
K. MIURA
KODAI MATH. J.
30 (2007), 322–343

HELICAL GEODESIC IMMERSIONS OF SEMI-RIEMANNIAN

MANIFOLDS
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Abstract

We obtain some basic results on helical geodesic immersions in semi-Riemannian

geometry. For example, it is shown that, for an indefinite semi-Riemannian sub-

manifold, if any space-like geodesics of the submanifold are helices of order d,

curvatures l1; . . . ; ld�1 and signatures e1; . . . ; ed in the ambient space, then any time-

like geodesics of the submanifold have the same order and curvatures, and signatures

ð�1Þ1e1; . . . ; ð�1Þded .

1. Introduction

In Riemannian geometry, an isometric immersion is called a helical geodesic
immersion of order d if the immersion maps every unit speed geodesic of the
submanifold to a helix of order d in the ambient space whose curvatures are
independent of the chosen geodesic. Several authors studied helical geodesic
immersions, see [2], [6], [9] and [11], for example. We wish to investigate a semi-
Riemannian version of helical geodesic immersions. First we consider non-null
curves which satisfy Frenet formula (see [10]) and have constant curvatures as
helices in a semi-Riemannian manifold. In contrast to the Riemannian case, we
must be careful with causal characters, i.e., signatures, of Frenet frame fields of
a curve. In fact, helices in a semi-Riemannian manifold of constant sectional
curvature are locally determined by not only the curvatures but also the signatures
up to isometries.

Let M and M be semi-Riemannian manifolds. In this paper, we consider
an isometric immersion f : M ! M which maps every unit speed space-like
geodesic g of M to a helix of order d in M whose curvatures and signatures
are independent of g. We call such an immersion a helical space-like geodesic
immersion. Hereafter we assume M is indefinite. Thus there also exist time-like
and null geodesics on M. Under this situation, we investigate shapes of time-like
geodesics of M in M and get the following result.
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Theorem A. Let f : M ! M be a helical space-like geodesic immersion of
order d, curvatures l1; . . . ; ld�1 and signatures e1; . . . ; ed . If M is indefinite, then
f maps any time-like geodesics of M to helices of order d in M which have

curvatures l1; . . . ; ld�1 and signatures ð�1Þ1e1; ð�1Þ2e2; . . . ; ð�1Þded .

In this case, the order of a helical space-like geodesic immersion is estimated by
the dimension and the index of the ambient space as follows.

Theorem B. Let M be indefinite. If f : M ! M is a helical space-like
geodesic immersion of order d, then

damin m� 1þ ð�1Þ½ðm�1Þ=2�

2
; 4l

( )
;

where m ¼ dim M and l ¼ minfind M;m� ind Mg.

Thus, for example, the order of a helical space-like geodesic immersion between
Lorentzian manifolds is less than or equal to 4.

When the ambient space is of constant sectional curvature, the order of a
helical space-like geodesic immersion is estimated by the dimension and the index
of the normal spaces as follows.

Theorem C. Let M be indefinite and M of constant sectional curvature. If
f : M ! M is a helical space-like geodesic immersion of order d, then

damin pþ 1þ ð�1Þ½p=2�

2
; 4l 0 þ 2

( )
;

where p is the codimension of f and l 0 ¼ minfind TqM
?; p� ind TqM

?g ðq A MÞ.

Moreover we obtain the following result on a null geodesic of M.

Theorem D. Let f : M ! M be a helical space-like geodesic immersion of
order d. If M is indefinite and M has constant sectional curvature, then f maps
each null geodesic of M to a curve in an isotropic totally geodesic submanifold of
M. Moreover the proper order in M is less than or equal to minfl 0 þ 1; dg, where
l 0 ¼ minfind TqM

?; p� ind TqM
?g ðq A MÞ.

In this theorem, we call a submanifold of a semi-Riemannian manifold whose
induced metric is vanishing an isotropic submanifold.

We note that the key in the argument of this paper is the fact that a multi-
linear map of a vector space V to a vector space vanishes if it takes 0 on an open
set in V (Lemma 2.2).

In Section 2, we give the fundamental formulas in the theory of subman-
ifolds. We also prepare several algebraic lemmas for later use. In Section 3,
we recall the definition of Frenet curves in a semi-Riemannian manifold. Basic
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results of the curves are also stated. We give the precise definition and some
examples of a helical space-like (resp. time-like) geodesic immersion. Theorem A
and Theorem B are proved in this section. In Section 4, we study helical space-
like geodesic immersions into a semi-Riemannian manifold of constant sectional
curvature. To obtain Theorem C, we prove Theorem 4.2, which is a general-
ization of results on helical geodesic immersions in [9] and [6]. It is also shown
that helical space-like geodesic immersions have geodesic normal sections, which
is a semi-Riemannian version of a result in [4]. Applying this fact, we prove
Theorem D.

2. Preliminaries

We let M and M be semi-Riemannian manifolds and f : M ! M be an
isometric immersion. For all local formulas and computations we may assume
f as an imbedding and thus we shall often identify q A M with f ðqÞ A M. The
tangent space TqM is identified with a subspace f�ðTqMÞ of TqM. Letters X ,
Y , and Z (resp. x and h) will be vector fields tangent (resp. normal) to M. Let
‘ (resp. ‘) be the Levi-Civita connection of M (resp. M ). Then Gauss formula
is given by

‘XY ¼ ‘XY þ BðX ;YÞ;

where B denotes the second fundamental form. Weingarten formula is given by

‘Xx ¼ �AxX þ ‘?
Xx;

where Ax denotes the shape tensor corresponding to x and ‘? the normal
connection. Clearly Ax is related to B as hAxX ;Yi ¼ hBðX ;YÞ; xi, h ; i being

the induced metric on M from the semi-Riemannian metric of M. Let R (resp.
R?) be the curvature tensor of ‘ (resp. ‘?) and D the covariant di¤erentiation
with respect to the induced connection in the direct sum of the tangent bundle
TM and the normal bundle TM?. Let us assume that M is a space of constant
sectional curvature c. Then the structure equations of Gauss, Codazzi, and Ricci
are written as

RðX ;Y ÞZ ¼ cðhY ;ZiX � hX ;ZiYÞ þ ABðY ;ZÞX � ABðX ;ZÞY ;ð1Þ

ðDXBÞðY ;ZÞ ¼ ðDYBÞðX ;ZÞ;ð2Þ

R?ðX ;Y Þx ¼ BðX ;AxY Þ � BðAxX ;YÞ:ð3Þ

The following identity is well known

hR?ðX ;Y Þx; hi ¼ h½Ax;Ah�X ;Yi:ð4Þ

The mean curvature vector H of f at q is defined by H ¼
Pn

i¼1 hei; eiiBðei; eiÞ=n,
where e1; . . . ; en is an orthonormal basis of TqM and n ¼ dim M.

We define the covariant di¤erentiation for any TM?-valued tensor field T of
type ð0; kÞ as follows. For vector fields X ;X1; . . . ;Xk tangent to M, we define
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ðDXTÞðX1; . . . ;XkÞ ¼ ‘?
X ðTðX1; . . . ;XkÞÞ �

Xk

i¼1

TðX1; . . . ;‘XXi; . . . ;XkÞ;

and DT is defined by ðDTÞðX ;X1; . . . ;XkÞ ¼ ðDXTÞðX1; . . . ;XkÞ, which is a TM?-
valued tensor field of type ð0; k þ 1Þ. We denote by D2T the covariant deriv-
ative of DT . Furthermore, we can inductively define the covariant derivative
DiT . An isometric immersion f is said to be parallel if DB ¼ 0. For conve-
nience’ sake, a value Tðv; . . . ; vÞ is written as TðvkÞ for a tensor field T of type
ð0; kÞ and any v A TM. We have Ricci identity for TðX1; . . . ;XkÞ

ðD2TÞðX ;Y ;X1; . . . ;XkÞ � ðD2TÞðY ;X ;X1; . . . ;XkÞ

¼ R?ðX ;Y ÞTðX1; . . . ;XkÞ �
Xk

i¼1

TðX1; . . . ;RðX ;YÞXi; . . . ;XkÞ:

The following algebraic Lemmas are often used in this paper. Let V and
W be finite-dimensional real vector spaces. It is easy that we prove the following
lemma.

Lemma 2.1. Let T1, T2 be r-linear mappings on V to W. Suppose
T1ðvrÞ ¼ T2ðvrÞ for all v A V , then for v1; . . . ; vr A V ,X

s ASr

T1ðvsð1Þ; . . . ; vsðrÞÞ ¼
X
s ASr

T2ðvsð1Þ; . . . ; vsðrÞÞ;

where Sr is the symmetric group on r letters.

Let V be a scalar product space, that is, a real vector space furnished with a
scalar product h ; i which is a non-degenerate symmetric bilinear form on V . A
vector v of V is said to be space-like (resp. time-like or null ) if hv; vi > 0 or v ¼ 0
(resp. if hv; vi < 0 or hv; vi ¼ 0 and v0 0). Particularly null vectors are also
said to be light-like. We may simply call a unit space-like vector (resp. time-like)
ðþ1Þ-vector (resp. ð�1Þ-). We say that e A f�1;þ1g is an admissible signature to
a scalar product space V , if �ind V a ea dim V � ind V . It is easy to prove
the following lemma ([1]).

Lemma 2.2. For any r-linear mapping T on V to W and an admissible
signature e1 to V , the following conditions are equivalent:

(i) Tðx; . . . ; xÞ ¼ 0 for any unit e1-vector x of V ,
(ii) Tðv; . . . ; vÞ ¼ 0 for any vector v of V.

Lemma 2.3. For any 2r-linear mapping T on V to W and an admissible
signature e1 to V , the following conditions are equivalent:

(i) there exists an element w of W such that Tðx; . . . ; xÞ ¼ w for any unit
e1-vector x of V ,
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(ii) there exists an element w of W such that Tðv; . . . ; vÞ ¼ ðe1hv; viÞrw for
any vector v of V ,

(iii) there exists an element w of W such that Tðu; . . . ; uÞ ¼ ðee1Þrw for any
unit e-vector u of V , where e A f�1;þ1g is admissible to V.

Proof. Suppose that (i) holds. Because of e1hx; xi ¼ 1 for any unit e1-
vector x, we have Tðx; . . . ; xÞ � ðe1hx; xiÞrw ¼ 0. Taking Lemma 2.2 into
account, we obtain (ii). The other are rather clear. r

3. Helical space-like geodesic immersions

Let N be a semi-Riemannian manifold. A curve c in N is space-like if all
of its velocity vectors c 0ðsÞ are space-like; similarly for time-like and null. An
arbitrary curve need not have one of these causal characters, but a geodesic g
always dose since g 0 is parallel, and parallel translation preserves causal character
of vectors. A non-null curve c is said to have unit speed if hc 0; c 0i ¼ þ1 or �1
along c. We naturally generalize the notation of causal character of vectors
to geodesics. Namely, we may denote a unit speed space-like (resp. time-like)
geodesic by ðþ1Þ- (resp. ð�1Þ-)geodesic.

We recall the definition of a Frenet curve of order d in a semi-Riemannian
manifold. Let c be a unit speed curve in N. The curve c is said to be a Frenet
curve of order d in N, if it has the orthonormal frame field c1; . . . ; cd and the
following Frenet formulas along c are satisfied for all 1a ia dða dim NÞ

c1 ¼ c 0;

hci; cii ¼ ei;

‘c 0ci ¼ �ei�1eili�1ci�1 þ liciþ1;

8<
:

where ‘ denotes the Levi-Civita connection of N, l0 ¼ ld ¼ e0 ¼ 0, c0 ¼ cdþ1 ¼ 0,
li ð1a ia d � 1Þ is a positive function along s and ei A f�1;þ1g ð1a ia dÞ.
Then li (resp. si and ei) is called the i-th curvature (resp. i-th Frenet vector
field and i-th signature) of c. We may call such a curve a Frenet curve of
ðd; l1; . . . ; ld�1; e1; . . . ; edÞ shortly. Furthermore, if the all curvatures are con-
stant along c, then we call the curve a helix of order d in N. For example, a
space-like (resp. time-like) geodesic is a helix of order 1 with e1 ¼ þ1 (resp.
e1 ¼ �1), and a circle (resp. hyperbola) is a helix of order 2 with e1e2 ¼ þ1 (resp.
e1e2 ¼ �1).

The proofs of the following propositions are essentially the same as that in
Riemannian geometry.

Proposition 3.1. Given a point q A N, positive functions l1; . . . ; ld�1 on an
interval I ð0 A IÞ and an orthonormal frame u1; . . . ; ud of TqN, then there locally
exists a unique Frenet curve c of order d in N with cð0Þ ¼ q and c 0ð0Þ ¼ u1
such that its Frenet frame c1; . . . ; cd satisfies ðc1ð0Þ; . . . ; cdð0ÞÞ ¼ ðu1; . . . ; udÞ, the
signatures ei ¼ hui; uii ð1a ia dÞ, and l1; . . . ; ld�1 are the curvatures of c.
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Proposition 3.2. Suppose N is of constant sectional curvature. Let cðsÞ
(resp. ĉcðsÞ) ðs A IÞ be a Frenet curve of ðd; l1; . . . ; ld�1; e1; . . . ; edÞ (resp.

ðd̂d; l̂l1; . . . ; l̂ld�1; êe1; . . . ; êedÞ). Then there exists an isometry g of N such that
ĉcðsÞ ¼ ðg � cÞðsÞ if and only if d ¼ d̂d, li ¼ l̂li ð1a ia d � 1Þ and ei ¼ êei
ð1a ia dÞ.

For a A f�1;þ1gk ðk A NÞ, we define nðaÞ (resp. pðaÞ) by the potency of the

negative (resp. positive) members of a. We say that a A f�1;þ1gk is admissible
to a semi-Riemannian manifold N if nðaÞa ind N and pðaÞa dim N � ind N. It
is easy to see that there exists a Frenet curve of signatures e1; . . . ; ed in N if and
only if ðe1; . . . ; edÞ is admissible to N.

If c is a Frenet curve on the ordinary n-sphere SnðKÞ of constant sectional
curvature K in Rnþ1, then i � c is always a Frenet curve in Rnþ1, where
i : SnðKÞ ,! Rnþ1 is the inclusion. However this fact need not hold for Frenet
curves on hyperquadrics of semi-Euclidean spaces. Let Qn

t ðeKÞ ¼ fp A Rnþ1
t

j
hp; pi ¼ eK�1g, where K > 0, e A f�1;þ1g, and the index t ¼ t if e ¼ þ1 and
t ¼ tþ 1 if e ¼ �1. We note that Qn

t ðeKÞ is a totally umbilical hypersurface
with constant curvature eK in Rnþ1

t
. For a Frenet curve c of ðd; l1; . . . ; ld�1;

e1; . . . ; edÞ, put L1 ¼ eK þ e2l
2
1 and L2i�1 ¼ e2i�2l

2
2i�2 þ e2il

2
2i�1 ð3a 2i � 1a dÞ.

We define the following polynomials of l21 ; . . . ; l
2
d�1 by

L1 ¼ L1; L3 ¼ L1L3 � l21l
2
2 ;

L2i�1 ¼ L2i�1L2i�3 � l22i�3l
2
2i�2L2i�5;

where 5a 2i � 1a d. Let i : Qn
t ðeKÞ ,! Rnþ1

t
be the inclusion. By a straight-

forward calculation, we have the following proposition.

Proposition 3.3. Under the above situation, if L2i�1 0 0 for all 1a
2i � 1a d, then the curve i � c in Rnþ1

t
is a Frenet curve of order d � in Rnþ1

t
, where

d � ¼ d if d is even and d � ¼ d þ 1 if d is odd. The curvatures l1; . . . ; ld ��1 and
signatures e1; . . . ; ed � of i � c satisfy

e2l
2
1 ¼ eK þ e2l

2
1 ;

e2i�2l
2
2i�2 þ e2il

2
2i�1 ¼ e2i�2l

2
2i�2 þ e2il

2
2i�1;

l2i�1l2i ¼ l2i�1l2i; e2i�1 ¼ e2i�1;

where e0 ¼ l0 ¼ 0 and 2a ia ½ðd þ 1Þ=2�.

Let f : M ! M be an isometric immersion between semi-Riemannian mani-
folds. Suppose that ðþ1Þ is an admissible signature to M, let g be any unit
speed space-like geodesic of M. If the curve f � g in M is a helix of ðd; l1; . . . ;
ld�1; e1; . . . ; edÞ which are independent of the choice of g, then f is called a helical
space-like geodesic immersion of order d, curvatures l1; . . . ; ld�1 and signatures
e1; . . . ; ed . For convenience’ sake, we may call such an immersion a helical ðþ1Þ-
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geodesic immersion of ðd; l1; . . . ; ld�1; e1; . . . ; edÞ, or a helical ðþ1Þ-geodesic im-
mersion unless we need to specify the order, the curvatures and the signatures.
We also define that f is a helical time-like geodesic immersion in a similar way.

We shall give examples of helical space-like (resp. time-like) geodesic immer-
sions of order 2, 3 and 4.

Example 3.4. The pseudosphere in Rnþ1
t

S n
t ðKÞ ¼ Qn

t ðþKÞ ¼ fq A Rnþ1
t j hq; qi ¼ K�1g

and the pseudohyperbolic space in Rnþ1
tþ1

Hn
t ðKÞ ¼ Qn

t ð�KÞ ¼ fq A Rnþ1
tþ1 j hq; qi ¼ �K�1g:

It is well-known that, just as for the ordinary sphere SnðKÞ, the geodesics of
Sn
t ðKÞ (resp. Hn

t ðKÞ) are the curves sliced from Sn
t ðKÞ (resp. Hn

t ðKÞ) by 2-planes
through the origin of Rnþ1

t (resp. Rnþ1
tþ1 ). For instance, when t0 n, the space-like

geodesics on Sn
t ðKÞ (resp. Hn

t ðKÞ) are the circles (resp. hyperbolas) with the
curvature

ffiffiffiffi
K

p
in Rnþ1

t (resp. Rnþ1
tþ1 ). Thus the inclusion i : Sn

t ðKÞ ,! Rnþ1
t (resp.

i : Hn
t ðKÞ ,! Rnþ1

tþ1 ) is a helical space-like geodesic of ð2;
ffiffiffiffi
K

p
;þ1;þ1Þ (resp.

ð2;
ffiffiffiffi
K

p
;þ1;�1Þ). We note that all null geodesics of Sn

t ðKÞ (resp. Hn
t ðKÞ) are

straight lines in Rnþ1
t , when t0 0; n. For details, see [8].

To simplify notation, from now on, we may denote Sn
t ð1Þ (resp. Hn

t ð1Þ) by
Sn
t (resp. Hn

t ). The next example is well-known as the Veronese immersion of
S2
1 . See [3], for example.

Example 3.5. We consider the following homogeneous polynomials of
degree 2:

u1 ¼ xy; u2 ¼ zx; u3 ¼ yz;

u4 ¼
ffiffiffi
3

p

6
ð2x2 þ y2 þ z2Þ; u5 ¼

1

2
ðy2 � z2Þ;

which satisfy Dui ¼ 0 ð1a ia 5Þ where D ¼ �ð�q2x þ q2y þ q2z Þ is the Laplacian
on R3

1 . Then the restriction fi of ui to S2
1 is a solution of the equation

DS 2
1
h ¼ 6h, where h is a smooth function on S2

1 , and DS 2
1
is the Laplacian on

S2
1 . We define a map S2

1 ! R5
2 by q 7! ð f1ðqÞ; . . . ; f5ðqÞÞ for any q A S2

1 . It is

easily seen that �f 2
1 � f 2

2 þ f 2
3 þ f 2

4 þ f 2
5 ¼ 3�1 on S2

1 , hence we get f : S2
1 !

S4
2 ð3Þ. A direct computation shows that f is a helical space-like geodesic im-

mersion of ð2; 1;þ1;þ1Þ. By virtue of a semi-Riemannian version of Takaha-
shi’s theorem ([7]), the mean curvature vector of f vanishes identically in S4

2 ð3Þ.
Moreover let i : S4

2 ð3Þ ,! R5
2 be the inclusion. In view of Proposition 3.3 the

composition i � f is a helical space-like geodesic immersion of ð2; 2;þ1;þ1Þ.

The following examples are concerned with helical space-like geodesic immer-
sions of order 3 and 4.
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Example 3.6. We consider the following homogeneous polynomials of
degree 3:

u1 ¼
1

4
xðx2 � y2 þ 4z2Þ; u2 ¼

ffiffiffiffiffi
15

p

12
xðx2 þ 3y2Þ; u3 ¼

ffiffiffiffiffi
10

p

2
xyz;

u4 ¼
1

4
yðx2 � y2 þ 4z2Þ; u5 ¼

ffiffiffiffiffi
15

p

12
yð3x2 þ y2Þ; u6 ¼

ffiffiffiffiffi
10

p

4
zðx2 þ y2Þ;

u7 ¼
ffiffiffi
6

p

12
zð3x2 � 3y2 þ 2z2Þ;

which satisfy Dui ¼ 0 ð1a ia 7Þ. Then the restriction fi of ui to S2
1 is a solution

of the equation DS 2
1
h ¼ 12h. We define a map S2

1 ! R7
3 by q 7! ð f1ðqÞ; . . . ; f7ðqÞÞ

for any q A S2
1 . Since �f 21 � f 22 � f 23 þ f 24 þ f 25 þ f 26 þ f 27 ¼ 6�1 on S2

1 , we
obtain f : S2

1 ! S6
3 ð6Þ. According to a direct computation, f is a helical space-

like geodesic immersion of ð3; l1; l2;þ1;þ1;þ1Þ, where its curvatures are

l1 ¼
ffiffiffi
5

2

r
; l2 ¼

ffiffiffi
3

2

r
:

f has the vanishing mean curvature vector in S6
3 ð3Þ. By Proposition 3.3, the

composition i � f : S2
1 ! R7

3 is also a helical space-like geodesic immersion of

ð4; l1; l2; l3;þ1;þ1;þ1;þ1Þ, where its curvatures are

l1 ¼
ffiffiffiffiffi
17

2

r
; l2 ¼

ffiffiffiffiffi
15

34

r
; l3 ¼ 3

ffiffiffiffiffi
2

17

r
;

where i : S6
3 ð6Þ ,! R7

3 is the inclusion.

Fix an admissible signature e1 A f�1;þ1g to M. Let f : M ! M be a
helical e1-geodesic immersion of order d. Let x be an e1-tangent vector of M
and g an e1-geodesic of M such that g 0ð0Þ ¼ x. Put s ¼ f � g. If d ¼ 1, then we
have ‘xs1 ¼ Bðx; xÞ ¼ 0 for any e1-vector x. Lemma 2.2 implies that f is totally
geodesic. Thus we may assume that db 2. So the first curvature l1 for s
is a positive constant. Let e2 ¼ hs2; s2i. Then we obtain hBðx; xÞ;Bðx; xÞi ¼
h‘xs1;‘xs1i ¼ e2l

2
1 for any e1-tangent vector x. From Lemma 2.3, we see f

is constant isotropic, i.e., hBðu; uÞ;Bðu; uÞi is constant for every unit vector u
tangent to M.

Proof of Theorem A. Let f : M ! M be a helical e1-geodesic immersion
of ðd; l1; . . . ; ld�1; e1; . . . ; edÞ. It su‰ces to show that, for each signature
e A f�1;þ1g, f maps any e-geodesic of M to a helix in M of ðd; l1; . . . ; ld�1;
ðee1Þ1e1; . . . ; ðee1ÞdedÞ. Let u A TM be an e-vector, and gu e-geodesic of M such
that g 0uð0Þ ¼ u. Put su ¼ f � gu and U ¼ s 0

u. Since f is an isometric immersion,
we define the first Frenet vector su;1 (resp. signature) of su by s 0

u (resp. ðee1Þ1e1).
We have ‘Usu;1 ¼ BðU 2Þ. If we put F2 ¼ B, then it is a TM-valued ð0; 2Þ-
tensor field on M and ‘Usu;1 ¼ F2ðU 2Þ. When u is an e1-vector x, by assump-
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tion, ‘Xsx;1 ¼ l1sx;2, where X ¼ s 0
x. Hence we obtain hF2ðx2Þ;F2ðx2Þi ¼ e2l

2
1

for any e1-vector x A TM. Using Lemma 2.3, we find for any v A TM

hF2ðv2Þ;F2ðv2Þi ¼ e2l
2
1hv; vi

2:ð5Þ

From (5), we define the second Frenet vector field su;2 (resp. first curvature and
second signature) of su by l�1

1 F2ðU 2Þ (resp. l1 and e2 ¼ ðee1Þ2e2). Next, from
e ¼ hU ;Ui, we obtain

‘Usu;2 þ ððee1Þ1e1Þððee1Þ2e2Þl1su;1 ¼ l�1
1 ðD̂DUF2ÞðU 2Þ þ e2hU ;UiU ;

where D̂D denotes the covariant di¤erentiation with respect to ‘ and ‘. Let F1 be
a TM-valued ð0; 1Þ-tensor field on M such that F1ðvÞ ¼ v ðv A TMÞ. If we put
F3 ¼ l�1

1 ðD̂DF2Þ þ e2h ; iF1, then it is a TM-valued ð0; 3Þ-tensor field on M and

‘Usu;2 þ ððee1Þ1e1Þððee1Þ2e2Þl1su;1 ¼ F3ðU 3Þ. When u is an e1-vector x, by as-
sumption, ‘Xsx;2 þ e1e2l1sx;1 ¼ l2sx;3. Therefore we have, for any e1-vector
x A TM, hF3ðx3Þ;F3ðx3Þi ¼ e3l

2
2 . Using Lemma 2.3, we get for any v A TM

hF3ðv3Þ;F3ðv3Þi ¼ e1e3l
2
2hv; vi

3:ð6Þ

From (6), we define the third Frenet vector field su;3 (resp. second curvature and

third signature) of su by l�1
2 F3ðU 3Þ (resp. l2 and ðee1Þ3e3).

Let m be a fixed natural number satisfying 3ama d � 1. We assume that
the followings hold for 2a kam:

‘Usu;k�1 ¼ �ððee1Þk�2ek�2Þððee1Þk�1ek�1Þlk�2su;k�2 þ lk�1su;k;

su;k ¼ l�1
k�1FkðUkÞ;

where Fk is a TM-valued ð0; kÞ-tensor field on M. Then we have

‘Usu;m þ ððee1Þm�1em�1Þððee1ÞmemÞlm�1su;m�1

¼ l�1
m�1ðD̂DUFmÞðUmÞ þ e1em�1emlm�1l

�1
m�2hU ;UiFm�1ðUm�1Þ:

If we put Fmþ1 ¼ l�1
m�1ðD̂DFmÞ þ e1em�1emlm�1l

�1
m�2h ; iFm�1, then it is a TM-

valued ð0;mþ 1Þ-tensor field on M and we get

‘Usu;m þ ððee1Þm�1em�1Þððee1ÞmemÞlm�1su;m�1 ¼ Fmþ1ðUmþ1Þ:

When u is an e1-vector x, by assumption, ‘Xsx;m þ em�1emlm�1sx;m�1 ¼ lmsx;mþ1.
Therefore we have for any e1-vector x A TM

hFmþ1ðxmþ1Þ;Fmþ1ðxmþ1Þi ¼ emþ1l
2
m:

Using Lemma 2.3, we have for any v A TM

hFmþ1ðvmþ1Þ;Fmþ1ðvmþ1Þi ¼ emþ1
1 emþ1l

2
mhv; vi

mþ1:ð7Þ

From (7), we define the ðmþ 1Þ-st Frenet vector field su;mþ1 (resp. m-th curvature
and ðmþ 1Þ-st signature) of su by l�1

m Fmþ1ðUmþ1Þ (resp. lm and ðee1Þmþ1emþ1).
We complete the induction.
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We must prove

‘Usu;d ¼ �ððee1Þd�1ed�1Þððee1ÞdedÞld�1su;d�1:ð8Þ

Because of su;d ¼ l�1
d�1FdðU dÞ, we have ‘Usu;d ¼ l�1

d�1ðD̂DUFdÞðU dÞ. Since

‘Xsx;d ¼ �ed�1edld�1sx;d�1 for any e1-vector x A TM, we find l�1
d�1ðD̂DxFdÞðxdÞþ

ed�1edld�1l
�1
d�2Fd�1ðxd�1Þ ¼ 0. Using e1hx; xi ¼ 1,

l�1
d�1ðD̂DxFdÞðxdÞ þ e1ed�1edld�1l

�1
d�2hx; xiFd�1ðxd�1Þ ¼ 0:ð9Þ

Using Lemma 2.2, we see that Equation (9) holds if x is replaced by any
v A TM. From this, we can get (8). Theorem A was proved. r

Theorem A implies

Corollary 3.7. f is a helical space-like geodesic immersion if and only if f
is a helical time-like geodesic immersion.

Thus, we may simply call the immersions helical geodesic immersions.
From Theorem A, if f : M ! M is a helical geodesic immersion of

ðd; l1; . . . ; ld�1; e1; . . . ; edÞ, then ðe1; . . . ; edÞ and ðð�1Þ1e1; . . . ; ð�1ÞdedÞ are admis-
sible to M. To show Theorem B, we prepare the following paragraphs.

For convenience’ sake, if d is odd, put d 0 and d 00 be d and ðd � 1Þ
respectively, and if d is even, put d 0 and d 00 be ðd � 1Þ and d respectively. For
any a ¼ ðe1; . . . ; edÞ A f�1;þ1gd , we put ao ¼ ðe1; e3; . . . ; ed 0 Þ, ae ¼ ðe2; e4; . . . ; ed 00 Þ
and a ¼ ðð�1Þ1e1; ð�1Þ2e2; . . . ; ð�1ÞdedÞ. By definition, we have nðaÞ ¼ nðaeÞþ
nðaoÞ, nðaeÞ ¼ nðaeÞ and nðaoÞ ¼ ½ðd þ 1Þ=2� � nðaoÞ. Thus nðaÞ ¼ ½ðd þ 1Þ=2� �
nðaoÞ þ nðaeÞ.

Lemma 3.8. For a; a A f�1;þ1gd , we have

min
a A f�1;þ1g d

maxfnðaÞ; nðaÞg ¼ min
a A f�1;þ1g d

maxfpðaÞ; pðaÞg ¼ d þ 3

4

� �
:

Proof. Because of 0a nðaoÞa ½ðd þ 1Þ=2�,

min
a A f�1;þ1gd

maxfnðaÞ; nðaÞg

¼ min
a A f�1;þ1g d ;

nðaeÞ¼0

maxfnðaÞ; nðaÞg

¼ min
a A f�1;þ1g d ;

nðaeÞ¼0

max nðaoÞ;
d þ 1

2

� �
� nðaoÞ

� �

¼ min max i;
d þ 1

2

� �
� i

� �����0a ia
d þ 1

2

� �� �
¼ d þ 3

4

� �
:
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From the same argument for pðaÞ, we can show the second equation in this
lemma. r

Lemma 3.9. If there exists a A f�1;þ1gd
such that both a and a are

admissible to an m-dimensional scalar product space V , then

dam� 1þ ð�1Þ½ðm�1Þ=2�

2
:

Proof. We can see nðaÞ � nðaÞ ¼ 2nðaoÞ � ½ðd þ 1Þ=2�. Hence jnðaÞ � nðaÞj
b 1 when d1 1; 2 ðmod 4Þ. In this case, without loss of generality, we can
assume nðaÞ � nðaÞb 1. If both a and a are admissible to V , then nðaÞa ind V
and pðaÞa dim V � ind V . Hence we have

d ¼ pðaÞ þ nðaÞa dim V � ind V þ ind V � 1 ¼ m� 1:

Hence we have dam� 1, d1 1; 2 ðmod 4Þ. When d1 0; 3 ðmod 4Þ, at least,
dam. These inequalities imply

da
m� 1 m1 1; 2 ðmod 4Þ;
m m1 0; 3 ðmod 4Þ:

�

Therefore this lemma is proved. r

Proof of Theorem B. Let e1; . . . ; ed be the Frenet signatures of e1-geodesics
of M in M. Put a ¼ ðe1; . . . ; edÞ. Since M is indefinite, from Theorem A, both
a and a must be admissible to M. By Lemma 3.9,

dam� 1þ ð�1Þ½ðm�1Þ=2�

2
;

where m ¼ dim M. On the other hand, maxfnðaÞ; nðaÞga ind M and
maxfpðaÞ; pðaÞgam� ind M must also hold. Using Lemma 3.8, we have

d þ 3

4

� �
aminfind M;m� ind Mg ¼ l:

Therefore we have da 4l. Theorem B was proved. r

Remark 3.10. We note

min m� 1þ ð�1Þ½ðm�1Þ=2�

2
; 4l

( )
¼

4l ð0a la ½m=4�Þ;

m� 1þ ð�1Þ½ðm�1Þ=2�

2
ð½m=4� < la ½m=2�Þ:

8<
:

Moreover we can prove the following: There exists a ¼ ðe1; . . . ; ekÞ such that
both a and a are admissible to M, where k is equal to the right hand side of the
inequality in Theorem B.
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Corollary 3.11. Let f : M ! M be a helical geodesic immersion of order
d. If M and M are Lorentzian manifolds, then d is less than and equal to 4.

4. Helical geodesic immersions into a space-form

Let f : M ! M be an isometric immersion between semi-Riemannian mani-
folds. We put for integers k, l, h such that k; lb 2 and 0a ha k � 1 and
v;w A TqM ðq A MÞ

nk; lðvÞ ¼ hðDk�2BÞðvkÞ; ðDl�2BÞðvlÞi;

nhk; lðv;wÞ ¼ hðDk�2BÞðvh;w; vk�h�1Þ; ðDl�2BÞðvlÞi:

Let e1 be an admissible signature to M. We consider the following equations for
any natural number ib 2

nhk; lðv;wÞ ¼
ð�1Þðk�lÞ=2e i1nihv; vi

i�1hv;wi k þ l ¼ 2i;

0 k þ l ¼ 2i þ 1;

�
ðBiÞ

where ni is constant, k; lb 2, 0a ha k � 1 and v;w A TqM ðq A MÞ.
Hereafter we assume that M is a semi-Riemannian manifold of constant

sectional curvature and M is a (not necessarily indefinite) semi-Riemannian
manifold. We prepare the following Lemma.

Lemma 4.1. Let m be a fixed natural number satisfying mb 2. If
ðB2Þ; . . . ; ðBmÞ and

nk; lðvÞ ¼ ð�1Þðk�lÞ=2emþ1
1 nmþ1hv; vi

mþ1 k þ l ¼ 2mþ 2;

0 k þ l ¼ 2mþ 3;

�
ð10Þ

for any v A TM hold, where nmþ1 is constant, then we have ðBmþ1Þ.

Proof. Taking account of (10), we need only to consider the case
hv;wi ¼ 0. Because of ðB2Þ; . . . ; ðBmÞ, for any v A TM,

AðDi�2BÞðv iÞv5v ¼ 0 ð2a ia 2m� 1Þ:ð11Þ
Applying Ricci identity to ðDk�2BÞðvkÞ, ð2a ka 2m� 1Þ, we have

ðDkBÞðv;w; vkÞ � ðDkBÞðw; vkþ1Þ

¼ R?ðv;wÞðDk�2BÞðvkÞ �
Xk�1

h¼0

ðDk�2BÞðvh;Rðv;wÞv; vk�h�1Þ:

By (4), (11) and hv;wi ¼ 0, we obtain for 2a k; la 2m� 1

hR?ðv;wÞðDk�2BÞðvkÞ; ðDl�2BÞðvlÞi ¼ h½AðDk�2BÞðvkÞ;AðDl�2BÞðv lÞ�v;wi ¼ 0:

Moreover nhk; lðv;Rðv;wÞvÞ ¼ 0 for k þ l ¼ 2m; 2mþ 1 because of hv;Rðv;wÞvi ¼ 0
and ðBmÞ. Therefore we have for k þ l ¼ 2mþ 2; 2mþ 3
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n0k; lðv;wÞ ¼ n1k; lðv;wÞ:ð12Þ
Di¤erentiating ðBmÞ for k þ l ¼ 2mþ 1 in the direction of v, we have for

1a ha 2m� 2

nh2m;2ðv;wÞ ¼ v � nh�1
2m�1;2ðV ;WÞ � nh�1

2m�1;3ðv;wÞ ¼ �nh�1
2m�1;3ðv;wÞ

¼ � � � ¼ ð�1Þhn02m�h;hþ2ðv;wÞ;

where V and W are local vector fields extending v and w such that the covariant
derivative ‘vV ¼ ‘vW ¼ 0. Using (12) for k þ l ¼ 2mþ 2,

n02m�h;hþ2ðv;wÞ ¼ n12m�h;hþ2ðv;wÞ ¼ �n02m�h�1;hþ3ðv;wÞ

¼ �n12m�h�1;hþ3ðv;wÞ ¼ � � � ¼ ð�1Þ2m�h�2n02;2mðv;wÞ:

Thus we have nh2m;2ðv;wÞ ¼ n02;2mðv;wÞ for 0a ha 2m� 1. On the other hand
using Lemma 2.1 for (10) in the case of ðk; lÞ ¼ ð2m; 2Þ, we have for hv;wi ¼ 0

X2m�1

h¼0

nh2m;2ðv;wÞ þ 2n02;2mðv;wÞ ¼ 0:

Because of nh2m;2ðv;wÞ ¼ n02;2mðv;wÞ, we have for 0a ha 2m� 1

nh2m;2ðv;wÞ ¼ n02;2mðv;wÞ ¼ 0:ð13Þ

Furthermore, using ðBmÞ, we get for k þ l ¼ 2mþ 2 and 0a ha k � 1

nhk; lðv;wÞ ¼ v � nhk; l�1ðV ;WÞ � nhþ1
kþ1; l�1ðv;wÞ ¼ �nhþ1

kþ1; l�1ðv;wÞ

¼ � � � ¼ ð�1Þ l�2
nhþl�2
2m;2 ðv;wÞ:

The above equation and (13) imply ðBmþ1Þ for k þ l ¼ 2mþ 2. To obtain
ðBmþ1Þ for k þ l ¼ 2mþ 3, di¤erentiating ðBmþ1Þ for k þ l ¼ 2mþ 2 in the
direction of v, we have for 1a ha 2m� 1

nh2mþ1;2ðv;wÞ ¼ ð�1Þhn02mþ1�h;hþ2ðv;wÞ:

Using (12) for k þ l ¼ 2mþ 3,

n02mþ1�h;hþ2ðv;wÞ ¼ ð�1Þ2mþ1�h�2n02;2mþ1ðv;wÞ:

Thus we have nh2mþ1;2ðv;wÞ ¼ �n02;2mþ1ðv;wÞ for 0a ha 2m. By Lemma 2.1 for
(10) in the case of ðk; lÞ ¼ ð2mþ 1; 2Þ,

X2m
h¼0

nh2mþ1;2ðv;wÞ þ 2n02;2mþ1ðv;wÞ ¼ 0:

Because of nh2mþ1;2ðv;wÞ ¼ �n02;2mþ1ðv;wÞ we have for 0a ha 2m

nh2mþ1;2ðv;wÞ ¼ n02;2mþ1ðv;wÞ ¼ 0:ð14Þ
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Furthermore, using ðBmþ1Þ in the case of k þ l ¼ 2mþ 2, we have nhk; lðv;wÞ ¼
ð�1Þ l�2nhþl�2

2mþ1;2ðv;wÞ, where k þ l ¼ 2mþ 3 and 0a ha k � 1. This equation
and (14) imply ðBmþ1Þ for k þ l ¼ 2mþ 3. Thus, we get ðBmþ1Þ. r

The following theorem is a semi-Riemannian version of a result on helical
geodesic immersions, which is proved by Sakamoto in [9] (see [6] also).

Theorem 4.2. Let e1 be a fixed admissible signature to M and f : M ! M a
helical geodesic immersion of ðd; l1; . . . ; ld�1; e1; . . . ; edÞ. Then, for s ¼ f � g (g is
any e-geodesic of M ), the Frenet frame field s1; . . . ; sd of s is given by

ðF1Þ s1 ¼ s 0ð¼: UÞ,
ðFiÞ si ¼ ðl1 � � � li�1Þ�1 P i

j¼2 a
e
i; jðD j�2BÞðU jÞ,

where 2a ia d. The coe‰cients ae
i; j satisfy

(i) ae
i; i ¼ 1 ð1a ia dÞ,

(ii) ae
j�1; j ¼ 0 ð0a j � 1a dÞ,

(iii) ae
i;1 ¼ 0 ð2a ia dÞ,

(iv) ae
i; j ¼ E e

i�2E
e
i�1l

2
i�2a

e
i�2; j þ ae

i�1; j�1 ð3a j þ 1a ia dÞ,
where E e

i ¼ ðee1Þ iei and l0 ¼ 0. Moreover we have ðBiÞ for 2a ia d.

Proof. Let g be an e-geodesic of M. Put s ¼ f � g. From Theorem A, s
satisfies for 1a ia d

‘Usi ¼ �E e
i�1E

e
i li�1si�1 þ lisiþ1;ð15Þ

where E e
i ¼ ðee1Þ iei ¼ hsi; sii ð0a ia dÞ, e0 ¼ l0 ¼ ld ¼ 0 and s0 ¼ sdþ1 ¼ 0.

Because of ‘Us1 ¼ BðU 2Þ and ð15Þi¼1, we have ðF2Þ and hBðU 2Þ;BðU 2Þi ¼
e2l

2
1hU ;Ui2. The latter equation and Lemma 2.1 imply for any v A TM,

hBðv2Þ;Bðv2Þi ¼ e2l
2
1hv; vi

2:ð16Þ
Di¤erentiating (16) in the directions of v and w respectively,

n23;2ðv;wÞ ¼ v � n12;2ðV ;WÞ � n12;3ðv;wÞ ¼ �n12;3ðv;wÞ;

n03;2ðv;wÞ ¼
1

2
w � n2;2ðV 0Þ ¼ 0;

where V , W and V 0 are local vector fields on M extending v, w and v respec-
tively such that their covariant derivatives ‘vV , ‘vW and ‘wV

0 vanish. Codazzi
equation (2), the above equations and (16) imply ðB2Þ.

Let m be a fixed natural number satisfying 2ama d � 1. We assume that
ðFiÞ and ðBiÞ hold for 2a iam and every s ¼ f � g. Because of ðB2Þ; . . . ;
ðBmÞ, for any v A TM,

AðDi�2BÞðv iÞv5v ¼ 0 ð2a ia 2m� 1Þ:ð17Þ
Di¤erentiating ðFmÞ along the direction of U ,

‘Usm ¼ ðl1 � � � lm�1Þ�1
Xm
j¼2

ae
m; jð�AðD j�2BÞðU jÞU þ ðD j�1BÞðU jþ1ÞÞ:ð18Þ
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When m ¼ 2, we have ‘Us2 ¼ l�1
1 ð�ehBðU 2Þ;BðU 2ÞiU þ ðDBÞðU 3ÞÞ ¼ �ee2l1U

þ l�1
1 ðDBÞðU 3Þ. On the other hand, ‘Us2 ¼ �ee2l1U þ l2s3 from Frenet for-

mulas. Thus ðF3Þ holds. In the case where mb 3, we will see that ðFmþ1Þ
holds. Because of mb 3, ‘Usm is orthogonal to U . Hence (17) and (18) imply
that the tangential part of ‘Usm vanishes, that is,

Xm
j¼2

ae
m; jAðD j�2BÞðU jÞU ¼ 0:ð19Þ

Therefore, taking account of ð15Þi¼m and ðFm�1Þ, we obtain ðFmþ1Þ, that is to
say,

lmsmþ1 ¼ ðl1 � � � lm�1Þ�1
Xmþ1

j¼2

a e
mþ1; jðD j�2BÞðU jÞ;

where we put

ae
mþ1;mþ1 ¼ 1; ae

mþ1;mþ2 ¼ a e
mþ1;1 ¼ 0;

ae
mþ1; j ¼ E e

m�1E
e
ml

2
m�1a

e
m�1; j þ ae

m; j�1 ð2a jamÞ:

We shall prove ðBmþ1Þ. Let x A TM be an e1-vector and gx an e1-geodesic
of M, and put sx ¼ f � gx. Because of ðB2Þ; . . . ; ðBmÞ and ðFmþ1Þ for sx,

nmþ1;mþ1ðxÞ ¼ emþ1ðl1 � � � lmÞ2 �
X

ðl;nÞ0ðmþ1;mþ1Þ
ae1
mþ1; la

e1
mþ1;nnl;nðxÞ:

This equation and ðB2Þ; . . . ; ðBmÞ imply that nmþ1;mþ1ðxÞ is independent of the
choice of the e1-vectors x. Thus we put nmþ1;mþ1ðxÞ ¼ nmþ1 A R. By Lemma
2.3, we get for any v A TM

nmþ1;mþ1ðvÞ ¼ emþ1
1 nmþ1hv; vi

mþ1:ð20Þ

Di¤erentiating ðBmÞ for k þ l ¼ 2mþ 1, we get nkþ1; lðvÞ þ nk; lþ1ðvÞ ¼ v � nk; lðVÞ
¼ 0, where V is a local vector field on M extending v such that the covariant
derivative ‘vV vanishes. So, by (20), we have

nk; lðvÞ ¼ ð�1Þðk�lÞ=2emþ1
1 nmþ1hv; vi

mþ1 ðk þ l ¼ 2mþ 2Þ:ð21Þ

From (21) and the constancy of nmþ1,

nmþ2;mþ1ðvÞ ¼
1

2
v � nmþ1;mþ1ðVÞ ¼ 0:ð22Þ

Di¤erentiating (21) in the direction of v, we have nkþ1; lðvÞ þ nk; lþ1ðvÞ ¼ v � nk; lðVÞ
¼ 0 for k þ l ¼ 2mþ 2. This relation and (22) imply

nk; lðvÞ ¼ 0 ðk þ l ¼ 2mþ 3Þ:ð23Þ
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Using Lemma 4.1, the inductive hypothsis, (21) and (23) imply ðBmþ1Þ. This
completes the proof of the theorem. r

The coe‰cients ae
i; j of ðFiÞ have the following properties.

Lemma 4.3. The coe‰cients ae
i; j of ðFiÞ in Theorem 4.2 satisfy

ae
i; j ¼ 0 ði þ j: oddÞ;ð24Þ

ae
i; j ¼ ðee1Þði�jÞ=2

ae1
i; j ði þ j: evenÞ:ð25Þ

Proof. Because of (ii) and (iii), for i þ j ¼ 1; 3, ae
0;1 ¼ ae

1;2 ¼ ae
2;1 ¼ 0. Us-

ing (iv), we can see that (24) holds for every natural numbers i, j such that i þ j
is odd, by the induction. We shall prove that (25)i; j is true for even i þ j.
Equation (i) says that (25)i; i holds for 1a ia d and (iii) implies that ð25Þi;1 holds

for any odd natural number suth that 3a ia d. Hence we obtain ð25Þi; j for
1a ja ia 3 hold. Let 3a k < d. Suppose that (25)i; j holds for 1a ja ia
k. Since we already showed that ð25Þkþ1;1 and ð25Þkþ1;kþ1 hold, it su‰ces to
show that ð25Þkþ1; l for 2a la k � 1. Using the assumption of induction, we
have for even ðk þ 1Þ þ l

a e
kþ1; l ¼ E e

k�1E
e
kl

2
k�1a

e
k�1; l þ ae

k; l�1

¼ ðee1Þek�1ekl
2
k�1ðee1Þ

ððk�1Þ�lÞ=2
ae1
k�1; l þ ðee1Þðk�ðl�1ÞÞ=2

ae1
k; l�1

¼ ðee1Þððkþ1Þ�lÞ=2ðek�1ekl
2
k�1a

e1
k�1; l þ ae1

k; l�1Þ

¼ ðee1Þððkþ1Þ�lÞ=2
ae1
kþ1; l :

We have complete the proof. r

Proposition 4.4. Let e1 be a fixed admissible signature to M and
f : M ! M a helical geodesic immersion of ðd; l1; . . . ; ld�1; e1; . . . ; edÞ. Then
we have for any v A TM and m ð3ama dÞ,

Xm
j¼2

ae1
m; jðe1hv; viÞ

ðm�jÞ=2
AðD j�2BÞðv jÞv ¼ 0:ð26Þ

If d ¼ 2, then f is parallel. If db 3, then, for any v A TM,

Xdþ1

j¼2

ae1
dþ1; jðe1hv; viÞ

ðdþ1�jÞ=2ðD j�2BÞðv jÞ ¼ 0;ð27Þ

where we put

ae1
dþ1;dþ1 ¼ 1; ae1

dþ1;1 ¼ a e1
dþ1;dþ2 ¼ 0;

ae1
dþ1; j ¼ ed�1edl

2
d�1a

e1
d�1; j þ ae1

d; j�1 ð2a ja dÞ:
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Proof. Let x A TM be an e1-vector. Using e1hx; xi ¼ 1, we rewrite Equa-
tion (19) in the proof of Theorem 4.2 into the form

Xm
j¼2

ae1
m; jðe1hx; xiÞ

ðm�jÞ=2
AðD j�2BÞðx jÞx ¼ 0:

From (24), each non-vanishing term of the left hand side is a tensor field of
degree ðmþ 1Þ. Taking account of Lemma 2.2, the above equation holds if x is
replaced by any v A TM. Thus we have (26). Let gx be an e1-geodesic of M
such that g 0xð0Þ ¼ x, and put sx ¼ f � gx and X ¼ s 0

x. If d ¼ 2, then ‘Xsx;2 ¼
�e1e2l1sx;1. Hence, ðF2Þ in Theorem 4.2 implies ðDBÞðx3Þ ¼ 0 for any e1-vector
x A TM. By Lemma 2.2 and Codazzi equation (2), we can see that f is parallel.
When db 3, because of ‘Xsx;d ¼ �ed�1edld�1sx;d�1, ðFd�1Þ and ðFdÞ, we have

Xd
j¼2

ðed�1edl
2
d�1a

e1
d�1; j þ a e1

d; j�1ÞðD
j�2BÞðx jÞ þ ðDd�1BÞðxdþ1Þ ¼ 0:ð28Þ

Using e1hx; xi ¼ 1 again, we can rewrite (28) into (27). r

Corollary 4.5. For any null tangent vector z of M, AðDi�2BÞðz iÞz ¼ 0 ðib 2Þ
and ðD j�2BÞðz jÞ ¼ 0 ð jb d þ 1Þ.

Proof. By ae
dþ1;dþ1 ¼ 1 and (27), we can see that ðDk�2BÞðvkÞ ðkb d þ 1Þ

is a linear combination of hv; viðdþ1�iÞ=2ðDi�2BÞðviÞ ð2a ia dÞ. If we replace
v by any null vector z A TM in (26), (27) and the above linear combination,
then we obtain AðDi�2BÞðz iÞz ¼ 0 ðib 3Þ and ðDi�2BÞðziÞ ðib d þ 1Þ because of
ae
2;2 ¼ � � � ¼ ae

dþ1;dþ1 ¼ 1. We must prove ABðz2Þz ¼ 0. By virtue of ðB2Þ, we
have ABðv2Þv ¼ n2hv; viv for any v, hence the proof is complete. r

Corollary 4.6. ðBiÞ holds for any natural number ib 2.

Proof. Let x A TM be an e1-vector. Then, from ae
dþ1;dþ1 ¼ 1, (24) and

(27), we see that ðDk�2BÞðxkÞ ðkb d þ 1Þ is a linear combination of ðDi�2BÞðxiÞ,
i ¼ 3; 5; . . . ; d 0 or i ¼ 2; 4; . . . ; d 00, according as k is odd or even, where we note
that the coe‰cients are independent on the choice of e1-vector x. Thus, from
ðB2Þ; . . . ; ðBdÞ, nk; lðxÞ is constant for any k; lb 2 and e1-vectors x, and nk; lðxÞ ¼ 0
in the case that k þ l is odd. Put ni ¼ ni; iðxÞ ðib d þ 1Þ. By the same way of
showing ðBmþ1Þ in the proof of Theorem 4.2, we can prove that ðBiÞ holds for
ib d þ 1 inductively. r

From Theorem 4.2, we see that i-th Frenet vectors of s ðib 2) are normal
to M. Hence we get da pþ 1, where p is the codimension of f . However,
when M is indefinite, the order of helical geodesic immersion depends on not only
the codimension but also the index of the normal spaces (Theorem C). To see
this fact, we prepare the following paragraphs. For any a ¼ ðe2; . . . ; edÞ A
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f�1;þ1gd�1, we put ao ¼ ðe3; e5; . . . ; ed 0 Þ, ae ¼ ðe2; e4; . . . ; ed 00 Þ and âa ¼ ðð�1Þ2e2;
ð�1Þ3e3; . . . ; ð�1ÞdedÞ. By definition, we have nðaÞ ¼ nðaeÞ þ nðaoÞ, nðâaeÞ ¼ nðaeÞ
and nðâaoÞ ¼ ½ðd � 1Þ=2� � nðaoÞ. Thus nðâaÞ ¼ nðaeÞ þ ½ðd � 1Þ=2� � nðaoÞ.

Lemma 4.7. For a; âa A f�1;þ1gd�1, we have

min
a A f�1;þ1g d�1

maxfnðaÞ; nðâaÞg ¼ min
a A f�1;þ1g d�1

maxfpðaÞ; pðâaÞg ¼ d þ 1

4

� �
:

Proof. Because of 0aNðaoÞa ½d=2�,

min
a A f�1;þ1gd�1

maxfnðaÞ; nðâaÞg

¼ min
a A f�1;þ1g d�1;

nða eÞ¼0

maxfnðaÞ; nðâaÞg

¼ min
a A f�1;þ1g d�1;

nða eÞ¼0

max nðaoÞ; d � 1

2

� �
� nðaoÞ

� �

¼ min max i;
d � 1

2

� �
� i

� �����0a ia
d

2

� �� �
¼ d þ 1

4

� �
:

From the same argument for pðaÞ, we can show the second equation in this
lemma. r

Lemma 4.8. If there exists a A f�1;þ1gd�1
such that both a and âa are

admissible to a p-dimensional scalar product space V , then

da pþ 1þ ð�1Þ½p=2�

2
:

Proof. We can easily get nðaÞ � nðâaÞ ¼ 2nðaoÞ � ½ðd � 1Þ=2�. Hence
jnðaÞ � nðâaÞjb 1 when d1 0; 3 ðmod 4Þ. In this case, without loss of generality,
we can assume nðaÞ � nðâaÞb 1. If both a and âa are admissible to V , then
nðaÞa ind V and pðâaÞa dim V � ind V . Therefore we have

d � 1 ¼ pðâaÞ þ nðâaÞa dim V � ind V þ ind V � 1 ¼ p� 1:

Hence we have da p, d1 0; 3 ðmod 4Þ. When d1 1; 2 ðmod 4Þ, at least,
da pþ 1. These inequalities imply

da
pþ 1 p1 0; 1 ðmod 4Þ;
p p1 2; 3 ðmod 4Þ:

�

Therefore the proof is finished. r

Proof of Theorem C. Let e1; . . . ; ed be the Frenet signatures in M of e1-
geodesic of M. Put a ¼ ðe2; . . . ; edÞ. Since M is indefinite, from Theorem A
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and Theorem 4.2, both a and âa must be admissible to the normal spaces of M.
By Lemma 4.8,

da pþ 1þ ð�1Þ½ p=2�

2
:

On the other hand, maxfnðaÞ; nðâaÞga ind TqM
? and maxfpðaÞ; pðâaÞga

p� ind TqM
? must also hold ðq A MÞ. Using Lemma 4.7, we have

d þ 1

4

� �
aminfind TqM

?; p� ind TqM
?g ¼ l 0:

Therefore we have da 4l 0 þ 2. Theorem C was proved. r

Remark 4.9. We note

min pþ 1þ ð�1Þ½p=2�

2
; 4l 0 þ 2

( )

¼
4l 0 þ 2 ð0a l 0 a ½ðp� 1Þ=4�Þ;

pþ 1þ ð�1Þ½p=2�

2
ð½ðp� 1Þ=4� < l 0 a ½ðp� 1Þ=2�Þ:

8<
:

Moreover we can prove the following: For a p-dimensional scalar product space
V , there exist a ¼ ðe2; . . . ; ekÞ such that both a and âa are admissible to V , where k
is equal to the right hand side of the inequality in Theorem D.

Corollary 4.10. Let f : M ! M be a helical geodesic immersion of order
d. If M is indefinite and ind M ¼ ind M, then da 2. Hence f is parallel.

Here we recall several notions which is proper in semi-Riemannian geo-
metry. Let V be a scalar product space. A subspace W of V is called an
isotropic subspace, if all non-zero vectors of W are light-like. The dimension of
a maximal isotropic subspace of V is equal to minfind V � dim V ; ind Vg. Let
L be a merely submanifold of a semi-Riemannian manifold N. In general, the
induced tensor field g on L from the semi-Riemannian metric on N is not
necessarily non-degenerate. If g ¼ 0 on L, then we call L an isotropic sub-
manifold, following [5]. Thus, for an isotropic submanifold L, TqL ðq A LÞ is an
isotropic subspace of TqN.

Let N be a semi-Riemannian manifold of constant sectional curvature.
Hereafter, we say that L is totally geodesic in N, if ‘XY is tangent to L for any
tangent vector fields X , Y of L, where ‘ is the Levi-Civita connection of N. We
note that a semi-Riemannian manifold N of constant sectional curvature satisfies
that if, for each point q A N and any subspace V of the tangent space TqN, there
exists a totally geodesic submanifold L containing q such that the tangent space
of L at q is V .

We recall the definition of a normal section for an n-dimensional semi-
Riemannian submanifold M immersed in an ðnþ pÞ-dimensional semi-

340 kouhei miura



Riemannian manifold M of constant sectional curvature. For a point q in M
and a non-zero vector v in TqM, the vector v and the normal space TqM

?

determine a ðpþ 1Þ-dimensional subspace Eðq; vÞ of TqM, which determines a
ðpþ 1Þ-dimensional totally geodesic submanifold L satisfying q A L and TqL ¼
Eðq; vÞ. Then the intersection of M and L gives rise to a regular curve bv in a
neighborhoods of q such that b 0

vð0Þ ¼ v, which is called the normal section of M
at q in the direction v. Without loss of generality, we may assume that bv is
parametrized by arc-length whenever v is non-null.

In this paper, we say that an isometric immersion f : M ! M has geodesic
normal sections, if any geodesic of M is locally a normal section. Similarly to
the Riemannian case, the next proposition holds.

Proposition 4.11. A helical geodesic immersion has geodesic normal sec-
tions.

Proof. Equation (27) and the continuity of ðDi�2BÞ imply, for any v A TM,

spanfðDi�2BÞðviÞ j 2a ia dg ¼ spanfðDi�2BÞðviÞ j ib 2g;ð29Þ
and the dimensiona ðd � 1Þ because of Theorem 4.2. By Proposition 4.4,
AðDi�2BÞðv iÞv5v ¼ 0 for any v A TM and ib 2. Let q be an arbitrary point in
M and g : I ! M a geodesic of M satisfying g 0ð0Þ ¼ v A TqM, put s ¼ f � g.
Then, we have for 1a ia d

‘ i�1
V s 0 ¼

Xi

j¼1

cij ðD j�2BÞðV jÞ;ð30Þ

where ðD�1BÞðV 1Þ ¼ V ¼ s 0 and cij is a function on I . So we have sðiÞð0Þ A
Eðq; vÞ, ð1a ia dÞ. Let L be a totally geodesic submanifold of M determined
by Eðq; vÞ. Then L has the induced connection ‘L i.e., ‘L

XY ¼ ‘XY for any
tangent vector fields X , Y of L. Let b be a curve on L satisfies the following
equation with an initial condition b 0ð0Þ ¼ v

‘
Lði�1Þ
V b 0 ¼

Xi

j¼1

cij ðD j�2BÞðV jÞ:ð31Þ

By virtue of ‘L
XY ¼ ‘XY and the uniqueness for solutions of Equations (30) and

(31), we see that s coincides with b locally (hence b is a normal section of M at q
in the direction v). Thus all geodesics of M are normal sections of M. This
proposition is proved. r

Remark 4.12. Chen and Verheyen [4] proved that a Euclidean helical sub-
manifolds has geodesic normal sections. In the Riemannian case, its inverse was
proved by Verheyen [11]. Moreover Hong and Houh [6] showed it in case the
ambient space is of constant sectional curvature. However, in the proper semi-
Riemannian case, space-like geodesics of a submanifold with geodesic normal
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sections are not necessarily helices (in the sense of this paper) in the ambient
space. See Example 2.3 in Blomstrom [3], for example.

We say that a curve c in a semi-Riemannian manifold N of constant sectional
curvature is of proper order d if the image of c is contained in a d-dimensional
totally geodesic submanifold of N and not in any ðd � 1Þ-dimensional totally
geodesic submanifold of N.

As can be seen from Example 3.4, under the assumption that f : M ! M is
a helical geodesic immersion, the proper order of a null geodesic of M in M need
not coincide with one of a space-like geodesic of M. A direct computation shows
that f and i � f in Example 3.5, and f in Example 3.6 map each null geodesics
of S2

1 to curves whose proper order is equal to the helical order in S4
2 ð3Þ, R5

2 and
S6
3 ð6Þ respectively. On the other hand, though i � f in Example 3.6 is a helical

geodesic immersion of order 4, each null geodesics of S2
1 are mapped to curves of

proper order 3 in R7
3 by i � f . In general, for the behavior of null geodesics

mapped by a helical geodesic immersion, we can obtain Theorem D.

Proof of Theorem D. Let z a null vector of TqM ðq A M ) and g a null
geodesic of M satisfying g 0ð0Þ ¼ z. We have for s ¼ f � g

sðiÞ ¼
Xi

j¼1

cij ðD j�2BÞðZ jÞ;

where ðD�1BÞðZ1Þ ¼ Z ¼ s 0. On the other hand, ðBiÞ ðib 2) imply for any null
vector z tangent to M

hðDk�2BÞðzkÞ; ðDl�2BÞðzlÞi ¼ 0;

for any k; lb 1. Therefore we have hsðkÞ; sðlÞi ¼ 0 along s for any k; lb 1 and
see that s 0ð0Þ; . . . ; sðdÞð0Þ are contained in an isotropic subspace V of Eðq; zÞ,
where dim V a l 0 þ 1. By virtue of Proposition 4.11 and (29), s is a normal
section of M and its proper ordera d. Since M is of constant sectional
curvature, there exists an isotropic totally geodesic submanifold LV determined
by V . Since, from (29), we can see that spanfs 0; . . . ; sðdÞg is parallel along s,
the image of sHLV and dim LV ¼ dim V ¼ l 0 þ 1. So, the proper order of
saminfl 0 þ 1; dg. Theorem D was proved. r
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