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INTEGRAL INEQUALITIES FOR LIPSCHITZIAN MAPPINGS

BETWEEN TWO BANACH SPACES AND APPLICATIONS

Sever S. Dragomir

Abstract

In this paper we obtain some inequalities of Ostrowski and Hermite-Hadamard type

for Lipschitzian mappings between two Banach spaces. Applications for functions of

norms in Banach spaces and functions defined by power series in Banach algebras are

provided as well.

1. Introduction

Let BðHÞ be the Banach algebra of bounded linear operators on a complex
Hilbert space H. The absolute value of an operator A is the positive operator
jAj defined as jAj :¼ ðA�AÞ1=2.

One of the central problems in perturbation theory is to find bounds for

k f ðAÞ � f ðBÞk
in terms of kA� Bk for di¤erent classes of measurable functions f for which the
function of operator can be defined. For some results on this topic, see [5], [32]
and the references therein.

It is known that [4] in the infinite-dimensional case the map f ðAÞ :¼ jAj is
not Lipschitz continuous on BðHÞ with the usual operator norm, i.e. there is no
constant L > 0 such that

k jAj � jBj kaLkA� Bk
for any A;B A BðHÞ.

However, as shown by Farforovskaya in [30], [31] and Kato in [37], the
following inequality holds

k jAj � jBj ka 2

p
kA� Bk 2þ log

kAk þ kBk
kA� Bk

� �� �
ð1:1Þ

for any A;B A BðHÞ with A0B.
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If the operator norm is replaced with Hilbert-Schmidt norm kCkHS :¼
ðtr C �CÞ1=2 of an operator C, then the following inequality is true [2]

k jAj � jBj kHS a
ffiffiffi
2

p
kA� BkHSð1:2Þ

for any A;B A BðHÞ.
The coe‰cient

ffiffiffi
2

p
is best possible for a general A and B. If A and B are

restricted to be selfadjoint, then the best coe‰cient is 1.
It has been shown in [4] that, if A is an invertible operator, then for all

operators B in a neighborhood of A we have

k jAj � jBj ka a1kA� Bk þ a2kA� Bk2 þOðkA� Bk3Þð1:3Þ
where

a1 ¼ kA�1k kAk and a2 ¼ kA�1k þ kA�1k3kAk2:
In [3] the author also obtained the following Lipschitz type inequality

k f ðAÞ � f ðBÞka f 0ðaÞkA� Bkð1:4Þ
where f is an operator monotone function on ð0;yÞ and A;Bb aIH > 0.

If we use, for instance, the inequality (1.4), then we can state that

k f ðð1� tÞAþ tBÞ � f ðð1� sÞAþ sBÞka f 0ðaÞkA� Bk jt� sjð1:5Þ
for any t; s A ½0; 1�, where f is an operator monotone function on ð0;yÞ and
A;Bb aIH > 0.

Further on, if we integrate the inequality (1.5) over s A ½0; 1� and if we use
the integral triangle inequality then we have successively

f ðð1� tÞAþ tBÞ �
ð1
0

f ðð1� sÞAþ sBÞ ds
����

����ð1:6Þ

a

ð1
0

k f ðð1� tÞAþ tBÞ � f ðð1� sÞAþ sBÞk ds

a f 0ðaÞkA� Bk
ð1
0

jt� sj ds ¼ 1

2
f 0ðaÞkA� Bk½t2 þ ð1� tÞ2�

¼ 1

4
þ t� 1

2

� �2" #
f 0ðaÞkA� Bk

for any t A ½0; 1�.
This is an Ostrowski type inequality for operator monotone functions.
In particular, we get the following Hermite-Hadamard type inequality or

mid-point inequality

f
Aþ B

2

� �
�
ð1
0

f ðð1� sÞAþ sBÞ ds
����

����a 1

4
f 0ðaÞkA� Bk

where f is an operator monotone function on ð0;yÞ and A;Bb aIH > 0.
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We recall the original Ostrowski inequality [42]

f ðxÞ � 1

b� a

ð b
a

f ðuÞ du
����

����a 1

4
þ

x� aþ b

2
b� a

0
B@

1
CA
2

2
664

3
775Mðb� aÞð1:7Þ

provided that f : ½a; b� ! R is di¤erentiable on ða; bÞ and j f 0ðuÞjaM for all
u A ða; bÞ. The best inequality one can obtain from (1.7) is the mid-point
inequality

f
aþ b

2

� �
� 1

b� a

ð b
a

f ðuÞ du
����

����a 1

4
Mðb� aÞð1:8Þ

with 1
4 the best possible constant.
For Hermite-Hadamard’s type inequalities, namely

f
aþ b

2

� �
a

1

b� a

ð b
a

f ðuÞ dua f ðaÞ þ f ðbÞ
2

;ð1:9Þ

where f : ½a; b� ! R is convex on ½a; b�, see for instance [10], [11], [12], [33], [35],
[36], [38], [40], [41], [44], [45], [46], [47], [48] and the references therein.

For Ostrowski’s type inequalities for the Lebesgue integral, see [1], [8]–[9]
and [14]–[27]. Inequalities for the Riemann-Stieltjes integral may be found in
[16], [18] while the generalization for isotonic functionals was provided in [19].
For the case of functions of self-adjoint operators on complex Hilbert spaces, see
the recent monograph [22].

Motivated by the above results we investigate in this paper some norm
inequalities of Ostrowski and Hermite-Hadamard type to approximate the integralÐ 1
0 F ½uyþ ð1� uÞx� du for the mapping F : CHX ! Y that is a Lipschitzian
mapping with the constant L > 0 on the convex subset C of the Banach space
X and with values in another Banach space Y . Applications for functions of
norms in Banach spaces and functions defined by power series in Banach algebras
are provided as well.

2. Integral inequalities

Let ðX ; k � kX Þ and ðY ; k � kY Þ be two Banach spaces over the complex number
field C. Let C be a convex set in X . For any mapping F : CHX ! Y we can
consider the associated function FF ;x;y;l : ½0; 1� ! Y , where x; y A C, l A ½0; 1�,
defined by

FF ;x;y;lðtÞ :¼ ð1� lÞF ½ð1� tÞðð1� lÞxþ lyÞ þ ty�ð2:1Þ
þ lF ½ð1� tÞxþ tðð1� lÞxþ lyÞ�:

We observe that for l ¼ 0 and l ¼ 1 we have

FF ;x;y;0ðtÞ ¼ FF ;x;y;1ðtÞ ¼ F ½ð1� tÞxþ ty�
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and

FF ;x;y;1=2ðtÞ ¼
1

2
F ð1� tÞ xþ y

2
þ ty

� �
þ F ð1� tÞxþ t

xþ y

2

� �� �

where x; y A B.
There are some particular values of interest, namely

FF ;x;y;0ð0Þ ¼ FF ;x;y;1ð0Þ ¼ F ðxÞ; FF ;x;y;0ð1Þ ¼ FF ;x;y;1ð1Þ ¼ F ðyÞ;

FF ;x;y;0
1

2

� �
¼ FF ;x;y;1

1

2

� �
¼ F

xþ y

2

� �
;

FF ;x;y;1=2ð0Þ ¼
1

2
F

xþ y

2

� �
þ FðxÞ

� �
; FF ;x;y;1=2ð1Þ ¼

1

2
F ðyÞ þ F

xþ y

2

� �� �

and

FF ;x;y;1=2
1

2

� �
¼ 1

2
F

3xþ y

4

� �
þ F

xþ 3y

4

� �� �

where x; y A B.
The following result holds.

Lemma 1. Let F : CHX ! Y be a continuous mapping on the convex subset
C of X. If x; y A C, thenð1

0

FF ;x;y;lðtÞ dt ¼
ð1
0

F ½uyþ ð1� uÞx� duð2:2Þ

for any l A ½0; 1�.

Proof. Since F is continuous on C the integrals involved in (2.2) exist.
For l ¼ 0 and l ¼ 1 the equality (2.2) is obvious.
Let l A ð0; 1Þ. Observe thatð1

0

F ½ð1� tÞðlyþ ð1� lÞxÞ þ ty� dt ¼
ð1
0

F ½ðð1� tÞlþ tÞyþ ð1� tÞð1� lÞx� dt

and ð1
0

F ½tðlyþ ð1� lÞxÞ þ ð1� tÞx� dt ¼
ð1
0

F ½tlyþ ð1� ltÞx� dt:

If we make the change of variable u :¼ ð1� tÞlþ t then we have 1� u ¼
ð1� tÞð1� lÞ and du ¼ ð1� lÞ du. Thenð1

0

F ½ðð1� tÞlþ tÞyþ ð1� tÞð1� lÞx� dt ¼ 1

1� l

ð1
l

F ½uyþ ð1� uÞx� du:
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If we make the change of variable u :¼ lt then we have du ¼ l dt and

ð1
0

F ½tlyþ ð1� ltÞx� dt ¼ 1

l

ð l
0

F ½uyþ ð1� uÞx� du:

Therefore

ð1� lÞ
ð1
0

F ½ð1� tÞðlyþ ð1� lÞxÞ þ ty� dt

þ l

ð 1
0

F ½tðlyþ ð1� lÞxÞ þ ð1� tÞx� dt

¼
ð1
l

F ½uyþ ð1� uÞx� duþ
ð l
0

F ½uyþ ð1� uÞx� du

¼
ð1
0

F ½uyþ ð1� uÞx� du

and the identity (2.2) is proved. r

We say that the mapping F : BHX ! Y is Lipschitzian with the constant
L > 0 on the subset B of X if

kFðxÞ � F ðyÞkY aLkx� ykX for any x; y A B:ð2:3Þ

The following lemma is of interest in itself.

Lemma 2. Let F : CHX ! Y be a Lipschitzian mapping with the constant
L > 0 on the convex subset C of X. If x; y A C and l A ½0; 1� then for any
t1; t2 A ½0; 1� we have

kFF ;x;y;lðt2Þ �FF ;x;y;lðt1ÞkY aLjt2 � t1j kx� ykX ½ð1� lÞ2 þ l2�:ð2:4Þ

In particular we have

kFF ;x;y;0ðt2Þ �FF ;x;y;0ðt1ÞkY aLjt2 � t1j kx� ykX ;ð2:5Þ
kFF ;x;y;1ðt2Þ �FF ;x;y;1ðt1ÞkY aLjt2 � t1j kx� ykX

and

kFF ;x;y;1=2ðt2Þ �FF ;x;y;1=2ðt1ÞkY a
1

2
Ljt2 � t1j kx� ykXð2:6Þ

for any x; y A C.
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Proof. For any t1; t2 A ½0; 1� we have, by the triangle inequality, that

kFF ;x;y;lðt2Þ �FF ;x;y;lðt1ÞkY ¼ kð1� lÞF ½ð1� t2Þðð1� lÞxþ lyÞ þ t2 y�ð2:7Þ
þ lF ½ð1� t2Þxþ t2ðð1� lÞxþ lyÞ�
� ð1� lÞF ½ð1� t1Þðð1� lÞxþ lyÞ þ t1 y�
� lF ½ð1� t1Þxþ t1ðð1� lÞxþ lyÞ�kY

a ð1� lÞkF ½ð1� t2Þðð1� lÞxþ lyÞ þ t2 y�
� F ½ð1� t1Þðð1� lÞxþ lyÞ þ t1 y�kY
þ lkF ½ð1� t2Þxþ t2ðð1� lÞxþ lyÞ�
� F ½ð1� t1Þxþ t1ðð1� lÞxþ lyÞ�kY

for any x; y A C and l A ½0; 1�.
Since F : CHX ! Y is a Lipschitzian mapping with the constant L > 0,

then

kF ½ð1� t2Þðð1� lÞxþ lyÞ þ t2 y� � F ½ð1� t1Þðð1� lÞxþ lyÞ þ t1 y�kYð2:8Þ
aLkð1� t2Þðð1� lÞxþ lyÞ þ t2 y� ð1� t1Þðð1� lÞxþ lyÞ � t1 ykY
¼ Lð1� lÞjt2 � t1j kx� ykX

and

kF ½ð1� t2Þxþ t2ðð1� lÞxþ lyÞ� � F ½ð1� t1Þxþ t1ðð1� lÞxþ lyÞ�kYð2:9Þ
aLkð1� t2Þxþ t2ðð1� lÞxþ lyÞ � ð1� t1Þx� t1ðð1� lÞxþ lyÞkY
¼ Lljt2 � t1j kx� ykX

for any x; y A C and l A ½0; 1�.
From (2.6)–(2.9) we get the inequality (2.4).
The other inequalities are obvious. r

The following result holds:

Theorem 1. Let F : CHX ! Y be a Lipschitzian mapping with the con-
stant L > 0 on the convex subset C of X. If x; y A C, then we have

FF ;x;y;lðtÞ �
ð1
0

F ½syþ ð1� sÞx� ds
����

����
Y

ð2:10Þ

a 2L
1

4
þ t� 1

2

� �2" #
1

4
þ l� 1

2

� �2" #
kx� ykX

for any t A ½0; 1� and l A ½0; 1�.
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Proof. By Lemma 2 we have

kFF ;x;y;lðtÞ �FF ;x;y;lðsÞkY aLjt� sj kx� ykX ½ð1� lÞ2 þ l2�ð2:11Þ

for any t; s A ½0; 1� and l A ½0; 1�.
Integrating (2.11) over s on ½0; 1� we get

FF ;x;y;lðtÞ �
ð1
0

FF ;x;y;lðsÞ ds
����

����
Y

a

ð1
0

kFF ;x;y;lðtÞ �FF ;x;y;lðsÞkY dsð2:12Þ

aLkx� ykX ½ð1� lÞ2 þ l2�
ð1
0

jt� sj ds;

for any t A ½0; 1� and l A ½0; 1�.
By Lemma 1 we have

ð1
0

FF ;x;y;lðsÞ ds ¼
ð 1
0

F ½syþ ð1� sÞx� ds

and since ð1
0

jt� sj ds ¼ 1

2
½t2 þ ðt� 1Þ2� ¼ 1

4
þ t� 1

2

� �2" #

and

ð1� lÞ2 þ l2 ¼ 2
1

4
þ l� 1

2

� �2" #
;

then by (2.12) we get the desired result (2.10). r

The best inequality we can get from (2.10) is as follows:

Corollary 1. Let F : CHX ! Y be a Lipschitzian mapping with the con-
stant L > 0 on the convex subset C of X. If x; y A C, then we have

1

2
F

3xþ y

4

� �
þ F

xþ 3y

4

� �� �
�
ð1
0

F ½syþ ð1� sÞx� ds
����

����
Y

a
1

8
Lkx� ykX :ð2:13Þ

The constant 1
8 is best possible in (2.13).

Proof. The inequality (2.13) follows by (2.10) by taking t ¼ l ¼ 1
2 .

Consider the function F : ½0; 1� ! R,

F ðtÞ ¼
t� 1

4

�� ��; t A 0; 12
� 	

t� 3
4

�� ��; t A 1
2 ; 1

 	

:

(
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We observe that F is absolutely continuos with kF 0k½0;1�;y ¼ 1 and therefore

Lipschitzian with the constant L ¼ 1 and if we take x ¼ 0, y ¼ 1 then we get

1

2
F

1

4

� �
þ F

3

4

� �� �
�
ð1=2
0

s� 1

4

����
���� ds�

ð1
1=2

s� 3

4

����
���� ds ¼ � 1

8
;

showing that the equality case is realized in (2.13). r

Remark 1. If we take in (2.10) l ¼ 0 then we get the Ostrowski type
inequality

F ½ð1� tÞxþ ty� �
ð1
0

F ½syþ ð1� sÞx� ds
����

����
Y

aL
1

4
þ t� 1

2

� �2" #
kx� ykXð2:14Þ

for any x; y A C and t A ½0; 1�.
The best inequality we can get from (2.14) is for t ¼ 1

2 , namely, the mid-point
inequality

F
xþ y

2

� �
�
ð1
0

F ½syþ ð1� sÞx� ds
����

����
Y

a
1

4
Lkx� ykX :ð2:15Þ

The constant 1
4 is best possible in (2.15). The scalar case was obtained in [11].

If we take in (2.10) l ¼ 1
2 then we get���� 12 F ð1� tÞ xþ y

2
þ ty

� �
þ F ð1� tÞxþ t

xþ y

2

� �� �
ð2:16Þ

�
ð1
0

F ½syþ ð1� sÞx� ds
����

a
1

2
L

1

4
þ t� 1

2

� �2" #
kx� ykX

for any x; y A C and t A ½0; 1�.
The best inequality we can get from (2.16) is for t ¼ 1

2 , namely, the
inequality (2.13).

Let C be a convex set in X and a mapping F : CHX ! Y . We can also
consider another associated function CF ;x;y;l : ½0; 1� !Y , where x; y AC, l A ½0; 1�;
defined by

CF ;x;y;lðtÞ :¼ ð1� lÞF ½ð1� tÞðð1� lÞxþ lyÞ þ ty�ð2:17Þ
þ lF ½txþ ð1� tÞðð1� lÞxþ lyÞ�:

We observe that for l ¼ 0 and l ¼ 1 we have

CF ;x;y;0ðtÞ ¼ F ½ð1� tÞxþ ty�; CF ;x;y;1ðtÞ ¼ F ½txþ ð1� tÞy�
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and

CF ;x;y;1=2ðtÞ ¼
1

2
F ð1� tÞ xþ y

2
þ ty

� �
þ F txþ ð1� tÞ xþ y

2

� �� �
;

where x; y A B.
There are some particular values of interest, namely

CF ;x;y;0ð0Þ ¼ F ðxÞ; CF ;x;y;1ð0Þ ¼ F ðyÞ; CF ;x;y;0ð1Þ ¼ FðyÞ; CF ;x;y;1ð1Þ ¼ FðxÞ

CF ;x;y;0
1

2

� �
¼ CF ;x;y;1

1

2

� �
¼ F

xþ y

2

� �
;

CF ;x;y;1=2ð0Þ ¼ F
xþ y

2

� �
; CF ;x;y;1=2ð1Þ ¼

1

2
½F ðxÞ þ FðyÞ�

and

CF ;x;y;1=2
1

2

� �
¼ 1

2
F

3xþ y

4

� �
þ F

xþ 3y

4

� �� �

where x; y A B.

Lemma 3. Let F : CHX ! Y be a continuous mapping on the convex subset
C of X. If x; y A C, thenð1

0

CF ;x;y;lðtÞ dt ¼
ð1
0

F ½uyþ ð1� uÞx� du:ð2:18Þ

for any l A ½0; 1�.

Proof. Since F is continuous on C the integrals involved in (2.2) exist.
For l ¼ 0 and l ¼ 1 the equality (2.18) is obvious.
Let l A ð0; 1Þ. Observe that

ð1
0

CF ;x;y;lðtÞ dt ¼ ð1� lÞ
ð 1
0

F ½ð1� tÞðð1� lÞxþ lyÞ þ ty� dt

þ l

ð1
0

F ½txþ ð1� tÞðð1� lÞxþ lyÞ� dt:

If we change the variable 1� t ¼ s, then we haveð1
0

F ½txþ ð1� tÞðð1� lÞxþ lyÞ� dt ¼
ð1
0

F ½ð1� sÞxþ sðð1� lÞxþ lyÞ� ds:

Making use of the equalities provided by the change of variables in the proof of
Lemma 1 we get the desired result (2.18). We omit the details. r
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We have the following properties for the function CF ;x;y;l:

Lemma 4. Let F : CHX ! Y be a Lipschitzian mapping with the constant
L > 0 on the convex subset C of X. If x; y A C and l A ½0; 1�, then for any
t1; t2 A ½0; 1� the inequalities (2.4), (2.5) and (2.6) hold for the function CF ;x;y;l as
well.

Using Lemma 3 and 4 we can also state the following inequality:

Theorem 2. Let F : CHX ! Y be a Lipschitzian mapping with the con-
stant L > 0 on the convex subset C of X. If x; y A C, then we have

CF ;x;y;lðtÞ �
ð1
0

F ½syþ ð1� sÞx� ds
����

����
Y

ð2:19Þ

a 2L
1

4
þ t� 1

2

� �2" #
1

4
þ l� 1

2

� �2" #
kx� ykX

for any t A ½0; 1� and l A ½0; 1�.

Remark 2. If we take in (2.19) l ¼ 1
2 , then we get

���� 12 F ð1� tÞ xþ y

2
þ ty

� �
þ F txþ ð1� tÞ xþ y

2

� �� �
ð2:20Þ

�
ð1
0

F ½syþ ð1� sÞx� ds
����
Y

a
1

2
L

1

4
þ t� 1

2

� �2" #
kx� ykX

for any t A ½0; 1� and x; y A C.
In particular, if we take in (2.20) t ¼ 1, then we get the trapezoid type

inequality

1

2
½FðxÞ þ F ðyÞ� �

ð 1
0

F ½syþ ð1� sÞx� ds
����

����
Y

a
1

4
Lkx� ykXð2:21Þ

for any x; y A C. The constant 1
4 is best possible in (2.21). The scalar case was

obtained in [41].
If we take in (2.20) t ¼ 0, then we get the mid-point inequality (2.15). If

we take in (2.20) t ¼ 1
2 , then we get the inequality (2.13).
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3. Applications for norm inequalities

Let X be a real linear space, a; b A X , a0 b and let ½a; b� :¼ fð1� lÞaþ lb;
l A ½0; 1�g be the segment generated by a and b. We consider the function
f : ½a; b� ! R and the attached function gða; bÞ : ½0; 1� ! R, gða; bÞðtÞ :¼
f ½ð1� tÞaþ tb�, t A ½0; 1�.

It is well known that f is convex on ½a; b� i¤ gða; bÞ is convex on ½0; 1�, and
the following lateral derivatives exist and satisfy

(i) g 0
Gða; bÞðsÞ ¼ ð5G f ½ð1� sÞaþ sb�Þðb� aÞ, s A ½0; 1Þ

(ii) g 0
þða; bÞð0Þ ¼ ð5þ f ðaÞÞðb� aÞ

(iii) g 0
�ða; bÞð1Þ ¼ ð5� f ðbÞÞðb� aÞ

where ð5G f ðxÞÞðyÞ are the Gâteaux lateral derivatives, we recall that

ð5þ f ðxÞÞðyÞ :¼ lim
h!0þ

f ðxþ hyÞ � f ðxÞ
h

;

ð5� f ðxÞÞðyÞ :¼ lim
k!0�

f ðxþ kyÞ � f ðxÞ
k

; x; y A X :

Now, assume that ðX ; k � kÞ is a normed linear space. The function f ðxÞ ¼
1
2 kxk

2, x A X is convex and thus the following limits exist

(iv) hx; yis :¼ ð5þ f0ðyÞÞðxÞ ¼ limt!0þ
kyþ txk2 � kyk2

2t
;

(v) hx; yii :¼ ð5� f0ðyÞÞðxÞ ¼ lims!0�
kyþ sxk2 � kyk2

2s
;

for any x; y A X . They are called the lower and upper semi-inner products asso-
ciated to the norm k � k.

For the sake of completeness we list here some of the main properties of
these mappings that will be used in the sequel (see for example [13]), assuming
that p; q A fs; ig and p0 q:

(a) hx; xip ¼ kxk2 for all x A X ;
(aa) hax; byip ¼ abhx; yip if a; bb 0 and x; y A X ;

(aaa) jhx; yipja kxk kyk for all x; y A X ;
(av) haxþ y; xip ¼ ahx; xip þ hy; xip if x; y A X and a A R;

(v) h�x; yip ¼ �hx; yiq for all x; y A X ;

(va) hxþ y; zip a kxk kzk þ hy; zip for all x; y; z A X ;
(vaa) The mapping h� ; �ip is continuous and subadditive (superadditive) in

the first variable for p ¼ s (or p ¼ i);
(vaaa) The normed linear space ðX ; k � kÞ is smooth at the point x0 A Xnf0g

if and only if hy; x0is ¼ hy; x0ii for all y A X ; in general hy; xii a
hy; xis for all x; y A X ;

(ax) If the norm k � k is induced by an inner product h� ; �i, then hy; xii ¼
hy; xi ¼ hy; xis for all x; y A X .

Now, consider the functions f ðxÞ ¼ kxkr, rb 1, x A X where ðX ; k � kÞ is a
Banach space.

The following result holds:
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Lemma 5. Let rb 1 and x; y A Xnf0g, then

j kykr � kxk rja rky� xk
ð1
0

kð1� tÞxþ tyk r�1
dt:ð3:1Þ

The inequality (3.1) is sharp.

Proof. Let r > 1 and x; y A Xnf0g.
Assume that x and y are in X and such that ð1� tÞxþ ty0 0 for any

t A ½0; 1�. The function gðx; yÞðtÞ :¼ kð1� tÞxþ tykr is convex on ½0; 1� and ab-
solutely continuous on ½0; 1�. The derivative g 0ðx; yÞ exists almost everywhere
on ½0; 1� and

g 0ðx; yÞðtÞ ¼ rkð1� tÞxþ tykr�2hy� x; ð1� tÞxþ tyip

for almost every t A ½0; 1�, where p is either s or i.
Therefore

kykr � kxkr ¼ gðx; yÞð1Þ � gðx; yÞð0Þð3:2Þ

¼
ð1
0

g 0ðx; yÞðtÞ dt

¼ r

ð1
0

kð1� tÞxþ tyk r�2hy� x; ð1� tÞxþ tyip dt;

which is an equality of interest in itself.
Taking the modulus in (3.2) and utilizing the Schwarz inequality (aaa) we get

j kykr � kxkrja r

ð1
0

kð1� tÞxþ tyk r�2jhy� x; ð1� tÞxþ tyipj dt

a rky� xk
ð1
0

kð1� tÞxþ tyk r�1
dt

and the inequality (3.1) is proved.
Now, if there exists a A ð0; 1Þ such that ð1� aÞxþ ay ¼ 0, then y ¼ a� 1

a
x.

We then have

j kykr � kxk rj ¼ jar � ð1� aÞrj kxk
r

ar

and

rky� xk
ð1
0

kð1� tÞxþ tykr�1
dt ¼ r

kxkr

ar

ð1
0

jt� ajr�1
dt

¼ r
kxkr

ar

a r þ ð1� aÞr

r

¼ ½ar þ ð1� aÞr� kxk
r

ar
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and the inequality (3.1) becomes

jar � ð1� aÞrja ar þ ð1� aÞr;

which is obvious.
If r ¼ 1, then (3.1) becomes the continuity inequality for the norm.
If we take r ¼ 2, y ¼ b, x ¼ a where b > a > 0, then we get in both sides of

(3.1) the same quantity b2 � a2 > 0. r

Corollary 2. Let rb 1 and x; y A Xnf0g with kxk; kykaM for some
M > 0, then

j kyk r � kxkrja rM r�1ky� xk:ð3:3Þ

Proof. It follows by (3.1) on observing that, if kxk; kykaM, then kð1� tÞx
þ tykaM for any t A ½0; 1�, which implies that

Ð 1
0 kð1� tÞxþ tykr�1

dtaMr�1.
r

Remark 3. Let rb 1. Utilising the inequalities (2.10) and (2.19), we have
for x; y A Xnf0g with kxk; kykaM that

Lr;x;y;lðtÞ �
ð1
0

ksyþ ð1� sÞxkr
ds

����
����ð3:4Þ

a 2rM r�1 1

4
þ t� 1

2

� �2" #
1

4
þ l� 1

2

� �2" #
kx� yk

where either

Lr;x;y;lðtÞ :¼ ð1� lÞkð1� tÞðð1� lÞxþ lyÞ þ tykr

þ lkð1� tÞxþ tðð1� lÞxþ lyÞk r

or

Lr;x;y;lðtÞ :¼ ð1� lÞkð1� tÞðð1� lÞxþ lyÞ þ tykr

þ lktxþ ð1� tÞðð1� lÞxþ lyÞk r

and t A ½0; 1�, l A ½0; 1�.
We also have the norm inequalities

1

2
ð1� tÞ xþ y

2
þ ty

���� ���� r þ ð1� tÞxþ t
xþ y

2

���� ����r
� �

�
ð1
0

ksyþ ð1� sÞxk r
ds

����
����ð3:5Þ

a
1

2
rM r�1 1

4
þ t� 1

2

� �2" #
kx� yk;
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1

2
ð1� tÞ xþ y

2
þ ty

���� ���� r þ txþ ð1� tÞ xþ y

2

���� ����r
� �

�
ð1
0

ksyþ ð1� sÞxk r
ds

����
����ð3:6Þ

a
1

2
rM r�1 1

4
þ t� 1

2

� �2" #
kx� yk

and

kð1� tÞxþ tykr �
ð1
0

ksyþ ð1� sÞxkr
ds

����
����ð3:7Þ

a rM r�1 1

4
þ t� 1

2

� �2" #
kx� yk

for any t A ½0; 1� and x; y A Xnf0g with kxk; kykaM.
In particular, we have

0a
1

2

3xþ y

4

����
����
r

þ xþ 3y

4

����
����
r� �

�
ð1
0

ksyþ ð1� sÞxk r
dsð3:8Þ

a
1

8
rM r�1kx� yk;

0a

ð 1
0

ksyþ ð1� sÞxkr
ds� xþ y

2

���� ����r a 1

4
rM r�1kx� ykð3:9Þ

and

0a
kxkr þ kykr

2
�
ð1
0

ksyþ ð1� sÞxkr
dsa

1

4
rM r�1kx� ykð3:10Þ

for any x; y A Xnf0g with kxk; kykaM and rb 1.
The positivity of the terms in (3.8)–(3.10) follows by the Hermite-Hadamard

inequality for the convex function ½0; 1� C s 7! ksyþ ð1� sÞxkr for rb 1.

Now, by the help of power series f ðlÞ ¼
Py

n¼0 anl
n we can naturally con-

struct another power series which will have as coe‰cients the absolute values of
the coe‰cients of the original series, namely, faðlÞ :¼

Py
n¼0 janjl

n. It is obvious
that this new power series will have the same radius of convergence as the
original series. We also notice that if all coe‰cients an b 0, then fa ¼ f .

In general, we have the following result:

Theorem 3. Let f ðzÞ ¼
Py

n¼0 anz
n be a function defined by power series with

complex coe‰cients and convergent on the open disk Dð0;RÞHC, R > 0. For
any x; y A X with kxk; kyk < R we have

j f ðkykÞ � f ðkxkÞja ky� xk
ð1
0

f 0
a ðkð1� tÞxþ tykÞ dt:ð3:11Þ
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Proof. Now, for any mb 1, by making use of the inequality (3.1) we
have

Xm
n¼0

ankykn �
Xm
n¼0

ankxkn

�����
����� ¼

Xm
n¼1

anðkykn � kxknÞ
�����

�����ð3:12Þ

a
Xm
n¼1

janj j kykn � kxknj

a ky� xk
Xm
n¼1

njanj
ð 1
0

kð1� tÞxþ tykn�1
dt

¼ ky� xk
ð1
0

Xm
n¼1

njanj kð1� tÞxþ tykn�1

 !
dt:

Moreover, since kxk; kyk < R, then the series
Py

n¼0 an y
n,
Py

n¼0 anx
n and

Xy
n¼1

njanj kð1� tÞxþ tykn�1

are convergent and

Xy
n¼0

ankykn ¼ f ðkykÞ;
Xy
n¼0

ankxkn ¼ f ðkxkÞ

while

Xy
n¼1

njanj kð1� tÞxþ tykn�1 ¼ f 0
a ðkð1� tÞxþ tykÞ:

Therefore, by taking the limit over m ! y in the inequality (3.12) we deduce the
desired result (3.11). r

Corollary 3. With the assumptions of Theorem 3, for any x; y A X with
kxk; kykaM < R and M > 0, we have

j f ðkykÞ � f ðkxkÞja f 0
a ðMÞky� xk:ð3:13Þ

Now, if we consider the associated function lf ;x;y;l : ½0; 1� ! ½0;yÞ that is
given either by

lf ;x;y;lðtÞ :¼ ð1� lÞ f ðkð1� tÞðð1� lÞxþ lyÞ þ tykÞ
þ lf ðkð1� tÞxþ tðð1� lÞxþ lyÞkÞ;
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or by

lf ;x;y;lðtÞ :¼ ð1� lÞ f ðkð1� tÞðð1� lÞxþ lyÞ þ tykÞ
þ lf ðktxþ ð1� tÞðð1� lÞxþ lyÞkÞ;

then we get the inequality

lf ;x;y;lðtÞ �
ð1
0

f ðksyþ ð1� sÞxkÞ ds
����

����ð3:14Þ

a 2f 0
a ðMÞ 1

4
þ t� 1

2

� �2" #
1

4
þ l� 1

2

� �2" #
kx� yk;

where f ðzÞ ¼
Py

n¼0 anz
n is a function defined by power series with complex

coe‰cients and convergent on the open disk Dð0;RÞHC, R > 0 and x; y A X
with kxk; kykaM < R and M > 0.

In particular, we have from (3.14) the following inequalities���� 12 f ð1� tÞ xþ y

2
þ ty

���� ����
� �

þ f ð1� tÞxþ t
xþ y

2

���� ����
� �� �

ð3:15Þ

�
ð1
0

f ðksyþ ð1� sÞxkÞ ds
����

a
1

2
f 0
a ðMÞ 1

4
þ t� 1

2

� �2" #
kx� yk;

���� 12 f ð1� tÞ xþ y

2
þ ty

���� ����
� �

þ f txþ ð1� tÞ xþ y

2

���� ����
� �� �

ð3:16Þ

�
ð1
0

f ðksyþ ð1� sÞxkÞ ds
����

a
1

2
f 0
a ðMÞ 1

4
þ t� 1

2

� �2" #
kx� yk

and

f ðkð1� tÞxþ tykÞ �
ð1
0

f ðksyþ ð1� sÞxkÞ ds
����

����ð3:17Þ

a f 0
a ðMÞ 1

4
þ t� 1

2

� �2" #
kx� yk

for any t A ½0; 1� and x; y A Xnf0g with kxk; kykaM.
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Moreover, we have

1

2
f

3xþ y

4

����
����

� �
þ f

xþ 3y

4

����
����

� �� �
�
ð1
0

f ðksyþ ð1� sÞxkÞ ds
����

����ð3:18Þ

a
1

8
f 0
a ðMÞkx� yk;

f
xþ y

2

���� ����
� �

�
ð1
0

f ðksyþ ð1� sÞxkÞ ds
����

����a 1

4
f 0
a ðMÞkx� ykð3:19Þ

and

f ðkxkÞ þ f ðkykÞ
2

�
ð1
0

f ðksyþ ð1� sÞxkÞ ds
����

����a 1

4
f 0
a ðMÞkx� ykð3:20Þ

for any x; y A Xnf0g with kxk; kykaM.
As some natural examples that are useful for applications, we can point out

that, if

f ðlÞ ¼
Xy
n¼1

ð�1Þn

n
ln ¼ ln

1

1þ l
; l A Dð0; 1Þ;ð3:21Þ

gðlÞ ¼
Xy
n¼0

ð�1Þn

ð2nÞ! l
2n ¼ cos l; l A C;

hðlÞ ¼
Xy
n¼0

ð�1Þn

ð2nþ 1Þ! l
2nþ1 ¼ sin l; l A C;

lðlÞ ¼
Xy
n¼0

ð�1Þnln ¼ 1

1þ l
; l A Dð0; 1Þ;

then the corresponding functions constructed by the use of the absolute values of
the coe‰cients are

faðlÞ ¼
Xy
n¼1

1

n
ln ¼ ln

1

1� l
; l A Dð0; 1Þ;ð3:22Þ

gaðlÞ ¼
Xy
n¼0

1

ð2nÞ! l
2n ¼ cosh l; l A C;

haðlÞ ¼
Xy
n¼0

1

ð2nþ 1Þ! l
2nþ1 ¼ sinh l; l A C;

laðlÞ ¼
Xy
n¼0

ln ¼ 1

1� l
; l A Dð0; 1Þ:
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Other important examples of functions as power series representations with non-
negative coe‰cients are:

expðlÞ ¼
Xy
n¼0

1

n!
ln l A C;ð3:23Þ

1

2
ln

1þ l

1� l

� �
¼
Xy
n¼1

1

2n� 1
l2n�1; l A Dð0; 1Þ;

sin�1ðlÞ ¼
Xy
n¼0

G


nþ 1

2

�
ffiffiffi
p

p
ð2nþ 1Þn! l

2nþ1; l A Dð0; 1Þ;

tanh�1ðlÞ ¼
Xy
n¼1

1

2n� 1
l2n�1; l A Dð0; 1Þ

2F1ða; b; g; lÞ ¼
Xy
n¼0

Gðnþ aÞGðnþ bÞGðgÞ
n!GðaÞGðbÞGðnþ gÞ ln; a; b; g > 0;

l A Dð0; 1Þ;

where G is Gamma function.

4. Applications for banach algebras

Let B be an algebra. An algebra norm on B is a map k � k : B ! ½0;yÞ
such that ðB; k � kÞ is a normed space, and, further:

kabka kak kbk
for any a; b A B. The normed algebra ðB; k � kÞ is a Banach algebra if k � k is a
complete norm.

We assume that the Banach algebra is unital, this means that B has an
identity 1 and that k1k ¼ 1.

Let B be a unital algebra. An element a A B is invertible if there exists
an element b A B with ab ¼ ba ¼ 1. The element b is unique; it is called the

inverse of a and written a�1 or
1

a
. The set of invertible elements of B is denoted

by Inv B. If a; b A Inv B then ab A Inv B and ðabÞ�1 ¼ b�1a�1.
For a unital Banach algebra we also have:
(i) If a A B and limn!ykank1=n < 1, then 1� a A Inv B;
(ii) fa A B : k1� bk < 1gH Inv B;
(iii) Inv B is an open subset of B;
(iv) The map Inv B C a 7! a�1 A Inv B is continuous.
For simplicity, we denote z1, where z A C and 1 is the identity of B, by z.

The resolvent set of a A B is defined by

rðaÞ :¼ fz A C : z� a A Inv Bg;
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the spectrum of a is sðaÞ, the complement of rðaÞ in C, and the resolvent function
of a is Ra : rðaÞ ! Inv B,

RaðzÞ :¼ ðz� aÞ�1:

For each z;w A rðaÞ we have the identity

RaðwÞ � RaðzÞ ¼ ðz� wÞRaðzÞRaðwÞ:

We also have that

sðaÞH fz A C : jzja kakg:

The spectral radius of a is defined as

nðaÞ ¼ supfjzj : z A sðaÞg:

If a, b are commuting elements in B, i.e. ab ¼ ba, then

nðabÞa nðaÞnðbÞ and nðaþ bÞa nðaÞ þ nðbÞ:

Let B a unital Banach algebra and a A B. Then
(i) The resolvent set rðaÞ is open in C;
(ii) For any bounded linear functionals l : B ! C, the function l � Ra is

analytic on rðaÞ;
(iii) The spectrum sðaÞ is compact and nonempty in C;
(iv) We have

nðaÞ ¼ lim
n!y

kank1=n:

Let f be an analytic functions on the open disk Dð0;RÞ given by the power
series

f ðzÞ :¼
Xy
j¼0

ajz
j ðjzj < RÞ:

If nðaÞ < R, then the series
Py

j¼0 aja
j converges in the Banach algebra B becausePy

j¼0 jajj ka jk < y, and we can define f ðaÞ to be its sum. Clearly f ðaÞ is well

defined and there are many examples of important functions on a Banach algebra
B that can be constructed in this way. For instance, the exponential map on B
denoted exp and defined as

exp a :¼
Xy
j¼0

1

j!
a j for each a A B:

If B is not commutative, then many of the familiar properties of the expo-
nential function from the scalar case do not hold. The following key formula
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is valid, however with the additional hypothesis of commutativity for a and b
from B

expðaþ bÞ ¼ expðaÞ expðbÞ:
In a general Banach algebra B it is di‰cult to determine the elements in the
range of the exponential map expðBÞ, i.e. the element which have a ‘‘logarithm’’.
However, it is easy to see that if a is an element in B such that k1� ak < 1, then
a is in expðBÞ. That follows from the fact that if we set

b ¼ �
Xy
n¼1

1

n
ð1� aÞn;

then the series converges absolutely and, as in the scalar case, substituting this
series into the series expansion for expðbÞ yields expðbÞ ¼ a.

Concerning other basic definitions and facts in the theory of Banach algebras,
the reader can consult the classical books [29] and [43].

The following result is valid, see also [28]. For the sake of completeness, we
give here a simple proof.

Lemma 6. For any x; y A B and nb 1 we have

kyn � xnka nky� xk
ð 1
0

kð1� tÞxþ tykn�1
dt:ð4:1Þ

Proof. We use the identity (see for instance [6, p. 254])

an � bn ¼
Xn�1

j¼0

an�1� jða� bÞb jð4:2Þ

that holds for any a; b A B and nb 1.
For x; y A B we consider the function j : ½0; 1� ! B defined by jðtÞ ¼

½ð1� tÞxþ ty�n. For t A ð0; 1Þ and e0 0 with tþ e A ð0; 1Þ we have from (4.2)
that

jðtþ eÞ � jðtÞ ¼ ½ð1� t� eÞxþ ðtþ eÞy�n � ½ð1� tÞxþ ty�n

¼ e
Xn�1

j¼0

½ð1� t� eÞxþ ðtþ eÞy�n�1� jðy� xÞ½ð1� tÞxþ ty� j :

Dividing with e0 0 and taking the limit over e ! 0 we have in the norm
topology of B that

j 0ðtÞ ¼ lim
e!0

1

e
½jðtþ eÞ � jðtÞ�ð4:3Þ

¼
Xn�1

j¼0

½ð1� tÞxþ ty�n�1� jðy� xÞ½ð1� tÞxþ ty� j:
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Integrating on ½0; 1� we get from (4.3) thatð 1
0

j 0ðtÞ dt ¼
Xn�1

j¼0

ð1
0

½ð1� tÞxþ ty�n�1� jðy� xÞ½ð1� tÞxþ ty� j dt

and since ð1
0

j 0ðtÞ dt ¼ jð1Þ � jð0Þ ¼ yn � xn

then we get the following equality of interest

yn � xn ¼
Xn�1

j¼0

ð1
0

½ð1� tÞxþ ty�n�1� jðy� xÞ½ð1� tÞxþ ty� j dt

for any x; y A B and nb 1.
Taking the norm and utilizing the properties of Bochner integral for vector

valued functions (see for instance [39, p. 21]) we have

kyn � xnka
Xn�1

j¼0

ð1
0

½ð1� tÞxþ ty�n�1� jðy� xÞ½ð1� tÞxþ ty� j dt
����

����
a
Xn�1

j¼0

ð1
0

k½ð1� tÞxþ ty�n�1� jðy� xÞ½ð1� tÞxþ ty� jk dt

a
Xn�1

j¼0

ð1
0

k½ð1� tÞxþ ty�n�1� jk ky� xk k½ð1� tÞxþ ty� jk dt

a
Xn�1

j¼0

ð1
0

kð1� tÞxþ tykn�1� jky� xk kð1� tÞxþ tyk j
dt

¼ nky� xk
ð1
0

kð1� tÞxþ tykn�1
dt

for any x; y A B and nb 1. r

The following result is valid.

Theorem 4. Let f ðzÞ ¼
Py

n¼0 anz
n be a function defined by power series with

complex coe‰cients and convergent on the open disk Dð0;RÞHC, R > 0. For
any x; y A B with kxk; kyk < R we have

k f ðyÞ � f ðxÞka ky� xk
ð1
0

f 0
a ðkð1� tÞxþ tykÞ dt:ð4:4Þ

The proof is similar to the one from Theorem 3 by making use of the
Lemma 6. We omit the details.
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Corollary 4. With the assumptions of Theorem 4, for any x; y A B with
kxk; kykaM < R and M > 0, we have

k f ðyÞ � f ðxÞka f 0
a ðMÞky� xk:ð4:5Þ

Now, if we consider the associated function df ;x;y;l : ½0; 1� ! B that is given
either by

df ;x;y;lðtÞ :¼ ð1� lÞ f ðð1� tÞðð1� lÞxþ lyÞ þ tyÞ
þ lf ðð1� tÞxþ tðð1� lÞxþ lyÞÞ;

or by

df ;x;y;lðtÞ :¼ ð1� lÞ f ðð1� tÞðð1� lÞxþ lyÞ þ tyÞ
þ lf ðtxþ ð1� tÞðð1� lÞxþ lyÞÞ;

then we get the inequality

df ;x;y;lðtÞ �
ð 1
0

f ðsyþ ð1� sÞxÞ ds
����

����ð4:6Þ

a 2f 0
a ðMÞ 1

4
þ t� 1

2

� �2" #
1

4
þ l� 1

2

� �2" #
kx� yk;

where f ðzÞ ¼
Py

n¼0 anz
n is a function defined by power series with complex

coe‰cients and convergent on the open disk Dð0;RÞHC, R > 0 and x; y A X
with kxk; kykaM < R and M > 0.

In particular, we have from (4.6) the following inequalities���� 12 f ð1� tÞ xþ y

2
þ ty

� �
þ f ð1� tÞxþ t

xþ y

2

� �� �
ð4:7Þ

�
ð1
0

f ðsyþ ð1� sÞxÞ ds
����

a
1

2
f 0
a ðMÞ 1

4
þ t� 1

2

� �2" #
kx� yk;

���� 12 f ð1� tÞ xþ y

2
þ ty

� �
þ f txþ ð1� tÞ xþ y

2

� �� �
ð4:8Þ

�
ð1
0

f ðsyþ ð1� sÞxÞ ds
����

a
1

2
f 0
a ðMÞ 1

4
þ t� 1

2

� �2" #
kx� yk
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and

f ðð1� tÞxþ tyÞ �
ð1
0

f ðsyþ ð1� sÞxÞ ds
����

����ð4:9Þ

a f 0
a ðMÞ 1

4
þ t� 1

2

� �2" #
kx� yk

for any t A ½0; 1� and x; y A Bnf0g with kxk; kykaM.
Moreover, we have

1

2
f

3xþ y

4

� �
þ f

xþ 3y

4

� �� �
�
ð 1
0

f ðsyþ ð1� sÞxÞ ds
����

����ð4:10Þ

a
1

8
f 0
a ðMÞkx� yk;

f
xþ y

2

� �
�
ð1
0

f ðsyþ ð1� sÞxÞ ds
����

����a 1

4
f 0
a ðMÞkx� ykð4:11Þ

and

f ðxÞ þ f ðyÞ
2

�
ð 1
0

f ðsyþ ð1� sÞxÞ ds
����

����a 1

4
f 0
a ðMÞkx� ykð4:12Þ

for any x; y A Bnf0g with kxk; kykaM.
One can obtain various examples by taking the functions mentioned in the

previous section. The details are left to the interested reader.

References

[ 1 ] G. A. Anastassiou, Univariate Ostrowski inequalities, revisited, Monatsh. Math. 135 (2002),

175–189.

[ 2 ] H. Araki and S. Yamagami, An inequality for Hilbert-Schmidt norm, Commun. Math.

Phys. 81 (1981), 89–96.

[ 3 ] R. Bhatia, First and second order perturbation bounds for the operator absolute value,

Linear Algebra Appl. 208/209 (1994), 367–376.

[ 4 ] R. Bhatia, Perturbation bounds for the operator absolute value, Linear Algebra Appl.

226/228 (1995), 639–645.

[ 5 ] R. Bhatia, D. Singh and K. B. Sinha, Di¤erentiation of operator functions and perturbation

bounds, Comm. Math. Phys. 191 (1998), 603–611.

[ 6 ] R. Bhatia, Matrix analysis, Springer Verlag, 1997.

[ 7 ] P. Cerone and S. S. Dragomir, Midpoint-type rules from an inequalities point of view,

Handbook of analytic-computational methods in applied mathematics (G. A. Anastassiou,

ed.), CRC Press, New York, 2000, 135–200.

[ 8 ] P. Cerone and S. S. Dragomir, New bounds for the three-point rule involving the Riemann-

Stieltjes integrals, Advances in statistics combinatorics and related areas (C. Gulati et al.,

eds.), World Science Publishing, 2002, 53–62.

[ 9 ] P. Cerone, S. S. Dragomir and J. Roumeliotis, Some Ostrowski type inequalities for n-time

di¤erentiable mappings and applications, Demonstratio Mathematica 32 (1999), 697–712.

249integral inequalities for lipschitzian mappings



[10] L. Ciurdariu, A note concerning several Hermite-Hadamard inequalities for di¤erent types

of convex functions, Int. J. Math. Anal. 6 (2012), 1623–1639.

[11] S. S. Dragomir, Y. J. Cho and S. S. Kim, Inequalities of Hadamard’s type for Lipschitzian

mappings and their applications, J. Math. Anal. Appl. 245 (2000), 489–501.

[12] S. S. Dragomir and C. E. M. Pearce, Selected topics on Hermite-Hadamard inequalities and

applications, RGMIA Monographs, 2000, http://rgmia.org/monographs/hermite_hadamard.

html (electronic).

[13] S. S. Dragomir, Semi-inner products and applications, Nova Science Publishers, Inc.,

Hauppauge, NY, 2004, preprint RGMIA Monographs, Victoria University, 2000.

[14] S. S. Dragomir, Ostrowski’s inequality for monotonous mappings and applications,

J. KSIAM, 3 (1999), 127–135.

[15] S. S. Dragomir, The Ostrowski’s integral inequality for Lipschitzian mappings and applica-

tions, Comp. Math. Appl. 38 (1999), 33–37.

[16] S. S. Dragomir, On the Ostrowski’s inequality for Riemann-Stieltjes integral, Korean

J. Appl. Math. 7 (2000), 477–485.

[17] S. S. Dragomir, On the Ostrowski’s inequality for mappings of bounded variation and

applications, Math. Inequal. Appl. 4 (2001), 33–40.

[18] S. S. Dragomir, On the Ostrowski inequality for Riemann-Stieltjes integral
Ð b
a
f ðtÞ duðtÞ where
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