; t;m; jðxÞcð2k�lxÞjð3:9Þ

aC2�km�l�1þb=2 minf22l ; 2�bl=2gjYm; jðx 0Þj:
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From this, the Plancherel theorem and the fact
Pdm

j¼1 jYm; jðx 0Þj2 @m2l, (see [4,
p. 225]), we get

kF l
k; t;m f kL2 ¼

Xdm
j¼1

kF l
k; t;m; j f k

2
L2

 !1=2

¼
Xdm
j¼1

ð
Rn

jG l
k; t;m; jðxÞj

2j f̂f ðxÞj2 dx
 !1=2

aC2�km�1þb=2 minf22l ; 2�bl=2gk f̂f kL2

¼ C2�km�1þb minf22l ; 2�bl=2gk f kL2 :

This gives the proof of (3.7). To show (3.8), we define operator ~FF l
k; t;m; j byd~FF l

k; t;m; j f
~FF l
k; t;m; j f ðxÞ ¼ G l

k; t;m; jð2�kxÞ f̂f ðxÞ, and denote by

~FF l
k; t;m;b f ðxÞ ¼

Xdm
j¼1

j½b; ~FF l
k; t;m; j� f ðxÞj

2

 !1=2
:

Then we have supp G l
k; t;m; jð2�k�Þ � fx : 2 l�1 a jxja 2 lþ1g, and by (3.9), we obtain

jG l
k; t;m; jð2�kxÞjaC2�km�l�1þb=2 minf22l ; 2�bl=2gjYm; jðx 0Þjð3:10Þ

aC2�km�l�1þb=2 minf2 l ; 2�bl=2gjYm; jðx 0Þj:

On the other hand, for any multi-index a, we have

qaG l
k; t;m; jðxÞ ¼ qaðGk; t;m; jðxÞcð2k�lxÞÞ

¼
X
h

C a1
h1
� � �C an

hn
ðqhGk; t;m; jðxÞÞðqa�hcð2k�lxÞÞ;

where the sum is taken over all multiindexes h with 0a hj a aj for 1a ja n.

We take a with jaj > 2g

b
ðlþ 1� b=2Þ. If m > jaj, by Lemma 2.2(2.2), we have

for t A ½1; 2�

jqaG l
k; t;m; jðxÞjaC

X
0ajhjajaj

2ðk�lÞðjaj�jhjÞjqhGk; t;m; jðxÞj

aC
X

0ajhjajaj
2ðk�lÞðjaj�jhjÞð2ktÞ�1ð2ktÞjhj minfj2ktxjm�jhj; 1g

aC
X

0ajhjajaj
2ðk�lÞðjaj�jhjÞ2�k2kjhj minfj2kxjm�jhj; 1g

aC
X

0ajhjajaj
2�k2jajk2�lðjaj�jhjÞ minfj2kxjm�jhj; 1g:
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Then we obtain

jqaðG l
k; t;m; jð2�kxÞÞjaC

X
0ajhjajaj

2�kjaj2�k2jajk2�lðjaj�jhjÞ minf2ðm�jhjÞl ; 1gð3:11Þ

aC
X

0ajhjajaj
2�k2�lðjaj�jhjÞ minf2ðm�jhjÞl ; 1g

aC2�k

Since ð
S n�1

Ym; jðx 0ÞYsðx 0Þ dsðx 0Þ ¼ 0;

for any spherical harmonic polynomials Ys with degree < m, we haveð
S n�1

Ym; jðx 0Þx 0l dsðx 0Þ ¼ 0;

for any multi-index l with jlj < m. From this, by [26, p. 551], if 2ama jaj,
we have for any multi-index h with jhja 2,

jqhGk; t;m; jðxÞjaC ð2ktÞ�2

ð2kt

0

ð
S n�1

Ym; jðy 0Þy 0he�2pix�ry 0
dsðy 0Þrjhj dr

�����
�����

aC2kðjhj�1Þj2kxj2�jhj:

Then, similar to (3.11), for any multi-index t with jtj ¼ 2, we have

jqtG l
k; t;m; jð2�kxÞjaC

X
0ajhjajtj

2�lðjtj�jhjÞjqhGk;m; jð2�kxÞjð3:12Þ

aC
X

0ajhjajtj
2�jhjk2�lðjtj�jhjÞ2kðjhj�1Þjxj2�jhj

aC2�k:

From (3.10)–(3.12), using Lemma 2.3 with d ¼ 2 l , for some 0 < v1; v2 < 1, we get

k ~FF l
k; t;m;bhkL2 a

C2�km�1þb minf2v1l ; 2�bv1l=2gkbkLipk f kL2 ; m > jaj;
C2�k minf2v2l ; 2�bv2l=2gkbkLipk f kL2 ; ma jaj:

(

By dilation and kbð2k�ÞkLip ¼ 2kkbkLip, we obtain

kF l
k; t;m;bhkL2 a

Cm�1þb minf2v1l ; 2�bv1l=2gkbkLipk f kL2 ; m > jaj;
C minf2v2l ; 2�bv2l=2gkbkLipk f kL2 ; ma jaj:

(

Hence the proof of (3.8) is completed. r
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Now we turn our attention to (3.6). Applying (3.8) and Littlewood-Paley
theory, we conclude that

I 2 ¼
ð2
1

X
k AZ

Xdm
j¼1

k½b;F l
k; t;m; j�Sl�k f k2L2

dt

t

¼
ð2
1

X
k AZ

kF l
k; t;m;bSl�k f k2L2

dt

t

aCm�2þ2b2�2yjljkbk2Lip
X
k AZ

kSl�k f k2L2

aCm�2þ2b2�2yjljkbk2Lipk f k
2
L2 :

From (3.7), Littlewood-Paley theory and Lemma 2.4, we derive

II 2 ¼
ð2
1

X
k AZ

Xdm
j¼1

kF l
k; t;m; j½b;Sl�k� f k2L2

dt

t

¼
ð2
1

X
k AZ

kF l
k; t;m½b;Sl�k� f k2L2

dt

t

aCm�2þ2b minf24l ; 2�blg
X
k AZ

2�2kk½b;Sl�k� f k2L2

¼ Cm�2þ2b minf22l ; 2�ðbþ2Þlg
X
k AZ

k2 l�k½b;Sl�k� f k2L2

aCm�2þ2b minf22l ; 2�ðbþ2Þlgkbk2Lipk f k
2
L2 :

Combining the estimates of I and II gives (3.6). Hence Theorem 1.1 is proved.
r
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[35] C. Muscalu and W. Schlag, Classical and multilinear harmonic analysis 2, Cambridge

Univ. Press, 2013.

[36] M. Sakamoto and K. Yabuta, Boundedness of Marcinkiewicz functions, Studia Math. 135

(1999), 103–142.

[37] E. Stein, On the functions of Littlewood-Paley, Lusin and Marcinkiewicz, Trans. Amer.

Math. Soc. 88 (1958), 430–466.

[38] E. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton

University Press, Princeton, N. J., 1971.

[39] A. Torchinsky and S. Wang, A note on the Marcinkiewicz integral, Colloq. Math. 60/61

(1990), 235–243.

[40] G. Watson, A treatise on the theory of Bessel functions, Cambridge Univ. Press, Cambridge,

1966.

Yanping Chen

Department of Applied Mathematics

School of Mathematics and Physics

University of Science and Technology Beijing

Beijing 100083

P.R. China

E-mail: yanpingch@126.com

Zhendong Niu

Department of Applied Mathematics

School of Mathematics and Physics

University of Science and Technology Beijing

Beijing 100083

P.R. China

E-mail: nzhendong@163.com

Liwei Wang

Department of Applied Mathematics

School of Mathematics and Physics

University of Science and Technology Beijing

Beijing 100083

P.R. China

E-mail: wangliwei8013@163.com

420 yanping chen, zhendong niu and liwei wang


