
Z.-J. WU
KODAI MATH. J.
30 (2007), 352–360

ON UNIQUENESS OF MEROMORPHIC FUNCTIONS

IN AN ANGULAR DOMAIN

Zhao-Jun Wu

Abstract

In this article, we investigate the uniqueness of meromorphic functions dealing

with two shared values and a shared set in an angular domain. Results are obtained

extending some results given by W. C. Lin and S. Mori.

1. Introduction and statement of results

In this paper, we assume that the reader is familiar with the standard nota-
tions of the Nevanlinna’s value distribution theory (see e.g. [6], [11]), such as
Tðr; f Þ, sð f Þ, the characteristic function and the order of a meromorphic function
f respectively. Recall the hyper order of f is defined by

s2ð f Þ ¼ lim sup
r!y

log log Tðr; f Þ
log r

:

We denote Mðs2Þ by the set of transcendental meromorphic functions of finite
hyper order.

For the sake of convenience, we use the following notations (see e.g. [9]).
Let S be a nonempty subset of Cy :¼ CU fyg, we put EðS; f Þ ¼ 6

a ASfz A C j
f ðzÞ ¼ ag, where all the roots of f ðzÞ ¼ a in EðS; f Þ are counted according to its
multiplicities (CM).

Given a domain X HC, we denote EX ðS; f Þ ¼ 6
a ASfz A X j f ðzÞ ¼ a;CMg,

where X is the closure of X in C. When X ¼ C, ECðS; f Þ ¼ EðS; f Þ. Let f
and g be two nonconstant meromorphic functions defined in C. If EX ðS; f Þ ¼
EX ðS; gÞ, we say f and g share the set S CM (counting multiplicities) in X .
When S ¼ a, we also say f and g share a CM. Throughout this paper, we set Sj

ð j ¼ 1; 2; 3Þ as S1 ¼ f0g; S2 ¼ fyg; S3 ¼ fw jwnðwþ aÞ � b ¼ 0g, where n A N,
and the algebraic equation wnðwþ aÞ � b ¼ 0 has no multiple roots.

Since R. Nevanlinna proved his ‘four-CM’ and ‘five-IM’ theorems, there have
been many results on the uniqueness of meromorphic functions in the complex
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plane (see e.g. [11]). In [14], J. H. Zheng firstly took into account the uniqueness
dealing with five shared values in some angular domains of C. After that, J. H.
Zheng [13] investigated the uniqueness of transcendental meromorphic functions
dealing with shared values in an angular domain instead of the whole complex
plane and prove the following.

Theorem A. Let f ðzÞ and gðzÞ be both transcendental meromorphic func-
tions. Given an angular domain X ¼ fz : a < arg z < bg with 0a a < ba 2p and
for some positive number e and for some a A C

lim sup
r!þy

log nðr; y; e; aÞ
log r

> o;

where nðr; y; e; aÞ is the number of zeros of f ðzÞ � a in XðrÞ ¼ fjzj < rgVX

and o ¼ p

b � a
. We assume that f ðzÞ and gðzÞ share five distinct values aj,

j ¼ 1; 2; . . . ; 5 IM in X , then f 1 g.

Zheng [15] indicated that the proof of Theorem A used Ra;bðr; gÞ ¼
Oðlog rSa;bðr; gÞÞ but it is not clear that the equality would always hold. Hence,

he add the following condition limr BE!þy
Sa;bðr; gÞ

log rTðr; gÞ ¼ y to theorem A in

[15]. For the uniqueness of meromorphic functions in the whole complex plane,
H. X. Yi [12] established the following theorem for answering a question posed
by Gross [5].

Theorem B. Let n A N� f1g. If f and g are two entire functions satisfying,
ECðSj; f Þ ¼ ECðSj; gÞ, j ¼ 1; 3, then f 1 g.

W. C. Lin and S. Mori [9] deal with Theorem B under certain value/set-
sharing condition in a sector instead of the plane C and prove the following
theorem.

Theorem C. Let f ðzÞ A Mðs2Þ, rð f Þ ¼ y, and dðy; f Þ > 0. Then there

exists a direction arg z ¼ y ð0a y < 2pÞ such that for any e 0 < e <
p

2

� �
, if a

meromorphic function gðzÞ A Mðs2Þ satisfies the condition ECðS1; f Þ ¼ ECðS1; gÞ
and EX ðSj ; f Þ ¼ EX ðSj; gÞ for j ¼ 2; 3, where nb 3 and X ¼ fz : jarg z� yj < eg,
then f 1 g.

Theorem C only discussed the transcendental meromorphic functions of finite
hyper order. In this paper, we shall prove that Theorem C is valid for any
transcendental meromorphic functions of infinite order. In order to establish our
main results, we recall the following definitions and Lemma 1.
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Lemma 1. Let BðrÞ be a positive and continuous function in ½0;þyÞ which

satisfies lim supr!y
log BðrÞ
log r

¼ y, then there exists continuously di¤erentiable func-

tions rðrÞ, which satisfies the following condition.
(i) rðrÞ is continuous and nondecreasing for rb r0 ðr0 > 0Þ and tends to þy

as r ! þy.
(ii) The function UðrÞ ¼ rrðrÞ ðrb r0Þ satisfies the condition

lim
r!þy

log UðRÞ
log UðrÞ ¼ 1; R ¼ rþ r

log UðrÞ :

(iii) lim supr!þy
log BðrÞ
log UðrÞ ¼ 1:

Lemma 1 is due to K. L. Hiong [7]. A simple proof of the existence of rðrÞ
was given by Chuang [3].

Definition 1. We define rðrÞ and UðrÞ in Lemma 1 by the order and type
function of BðrÞ, respectively. For a transcendental meromorphic function f ðzÞ
of infinite order, we define its order and type function as the order and type
function of Tðr; f Þ. We denote MðrðrÞÞ by the set of all meromorphic functions

f ðzÞ in C such that lim supr!þy
log Tðr; f Þ
log UðrÞ ¼ 1.

Definition 2 (see e.g. [2]). Let HðrÞ be a positive and continuous function
in ½0;þyÞ. Let rðrÞ and UðrÞ be a pair of real functions satisfying Lemma 1.

We say that HðrÞ is of order less than rðrÞ if lim supr!y
log HðrÞ
log UðrÞ < 1. In order

that HðrÞ is of order less than rðrÞ, it is necessary and su‰cient that we can fined
a number m ð0 < m < 1Þ such that HðrÞ < U mðrÞ, when r is su‰ciently large.

The main purpose of this paper is to prove the following theorems.

Theorem 1. Let f ðzÞ; gðzÞ A MðrðrÞÞ, and dðy; f Þ > 0. For given small
e ð0 < e < pÞ, let X ¼ fz : jarg z� yj < eg, where 0a y < 2p. Suppose that for
some a A C,

lim sup
r!þy

log n r; y;
e

3
; a

� �
log UðrÞ ¼ 1;(*)

where n r; y;
e

3
; a

� �
denotes the number of zeros of f ðzÞ � a in Xe=3ðrÞ ¼ fjzj < rgV

z : jarg z� yj < e

3

� �
. Assume that f ðzÞ and gðzÞ satisfy the conditions ECðS1; f Þ

¼ ECðS1; gÞ and EX ðSj; f Þ ¼ EX ðSj; gÞ for j ¼ 2; 3, where nb 3. Then f 1 g.
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It is well known that a meromorphic function f ðzÞ A MðrðrÞÞ has at least
one direction arg z ¼ y, 0a y < 2p from the origin such that for arbitrary small
e > 0, we have

lim sup
r!þy

log nðr; y; e; aÞ
log UðrÞ ¼ 1;

for all but at most two a A Cy (see e.g. [3], [10]). From the Theorem 1, any
meromorphic function gðzÞ A MðrðrÞÞ has at least one direction arg z ¼ y, 0a
y < 2p under the value/set-sharing condition in Theorem C coincides with f ðzÞ.
Hence Theorem 1 extend the result give by [9].

Furthermore, we shall prove that Theorem 1 is valid for some transcendental
meromorphic functions of finite order and prove the following theorem.

Theorem 2. Let f ðzÞ, gðzÞ be meromorphic functions of finite order growth.
Suppose that dðy; f Þ > 0. Given one angular domain X ¼ fz : a < arg z < bg,
where 0a a < ba 2p and for some positive number e and for some a A C

lim sup
r!þy

log nðr;Xe; aÞ
log r

> o;ð1Þ

where nðr; y; e; aÞ is the number of zeros of f ðzÞ � a in Xeða; bÞðrÞ ¼ fjzj < rgV

fz : aþ e < arg z < b � eg and o ¼ p

b � a
. We assume that f ðzÞ and gðzÞ satisfy

the condition ECðS1; f Þ ¼ ECðS1; gÞ and EX ðSj; f Þ ¼ EX ðSj; gÞ for j ¼ 2; 3, where
nb 3, then f and g satisfy one of the following two relations: (i) f 1 g; (ii)
f nð f þ aÞgnðgþ aÞ1 b2.

2. Some lemmas

Our proof requires the Nevanlinna theory in an angular domain. For the
sake of convenience, we recall some notations and definitions. Let f ðzÞ be
a meromorphic function. Consider an angular domain Wða; bÞ ¼ fz j aa arg z
a bg, where 0 < b � a < 2p. Nevanlinna defined the following notations (see
e.g. [1], [8]).

Aabðr; f Þ ¼
k

p

ð r
1

1

tk
� tk

r2k

� �
flogþj f ðteiaÞj þ logþj f ðteibÞjg dt

t
;

Babðr; f Þ ¼
2k

prk

ð b
a

logþj f ðteiaÞj sin kðy� aÞ dy;

Cabðr; f Þ ¼ 2
X
b As

1

jbvjk
� jbvjk

r2k

 !
sin kðbv � aÞ;

where k ¼ p

b � a
, 1a r < y and the summation

P
b As is taken over all poles

b ¼ jbjeiy of the function f ðzÞ in the sector s : 1 < jzj < r, a < arg z < b, each
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pole b occurs in the sum
P

b As as many times as it’s multiplicity, when pole b
occurs only once in the sum

P
b As, we denote it Cðr; f Þ. Furthermore, for

r > 1, we define

Dabðr; f Þ ¼ Aabðr; f Þ þ Babðr; f Þ; Sabðr; f Þ ¼ Cabðr; f Þ þDabðr; f Þ:
For sake of simplicity, we omit the subscript in all notations and use Aðr; f Þ,
Bðr; f Þ, Cðr; f Þ, Dðr; f Þ and Sðr; f Þ instead of Aabðr; f Þ, Babðr; f Þ, Cabðr; f Þ,
Dabðr; f Þ and Sabðr; f Þ.

Lemma 2 (see e.g. [13]). Let f ðzÞ be a nonconstant meromorphic function in
the plane and Wða; bÞ be an angular domain, where 0 < b � aa 2p. Then,

(i) For any value a A C, we have

S r;
1

f � a

� �
¼ Sðr; f Þ þOð1Þ;

holds for any r > 1.
(ii) If f ðzÞ is of finite order, then Qðr; f Þ ¼ A r;

f 0

f

� �
þ B r;

f 0

f

� �
¼ Oð1Þ.

If f ðzÞ A MðrðrÞÞ, then (see e.g. [8], [10]) Qðr; f Þ ¼ A r;
f 0

f

� �
þ B r;

f 0

f

� �
¼

Oðlog UðrÞÞ.

Lemma 3 (see e.g. [4], [9]). Let PðzÞ be a polynomial of degree d > 0, and
f ðzÞ be a nonconstant meromorphic function on X ¼ Wða; bÞ. Then, Sðr;Pð f ÞÞ ¼
dSðr; f Þ þOð1Þ.

For the end of this section, we recall the following notations (see e.g. [9]).
Let f ðzÞ be a meromorphic funtion in an angular domain Wða; bÞ, we denote by
C2ðr; f Þ the counting function of poles of f in fz A Wða; bÞ : jzj < rg, where a
simple pole is counted once and a multiple pole is counted twice. In the same

way, we can define C2 r;
1

f

� �
.

Lemma 4 (see e.g. [9]). Let f ðzÞ and gðzÞ be two nonconstant meromorphic
functions such that f ðzÞ and gðzÞ share 1, y CM in X ¼ Wða; bÞ. Then, one of
the following three cases holds:

(i) SðrÞ ¼ C2 r;
1

f

� �
þ C2 r;

1

g

� �
þ 2Cðr; f Þ þQðr; f Þ þQðr; gÞ;

(ii) f 1 g;
(iii) fg1 1, where SðrÞ ¼ maxfSðr; f Þ;Sðr; gÞg, Qðr; f Þ and Qðr; gÞ as defined

in Lemma 2.

3. Proof of theorems

Under the conditions of Theorem 1 and Theorem 2, suppose that f D g.
Let
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F ¼ f nð f þ aÞ
b

; G ¼ gnðgþ aÞ
b

:

Then F and G share 1 and y CM in X . Some process of the proof in Lin and
Mori [9] also valid for our theorems, so we recall their proof in step 1 as the
following.

By Lemma 6 in [9], we deduce F DG. Thus Lemma 7 in [9] implies that

C r;
1

f

� �
¼ C r;

1

g

� �
¼ Qðr; f Þ þQðr; gÞ:ð3Þ

Therefore, by the expression of F and G and (3) we have

C2 r;
1

F

� �
þ C2 r;

1

G

� �
þ 2Cðr;FÞð4Þ

aC r;
1

f þ a

� �
þ C r;

1

gþ a

� �
þ 2Cðr; f Þ þQðr; f Þ þQðr; gÞ:

Set S1ðrÞ :¼ maxfSðr; f Þ;Sðr; gÞg. Then, from the expression of F and G
and Lemma 3, we have

SðrÞ ¼ ðnþ 1ÞS1ðrÞ þOð1Þ;ð5Þ
where SðrÞ :¼ maxfSðr;F Þ;Sðr;GÞg. By (4) and Lemma 8 in [9] we deduce that

C2 r;
1

F

� �
þ C2 r;

1

G

� �
þ 2Cðr;FÞa 2þ 4

n

� �
S1ðrÞ þQðr; f Þ þQðr; gÞ:ð6Þ

Proof of Theorem 1. Suppose that FG1 1. Then

F ¼ f nð f þ aÞgnðgþ aÞ1 b2;

which implies that 0, �a and y are all Picard exceptional values of f in X .
This contradicts with (*).

In fact, we deduce from (*) that there exists a direction L : arg z ¼ y0 in X ,
such that for any h > 0, fz : jarg z� y0j < hgHX , we have

lim sup
r!þy

log nðr; y0; h; aÞ
log UðrÞ ¼ 1:ð7Þ

In 1938, Valiron prove that (7) imply that L : arg z ¼ y0 is a Borel direction of
f ðzÞ (see [8, P132]). Hence there at most exists two Picard exceptional values of
f in X .

Therefore, FGD 1, and hence, by Lemma 4 and noting that nb 3, we have
from (5) and (6), S1ðrÞaQðr; f Þ þQðr; gÞ. By Lemma 2 (ii), we have

Sðr; f Þ ¼ Oðlog UðrÞÞ:ð8Þ

We deduce from (8) that the order of Sðr; f Þ is less than that of rðrÞ. Thus
Definition 2 implies that we can fined a number m ð0 < m < 1Þ such that
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Sðr; f Þ < ðUðrÞÞm;ð9Þ

when r is su‰ciently large.
For any a A C, let bv ¼ jbvjeibv ðv ¼ 1; 2; . . .Þ be the roots of f ¼ a in

the angular domain Wðy� e; yþ eÞ, counting multiplicities. We set nðrÞ ¼

n r; y;
e

3
; f ¼ a

� �
. In the angular domain W y� e

3
; yþ e

3

� �
, we have y� e

3
<

bv < yþ e

3
, v ¼ 1; 2; . . . . Hence, we deduce that

e

6
< bv � yþ e

2
<

5e

6
. From the

Lemma 2 (i), it follows that

Sy�e;yþeðR; f ÞbCy�e;yþeðR; aÞ þOð1ÞbCy�e=2;yþe=2ðR; aÞ þOð1Þ

b 2
X

1<jbvj<r;y�e=2<bv<yþe=2

1

jbvjk
� jbvjk

R2k

 !
sin

p

e
bv � yþ e

2

� �
þOð1Þ

b 2
X

1<jbvj<r;y�e=3<bv<yþe=3

1

jbvjk
� jbvjk

R2k

 !
sin

p

e
bv � yþ e

2

� �
þOð1Þ

b
X

1<jbvj<r;y�e=3<bv<yþe=3

1

jbvjk
� jbvjk

R2k

 !
þOð1Þ;

where k ¼ p

e
and R as defined in Lemma 1. We write above sum as a Stieltjes-

integral and applying the integration by parts of the Stieltjes-integral

Sy�e;yþeðR; f Þb
ð r
1

1

tk
dnðtÞ � 1

R2k

ð r
1

tk dnðtÞ þOð1Þð10Þ

b k

ð r
1

1

tkþ1
nðtÞ dtþ nðrÞ

rk
� rknðrÞ

R2k
þ k

R2k

ð r
1

tk�1nðtÞ dtþOð1Þ

b
nðrÞ
rk

� rknðrÞ
R2k

þOð1Þ

b
nðrÞ
rk

� RknðrÞ
R2k

þOð1Þ

b
1

rk
� 1

Rk

� �
nðrÞ þOð1Þ:

For any a > 0, we have

lim sup
r!y

1

1

rk
� 1

Rk

U aðrÞ ¼ 0:ð11Þ
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From (9)–(11), we deduce that there exists a number m 0 ð0 < m 0 < 1Þ such
that for any a A C,

n r; y;
e

3
; f ¼ a

� �
< U m 0 ðrÞ;ð12Þ

if r is su‰ciently large. This contradicts with hypothesis (1) and Theorem 1
follows.

Proof of Theorem 2. Suppose that (ii) does not hold, then FGD 1, and
hence, by Lemma 4 and noting that nb 3, we have from (5) and (6), S1ðrÞa
Qðr; f Þ þQðr; gÞ. By Lemma 2 (ii), we have

Sðr; f Þ ¼ Oð1Þ:ð13Þ
For any a A C, let bv ¼ jbvjeibv ðv ¼ 1; 2; . . .Þ be the root of f ¼ a in

the angular domain Xe, counting multiplicities. We set nðrÞ ¼ nðr;Xe; f ¼ aÞ.
From the Lemma 2 (i) and using the same argument of [13], it follows that

Sð2r; f ÞbCð2r; aÞ þOð1Þ

¼ 2
X

1<jbvj<2r;a<bv<b

1

jbvjk
� jbvjk

ð2rÞ2k

 !
sin kðbv � aÞ þOð1Þ

b 2 sinðkeÞ
X

1<jbvj<2r;aþe<bv<b�e

1

jbvjk
� jbvjk

ð2rÞ2k

 !
þOð1Þ

b 2ð1� 4�kÞ sinðkeÞ nðrÞ
rk

þOð1Þ;

where k ¼ p

b � a
¼ o. Then on combining (13), we have for any a A C,

nðr;Xe; f ¼ aÞ ¼ OðrkÞ ¼ OðroÞ;ð14Þ
if r is su‰ciently large. This contradicts with hypothesis and Theorem 2 follows.
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