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Abstract

Two types of elementary and direct proofs of the classification theorem for CR

automorphisms of generalized ellipsoids by [MM10] are given. The first proof is to use

an invariant decomposition of holomorphic tangent bundle, and the second is to use

infinitesimal CR automorphisms. The advantages of our proofs are: (1) The con-

ditions on the number nj of the variables and the exponents mj in the defining equation

are weakened, (2) the proofs are more direct than [MM10], (3) our proofs may be

applicable to wider class of hypersurfaces.

1. Introduction

In this note, we give two types of elementary proofs of the classification
theorem in [MM10] posted in archive ‘‘arXiv:1004.1922v1[math.CV]’’. Let M be
a strictly pseudoconvex part of the boundary of a generalized ellipsoid defined by
the equation

Im znþ1 ¼ jz1j2m1 þ � � � þ jzs�1j2ms�1 þ jzsj2:ð1Þ
Here, we use multi-index notation for z ¼ ðz1; . . . ; zsÞ A Cn1 � � � � � Cns ¼ Cn and
jzj j2mj ¼ ðjz1j j

2 þ � � � þ jznjj j
2Þmj . For more precise notation, refer to section 2. R.

Monti and D. Morbidelli proved the following classification theorem in [MM10].

Theorem 1.1. Let N and ~NN be connected open subsets of M and f : N ! ~NN
a CR di¤eomorphism. Then for a suitable choice of c below, r > 0, a ¼
ðas; anþ1Þ A Cns � C, and anþ1 ¼ t0 þ ijasj2, we have f ¼ c � dr � J � fa, where

Iðz1; . . . ; zs�1; zs; znþ1Þ ¼ ðz1=ðznþ1Þ1=m1 ; . . . ; zs�1=ðznþ1Þ1=ms�1 ; zs=znþ1;�1=znþ1Þ;ð2Þ

drðz1; . . . ; zs�1; zs; znþ1Þ ¼ ðr1=m1z1; . . . ; r
1=ms�1zs�1; rzs; r

2znþ1Þ;ð3Þ

cðz; znþ1Þ ¼ ðB1zsð1Þ; . . . ;Bs�1zsðs�1Þ;Bszs þ bs; bnþ1 þ znþ1 þ 2iðBszs � bsÞÞ;ð4Þ

faðz1; . . . ; zs�1; zs; znþ1Þ ¼ ðz1; . . . ; zs�1; zs þ as; znþ1 þ anþ1 þ 2izs � asÞ:ð5Þ

532

2010 Mathematics Subject Classification. 32V10, 32V15, 32V25.

Received October 25, 2011; revised March 9, 2012.



s is a permutation of indices f1; . . . ; s� 1g, Bj’s are unitary matrices, bs A Cns ,
bnþ1 ¼ t1 þ ijbsj2 A C. mj ; nj b 2 for j ¼ 1; . . . ; s� 1 and ns b 0. J is a mapping
either I as above or the identity mapping.

D. Morbidelli [M09] proved a classification theorem for conformal homeo-
morphisms with respect to a certain distance. As an application of his tech-
nique, R. Monti and D. Morbidelli [MM10] proved Theorem 1.1 by constructing
transformation rules of Chern curvatures, Ricci tensors and some invariants.
Since we treat generalized ellipsoids, the transformation rules of them, which are
usually di‰cult to compute, are calculated.

As an application of a Riemannian case to a CR case, their proof is
successful and very interesting, but from the view point of the CR geometry,
we can give an elementary and more direct proof without using any curvature,
tensors and invariants.

The technique of the first proof is to use the decomposition of the holo-
morphic tangent bundle T 1;0M of the boundary M of a generalized ellipsoid
into its subbundles, which are invariant under CR mappings as introduced in
[MM10]. Expand each component fj of the CR mapping f and write down the
conditions that the bundle decomposition is invariant under the push forward of
f . It determines a Taylor expansion of f . The advantages of this proof are the
following: [MM10] assumes that mj b 2 for any j. In case of mj ¼ 1, since the
mapping c in Theorem 1.1 can not be reconstructed from its CR factor uc ¼ 1 as
in Theorem 4.3 in [MM10], the condition mj b 2 can not be removed in their
proof. Such case is studied in [M09]. On the contrary, our proof works also
for any positive integers mj after small modification of a bundle decomposition as
noted in the section 4. Note that if all nj ¼ 1, the hypersurface M is a boundary
of pseudoellipsoid and its CR automorphism group is well known. Therefore
interesting case is that some nj equals to one, and our argument also works for
such a case after modification. We assume mj; nj b 2 throughout this paper
except for section 4.2 (and section 7.2). About the proof of Theorem 3.5 in
[MM10] (Lemma 2.1 in the present paper), they wrote in the head of section 5,
‘‘The proof is rather involved, but we were not able to find a more direct one.’’ But
our proof is more direct and simple one.

Our proof must work for the hypersurfaces defined by a variables splitting
defining equation:

Im znþ1 ¼ f1ðz1; z1Þ þ � � � þ fnðzn; znÞð6Þ
for zj A Cnj , znþ1 A C and fj ’s are real analytic functions.

The technique of the second proof is to use an infinitesimal CR automor-
phism. A real vector field X is an infinitesimal CR automorphism if the one-
parameter group of transformation exp tX is a CR di¤eomorphism of M. Let
holðM; p0Þ be a set of infinitesimal CR automorphisms. [BER98] gave con-
ditions on which holðM; p0Þ is a Lie algebra of AutðM; p0Þ, the automorphism
group of M fixing p0. Remark that the boundary of generalized ellipsoid M
defined by the equation (1) satisfies the condition. Refer §7 for more precise
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statement of their theorem. Therefore, we know the classification of CR auto-
morphisms if we classify the infinitesimal CR automorphisms. Note that comput-
ing infinitesimal CR automorphisms is much easier than doing transformation
rules of curvatures and tensors. From the proof of the classification theorem in
[MM10], we do not know the reason why mappings I , dr, c and fa appear. But
using infinitesimal CR automorphisms method, these mappings appear naturally
as one-parameter group of transformations.

The organization of this note is the following. In the part 1, we use a
bundle decomposition method. In section 2, we decompose a holomorphic
tangent bundle and give some properties of it. In section 3, some relations
among coe‰cients of the mapping are obtained. In section 4, we specify the
coe‰cients in order to compare our result with [MM10]. We also give some
remark about modification of a holomorphic tangent bundle decomposition
there. In the part 2, we use infinitesimal CR automorphisms to obtain CR
automorphisms. In section 5, we classify infinitesimal CR automorphisms, and
in section 6, we obtain the local one-parameter group of di¤eomorphism of
exp tX for X A holðM; p0Þ, which leads to a classification of CR automorphisms
of M. In the last section, we compare the one-parameter group of transfor-
mations with the mappings in Theorem 1.1 and give remark on the integers mj

and nj.

Part 1. Bundle decomposition method

2. Decomposition of holomorphic tangent bundle and its invariancy

In this section, we define some notation following the paper [MM10].
Throughout this paper, we use a multi-index notation, for example, for z ¼
ðz1; . . . ; znÞ A Cn and a ¼ ða1; . . . ; anÞ A Nn, ðzÞa ¼ za11 � � � zann and jaj ¼ a1 þ � � � þ an.
Since we shall use upper index zaj as the ath component of zj ¼ ðz1j ; . . . ; z

nj
j Þ A Cnj ,

we use ðzÞa for the a-th power of z instead of za. Let M0 be a boundary of a
generalized ellipsoid defined by M0 ¼ fðz; znþ1Þ A Cnþ1 : Im znþ1 ¼ pðz; zÞg, where
pðz; zÞ ¼ jz1j2m1 þ � � � þ jzs�1j2ms�1 þ jzsj2 for z¼ ðz1; . . . ; zsÞ A Cn1 � � � � �Cns ¼ Cn.
We assume that mi, nj are integers such that mj; nj b 2 for 1a ja s� 1 and
ns b 0. For a set of integers Ij ¼ f1; 2; . . . ; njg, we put jzjj2 ¼

P
a A Ij

jzaj j
2. Let

M be the strictly pseudoconvex part of M0, namely,

M ¼ ðz; znþ1Þ A M0 :
Ys�1

j¼1

jzjj0 0

( )
:ð7Þ

Note that W ¼ fðz; znþ1Þ A Cnþ1 : Im znþ1 > pðz; zÞg is the unbounded set which is
biholomorphically equivalent to the bounded domain

E ¼ ðz; znþ1Þ A Cnþ1 :
Xs
j¼1

jzjj2mj þ jznþ1j2 < 1

( )
:ð8Þ
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On M, we define vector fields Z a
j , Ej, W a

j for j ¼ 1; . . . ; s such as

Z a
j ¼ q

qzaj
þ imjz

a
j jzjj

2ðmj�1Þ q

qt
for t ¼ Re znþ1 and a A Ij ;ð9Þ

Ej ¼
1

mj

X
a A Ij

zaj Z
a
j ;ð10Þ

W a
j ¼ q

qzaj
�
X
b A Ij

zaj z
b
j

jzjj2
q

qz
b
j

for a A Ijð11Þ

Let E be the subbundle of a holomorphic tangent bundle T 1;0M spanned by the
vector fields E1; . . . ;Es, and Wj the subbundle of T 1;0M spanned by the vector

fields W a
j with a A Ij . It follows from z1j W

1
j þ � � � þ z

nj
j W

nj
j ¼ 0 that

Wj ¼ spanfW 1
j ; . . . ;W

nj
j g ¼ spanfW 2

j ; . . . ;W
nj
j g:ð12Þ

Then by [MM10], an orthogonal decomposition

T 1;0M ¼ W1 l � � �lWs�1 lWs lEð13Þ

holds. Observe that Ws lE ¼ spanfE1; . . . ;Es�1;Z
a
s : a A Isg. Let N; ~NNHM

be connected open sets and f : N ! ~NN a CR automorphism. We put ‘‘tilde’’
on the target objects. Following [MM10], there are two possible cases:

f�ðWs lEÞp ¼ ð ~WWs l ~EEÞf ðpÞ;ð14Þ

f�ðWs lEÞp ¼ ð ~WWjÞf ðpÞ for some j ¼ 1; . . . ; s� 1:ð15Þ

The first case (14) means that the decomposition (13) is invariant under the
push forward by a CR automorphism. [MM10] proved that the second case
does not occur by using the transformation rules for Chern tensors, scalar
curvatures and so on. We shall give a simple and elementary proof of it. In
what follows, we shall omit indices p and f ðpÞ in (14) and (15), which will not
make any confusion.

Lemma 2.1. Let N; ~NNHM be open subsets and f : N ! ~NN a CR auto-

morphism. Then f�ðWs lEÞ ¼ ð ~WWs l ~EEÞ holds. Therefore, after permutation of
indices j ¼ 1; . . . ; s� 1, we have f�ðWjÞ ¼ ~WWj .

Proof. Put f ¼ ð f1; . . . ; fsÞ and fj ¼ ð f 1
j ; . . . ; f

nj
j Þ. Assume that there

exists j0 such that f�ðWs lEÞ ¼ ~WWj0 and fix it. Since, as noted, Ws lE ¼
spanfE1; . . . ;Es�1;Z

a
s : a A Isg, the push forwards of El and Z b

s by f are
expressed by a combinations of ~WW a

j0
, a ¼ 2; . . . ; nj in view of (12) as follows:

f�El ¼
Xnj0
a¼2

Pl;a
~WW a
j0
; f�Z

b
s ¼

Xnj0
a¼2

Rb
s;a

~WW a
j0

ð16Þ
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for some functions Pl;a and Rb
s;a on ~NN. Applying the coordinate function ~zzgm

with m ¼ 1; . . . s, m0 j0 and g A Im to the both sides of (16), we get El f
g
m ¼

Z b
s f

g
m ¼ 0. Expand f g

m as

f g
mðz; tþ ipÞ ¼

X
jaj;bb0

A
g
m:a;bðzÞ

aðtþ ipÞb:ð17Þ

Then we have

Z b
s f

g
m ¼

X
bb0
a
b
s b1

A
g
m:a;ba

b
s ðz11Þ

a1
1 � � � ðzbs Þ

a
b
s �1 � � � ðznss Þa

ns
s ðtþ ipÞbð18Þ

þ izbs

X
bb0
a
b
s b1

A
g
m:a;bbðzÞ

aðtþ ipÞb ¼ 0:

Here we have used a multi-indices notation for a ¼ ða1; . . . asÞ and aj ¼
ða1j ; . . . a

nj
j Þ. Therefore the expansion of f g

m is reduced to

f g
m ¼

X
a¼ða1;...;as�1Þ

Ag
m:aðz1Þ

a1 � � � ðzs�1Þas�1 :ð19Þ

Next we apply El to this expansion to get

El f
g
m ¼

X
a A Il

X
a a
l
b1

Ag
m:aa

a
l ðz1Þ

a1 � � � ðzs�1Þas�1 ¼ 0:ð20Þ

This implies that f g
m ¼ A

g
m:0, which contradicts to f being a di¤eomorphism.

This completes the proof of Lemma 2.1. r

Now we may assume that

f�ðWjÞ ¼ ~WWj ; f�ðWs lEÞ ¼ ~WWs l ~EEð21Þ

after reordering W1; . . . ;Ws�1.

3. Expansion of CR automorphisms

In this section, we shall give expansions of the components of f ¼
ð f1; . . . ; fs; fnþ1Þ making use of (21).

Recall that fk ¼ ð f 1
k ; . . . ; f

nk
k Þ. First we prove that f

g
k is a function with

variables zk, zs and znþ1 ¼ tþ ipðz; zÞ for k ¼ 1; . . . ; s, g ¼ 1; . . . ; nk, and fnþ1 is
a function with zs and znþ1 ¼ tþ ipðz; zÞ.

We expand f
g
k as

f
g
k ðz; tþ ipÞ ¼

X
jaj;bb0

A
g
k:a;bðzÞ

aðtþ ipÞb:ð22Þ
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For any fixed j ¼ 1; . . . ; s� 1 and a A Ij, put

f�W
a
j ¼

X
b A Ij

Pa
b
~WW b
jð23Þ

and apply it to the coordinate function ~zzgk for k ¼ 1; . . . ; s with k0 j and
g ¼ 1; . . . ; nk, to get W a

j f
g
k ¼ 0 and it is calculated as follows.

W a
j f

g
k ¼ 1�

jzaj j
2

jzj j2

 !8<
:
X
a a
j
b1

A
g
k:a;ba

a
j ðz11Þ

a1
1 � � � ðzaj Þ

a a
j �1 � � � ðznss Þa

ns
s ðtþ ipÞbð24Þ

þ
X
bb1

A
g
k:a;bbðzÞ

aðtþ ipÞb�1
i
qp

qzaj

9=
;

�
zaj

jzjj2
X
b A Ij
b0a

8<
:
X
a
b
j
b1

A
g
k:a;ba

b
j ðzÞ

aðtþ ipÞb

þ
X
bb1

A
g
k:a;bbðzÞ

aðtþ ipÞb�1
i
qp

qz
b
j

9=
; ¼ 0:

First, multiply jzjj2 to (24), and pick up the terms which contain the first order
of z and do not contain zaj to getX

a a
j
b1

A
g
k:a;ba

a
j ðz11Þ

a1
1 � � � ðzaj Þ

a a
j �1 � � � ðznss Þa

ns
s tb ¼ 0ð25Þ

for j ¼ 1; . . . ; s� 1, j0 k. This means that Ag
k:a;b ¼ 0 if at least one of a1j ; . . . a

nj
j

is positive for j0 k. Therefore we conclude that f
g
k is expanded in zk, zs and

tþ ip as

f
g
k ðz; tþ ipÞ ¼

X
jasj;bb0

A
g
k:as;b

ðzsÞasðtþ ipÞbð26Þ

þ
X
jak jb1
jasj;bb0

A
g
k:ak ;as;b

ðzkÞak ðzsÞasðtþ ipÞb

for k ¼ 1; . . . ; s� 1 and

f g
s ðz; tþ ipÞ ¼

X
jasj;bb0

A
g
s:as;b

ðzsÞasðtþ ipÞb:ð27Þ

Similarly, we apply the coordinate function ~zznþ1 to (23), and we conclude that
fnþ1 is a function with variables zs and znþ1.
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The rest of this section, we shall show that A
g
k:as;b

¼ 0 and that A
g
k:ak ;as;b

appears only for jakj ¼ 1 in (26) and obtain relations among coe‰cients.

Claim 1. A
g
k:as;b

¼ 0 for k ¼ 1; . . . ; s� 1 in (26).

By mean of Lemma 2.1, the push forward

f�W
a
j ¼

Xs�1

l¼1

X
b A f2;...;nlg

Pa; l
j;b

~WW b
l þ

Xs�1

l¼1

Qa; l
j

~EEl þ
X
b A Is

Ra
j;b

~ZZ b
sð28Þ

should imply Q
a; l
j ¼ Ra

j;b ¼ 0. Apply the coordinate function ~zzgj to (28) for
j ¼ 1; . . . ; s� 1 to get

W a
j f

g
j ¼ �

f 2j f
g
j

j fjj2
P

a; j
j;2 � � � � þ 1�

f
g
j f

g
j

j fjj2

 !
P

a; j
j; g � � � � �

f
nj
j f

g
j

j fjj2
P

a; j
j;nj

þ
Q

a; j
j

mj

f
g
j :ð29Þ

Since a and g move from 1 to nj, this can be written as the matrices form:

W 1
j f

1
j � � � W 1

j f
nj
j

..

. . .
. ..

.

W
nj
j f 1j � � � W

nj
j f

nj
j

0
BBB@

1
CCCAð30Þ

¼

P
1; j
j;2 � � � P

1; j
j;nj

Q
1; j
j

..

. . .
. ..

. ..
.

P
nj ; j
j;2 � � � P

nj ; j
j;nj

Q
nj ; j
j

0
BBB@

1
CCCA

�

�
f 2
j f 1j

j fjj2
1�

j f 2
j j

2

j fjj2
�

f 2
j f 3

j

j fjj2
� � � �

f 2j f
nj
j

j fjj2

�
f 3
j f 1j

j fjj2
�

f 3j f 2
j

j fjj2
1�

j f 3j j
2

j fjj2
� � � �

f 3j f
nj
j

j fjj2

..

. ..
. ..

. . .
. ..

.

�
f
nj
j f 1j

j fjj2
�

f
nj
j f 2

j

j fjj2
�

f
nj
j f 3j

j fjj2
� � � 1�

j f nj
j j2

j fjj2

f 1j

mj

f 2j

mj

f 3
j

mj

� � �
f
nj
j

mj

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

:

Since the inverse of the second matrix in the right hand side is calculated as
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�mj

f 1j

f 2j

mj

f 3j

mj

f 4
j

mj

� � �
f
nj
j

mj

�
j f 1j j

2

j fjj2

�
f 1j

mj

0 0 � � � 0 �
f 1j f 2

j

j fjj2

0 �
f 1j

mj

0 � � � 0 �
f 1j f 3

j

j fjj2

..

. ..
. ..

. . .
. ..

. ..
.

0 0 0 � � � �
f 1j

mj

�
f 1j f

nj
j

j fjj2

0
BBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCA

;ð31Þ

the coe‰cients Qa; l
l can be solved from (30) and they should be zero. It leads to

a system of equations:

W 1
j f 1j � f 1j þ � � � þW 1

j f
nj
j � f nj

j ¼ 0

..

.

W
nj
j f 1j � f 1j þ � � � þW

nj
j f

nj
j � f nj

j ¼ 0:

8>>><
>>>:

ð32Þ

Substitute the expansion (26) and vector field (11) into this system and multiply
jzj j2 to the both sides. Then the terms in the ath equation in (32) with the
variables z

b
j z

a
j ðzsÞ

asðzsÞas tb with a0 b satisfy

Xnj
n¼1

X
jasjb0
bb0

An
j:as;b

ðzÞass tb
X
jasjb0
bb0

An

j:a b
j
¼1;as;b

ðzsÞas tb

8>><
>>:

9>>=
>>;¼ 0:ð33Þ

Here, An

j:a b
j
¼1;as;b

means that An
j:aj ;as;b

with aj ¼ ð0; . . . ; 1; . . . ; 0Þ (the bth compo-

nent is 1 and the others are all 0). This equation holds for j ¼ 1; . . . ; s� 1
and b A Ij. Therefore this is written in the matrix equation as follows:P

jasjb0
bb0

A1
j:a1

j
¼1;as;b

ðzsÞas tb � � �
P

jasjb0
bb0

A
nj

j:a1
j
¼1;as;b

ðzsÞas tb

..

. . .
. ..

.P
jasjb0
bb0

A1

j:a
nj

j
¼1;as;b

ðzsÞas tb � � �
P

jasjb0
bb0

A
nj

j:a
nj

j
¼1;as;b

ðzsÞas tb

0
BBBBB@

1
CCCCCAð34Þ

�

P
jasjb0
bb0

A1
j:as;b

ðzÞass tb

..

.P
jasjb0
bb0

A
nj
j:as;b

ðzÞass tb

0
BBBBB@

1
CCCCCA¼ 0:
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Since the mapping f is a di¤eomorphism on N, the determinant of the first
matrix in (34) is nonzero there. Therefore it impliesX

bb0

A1
j:as;b

ðzÞass tb ¼ � � � ¼
X
bb0

A
nj
j:as;b

ðzÞass tb ¼ 0;ð35Þ

which proves Claim 1. r

Claim 2. A
g
k:ak ;as;b

¼ 0 for jakjb 2 in (26).

We use an induction on jakj. First, pick up the terms with the first order
of zj and the third order of zj for j ¼ 1; . . . ; s� 1 from the ath equation in (32),
then we get

X
g A Ij

2
664 X

jaj j¼2

A
g
j:aj ;as;b

ðzjÞaj ðzsÞas tbð36Þ

� jzjj2
X

A
g
j:a a

j
¼1;as;b

ðzsÞas tb � zaj

X
bb0
b A Ij

A
g

j:ab
j
¼1;as;b

z
b
j ðzsÞ

as tb

8>><
>>:

9>>=
>>;

3
775

¼ 0:

for any fixed a ¼ 1; . . . ; nj. Since the terms with zaj satisfy the matrix equation:P
A1

j:a1
j
¼1;as;b

ðzsÞas tb � � �
P

A
nj

j:a1
j
¼1;as;b

ðzsÞas tb

..

. . .
. ..

.P
A1

j:a
nj

j
¼1;as;b

ðzsÞas tb � � �
P

A
nj

j:a
nj

j
¼1;as;b

ðzsÞas tb

0
BBBB@

1
CCCCAð37Þ

�

P
jaj j¼2 A

1
j:aj ;as;b

ðzjÞaj ðzsÞas tb

..

.P
jaj j¼2 A

nj
j:aj ;as;b

ðzjÞaj ðzsÞas tb

0
BBB@

1
CCCA¼ 0;

we obtain A
g
k:ak ;as;b

¼ 0 for jakj ¼ 2. Secondly, we assume A
g
k:ak ;as;b

¼ 0 for

jakj ¼ d � 1. Now pick up the ðd þ 2Þnd order terms of zj and zj for
j ¼ 1; . . . s� 1. The same argument leads to the matrix equation:P

A1
j:a1

j
¼1;as;b

ðzsÞas tb � � �
P

A
nj

j:a1
j
¼1;as;b

ðzsÞas tb

..

. . .
. ..

.P
A1

j:a
nj

j
¼1;as;b

ðzsÞas tb � � �
P

A
nj

j:a
nj

j
¼1;as;b

ðzsÞas tb

0
BBBB@

1
CCCCAð38Þ
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�

P
jaj j¼d A

1
j:aj ;as;b

ðzjÞaj ðzsÞas tb

..

.P
jaj j¼d A

nj
j:aj ;as;b

ðzjÞaj ðzsÞas tb

0
BBB@

1
CCCA¼ 0:

Therefore we obtain A
g
k:ak ;as;b

¼ 0 for jakj ¼ d, which proves Claim 2. r

As a result, the expansion (26) of f
g
k is reduced to

f
g
k ðz; tþ ipÞ ¼

X
jasjb0
bb0

A
g
k:1;as;b

z1kðzsÞ
asðtþ ipÞb þ � � �ð39Þ

þ
X
jasjb0
bb0

A
g
k:nk ;as;b

znkk ðzsÞasðtþ ipÞb

for k ¼ 1; . . . ; s� 1.
Next we shall obtain the relations among coe‰cients A

g
k:1;as;b

; . . . ;Ag
k:nk ;as;b

.

Claim 3. The relation

A
g
k;l;as;b

¼
A

g
k:l;0;0

A1
k:l;0;0

A1
k:l;as;b

ð40Þ

holds for l ¼ 1; . . . ; nk.

We apply the coordinate function ~zzgj ð j ¼ 1; . . . ; s� 1Þ to

f�Ej ¼
Xs�1

l¼1

X
b A f2;...;nlg

Pl
j;b

~WW b
l þ

Xs�1

l¼1

Ql
j
~EEl þ

X
a A Is

Rj;a
~ZZ a
sð41Þ

to get a matrix equation

Ej f
1
j

..

.

Ej f
nj
j

0
BBB@

1
CCCA¼

�
f 2
j f 1

j

j fjj2
�

f 3j f 1j

j fjj2
� � � �

f
nj
j f 1j

j fjj2
f 1j

mj

1�
j f 2j j

2

j fjj2
�

f 3j f 2j

j fjj2
� � � �

f
nj
j f 2j

j fjj2
f 2j

mj

�
f 2
j f 3

j

j fjj2
1�

j f 3
j j

2

j fj j2
� � � �

f
nj
j f 3j

j fjj2
f 3j

mj

..

. ..
. . .

. ..
. ..

.

�
f 2j f

nj
j

j fjj2
�

f 3
j f

nj
j

j fjj2
� � � 1�

j f nj
j j2

j fj j2
f
nj
j

mj

0
BBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCA

P
j
j;2

..

.

P
j
j;nj

Q
j
j

0
BBBBBB@

1
CCCCCCA:ð42Þ
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Note that the inverse matrix in the right hand side is the transposition of (31). It
follows from Pl

j;b ¼ 0 that

Ej f
1
j � f b

j � Ej f
b
j � f 1

j ¼ 0ð43Þ

for b ¼ 1; . . . ; nj and j ¼ 1; . . . ; s� 1. This means that

f
b
j

qf 1j

qt
� f 1j

qf
b
j

qt
¼ 0:ð44Þ

Similarly we write down f�Z
a
s by the combination of ~WW b

l ,
~EEl , and ~ZZ b

s , and apply
the coordinate function ~zzgj to get

f
b
j

qf 1j

qzas
� f 1j

qf
b
j

qzas
¼ 0:ð45Þ

The equations (44) and (45) imply that f
b
j =f

1
j is independent of zas and t. Pick

up the terms with ðzlj Þ
2 from

f 1j ðz; tþ ipÞjzs¼t¼0 f
b
j ðz; tþ ipÞ ¼ f

b
j ðz; tþ ipÞjzs¼t¼0 f

1
j ðz; tþ ipÞ;ð46Þ

we obtain Claim 3. r

The coe‰cient A
g
j:l;as;b

is decomposed into ‘‘l-part’’ and ‘‘non l-part’’.

Claim 4. The coe‰cient A
g
j:l;as;b

¼ A
g
j:l;0;0A

1
j:l;as;b

=A1
j:l;0;0 is decomposed as

A
g
j:l;as;b

¼
A

g
j:l;0;0

A1
j:1;0;0

eiyl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jA1

j:1;0;0j
2 þ � � � þ jAnj

j:1;0;0j
2

jA1
j:l;0;0j

2 þ � � � þ jAnj
j:l;0;0j

2

vuut A1
j:1;as;b

:ð47Þ

For simplicity, we divide into the ‘‘l-part’’ and ‘‘non l-part’’.

A
g
j:l ¼

A
g
j:l;0;0

A1
j:1;0;0

eiyl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jA1

j:1;0;0j
2 þ � � � þ jAnj

j:1;0;0j
2

jA1
j:l;0;0j

2 þ � � � þ jAnj
j:l;0;0j

2

vuutð48Þ

Aj:as;b ¼ A1
j:1;as;b

:ð49Þ

We use the first equation in (32). Since W 1
j f

b
j is calculated as

W 1
j f

b
j ¼

X
jasj;bb0

A
b
j:1;0;0

A1
j:1;0;0

A1
j:1;as;b

ðzsÞasðtþ ipÞb �
z1j

jzjj2
f
b
j ;ð50Þ

the first equation in the system (32) is written as

jzjj2ðA1
j:1;0;0 f

1
j þ � � � þ A

nj
j:1;0;0 f

nj
j Þ

X
jasj;bb0

A1
j:1;as;b

ðzsÞasðtþ ipÞbð51Þ

� z1j A
1
j:1;0;0ðj f 1

j j
2 þ � � � þ j f nj

j j2Þ ¼ 0:
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Pick up the coe‰cient of jzlj j
2
z1j with l0 g to get

X
jasj;bb0

A1
j:l;as;b

ðzsÞas tb
������

������
2

ð52Þ

¼
X

jasj;bb0

A1
j:1;as;b

ðzsÞas tb
������

������
2

jA1
j:l;0;0j

2

jA1
j:1;0;0j

2

jA1
j:1;0;0j

2 þ � � � þ jAnj
j:1;0;0j

2

jA1
j:l;0;0j

2 þ � � � þ jAnj
j:l;0;0j

2
:

This leads to the relation:

A1
j:l;as;b

¼ eiylA1
j:1;as;b

A1
j:l;0;0

A1
j:1;0;0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jA1

j:1;0;0j
2 þ � � � þ jAnj

j:1;0;0j
2

jA1
j:l;0;0j

2 þ � � � þ jAnj
j:l;0;0j

2

vuut ;ð53Þ

and therefore to the conclusion of Claim 4. r

Now we have proved that the expansion (39) of f
g
j is reduced to

f
g
j ¼

Xnj
l¼1

A
g
j:lz

l
j

X
jasj;bb0

Aj:as;bðzsÞ
asðtþ ipÞbð54Þ

for j ¼ 1; . . . ; s� 1.
Next, we show that the matrix ðAg

j:lÞg;l is a constant multiple of a unitary
matrix.

Claim 5.

A1
j:1 � � � A

nj
j:1

..

. . .
. ..

.

A1
j:nj

� � � A
nj
j:nj

0
BBB@

1
CCCA A aUðnjÞ:ð55Þ

Here a A R and UðnjÞ is a unitary matrix of size nj.

Substitute (54) into the ath equation in (32) and we get

Xnj
l¼1

A1
j:lz

l
j fjzjj

2A1
j:a � zaj z

b
j A

1
j:bg þ � � � þ

Xnj
l¼1

A
nj
j:lz

l
j fjzjj

2A
nj
j:a � zaj z

b
j A

nj
j:bg ¼ 0:ð56Þ

The coe‰cients of jzlj j
2
zaj satisfy the equation:

jA1
j:1j

2 þ � � � þ jAnj
j:1 j

2 ¼ jA1
j:2j

2 þ � � � þ jAnj
j:2 j

2 ¼ � � � ¼ jA1
j:nj

j2 þ � � � þ jAnj
j:nj

j2:ð57Þ
We denote this constant by a. The coe‰cients with the variable zaj z

g
j z

b
j in (56)

with a, b and g being di¤erent mutually, satisfy

A1
j:gA

1
j:b þ � � � þA

nj
j:gA

nj
j:b ¼ 0:ð58Þ

These two relations imply the conclusion of Claim 5. r
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By substituting (48) into (57), we conclude that

jA1
j:1;0;0j

2 þ � � � þ jAnj
j:1;0;0j

2 ¼ jA1
j:l;0;0j

2 þ � � � þ jAnj
j:l;0;0j

2ð59Þ

for l ¼ 2; . . . ; nj. Therefore we get A
b
j:l ¼ A

b
j:l;0;0e

iyl=A1
j:1;0;0 from (48). There-

fore f
g
j can be written as

f
g
j ¼

Xnj
l¼1

A
g
j:l;0;0e

iylzlj

X
as;b

A1
j:1;as;b

A1
j:1;0;0

ðzsÞasðtþ ipÞb;ð60Þ

where ðð1=aÞAg
j:l;0;0Þg;l A UðnjÞ. Applying the coordinate functions ~zzgk, ~zzgs and

~zznþ1 to the push forward

f�Ej ¼
Xs�1

l¼1

Ql
j
~EEl þ

X
a A Is

Rj;a
~ZZ a
sð61Þ

for j0 k, we get

Ej f
g
k ¼

Qk
j

mk

f
g
k ;ð62Þ

Ej f
g
s ¼ Rj; g;ð63Þ

Ej fnþ1 ¼ 2 i
Xs�1

l¼1

Ql
j j fl j

2ml þ i
X
a A Is

Rj;a f
a
s

 !
:ð64Þ

The j ¼ k case, Q j
j is calculated from (42). Substitute the expansion of f into

(62), then we obtain

Qk
j ¼ dkj þ 2mkijzjj2mj

P
A1

k:1;as;b
ðzsÞasðtþ ipÞb�1

bP
A1

k:1;as;b
ðzsÞasðtþ ipÞb

:ð65Þ

On the other hand, Ej f
a
s and Ej fnþ1 are calculated explicitly as

Ej f
a
s ¼ 2ijzjj2mj

qf a
s

qt
; Ej fnþ1 ¼ 2ijzjj2mj

qfnþ1

qt
:ð66Þ

Combining these with (62), (63), (64) and (65), and the fact that
ðð1=aÞAg

j:l;0;0Þg;l A UðnjÞ, and setting z1 ¼ � � � ¼ zs�1 ¼ 0, we conclude that

qfnþ1

qt

����
z1¼���¼zs�1¼0

� 2i
X
a A Is

f a
s

qf a
s

qt

� �����
z1¼���¼zs�1¼0

ð67Þ

¼
XA1

j:1;as;b

A1
j:1;0;0

ðzsÞasðtþ ijzsj2Þb
ffiffiffi
a

p
�����

�����
2mj

;
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which implies that the right hand side does not depend on j and therefore we can
write as XA1

j:1;as;b

A1
j:1;0;0

ðzsÞasðtþ ipÞb
ffiffiffi
a

p
 !mj

¼
X

ÂAas;bðzsÞ
asðtþ ipÞb:ð68Þ

This does not vanish locally as the next Claim.

Claim 6. ÂA0;0 0 0, therefore we can write asXA1
j:1;as;b

A1
j:1;0;0

ðzsÞasðtþ ipÞb
ffiffiffi
a

p
¼ 1

ð
P

Das;bðzsÞ
asðtþ ipÞbÞ1=mj

:ð69Þ

Assume that D0;1 0 0. Remind that the decomposition in Theorem 1.1 has
two cases: J ¼ I or identity. The case D0;1 0 0 corresponds to the case of
J ¼ I . We shall treat the case D0;1 ¼ 0 at the end of this section. It follows
from (68) that

j fjj2mj ¼ jzjj2mj
X

ÂAas;bðzsÞ
asðtþ ipÞb

��� ���2ð70Þ

for j ¼ 1; . . . ; s� 1. Expand f a
s and fnþ1 as

f a
s ¼

X
Sas;bðzsÞ

asðtþ ipÞb
X

ÂAas;bðzsÞ
asðtþ ipÞb;ð71Þ

fnþ1 ¼
X

Nas;bðzsÞ
asðtþ ipÞb

X
ÂAas;bðzsÞ

asðtþ ipÞb:ð72Þ

Substitute these expansions into

1

2i
ð fnþ1 � fnþ1Þ ¼

Xs�1

j¼1

j fjj2mj þ j fsj2ð73Þ

and pick up the terms without zs and zs, which satisfy the following:X
ÂA0;bðtþ ipsÞb

X
N0;bðtþ ipsÞb �

X
ÂA0;bðt� ipsÞb

X
N0;bðt� ipsÞbð74Þ

¼ 2i
X

ÂA0;bðtþ ipsÞb
��� ���2ps þ 2i

X
ÂA0;bðtþ ipsÞb

��� ���2 XS0;bðtþ ipsÞb
��� ���2:

Here we denote by ps ¼
Ps�1

l¼1 jzl j
2ml . In this equation, the terms with t and with

ps are the following:X
ÂA0;bt

b
X

N0;bt
b �

X
ÂA0;bt

b
X

N0;bt
bð75Þ

¼ 2i
X

ÂA0;bt
b

��� ���2 XS0;bt
b

��� ���2;X
ÂA0;bðipsÞb

X
N0;bðipsÞb �

X
ÂA0;bð�ipsÞb

X
N0;bð�ipsÞbð76Þ

¼ 2i
X

ÂA0;bðipsÞb
��� ���2ps þ 2i

X
ÂA0;bðipsÞb

��� ���2 XS0;bðipsÞb
��� ���2:
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Assume that ÂA0;0 ¼ 0. Pick up the terms with t1 from (75) and terms with ps
from (76), then we get ÂA0;1N0;0 ¼ 0. So, we have three cases, Case (1)
ÂA0;0 ¼ ÂA0;1 ¼ 0 and N0;0 0 0, Case (2) ÂA0;0 ¼ N0;0 ¼ 0 and ÂA0;1 0 0, Case (3)
ÂA0;0 ¼ ÂA0;1 ¼ N0;0 ¼ 0. First we consider Case (1). We pick up the terms
with tb from (75) and tb�1ps from (74) for b ¼ 2; . . . repeatedly, then we get
ÂA0;b ¼ 0. Substitute this into (70) and expansions of f a

s and fnþ1. Pick up the
terms which contain only t and zs from (73). Then we conclude that fnþ1 1 0,
which is a contradiction. Next we consider the Case (2). Pick up the terms
with t2 in (75), with ðpsÞ2 in (76), with tps in (74), with t2ps in (74) and with ðpsÞ3
in (76), we obtain ÂA0;1 ¼ 0, which is a contradiction. Therefore only Case (3)
remains. In Case (3), by picking up the terms with t3 in (75) and with ðpsÞ3 in
(76), we have three cases: Case (1) ÂA0;0 ¼ ÂA0;1 ¼ ÂA0;2 ¼ N0;0 ¼ 0 and N0;1 0 0,

Case (2) ÂA0;0 ¼ ÂA0;1 ¼ N0;0 ¼ N0;1 ¼ 0 and ÂA0;2 0 0, Case (3) ÂA0;0 ¼ ÂA0;1 ¼
ÂA0;2 ¼ N0;0 ¼ N0;1 ¼ 0. Making use of the same arguments as above, we prove
that only Case (3) remains. Then we repeat this proccess and by induction, we

obtain that only the case ÂA0;0 ¼ ÂA0;1 ¼ ÂA0;2 ¼ � � � ¼ 0 and N0;0 ¼ N0;1 ¼ � � � ¼ 0
happens, which implies that fnþ1 1 0. Therefore we conclude Claim 6. r

Now we have shown that components of f are expanded as

f a
j ¼

Xnj
l¼1

Aa
j:lffiffiffi
a

p zlj e
iyl

1

ð
P

jasj;bb0 Das;bðzsÞ
asðtþ ipÞbÞ1=mj

;ð77Þ

f b
s ¼

X
jasj;bb0

Sas;bðzsÞ
asðtþ ipÞb 1P

jasj;bb0 Das;bðzsÞ
asðtþ ipÞb

;ð78Þ

fnþ1 ¼
X

jasj;bb0

Nas;bðzsÞ
asðtþ ipÞb 1P

jasj;bb0 Das;bðzsÞ
asðtþ ipÞb

;ð79Þ

and, for each j, the matrix ðAa
j:le

iyl=
ffiffiffi
a

p
Þl;a is a unitary matrix.

Claim 7. Das;b, Sas;b and Nas;b vanish for jasj þ bb 2.

Applying vector fields Z a
s , Ej, Z

a
s Z

b
s , EjZ

a
s and EjEi to (73), the following

relations hold:X
Das;bðzsÞ

asðt� ipÞb
X

Nas;b
q

qzas

� �
ðzsÞasðtþ ipÞbð80Þ

þ 2izas �
X

Nas;bðzsÞ
asðt� ipÞb

X
Das;b

q

qzas

� �
ðzsÞasðtþ ipÞb

� 2i
X
g A Is

X
S

g
as;b

ðzsÞasðt� ipÞb
X

S
g
as;b

q

qzas

� �
ðzsÞasðtþ ipÞb

� �
¼ 0;

X
Nas;bðzsÞ

asðt� ipÞb
X

Das;bðzsÞ
asbðtþ ipÞb�1 þ 1ð81Þ
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�
X

Das;bðzsÞ
asðt� ipÞb

X
Nas;bðzsÞ

asbðtþ ipÞb�1

þ 2i
X
g A Is

X
S

g
as;b

ðzsÞasðt� ipÞb
X

S
g
as;b

ðzsÞasbðtþ ipÞb�1
� �

¼ 0;

X
Nas;b

q

qz
b
s

� �
ðzsÞasðt� ipÞb � 2izbs

X
Nas;bðzÞ

as
s bðt� ipÞb�1

� �
ð82Þ

�
X

Das;b
q

qzas

� �
ðzsÞasðtþ ipÞb

�
X

Das;b
q

qz
b
s

� �
ðzsÞasðt� ipÞb � 2izbs

X
Das;bðzsÞ

asbðt� ipÞb�1

� �

�
X

Nas;b
q

qzas

� �
ðzsÞasðtþ ipÞb

þ 2i
X
g A Is

X
S

g
as;b

q

qz
b
s

� �
ðzsÞasðt� ipÞb� 2izbs

X
S

g
as;b

ðzsÞasbðt� ipÞb�1

� �

�
X

S
g
as;b

q

qzas

� �
ðzsÞasðtþ ipÞb � 2idab ¼ 0;

X
Nas;b

q

qzas

� �
ðzsÞasðt� ipÞb

X
Das;bðzsÞ

asbðtþ ipÞb�1ð83Þ

�
X

Das;b
q

qzas

� �
ðzsÞasðt� ipÞb

X
Nas;bðzsÞ

asbðtþ ipÞb�1

þ 2i
X
g A Is

X
S

g
as;b

q

qzas

� �
ðzsÞasðt� ipÞb

X
S

g
as;b

ðzsÞasbðtþ ipÞb�1

� �
¼ 0;

X
Nas;bðzsÞ

asbðt� ipÞb�1
X

Das;bðzsÞ
asbðtþ ipÞb�1ð84Þ

�
X

Das;bðzsÞ
asbðt� ipÞb�1

X
Nas;bðzsÞ

asbðtþ ipÞb�1

þ 2i
X
g A Is

X
S

g
as;b

ðzsÞasbðt� ipÞb�1
X

S
g
as;b

ðzsÞasbðtþ ipÞb�1
� �

¼ 0:

The constant terms in (82), (83) and (84) satisfy

N
a
b
s ¼1;0

Daa
s ¼1;0 �D

a
b
s ¼1;0

Na a
s ¼1;0 þ 2i

X
g A Is

S
g

a
b
s ¼1;0

S
g
a a
s ¼1;0 � 2idba ¼ 0;ð85Þ

Na a
s ¼1;0 ¼

1

D0;1

Da a
s ¼1;0N0;1 þ 2i

X
g A Is

S
g
aa
s ¼1;0S

g
0;1

 !
;ð86Þ

N0;1D0;1 �D0;1N0;1 þ 2i
X
g A Is

S
g
0;1S

g
0;1 ¼ 0:ð87Þ
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Define C g
s;a to be S

g
a a
s ¼1;0 ¼ C g

s;a þDa a
s ¼1;0S

g
0;1=D0;1. Then the above three equa-

tions imply that the matrix ðC g
s;aÞg;a is a unitary matrix. Next we pick up the

coe‰cients of t, p1 and zas from (80), (83) and (82), those of t and p1 from
(84) and those of t from (81). The constant term of (84) together with these
coe‰cients lead the matrix equations:

A

D0;2

N0;2

S1
0;2

..

.

Sns
0;2

0
BBBBBBB@

1
CCCCCCCA

¼ A

Da a
s ¼1;1

Na a
s ¼1;1

S1
aa
s ¼1;1

..

.

Sns
aa
s ¼1;1

0
BBBBBBBB@

1
CCCCCCCCA

¼ A

Da a
s ¼2;0

Na a
s ¼2;0

S1
a a
s ¼2;0

..

.

Sns
a a
s ¼2;0

0
BBBBBBBB@

1
CCCCCCCCA

¼ 0ð88Þ

for

A ¼

N0;0 �D0;0 2iS1
0;0 � � � 2iS ns

0;0

N0;1 �D0;1 2iS1
0;1 � � � 2iS ns

0;1

Na1
s ¼1;0 �Da1

s ¼1;0 2iS1
a1s ¼1;0

� � � 2iS ns
a1s ¼1;0

..

. ..
. ..

. . .
. ..

.

Nans
s ¼1;0 �Dans

s ¼1;0 2iS1
a1s ¼1;0

� � � 2iS ns
ans
s ¼1;0

0
BBBBBBBB@

1
CCCCCCCCA
:ð89Þ

By substituting (86) and the constant terms in (81) into A, it is easy to show that
the determinant of A equals to �ð2iÞnsD0;1=D0;1ð0 0Þ. Therefore we obtain the
result of Claim 7 for jasj þ b ¼ 2. Assume that Claim 7 holds for 2a jasj þ ba
k � 1. Let

K a
k ¼ fðas; bÞ : jasj þ b ¼ k; aa

s b 1g; J k ¼ fðas; bÞ : jasj þ b ¼ k; bb 1g:ð90Þ

Pick up the terms of order k � 1 from (80) to (84). Then we obtain the matrix
equations:

A

P
K k

a
Das;b

q

qzas

� �
ðzsÞas tb

P
K k

a
Nas;b

q

qzas

� �
ðzsÞas tb

P
K k

a
S1
as;b

q

qzas

� �
ðzsÞas tb

..

.

P
K k

a
Sns
as;b

q

qzas

� �
ðzsÞas tb

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

¼ 0ð91Þ
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and

A

P
J k Das;bðzsÞ

asbtb�1P
J k Nas;bðzsÞ

asbtb�1P
J k S1

as;b
ðzsÞasbtb�1

..

.P
J k S

ns
as;b

ðzsÞasbtb�1

0
BBBBBBBB@

1
CCCCCCCCA

¼ 0ð92Þ

for the matrix A above. Therefore Claim 7 holds for ðas; bÞ A Kk
a U J k. Since

a moves in Is, Claim 7 holds for all jasj þ b ¼ k. By induction, we conclude
Claim 7. r

Now we have proved that the Taylor expansions of components of f are the
following:

f
g
j ¼

Xnj
l¼1

A
g
j:lz

l
j

1

ð
P

jasjþba1 Das;bðzsÞ
asðtþ ipÞbÞ1=mj

;ð93Þ

f a
s ¼

X
jasjþba1

S a
as;b

ðzsÞasðtþ ipÞb 1P
jasjþba1 Das;bðzsÞ

asðtþ ipÞb
;ð94Þ

fnþ1 ¼
X

jasjþba1

Nas;bðzsÞ
asðtþ ipÞb 1P

jasjþba1 Das;bðzsÞ
asðtþ ipÞb

;ð95Þ

where the matrix ðAg
j:lÞg;l is a unitary matrix for each j ¼ 1; . . . ; s� 1.

Next we shall obtain the relations of the coe‰cients of f . First, we pick up
the constant terms in (80) and (81). They satisfy the following:

Da1s ¼1;0 �2iS1
a1
s ¼1;0

� � � �2iS ns
a1s ¼1;0

..

. ..
. . .

. ..
.

Dans
s ¼1;0 �2iS1

ans
s ¼1;0 � � � �2iS ns

ans
s ¼1;0

D0;1 �2iS1
0;1 � � � �2iS ns

0;1

0
BBBBBB@

1
CCCCCCA

N0;0

S1
0;0

..

.

Sns
0;0

0
BBBBB@

1
CCCCCAð96Þ

¼

D0;0Na1s ¼1;0

..

.

D0;0Nans
s ¼1;0

�1þD0;0N0;1

0
BBBBB@

1
CCCCCA:

The determinant of the matrix in this equation does not vanish and therefore
we get
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S1
0;0

..

.

Sns
0;0

0
BBB@

1
CCCA¼

D0;0S
1
0;1

D0;1
� 1

2iD0;1

ðC1
s;1Da1s ¼1;0 þ � � � þ C 1

s;ns
Dans

s ¼1;0Þ

..

.

D0;0S
ns
0;1

D0;1
� 1

2iD0;1

ðCns
s;1Da1s ¼1;0 þ � � � þ Cns

s;ns
Dans

s ¼1;0Þ

0
BBBBBBB@

1
CCCCCCCA

ð97Þ

and

N0;0 ¼
D0;0N0;1 � 1

D0;1

þ 2ijS0;1j2
D0;0

jD0;1j2
ð98Þ

� 1

ðD0;1Þ2
fS1

0;1ðC 1
s;1Da1s ¼1;0 þ � � � þ C1

s;ns
Dans

s ¼1;0Þ

þ � � � þ Sns
0;1ðC

ns
s;1Da1

s ¼1;0 þ � � � þ Cns
s;ns

Dans
s ¼1;0Þg:

Claim 8. The coe‰cients of f satisfy the relations:

N0;1D0;1 �N0;1D0;1 þ 2ijS0;1j2 ¼ 0;ð99Þ
2iðD0;0D0;1 �D0;0D0;1Þ þ jDa1

s ¼1;0j2 þ � � � þ jDans
s ¼1;0j2 ¼ 0:ð100Þ

The first relation comes from the constant terms of (84). Substitute (93),
(94) and (95) into (73) and the constant terms of the resulting equation is

D0;0N0;0 �D0;0N0;0 ¼ 2ijS0;0j2:ð101Þ

Together this with (97) and (98) implies the second relation.
In case of D0;1 ¼ 0, by the suitable change of the argument, we get the

coe‰cients relations,

S0;1 ¼ 0; Daa
s ¼1;0 ¼ 0; 1�D0;0N0;1 ¼ 0;ð102Þ

D0;0Na a
s ¼1;0 � 2i

X
g A Is

S
g
0;0S

g
a a
s ¼1;0 ¼ 0:

As a summary, the CR mapping under consideration has expansion (93),
(94) and (95) with coe‰cients relations (86) and (97), (98), (99) and (100) or with
relation (102).

4. Comparison of expansion and integers mj and nj

In this section, we compare our result with [MM10], and modification of the
decomposition of holomorphic tangent bundle.
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4.1. Specify the coe‰cients. If we put Das;b, Sas;b and Nas;b and matrices
ðC g

s;aÞg;a and ðAg
jlÞg;l to be special forms, our expansions become the ones in

[MM10]. In case of J ¼ I , we put

D0;1 ¼ 1=r; D0;0 ¼ ðt0 þ ijasj2Þ=r; S a
0;1 ¼ ba

s =r; Daa
s ¼1;0 ¼ �2aa

s =ir;ð103Þ

ðAg
j;lÞg;l ¼ Bj; ðC g

s;aÞg;a ¼ Bs; Im N0;1 ¼ jbsj2=r:

In case J being an identity, we put

D0;0 ¼ 1=N0;1 ¼ 1=r; Das;b ¼ 0 for other as and b;ð104Þ
ðS a

a
b
s ¼1;0

Þa;b ¼ Bs;

S0;1 ¼ 0; S0;0 ¼ Bsas þ bs=r; Nas¼1;0 ¼ 2iras þ 2iBt
s � bs;

N0;0 ¼ bnþ1=rþ ranþ1 þ 2iBsas � bs:

Here Bt
s is a transpose of a matrix Bs.

4.2. Modification of the decomposition. Next we make a remark about mj

and nj. The analogous argument here works for some mj ¼ 1. If there exists j
with mj ¼ 1, the zj components of c and fa should be changed as Bjzsð jÞ to
Bjzsð jÞ þ bj and zj to zj þ aj .

If there exists j with nj ¼ 1, then the subbundle Wj is empty for such j, and
if all nj ¼ 1, our hypersurface M is a boundary of pseudoellipsoid. Therefore
the mixed case, some nj ¼ 1 and the others nj > 1, is considered here. If
n1 ¼ � � � ¼ nj0�1 ¼ 1 and the rests are bigger than 1, then the decomposition
(13) will be

T 1;0M ¼ Wj0 l � � � lWs�1 lWs lEð105Þ

and after small modification of our argument shows that the zj component in c
should be changed as Bjzj to eiyj zj .

Part 2. Infinitesimal CR automorphism method

5. CR automorphism group and infinitesimal CR automorphism

For any p A M, we let AutðM; pÞ denote the set of germs H of biholo-
morphisms near p, with HðMÞHM and HðpÞ ¼ p. A smooth real vector field
X defined in a neighborhood of p A M is called an infinitesimal CR auto-
morphism if the one-parameter group of transformation exp tX is a CR
di¤eomorphism. We denote by holðM; pÞ the Lie algebra generated by the
infinitesimal CR automorphisms. Then M. S. Baouendi, P. Ebenfelt, L. P.
Rothschild proved the correspondence between AutðM; pÞ and holðM; pÞ. In the
next theorem, for definition of holomorphically nondegeneracy and minimality
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and their properties, refer to the book [BER99]. Note that the boundary of
a generalized ellipsoid M under consideration satisfies the condition of their
theorem.

Theorem 5.1 ([BER98]). Let M be a real analytic, holomorphically non-
degenerate, generic submanifold of CN which is minimal at some point. For all
p A M, there exist a unique topology on the group AutðM; pÞ with respect to which
it is a Lie group whose Lie algebra is holðM; pÞ.

In what follows, we omit the reference point. This theorem implies that, in
order to classify CR automorphisms, we need to classify holðMÞ and compute
the one-parameter group of transformations of them. To obtain the explicit
form of X A holðMÞ, we need the following characterization, whose proof appears
in [BER99].

Theorem 5.2. Let MHCN be a smooth generic submanifold, and let X be a
smooth real vector field on M defined in an open subset U HM. Then X is an
infinitesimal CR automorphism of M if and only if

X ¼
XN
j¼1

aj
q

qzj
þ aj

q

qzj

� �
;ð106Þ

where the aj, j ¼ 1; . . . ;N are CR functions in U.

Using this characterization, we can determine the coe‰cients of X .

Lemma 5.1. Let

X ¼ 2 Re
Xs
j¼1

X
a A Ij

ga
j ðz; znþ1Þ

q

qzaj
þ gnþ1ðz; znþ1Þ

q

qznþ1

0
@

1
Að107Þ

be an infinitesimal CR automorphism of the boundary of a generalized ellipsoid.
Then coe‰cients have the following expansions:

ga
j ðz; znþ1Þ ¼

1

mj

ðaznþ1 þ bÞzaj þ
X
b A Ij
a0b

aa
j;bz

b
j ;ð108Þ

ga
s ðz; znþ1Þ ¼ ca þ ðaznþ1 þ bÞzas þ

X
b A Is
a0b

aa
s;bz

b
s ;ð109Þ

gnþ1ðz; znþ1Þ ¼ aðznþ1Þ2 þ ðbþ bÞznþ1 þ d þ 2i
X
b A Is

cbzbs ;ð110Þ

where aa
j;b þ a

b
j;a ¼ 0 for j ¼ 1; . . . ; s, a; b A Ij, a; d A R, and cb; b A C.
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Proof. Write

ga
j ðz; znþ1Þ ¼

X
jajb0

ga
j;aðznþ1ÞðzÞa; j ¼ 1; . . . ; s;ð111Þ

gnþ1ðz; znþ1Þ ¼
X
jajb0

gnþ1;aðznþ1ÞðzÞa:ð112Þ

Here ga
j;aðznþ1Þ and gnþ1;aðznþ1Þ are holomorphic functions of znþ1 and a ¼

ða1; . . . ; asÞ A ðZb0Þn, aj ¼ ða1j ; . . . ; a
nj
j Þ A ðZb0Þnj are multi-indices.

Applying the defining equation �Im znþ1 þ pðz; zÞ ¼ 0 to X and restrict it
to M, we have

Xs�1

j¼1

X
a A Ij

ga
j ðz; tþ ipÞmj jzj j2ðmj�1Þ

zaj þ
X
a A Is

ga
s ðz; tþ ipÞzasð113Þ

� 1

2i
gnþ1ðz; tþ ipÞ þ

Xs�1

j¼1

X
a A Ij

ga
j ðz; t� ipÞmj jzj j2ðmj�1Þ

zaj

þ
X
a A Is

ga
s ðz; t� ipÞzas þ

1

2i
gnþ1ðz; t� ipÞ ¼ 0:

Setting z ¼ 0 in (113) gives

� 1

2i
gnþ1ðz; tÞ þ

1

2i
gnþ1ð0; tÞ þ

X
a A Is

gsð0; tÞzas ¼ 0:ð114Þ

Setting z ¼ 0 gives

gnþ1;0ðtÞ ¼ gnþ1;0ðtÞ:ð115Þ
Substitute this into the equation (114) to obtain

gnþ1ðz; tÞ ¼ gnþ1;0ðtÞ þ 2i
X
a A Is

ga
s;0ðtÞzas :ð116Þ

Substituting (115) and (116) into (113),

Xs�1

j¼1

X
a A Ij

mj jzj j2ðmj�1Þfga
j ðz; tþ ipÞzaj þ ga

j ðz; t� ipÞzaj gð117Þ

þ
X
a A Is

ga
s ðz; tþ ipÞzas þ

X
a A Is

ga
s ðz; t� ipÞzas

� 1

2i
gnþ1;0ðtþ ipÞ þ 2i

X
a A Is

ga
s;0ðtþ ipÞzas

( )

þ 1

2i
gnþ1;0ðt� ipÞ � 2i

X
a A Is

ga
s;0ðt� ipÞzas

( )
¼ 0:
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For simplicity, we write q=qz ¼ qz. Apply qz as qz bs
and qz a

j
qz g

k
q
z
b
s

to (117) and

evaluate the resulting equations at z ¼ z ¼ 0. These give

dabgnþ1;0
0ðtÞ ¼ g

b
s;a a

s ¼1ðtÞ þ ga

s;a b
s ¼1

ðtÞ;ð118Þ

g
b

s;aa
s ¼a

g
s ¼1

ðtÞ ¼ 2idbag
g
s;0

0ðtÞ ¼ 2idbg g
a
s;0

0ðtÞ ¼ iðdbag
g
s;0

0ðtÞ þ dbg g
a
s;0

0ðtÞÞ;ð119Þ

g
b

s;a
g

k
¼a a

j
¼1
ðtÞ ¼ 0 j; k0 s:ð120Þ

Similarly, applying qz a1
j1

qz a2
j2

� � � qz an
jn
q
z
b
s
ðnb 3Þ to (117), we obtain the relation

gb
s;aðtÞ ¼ 0ð121Þ

for jajb 3. Substitute these relations obtained above into (117), it becomes

Xs�1

j¼1

X
a A Ij

mj jzj j2ðmj�1Þfga
j ðz; tþ ipÞzaj þ ga

j ðz; t� ipÞzaj gð122Þ

þ 1

2i
ðgnþ1;0ðt� ipÞ � gnþ1;0ðtþ ipÞÞ

þ
X
a A Is

zas

(
ga
s;0ðtþ ipÞ � ga

s;0ðt� ipÞ

þ 2iðzas Þ
2
ga
s;0

0ðt� ipÞ þ
X
b A Is

ga

s;a
b
s ¼1

ðtþ ipÞzbs

)

þ
X
a A Is

zas

(
ga
s;0ðt� ipÞ � ga

s;0ðtþ ipÞ

� 2iðzas Þ
2
ga
s;0

0ðtþ ipÞ þ
X
b A Is

ga

s;a
b
s ¼1

ðt� ipÞzbs

)
¼ 0:

Expand ga
s;a and ga

s;a in the above equation in a Taylor series about u, and pick

up the terms with homogeneous degree 3, 4, 6 in zs and zs. Then we obtain

ga
s;0 ¼ cas ¼ constant;ð123Þ

ga

s;a
b
s ¼1

0ðtÞ ¼ g
b
s;a a

s ¼1
0ðtÞ for a0 b;ð124Þ

ga
s;a a

s ¼1
0ðtÞ is a real valued function;ð125Þ X

b A Is

zbs

X
a A Is

g
b
s;a a

s ¼1
00ðtÞzas þ

X
b A Is

zbs

X
a A Is

g
b
s;a a

s ¼1
00ðtÞzas �

1

3
gnþ1;0

000ðtÞjzsj2 ¼ 0:ð126Þ

Combining these with (118), (119) and (120), we conclude that ga
s and gnþ1 have

the following forms,
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ga
s ðz; znþ1Þ ¼ ca þ ðaznþ1 þ bÞzas þ

X
b A Is
a0b

aa
s;bz

b
s ;ð127Þ

gnþ1ðz; znþ1Þ ¼ aðznþ1Þ2 þ ðbþ bÞznþ1 þ d þ 2i
X
b A Is

cbzbs ;ð128Þ

where aa
s;b þ ab

s;a ¼ 0 and a; d A R, b; cb A C. These are the conclusion of ga
s and

gnþ1.
Substitute these into (113) and the resulting equation becomes

Xs�1

j¼1

X
a A Ij

mjjzjj2ðmj�1Þfzaj ga
j ðz; tþ ipÞ þ zaj g

a
j ðz; t� ipÞgð129Þ

þ ð2atþ bþ bÞðjzsj2 � pÞ ¼ 0:

Evaluating z ¼ ð0; . . . ; 0; zj; 0; . . . ; 0Þ, z ¼ ð0; . . . ; 0; zj; 0; . . . ; 0Þ, then we have

mj

X
a A Ij

fzaj ga
j ðzj ; tþ ijzjj2mj Þ þ zaj g

a
j ðzj ; t� ijzjj2mj Þg ¼ ð2atþ bþ bÞjzjj2:ð130Þ

Evaluating zj ¼ 0 and zj ¼ ð0; . . . ; 0; zaj ; 0; . . . ; 0Þ we get ga
j;0ðtÞ ¼ 0. Applying

qz a
j
q
z
b
j

to (130) and evaluating zj ¼ zj ¼ 0, we get

ga

j;a b
j
¼1
ðtÞ þ g

b
j;a a

j
¼1ðtÞ ¼ 0; for a0 b;ð131Þ

ga
j;a a

j
¼1ðtÞ þ ga

j;a a
j
¼1ðtÞ ¼

1

mj

ð2atþ bþ bÞ:ð132Þ

The terms in (130) with zaj z
b1
j z

b2
j � � � zbnj ðnb 2Þ appear only from

zaj g
a
j ðzj; tþ ijzjj2mj Þ and they must be zero. It means that

ga
j;aðtÞ ¼ 0ð133Þ

for jajb 2. Now ga
j ðz; znþ1Þ has an expansion

ga
j ðz; znþ1Þ ¼

X
b A Ij

ga

j;a
b
j
¼1
ðznþ1Þzbj :ð134Þ

Substitute this into (130) and the terms with z
b
j z

a
j jzaj j

2mj in the resulting equation
satisfy

ga

j;a
b
j
¼1

0ðtÞ � g
b
j;a a

j
¼1

0ðtÞ ¼ 0:ð135Þ

Combining this with the derivative of (131) if a0 b, and with (132) and its
derivative if a ¼ b, we obtain

ga

j;a
b
j
¼1
ðtÞ ¼ aa

j;b ¼ constant if a0 b;ð136Þ

ga
j;aa

j
¼1ðtÞ ¼

1

mj

ðatþ bÞ;ð137Þ
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where aa
j;b þ a

b
j;a ¼ 0. Now we have obtained the expansion of ga

j ðz; znþ1Þ as

ga
j ðz; znþ1Þ ¼

1

mj

ðaznþ1 þ bÞzaj þ
X
b A Ij
b0a

aa
j;bz

b
j :ð138Þ

This completes the proof. r

6. One-parameter group of transformations of holðMÞ

In this section, we construct one-parameter group of transformations gener-
ated by infinitesimal CR automorphisms, which generate all CR automorphisms
of the boundary of a generalized ellipsoid.

By Lemma 5.1, we know the generators of holðMÞ. If we take the para-
meters in (108), (109) and (110) to be real, the generators of holðMÞ become the
following forms:

Y1 ¼
Xs�1

j¼1

X
a A Ij

zaj znþ1

mj

q

qzaj
þ
zaj znþ1

mj

q

qzaj

 !
ð139Þ

þ
X
a A Is

zas znþ1
q

qzas
þ zas znþ1

q

qzas

� �
þ ðznþ1Þ2

q

qznþ1
þ ðznþ1Þ2

q

qznþ1
;

Y2 ¼
Xs�1

j¼1

X
a A Ij

zaj

mj

q

qzaj
þ

zaj

mj

q

qzaj

 !
þ
X
a A Is

zas
q

qzas
þ zas

q

qzas

� �
ð140Þ

þ 2 znþ1
q

qznþ1
þ znþ1

q

qznþ1

� �
;

Y a
j;b ¼ z

b
j

q

qzaj
þ z

b
j

q

qzaj
� zaj

q

qz
b
j

� zaj
q

qz
b
j

for j ¼ 1; . . . ; s; a; b A Ij; a < b;ð141Þ

Y a
s ¼ q

qzas
þ q

qzas
þ 2izas

q

qznþ1
� 2izas

q

qznþ1
for a A Is;ð142Þ

Y3 ¼
q

qznþ1
þ q

qznþ1
:ð143Þ

As explained, classification of infinitesimal CR automorphisms leads to that
of CR automorphisms. Therefore we construct one parameter group of trans-
formations generated by above vectors.

Theorem 6.1. One parameter group of transformations generated by the
vectors in holðMÞ can be classified into the following five types.

556 atsushi hayashimoto



expðeY1Þðz; znþ1Þð144Þ

¼ z1

ð1� eznþ1Þ1=m1
; . . . ;

zs�1

ð1� eznþ1Þ1=ms�1
;

zs

1� eznþ1
;

znþ1

1� eznþ1

 !
;

expðeY2Þðz; znþ1Þ ¼ ððe eÞ1=m1z1; . . . ; ðe eÞ1=ms�1zs�1; e
ezs; ðeeÞ2znþ1Þ;ð145Þ

expðeY3Þðz; znþ1Þ ¼ ðz1; . . . ; zs�1; zs; znþ1 þ eÞ;ð146Þ

expðe1Y 1
s þ � � � þ ensY

ns
s Þðz; znþ1Þð147Þ

¼ ðz1; . . . ; zs�1; zs þ e; znþ1 þ 2izs � eþ ijej2Þ;

exp
Xs
j¼1

X
a;b A Ij
a>b

eaj;bY
a
j;b

0
BB@

1
CCAðz; znþ1Þ ¼ ðB1z1; . . . ;B

s�1zs�1;B
szs; znþ1Þ:ð148Þ

Here we denote, in (147), e ¼ ðe1; . . . ; ensÞ and zs � e is an inner product of zs and e.
The B j’s are unitary matrices depending on eaj;b.

Proof. Since we have

ðY1Þ l ¼
Xs�1

j¼1

X
a A Ij

1

mj

� �
1

mj

þ 1

� �
� � � 1

mj

þ l � 1

� �
ð149Þ

� zaj ðznþ1Þ l
q

qzaj
þ zaj ðznþ1Þ l

q

qzaj

( )

þ
X
a A Is

l! zas ðznþ1Þ l
q

qzas
þ zas ðznþ1Þ l

q

qzas

� �

þ l! ðznþ1Þ lþ1 q

qznþ1
þ ðznþ1Þ lþ1 q

qznþ1

� �
;

ðY2Þ l ¼
Xs�1

j¼1

X
a A Ij

zaj

ml
j

q

qzaj
þ

zaj

ml
j

q

qzaj

( )
þ
X
a A Is

zas
q

qzas
þ zas

q

qzas

� �
ð150Þ

þ 2 l znþ1
q

qznþ1
þ znþ1

q

qznþ1

� �
;

ðY3Þ2 ¼ 0;ð151Þ

ðY a
s Þ

2 ¼ 2i
q

qznþ1
� q

qznþ1

� �
; ðY a

s Þ
3 ¼ 0;ð152Þ

ðY a
j;bÞ

2l ¼ ð�1Þ lþ1ðY a
j;bÞ

2; ðY a
j;bÞ

2lþ1 ¼ ð�1Þ lY a
j;b;ð153Þ

the result follows. r
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7. Comparison Theorem 1.1 with Theorem 6.1 and integers nj and mj

In this section, we compare parameters in Theorem 1.1 with ones in
Theorem 6.1 and modification of the coe‰cients of Lemma 5.1 when integers
mj and nj change.

7.1. Comparison of parameters. In [MM10], we do not know how to find
each component I , dr, c and fa. But the following lemma shows that all
components are obtained from infinitesimal CR automorphisms and those
mappings are enough to construct all CR automorphisms by virtue of Theorem
5.1.

Lemma 7.1. Putting t1 ¼ t0 ¼ r ¼ �1=e, as ¼ bs ¼ 0, Bj ¼ id in the mappings
in Theorem 1.1, we have

I ¼ d�1
r � c�1 � ðexp eY1Þ � f�1

a :ð154Þ

Putting r ¼ ee in the mappings in Theorem 1.1, we have

dr ¼ expðeY2Þ:ð155Þ

Putting as ¼ ðe1; . . . ; ensÞ and t0 ¼ 0 in the mappings in Theorem 1.1, we
have

fa ¼ expðe1Y 1
s þ � � � þ ensY

ns
s Þ:ð156Þ

Putting as ¼ 0, anþ1 ¼ e in the mappings in Theorem 1.1, we have

fa ¼ expðeY3Þ:ð157Þ

Putting bnþ1 ¼ 0 in the mappings in Theorem 1.1, we have

c ¼ exp
Xs
j¼1

X
a;b A Ij
a>b

eaj;bY
a
j;b

0
BB@

1
CCA:ð158Þ

The proof is straightforward. This lemma shows that all mappings in
Theorem 1.1 can be obtained from one-parameter group of transformations.

7.2. Integers nj and mj. By modifying our arguments a little, our argument
also works in the case that some nj and mj are equal to one. In these cases,
coe‰cients of infinitesimal CR automorphisms change.

Theorem 7.1. Assume that mj0 ¼ � � � ¼ ms ¼ 1. Then the coe‰cients ga
j and

gnþ1 of an infinitesimal CR automorphism in Lemma 5.1 can be expanded as the
following:
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ga
j ðz; znþ1Þ ¼

1

mj

ðaznþ1 þ bÞzaj þ
X
b A Ij
a0b

aa
j;bz

b
j for j ¼ 1; . . . ; j0 � 1;ð159Þ

ga
j ðz; znþ1Þ ¼ caj þ ðaznþ1 þ bÞzaj þ

X
b A Ij
a0b

aa
j;bz

b
j for j ¼ j0; . . . ; s;ð160Þ

gnþ1ðz; znþ1Þ ¼ aðznþ1Þ2 þ ðbþ bÞznþ1 þ dð161Þ

þ 2i
X
a A Ij0

caj0z
a
j0
þ � � � þ

X
a A Is

cas z
a
s

8<
:

9=
;:

Here aa
j;b þ a

b
j;a ¼ 0 and a; d A R, caj ; b A C.

If nj ¼ 1, we need to remove the summation terms
P

b A Ij
a0b

aa
j;bz

b
j from ga

j .
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