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1. Introduction

In ([Br1]), R. L. Bryant showed that any oriented 6-dimensional submanifold
j : M 6 ! C of the octonions C admits the almost complex (Hermitian) structure
J defined by

j�ðJX Þ ¼ j�ðXÞðh� xÞ;
where fx; hg is a local oriented orthonormal frame field of the normal bundle
of j over a neighborhood of each point of M 6. The induced almost complex
(Hermitian) structure is a Spinð7Þ-invariant in the following sense.

Let j1; j2 : M
6 ! C be two isometric immersions from the same source

manifold to the octonions. If there exists an element g A Spinð7Þ such that
g � j1 ¼ j2 (up to a parallel translation), then the two maps are said to be
Spinð7Þ-congruent. If the immersions j1 and j2 are Spinð7Þ-congruent, then the
induced almost complex structures coincide.

We shall give a classification (Theorem 5.1) of 6-dimensional extrinsic homo-
geneous almost Hermitian submanifolds of the octonions C by making use of the
classification of the homogeneous isoparametric hypersurfaces of a unit sphere
([HsL], [TT]), and also introduce a list of 6-dimensional submanifolds of C which
are Riemannian homogeneous but not homogeneous with respect to the induced
almost complex structure (§6).

2. Preliminaries

Let H be the skew field of all quaternions with canonical basis f1; i; j; kg,
which satisfies

i2 ¼ j2 ¼ k2 ¼ �1; ij ¼ �ji ¼ k; jk ¼ �kj ¼ i; ki ¼ �ik ¼ j:

The octonions (or Cayley algebra) C over R can be considered as a direct sum
HlH ¼ C with the following multiplication

ðaþ beÞðcþ deÞ ¼ ac� dbþ ðdaþ bcÞe;
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where e ¼ ð0; 1Þ A HlH and a; b; c; d A H, where the symbol ‘‘ ’’ denotes the
conjugation of the quaternion. For any x; y A C, we have

hxy; xyi ¼ hx; xihy; yi;

which is called ‘‘normed algebra’’ in ([H-L]). The octonions is a non-commutative,
non-associative alternative division algebra. The group of automorphisms of the
octonions is the exceptional simple Lie Group

G2 ¼ fg A SOð8Þ j gðuvÞ ¼ gðuÞgðvÞ for any u; v A Cg:

In this paper, we shall concern the Lie group Spinð7Þ which is defined by

Spinð7Þ ¼ fg A SOð8Þ j gðuvÞ ¼ gðuÞwgðvÞ for any u; v A Cg;
where wgðvÞ ¼ gðg�1ð1ÞvÞ. Note that G2 is a Lie subgroup of Spinð7Þ:

G2 ¼ fg A Spinð7Þ j gð1Þ ¼ 1g:
The map w defines a double covering map from Spinð7Þ onto SOð7Þ, which

satisfies the following equivariance

gðuÞ � gðvÞ ¼ wgðu� vÞ;
for any u; v A C, where u� v ¼ ð1=2Þðvu� uvÞ (which is called the ‘‘exterior prod-
uct’’) where v ¼ 2hv; 1i� v is the conjugation of v A C. We note that u� v is
pure-imaginary for any u; v A C.

The Lie algebra g2 is the subalgebra of soð7Þ whose basis is given by

aG23 þ bG45 þ cG76;

aG31 þ bG46 þ cG57;

aG12 þ bG47 þ cG65;

aG51 þ bG73 þ cG62;

aG14 þ bG72 þ cG36;

aG17 þ bG24 þ cG53;

aG61 þ bG34 þ cG25;

8>>>>>>>>>><
>>>>>>>>>>:

ð2:1Þ

where a; b; c A R with aþ bþ c ¼ 0; and GijðekÞ ¼ djkei � dikej. The Lie algebra
spinð7Þ is the subalgebra of soð8Þ whose basis is given by

dG10 þ aG23 þ bG45 þ cG76;

dG20 þ aG31 þ bG46 þ cG57;

dG30 þ aG12 þ bG47 þ cG65;

dG40 þ aG51 þ bG73 þ cG62;

dG50 þ aG14 þ bG72 þ cG36;

dG60 þ aG17 þ bG24 þ cG53;

dG70 þ aG61 þ bG34 þ cG25;

8>>>>>>>>>><
>>>>>>>>>>:

ð2:2Þ

where a; b; c; d A R with aþ bþ cþ d ¼ 0:
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2.1. Spin(7)-structure equations
In this section, we shall recall the structure equation of Spinð7Þ which was

established by R. Bryant ([Br1]). To do this, we fix a basis of the complexifica-
tion of the octonions CnR C over C given by

N ¼ ð1=2Þð1�
ffiffiffiffiffiffiffi
�1

p
eÞ; N ¼ ð1=2Þð1þ

ffiffiffiffiffiffiffi
�1

p
eÞ;

E1 ¼ iN; E2 ¼ jN; E3 ¼ �kN; E1 ¼ iN; E2 ¼ jN; E3 ¼ �kN:

We extend the multiplication of the octonions complex linearly on CnR C.
Then we have the following multiplication table;

AnB N E1 E2 E3 N E1 E2 E3

N N 0 0 0 0 E1 E2 E3

E1 E1 0 �E3 E2 0 �N 0 0

E2 E2 E3 0 �E1 0 0 �N 0

E3 E3 �E2 E1 0 0 0 0 �N

N 0 E1 E2 E3 N 0 0 0

E1 0 �N 0 0 E1 0 �E3 E2

E2 0 0 �N 0 E2 E3 0 �E1

E3 0 0 0 �N E3 �E2 E1 0

We define a CzSpinð7Þ admissible frame field as follows. Let o be the origin
of the octonions. The Lie group CzSpinð7Þ acts on ClEndðCnR CÞ as
follows

ðx; gÞðo;N;E;N;EÞ ¼ ðg � oþ x; gðNÞ; gðEÞ; gðNÞ; gðEÞÞ

¼ ðx; gðNÞ; gðEÞ; gðNÞ; gðEÞÞ

¼ ðo;N;E;N;EÞ 1 01�8

rðxÞ rðgÞ

� �
;

where ðx; gÞ A CzSpinð7Þ and
1 01�8

rðxÞ rðgÞ

� �
is its matrix representation. A

frame ðx; n; f ; n; f Þ is said to be a CzSpinð7Þ admissible frame if there exists an
element ðx; gÞ A CzSpinð7Þ such that

ðx; n; f ; n; f Þ ¼ ðx; gÞðo;N;E;N;EÞ:

Proposition 2.1 ([Br1]). The Maurer-Cartan form of CzSpinð7Þ is given
by
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dðx; n; f ; n; f Þ ¼ ðx; n; f ; n; f Þ

0 0 01�3 0 01�3

n
ffiffiffiffiffiffiffi
�1

p
r � th 0 � ty

o h k y ½y�
n 0 � ty �

ffiffiffiffiffiffiffi
�1

p
r � th

o y ½y� h k

0
BBBBBBB@

1
CCCCCCCA

¼ ðx; n; f ; n; f Þc;

where c is a spinð7ÞlCðHM9�9ðCÞÞ-valued 1-form, r is a real-valued 1-form, n is
a complex valued 1-form, o, h, y are M3�1-valued 1-forms, k is a uð3Þ-valued
1-form which satisfy

ffiffiffiffiffiffiffi
�1

p
rþ tr k ¼ 0, and

½y� ¼
0 y3 �y2

�y3 0 y1

y2 �y1 0

0
B@

1
CA;

for y ¼ tðy1; y2; y3Þ. The 1-form c satisfies the following integrability condition
dcþ c5c ¼ 0. More precisely

dx ¼ ðn; f ; n; f Þ

n

o

n

o

0
BBB@

1
CCCA;

dn ¼ n
ffiffiffiffiffiffiffi
�1

p
rþ f hþ f y;

df ¼ nð� thÞ þ f kþ nð� tyÞ þ f ½y�;

and the integrability conditions are given by

dn ¼
ffiffiffiffiffiffiffi
�1

p
r5nþ th5oþ ty5o;

do ¼ �h5n� k5o� y5n� ½y�5o;

dð
ffiffiffiffiffiffiffi
�1

p
rÞ ¼ th5hþ ty5y;

dh ¼ �h5
ffiffiffiffiffiffiffi
�1

p
r� k5h� ½y�5y;

dy ¼ y5
ffiffiffiffiffiffiffi
�1

p
r� k5y� ½y�5h;

dk ¼ h5 th� k5kþ y5 ty� ½y�5½y�:

3. Gram-Schmidt construction of Spin(7)-frame fields

In order to construct a Spinð7Þ-frame field, we first recall the Gram-Schmidt
construction of a G2-frame.
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Lemma 3.1. For a pair of mutually orthogonal unit vectors e1, e4 in C0 put
e5 ¼ e1e4. Take a unit vector e2, which is perpendicular to e1, e4 and e5. If we
put e3 ¼ e1e2, e6 ¼ e2e4 and e7 ¼ e3e4 then the matrix

g ¼ ½e1; e2; e3; e4; e5; e6; e7� A SOð7Þ;

is an element of G2.

From Lemma 3.1, by taking e4 ¼ h� x, we obtain a G2-frame field given by

N � ¼ ð1=2Þð1�
ffiffiffiffiffiffiffi
�1

p
e4Þ; N � ¼ ð1=2Þð1þ

ffiffiffiffiffiffiffi
�1

p
e4Þ;

E �
1 ¼ ð1=2Þðe1 �

ffiffiffiffiffiffiffi
�1

p
e5Þ; E �

1 ¼ ð1=2Þðe1 þ
ffiffiffiffiffiffiffi
�1

p
e5Þ;

E �
2 ¼ ð1=2Þðe2 �

ffiffiffiffiffiffiffi
�1

p
e6Þ; E �

2 ¼ ð1=2Þðe2 þ
ffiffiffiffiffiffiffi
�1

p
e6Þ;

E �
3 ¼ �ð1=2Þðe3 �

ffiffiffiffiffiffiffi
�1

p
e7Þ; E �

3 ¼ �ð1=2Þðe3 þ
ffiffiffiffiffiffiffi
�1

p
e7Þ:

Then we see that spanCfN �;E �
1 ;E

�
2 ;E

�
3 g is a

ffiffiffiffiffiffiffi
�1

p
-eigenspace T

ð1;0Þ
p CðHCnCÞ

with respect to the almost complex structure J ¼ Rh�x at p A C. On the other
hand, n ¼ ð1=2Þðx�

ffiffiffiffiffiffiffi
�1

p
hÞ is a local orthonormal frame field of the complexi-

fied normal bundle T?ð1;0ÞM. Since T
?ð1;0Þ
jðmÞ MHT

ð1;0Þ
jðmÞ C, there exists a M4�1ðCÞ-

valued function a1 ¼ tða11; a21; a31; a41Þ, such that

n ¼ ð1=2Þðx�
ffiffiffiffiffiffiffi
�1

p
hÞ ¼ ðN �;E �

1 ;E
�
2 ;E

�
3 Þa1:

By applying the Gram-Schmidt orthonormalization to the pair fn; a1g with respect
to the Hermitian inner product of T

ð1;0Þ
jðmÞ C, we may obtain three M4�1ðCÞ-valued

functions fa2; a3; a4g such that fa1; a2; a3; a4g is a special unitary frame. We set

fi ¼ ðN �;E �
1 ;E

�
2 ;E

�
3 Þaiþ1;

for i ¼ 1; 2; 3, then

ðn; f ; n; f Þ ¼ ðn; f1; f2; f3; n; f 1; f 2; f 3Þ;

is a (local) Spinð7Þ-frame field on M.

Remark 3.1. The above procedure comes from the following relation

Spinð7Þ=Spinð6Þ ¼ Spinð7Þ=SUð4Þ ¼ S6 GG2=SUð3Þ:

4. Spin(7) invariants

We shall recall the invariants of Spinð7Þ-congruence classes for 6-dimensional
submanifolds ðM; jÞ in C. By Proposition 2.1, we have

Proposition 4.1 ([Br1]). Let j : M ! C be an isometric immersion from an
oriented 6-dimensional manifold to the octonions. Then
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dj ¼ foþ fo;ð4:1Þ
n ¼ 0;ð4:2Þ

dn ¼ n
ffiffiffiffiffiffiffi
�1

p
rþ f hþ f y;ð4:3Þ

df ¼ nð� thÞ þ f kþ nð� tyÞ þ f ½y�;ð4:4Þ

and the integrability conditions imply that

do ¼ �k5o� ½y�5o;ð4:5Þ

dð
ffiffiffiffiffiffiffi
�1

p
rÞ ¼ th5hþ ty5y;ð4:6Þ

dh ¼ �h5
ffiffiffiffiffiffiffi
�1

p
r� k5h� ½y�5y;ð4:7Þ

dy ¼ y5
ffiffiffiffiffiffiffi
�1

p
r� k5y� ½y�5h;ð4:8Þ

dk ¼ h5 th� k5kþ y5 ty� ½y�5½y�:ð4:9Þ

The second fundamental form II is given by

II ¼ �2 Refð th � oþ ty � oÞn ng;

where the symbol ‘‘�’’ is the symmetric tensor product. By Cartan’s Lemma
(since n ¼ 0), there exist M3�3-valued matrices A, B, C such that

h

y

� �
¼ B A

tB C

� �
o

o

� �
;ð4:10Þ

where tA ¼ A and tC ¼ C. We have the following decomposition

IIð2;0Þ ¼ ð� to � AoÞn n;

IIð1;1Þ ¼ ð� to � tBo� to � BoÞn n;

IIð0;2Þ ¼ ð� to � CoÞn n:

We shall write each elements more explicitly. There exists a unitary frame
fei; Jeig for i ¼ 1; 2; 3, such that

n ¼ ð1=2Þðx�
ffiffiffiffiffiffiffi
�1

p
hÞ; fi ¼ ð1=2Þðei �

ffiffiffiffiffiffiffi
�1

p
JeiÞ:

Thus the elements of the second fundamental form are given by

Aij ¼ �2hIIð fi; fjÞ; ni;

Bij ¼ �2hIIð fi; fjÞ; ni;

Cij ¼ �2hIIð fi; fjÞ; ni:

We shall recall the relation of Ricci �-tensor r� and �-scalar curvature t� which
are fundamental invariants of almost Hermitian geometry. The Ricci �-tensor
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and �-scalar curvature of an almost Hermitian manifold M ¼ ðM; J; h ; iÞ of
dimension 2n, are defined by

r�ðx; yÞ ¼ 1

2

X2n
i¼1

hRðei; JeiÞJy; xi

and

t� ¼
X2n
i¼1

r�ðei; eiÞ;

respectively. Note that Ricci �-tensor is neither symmetric nor skew-symmetric,
in general.

Proposition 4.2 ([H2]). The Ricci �-tensor and �-scalar curvature of an
oriented 6-dimensional submanifold in C are given by

r�ðx; yÞ ¼ taðAB� BC � tðAB� BCÞÞb

� taðAA� BtB� tBBþ CCÞb þ its conjugation

t� ¼ �4ðtr AA� 2 tr tBBþ tr CCÞ;

where x ¼ f aþ f a, y ¼ f b þ f b and a; b A M3�1ðCÞ.

4.2. Spin(7)-congruence theorem
In this section, we shall give an equivalent condition for two isometric

immersions to be Spinð7Þ-congruent. Namely, we have the following.

Proposition 4.3. Let M 6 be a connected, oriented 6-dimensional manifold
and j1; j2 : M

6 ! C be two isometric immersions with same induced metrics and
almost complex structures. Let IIð2;0Þj1

, IIð2;0Þj2
be the corresponding ð2; 0Þ part of

the 2nd fundamental forms. Then there exists an element g A Spinð7Þ such that
g � j1 ¼ j2 if and only if IIð2;0Þj1

G IIð2;0Þj2
.

Proof. By (4.1) in Proposition 4.1, o, o are determined by the induced
almost Hermitian structure. We may check that r, h, and y depend on o, o and
IIð2;0Þ. By (4.4), k and y depend only on the unitary frame f , f , df and df .
Hence they depend only on the induced almost Hermitian structure. By (4.10),
B and C are also. If we fix IIð2;0Þ, we get the desired complete information of
the immersion. q.e.d

5. Orbits of the isotropy representations

In this paper, we shall determine the 6-dimensional extrinsic homogeneous
almost Hermitian submanifolds of the octonions. The terminology of extrinsic
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homogeneous for submanifolds of C means that a submanifold is obtained as the
orbit (at some point) of a Lie subgroup of R8 zSpinð7Þ. In this case, we see
that the index of relative nullity is constant on such a homogeneous submanifold.
We note that the notion of the index of relative nullity is not intrinsic one (see
[KN]).

Let ðMm; jÞ be a homogeneous submanifold in an n-dimensional Euclidean
space Rn, and let k be the index of relative nullity of ðMm; jÞ. Taking account
of completeness of Mm, we see that Mm admits the splitting jðMmÞ ¼
Rk � fðMm�kÞ and Mm ¼ Rk �Mm�k, where f is an isometric immersion
f : Mm�k ! Rn�k. In this splitting, we may assume that the image of f is
included in a sphere Sn�k�1, (and hence, jðMmÞ is included in the generalized
cylinder Rk � Sn�k�1 HRk � Rn�k.

From the classification of ([HsL], [TT]) of homogeneous isoparametric
hypersurfaces of a sphere, we see that the following 6-dimensional manifolds
M 6 ¼ ðM 6; jÞ are extrinsic homogeneous almost Hermitian submanifolds of the
octonions C with respect to the almost Hermitian structure induced by the
isometric immersion j.

1. j is totally geodesic. (j : R6 ! CFR8, flat Kähler manifold).
2. j is totally umbilic in Im C. (j : S6 ! Im CFR7, nearly Kähler 6-

sphere).
3. j : S1 � R5 ! Im CFR7 is defined by

jðe
ffiffiffiffiffi
�1

p
y; x1; z2; z3Þ

¼ ðo; e;E;EÞ

1 0 0 0 0 0 0 0

x1 1 0 0 0 0 0 0

z1 0 1 0 0 0 0 0

z2 0 0 e�
ffiffiffiffiffi
�1

p
y 0 0 0 0

0 0 0 0 e
ffiffiffiffiffi
�1

p
y 0 0 0

z1 0 0 0 0 1 0 0

z2 0 0 0 0 0 e
ffiffiffiffiffi
�1

p
y 0

0 0 0 0 0 0 0 e�
ffiffiffiffiffi
�1

p
y

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

1

0

0

0

1

0

0

1

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

¼ ex1 þ E1z1 þ E2z2 þ E3e
ffiffiffiffiffi
�1

p
y þ E1z1 þ E2z2 þ E3 e

ffiffiffiffiffi
�1

p
y;

for ðeiy; x1; z1; z2Þ A S1 � R� C� C ðFS1 � R5Þ
4. j : R1 � R5 ! C is define by (g : R ! R3 is a helix)

jðt; x0; x4; x5; x6; x7Þ

¼ 1x0 þ i cosðatÞ þ j sinðatÞ þ kbtþ ex4 þ iex5 þ jex6 þ kex7

¼ ðo;N;E;N;EÞAv0;
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where v0 ¼ tð1 0 1 0 0 0 1 0 0Þ and

A ¼

1 0 0 0 0 0 0 0 0

x0 þ
ffiffiffiffiffiffiffi
�1

p
x4 1 0 0 0 0 0 0 0ffiffiffiffiffiffiffi

�1
p

x5 0 cosðatÞ �sinðatÞ 0 0 0 0 0ffiffiffiffiffiffiffi
�1

p
x6 0 sinðatÞ cosðatÞ 0 0 0 0 0

�bt�
ffiffiffiffiffiffiffi
�1

p
x7 0 0 0 1 0 0 0 0

x0 �
ffiffiffiffiffiffiffi
�1

p
x4 0 0 0 0 1 0 0 0

�
ffiffiffiffiffiffiffi
�1

p
x5 0 0 0 0 0 cosðatÞ �sinðatÞ 0

�
ffiffiffiffiffiffiffi
�1

p
x6 0 0 0 0 0 sinðatÞ cosðatÞ 0

�btþ
ffiffiffiffiffiffiffi
�1

p
x7 0 0 0 0 0 0 0 1

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

;

for ðt; x0; x4; x5; x6; x7Þ A R1 � R5.
5. j : S2 � R4 ! Im C (quasi-Kähler manifold)

jðq; x1; x2; x3; x4Þ ¼ qiqþ ex1 þ iex2 þ jex3 þ kex4;

where q A Spð1ÞGS3 HH and ðx1; x2; x3; x4Þ A R4.
6. j : S3 � R3 ! Im C is defined by

jðq; x1; x2; x3Þ ¼ ix1 þ jx2 þ kx3 þ qe;

for ðq; x1; x2; x3Þ A S3 � R3.
7. j : S5 � R1 ! Im C, is defined by

jðx; z1; z2; z3Þ

¼ ðo; e;E;EÞ

1 0 01�3 01�3

x 1 01�3 01�3

03�1 03�1 U 03�3

03�1 03�1 03�3 U

0
BBB@

1
CCCA

1

0

1

0

0

1

0

0

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

¼ exþ
X3
i¼1

Eizi þ
X3
i¼1

Eizi;

where p0 ¼ ðe;E;EÞ tð0 1 0 0 1 0 0Þ, U A SUð3Þ and tðz1; z2; z3Þ
¼ U tð1; 0; 0Þ.

8. j : S1 � S5 ! S7 HR8 GC is defined by
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jðe
ffiffiffiffiffi
�1

p
y; z1; z2; z3Þ

¼ ðN;E;N;EÞ

e
ffiffiffiffiffi
�1

p
y 01�3 0 01�3

03�1 e�ð
ffiffiffiffiffi
�1

p
yÞ=3U 0 03�3

0 01�3 e�
ffiffiffiffiffi
�1

p
y 01�3

03�1 03�3 03�1 eð
ffiffiffiffiffi
�1

p
yÞ=3U

0
BBB@

1
CCCA

1

1

0

0

1

1

0

0

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

¼ Ne
ffiffiffiffiffi
�1

p
y þ eð

ffiffiffiffiffi
�1

p
yÞ=3
X3
i¼1

Eizi þNe�
ffiffiffiffiffi
�1

p
y þ e�ð

ffiffiffiffiffi
�1

p
yÞ=3
X3
i¼1

Eizi;

where p0 ¼ ðN;E;N;EÞ tð1 1 0 0 1 1 0 0Þ, U A SUð3Þ and
tðz1; z2; z3Þ ¼ U tð1; 0; 0Þ.

9. j : S3 � S3 ! S7 HC is defined by

jðq1; q2Þ ¼ q1 þ q2e;

for ðq1; q2Þ A S3 � S3.
10. j : T 2 � R4 ! C is defined by

jðe
ffiffiffiffiffi
�1

p
y1 ; e

ffiffiffiffiffi
�1

p
y1 ; z1; z2Þ ¼ ðo;N;E;N;EÞAv0

¼ Ne
ffiffiffiffiffi
�1

p
y1 þ E1e

ffiffiffiffiffi
�1

p
y1 þ E2z1 þ E3z2

þNe
ffiffiffiffiffi
�1

p
y1 þ E1e

ffiffiffiffiffi
�1

p
y1 þ E2z1 þ E3z2;

where

v0 ¼ tð1 1 1 0 0 1 1 0 0Þ;
and

A ¼

1 0 0 0 0 0 0 0 0

0 e
ffiffiffiffiffi
�1

p
y1 0 0 0 0 0 0 0

0 0 e
ffiffiffiffiffi
�1

p
y2 0 0 0 0 0 0

z1 0 0 e�
ffiffiffiffiffi
�1

p
y1 0 0 0 0 0

z2 0 0 0 e�
ffiffiffiffiffi
�1

p
y2 0 0 0 0

0 0 0 0 0 e�
ffiffiffiffiffi
�1

p
y1 0 0 0

0 0 0 0 0 0 e�
ffiffiffiffiffi
�1

p
y2 0 0

z1 0 0 0 0 0 0 e
ffiffiffiffiffi
�1

p
y1 0

z2 0 0 0 0 0 0 0 e
ffiffiffiffiffi
�1

p
y2

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

:

11. j : R2 � S1 � S3 ! C is defined by
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jðx1; x2; eiy; qÞ ¼ x11þ x2i þ ðcos yþ i sin yÞ jðcos y� i sin yÞ
þ ðqðcos y� i sin yÞÞe

¼ x11þ x2i þ cosð2yÞ j þ sinð2yÞk þ ðqðcos y� i sin yÞÞe;

where ðx1; x2; eiy; qÞ A R2 � S1 � S3.
12. ~jj : R1 � S2 � S3 ! C is defined by

jðx1; q1; q2Þ ¼ x11þ q1iq1 þ ðq2q1Þe;

for ðx1; q1; q2Þ A R1 � S3 � S3. The image of jðR1 � S3 � S3Þ is
R1 � S2 � S3 HC.

13. jt0 : SOð2Þ � SOð3Þ � R2 ! S5 � R2 HC3 lR2 ¼ R8 is defined by

jt0ðy; q; x1; x2Þ ¼ x11þ x2eþ cos t0ðcos yqiqþ sin yðqiqÞeÞ

þ sin t0ð�sin yqjqþ cos yðqjqÞeÞ;

for ðy; qÞ A S1 � Spð1Þ, ðx1; x2Þ A R2 and 0 < t0 < p=4 (constant).

Remark 5.1. We note that the above immersion j� id : SOð2Þ � SOð3Þ�
R2 ! S5 � R2 HR6 lR2 ¼ R8 is a product of the immersion j : SOð2Þ � SOð3Þ
! S5, which is the isoparametric hypersurface with four distinct principal
curvatures and the image jðSOð2Þ � SOð3ÞÞ ¼ SOð2Þ � SOð3Þ=Z2. The induced
almost complex structure is homogeneous, since this manifold is a principal orbit
of the adjoint action of SOð2Þ � SOð3Þ which is included in Uð3ÞHSOð6Þ as
a Lie subgroup. We note that it is also included in SUð4Þ. The action of
SOð2Þ � SOð3Þ is an isotropy representation of the symmetric space SOð5Þ=SOð2Þ
�SOð3Þ. We define the action r of the Lie subgroup SOð2Þ � SOð3Þ of Spinð7Þ
by

rðy; qÞða0 � 1þ a1 þ ðb0 þ b1ÞeÞ
¼ ða0 cosð3yÞ þ b0 sinð3yÞÞ � 1þ ðcosðyÞqa1q� sinðyÞqb1qÞ

þ fð�a0 sinð3yÞ þ b0 cosð3yÞÞ � 1þ ðsinðyÞqa1qþ cosðyÞqb1qÞge;

where a0; b0 A R and a1; b1 A Im H. Then the immersion is given by

jt0ðy; qÞ ¼ rðy; qÞðcosðt0Þi þ sinðt0Þ jeÞ;
where 0 < t0 < p=4.

Further, we have the following result.

Theorem 5.1. Let M 6 ¼ ðM 6; jÞ be an extrinsic homogeneous almost Her-
mitian submanifold of the octonions C with respect to the induced almost Hermitian
structure induced by the isometric immersion j. Then ðM 6; jÞ is one of the above
submanifolds in (1)–(13).
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6. 6-dimensional Riemannian homogeneous, but not homogeneous almost
Hermitian submanifolds of C

The following 6-dimensional submanifolds ðM; jÞ of 8-dimensional Euclidean
space are Riemannian homogeneous, but not homogeneous with respect to the
almost complex structure induced by j.

1. ðS4 � R2; jÞ
2. ðS4 � S1 � R; jÞ
3. ðS4 � S2; jÞ
4. ðS2 � S2 � R2; jÞ
5. ðS1 � S2 � R3; jÞ

(In the above (1)–(5) the isometric immersion j represents the standard
one, respectively.)

Further, the submanifolds ðM 6; jÞ of C in (6)–(10) are given respec-
tively as the orbits of adjoint action at the origin of some Riemannian
symmetric spaces G=K and they are all isoparametric hypersurfaces in S4

or S7 which are Riemannian homogeneous. Denoting by g and k the
Lie algebras of G and K, respectively, and let g ¼ kþm be the standard
decomposition of the Lie algebra g corresponding to the Cartan invo-
lution on G=K . Then the subspace m of g is identified with the tangent
space of G=K at the origin eK .

6. ðM 3 � R3; j� idÞ, where j� id is a product immersion of the identity
map id : R3 ! R3 and j : M 3 ! S4 HR5 is the isometric immersion
from M 3 into S4ðHR5Þ such that ðM 3; jÞ is the Cartan hypersurface of
the unit 4-sphere S4 with three distinct constant principal curvatures. It
is well-known that ðM 3; jÞ is obtained as a principal orbit of the adjoint
action defined by the isotropy representation of the symmetric space
SUð3Þ=SOð3Þ, namely

SOð3Þ=Z2 lZ2 ¼ AdðSOð3ÞÞðp0Þ;

for some nonzero tangent vector p0 at the origin o ¼ eðSOð3ÞÞ.
7. The isoparametric hypersurface

SUð3Þ=T 2 ¼ AdðSUð3ÞÞðp0Þ

of S7 with three distinct principal curvatures is given by the orbit of the
isotropy representation (an orbit of the adjoint action) of the symmetric
space ðSUð3Þ � SUð3ÞÞ=SUð3Þ for some nonzero tangent vector p0 at the
origin o ¼ eðSUð3ÞÞ.

8. The isoparametric hypersurface

SOð2Þ � SOð4Þ=ðZ2 � SOð2ÞÞ ¼ AdðSOð2Þ � SOð4ÞÞðp0Þ

of S7 with four distinct principal curvatures is an orbit of the isotropy
representation (an orbit of the adjoint action) of the symmetric space
SOð6Þ=SOð2Þ � SOð4Þ at the origin o ¼ eðSOð2Þ � SOð4ÞÞ where p0 is a
nonzero tangent vector at o.
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9. The isoparametric hypersurface

SðUð2Þ �Uð2ÞÞ=S1 ¼ AdðSðUð2Þ �Uð2ÞÞÞðp0Þ
of S7 with four distinct principal curvatures is an orbit of the isotropy
representation (an orbit of the adjoint action) of the symmetric space
SUð4Þ=SðUð2Þ �Uð2ÞÞ at the origin o ¼ eðSðUð2Þ �Uð2ÞÞÞ where p0 is
a nonzero tangent vector at o.

10. The isoparametric hypersurface

AdðSOð4ÞÞðp0Þ
of S7 with six distinct principal curvatures is an orbit of the isotropy
representation (an orbit of the adjoint action) of the symmetric space
G2=SOð4Þ at the origin o ¼ eðSOð4ÞÞ where p0 is a nonzero tangent
vector at o.

6.1. A brief proof for the assertion in §6
We shall give a brief proof for the assertion stated in §6, namely that the

ten 6-dimensional submanifolds of C introduced in a previous section are all
Riemannian homogeneous, but not homogeneous with respect to the induced
almost complex structure defined in §1. To do this, we shall show that the Lie
subalgebra of soð8Þ corresponding to the subgroups of SOð8Þ acting transitively
on each manifolds of the 10 examples can not be included in Spinð7Þ.

1. R2 � S4. By (2.2), we can easily see that a Lie group SOð5Þ which acts
on R5 (canonically) can not be realized as the Lie subgroup of Spinð7Þ.

2. R1 � S1 � S4. A Lie group SOð2Þ � SOð5Þ which acts on R7 can not
be realized as the Lie subgroup of Spinð7Þ.

3. S2 � S4. A Lie group SOð3Þ � SOð5Þ which acts on R8 can not be
realized as the Lie subgroup of Spinð7Þ.

4. S2 � S2 � R2. By (2.2), a Lie group SOð3Þ � SOð3Þ which acts on R6

canonically, can not be realized as the Lie subgroup of Spinð7Þ.
5. S1 � S2 � R3. By (2.2), we see that the canonical action of SOð2Þ�

SOð3Þ on R5 HR7, can not be realized as the one of subgroup of
Spinð7Þ. Now, we show that the submanifold is not homogeneous with
respect to the induced almost Hermitian structure. Since the universal
covering group of the isometry of S2 is isomrphic to SUð2Þ, so we
have to examine the possibility of representation from the Lie group
S1 � SUð2Þ to Spinð7Þ such that the image through some point in C is
di¤eomorphic to S1 � S2. We shall consider the following two cases.
First, we assume that gð1Þ ¼ 1 for any g A SUð2Þ, then SUð2Þ is a
subgroup of G2. Taking account of the classification of the represen-
tation of such SUð2Þ as the subgroups of G2, we may easily see that
its orbit is (i) S3 HR4 or (ii) a hypersurface in S2 � S2 or (iii) a 3-
dimensional submanifold of S2 � S3, which does not coincide with S2, or
(iv) the one of an irreducible representation of SUð2Þ whose representation
space is R7. In any cases, we can not represent S1 � S2 as an orbit of a
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subgroup of Spinð7Þ in Im C. Secondary, we assume that gð1Þ0 1 for
some g A SUð2Þ. Then fgð1Þ j g A SUð2Þg ¼ S2 H spanRf1; e1; e2g where
e1; e2 A Im C. Then, we may deduce a contradiction by using the
equivariance of the exterior product of C.

6. j� id : M 3 � R3 ! S4 � R3 HR5 lR3 ¼ R8, where j : M 3 ! S4 is the
Cartan hypersurface of a 4-dimensional sphere (the isoparametric hyper-
surface with three distinct principal curvatures). This submanifold is a
Riemannian homogeneous but the induced almost complex structure is
not homogeneous. M 3 is obtained as an orbit of the the irreducible
representation of SOð3ÞHSOð5Þ on R5. The action of SOð3Þ on R5 is
given by an isotropy representation of the symmetric space SUð3Þ=
SOð3Þ. More explicitely, M 3 is an adjoint orbit AdðgÞðp0Þ at some
point p0 A m where m is the subspace (corresponding to the tangent
space at the origin of the symmetric space SUð3Þ=SOð3Þ) defined by
suð3Þ ¼ ml soð3Þ. We note that the Cartan involution s is given by

sðuÞ ¼ u;

for any u A SUð3Þ, and m is the ð�1Þ-eigenspace of s�. The Lie algebra
suð3Þ is spanned by

e0 ¼ diagð0;
ffiffiffiffiffiffiffi
�1

p
;�

ffiffiffiffiffiffiffi
�1

p
Þ ¼

ffiffiffiffiffiffiffi
�1

p
ðE22 � E33Þ;

e1 ¼ ð1=
ffiffiffi
3

p
Þ diagð2

ffiffiffiffiffiffiffi
�1

p
;�

ffiffiffiffiffiffiffi
�1

p
;�

ffiffiffiffiffiffiffi
�1

p
Þ ¼ ð

ffiffiffiffiffiffiffi
�1

p
=
ffiffiffi
3

p
Þð2E11 � E22 � E33Þ

e2 ¼ G12 ¼ E12 � E21; e3 ¼
ffiffiffiffiffiffiffi
�1

p
ðE12 þ E21Þ;

e4 ¼ G13 ¼ E13 � E31; e5 ¼
ffiffiffiffiffiffiffi
�1

p
ðE13 þ E31Þ;

e6 ¼ G23 ¼ E23 � E32; e7 ¼
ffiffiffiffiffiffiffi
�1

p
ðE23 þ E32Þ;

where Eij denote the elementary matrix. fe0; e1; e3; e5; e7g is a basis of
subspace m. For any X A soð3Þ, X can be represented by

X ¼ a1e2 þ a2e4 þ a3e6;

for ai A R. Let AðX Þ be the representation matrix with respect to the
above orthonormal frame, that is

adðX Þðe0; e1; e3; e5; e7Þ ¼ ðe0; e1; e3; e5; e7ÞAðXÞ:
By direct calculation, we have

AðX Þ ¼ a1f�G02 þ
ffiffiffi
3

p
G12 þ G34g

þ a2fG03 �
ffiffiffi
3

p
G13 � G24g

þ a3f2G04 þ G23g:

From this and (2.2), we get a contradiction.
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7. Let M 6 be a 6-dimensional isoparametric hypersurfaces of S7 with three
distinct principal curvatures. It is known that this submanifold M 6 is
obtained as an principal orbit of the isotropy representation of the
Riemannian symmetric space SUð3Þ � SUð3Þ=SUð3Þ as follows. Let

m ¼ fðX ;�XÞ jX A suð3Þg;
be the subspace of the suð3Þl suð3Þ. Then we have the decomposition
suð3Þl suð3Þ ¼ ml ker s�, (Cartan decomposition) where

sðg; hÞ ¼ ðh; gÞ;
for ðg; hÞ A SUð3Þ � SUð3Þ is the Cartan involution. We may easily
check that

ker s� ¼ fðX ;X Þ jX A suð3Þg:
We may identify m with suð3Þ. Then the isotropy representation is given
by

AdðgÞu ¼ gug�1:

for u A m. Hence the tangent space of the corresponding orbit is given
by

adðXÞu;
for X A suð3ÞG ker s�. If the hypersurface M admits the homogeneous
almost complex structure, then

l ¼ fadðX Þ jX A suð3Þg;
is a subalgebra of spinð7Þ. We may derive the contradiction as follows.
To do this, we shall consider the linear representation adðXÞ on m. Let
feig7i¼0 be the orthonormal basis of m with respect to the canonical inner
product hX ;Yi ¼ �tr XY on spinð7Þ given by

e0 ¼ diagð0;
ffiffiffiffiffiffiffi
�1

p
;�

ffiffiffiffiffiffiffi
�1

p
Þ ¼

ffiffiffiffiffiffiffi
�1

p
ðE22 � E33Þ;

e1 ¼ ð1=
ffiffiffi
3

p
Þ diagð2

ffiffiffiffiffiffiffi
�1

p
;�

ffiffiffiffiffiffiffi
�1

p
;�

ffiffiffiffiffiffiffi
�1

p
Þ ¼ ð

ffiffiffiffiffiffiffi
�1

p
=
ffiffiffi
3

p
Þð2E11 � E22 � E33Þ;

e2 ¼ G12 ¼ E12 � E21; e3 ¼
ffiffiffiffiffiffiffi
�1

p
ðE12 þ E21Þ;

e4 ¼ G13 ¼ E13 � E31; e5 ¼
ffiffiffiffiffiffiffi
�1

p
ðE13 þ E31Þ;

e6 ¼ G23 ¼ E23 � E32; e7 ¼
ffiffiffiffiffiffiffi
�1

p
ðE23 þ E32Þ;

where Eij denote the elementary matrix. For any X A suð3Þ, it can be
represented by

X ¼ a1
ffiffiffiffiffiffiffi
�1

p
E11 þ a2

ffiffiffiffiffiffiffi
�1

p
E22 þ a3

ffiffiffiffiffiffiffi
�1

p
E33

þ p1G12 þ p2
ffiffiffiffiffiffiffi
�1

p
ðE12 þ E21Þ þ q1G13

þ q2
ffiffiffiffiffiffiffi
�1

p
ðE13 þ E31Þ þ r1G23 þ r2

ffiffiffiffiffiffiffi
�1

p
ðE23 þ E32Þ;
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for ai; pi; qi; ri A R and a1 þ a2 þ a3 ¼ 0. Let AðXÞ be the representation

matrix corresponding to the above orthonormal frame feig7i¼0, that is

adðXÞðe0; e1; e2; . . . ; e7Þ ¼ ðe0; e1; e2; . . . ; e7ÞAðX Þ:
By direct calculation, we get

AðXÞ ¼ a1f�G23 � 2G45 � G67g
þ a2f�G23 � G45 � 2G67g

þ p1f�G03 þ
ffiffiffi
3

p
G13 þ G46 þ G57g

þ p2fG02 þ
ffiffiffi
3

p
G12 � G47 þ G56g

þ q1fG05 þ
ffiffiffi
3

p
G15 � G26 þ G37g

þ q2f�G04 �
ffiffiffi
3

p
G14 � G27 � G36g

þ r1f2G07 þ G24 þ G35g
þ r2f�2G06 þ G25 � G34g:

We can see that the subspace of soð8Þ generated by the above basis can
not be contained in spinð7Þ, by (2.2), this is a contradiction. q.e.d

8. The isoparametric hypersurface M 6 of S7 with four distinct principal
curvatures is the isotropy representation (an principal orbit of the adjoint
action as follows) of the symmetric space G2ðR6Þ ¼ SOð6Þ=SOð2Þ�
SOð4Þ (the Grassmann manifold of oriented 2-planes of 6-dimensional
Euclidean space). It is the principal orbit of the tangent space at the
origin o ¼ eðSOð2Þ � SOð4ÞÞ where e is the unit element of SOð6Þ.
Then M 6 ¼ SOð2Þ � SOð4Þ=Z2 � SOð2Þ ¼ AdðSOð2Þ � SOð4ÞÞðp0Þ where
p0 is a nonzero tangent vector at o. The corresponding Cartan invo-
lution s is given by

sðuÞ ¼ sus�1;

where s ¼ diagð1; 1;�1;�1;�1;�1Þ. Let m be the subspace of soð6Þ
which is corresponding to the tangent space at the origin (ð�1Þ-eigenspace
with respect to the Cartan involution), that is, soð6Þ ¼ ml ðsoð2Þl
soð4ÞÞ. The action of AdðSOð2Þ � SOð4ÞÞ ¼ SOð2ÞnSOð4Þ on m is
given by

AdðRðyÞ;AÞ 0 u

� tu 0

� �
¼ 0 RðyÞutA

�AtutRðyÞ 0

� �
;

where ðRðyÞ;AÞ A SOð2Þ � SOð4Þ, RðyÞ ¼ cos y �sin y

sin y cos y

� �
, and

m ¼ 0 u

� tu 0

� �����u A M2�4ðRÞ
� �

:
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The tangent space of this action on m is spanned by

G04 þ G15 þ G26 þ G37;

G01 þ G45; G12 þ G56; G02 þ G46;

G13 þ G57; G03 þ G47; G23 þ G67:

We can show that this subspace of soð8Þ which is generated by the above
basis, by (2.2), can not be included in spinð7Þ. q.e.d

9. It is well-known that an isoparametric hypersurface of unit sphere S7

with four distinct constant principal curvatures is obtained as a principal
orbit of the the adjoint action defined by the isotropy representation of
the symmetric space SUð4Þ=SðUð2Þ �Uð2ÞÞ, namely

M 6 ¼ SðUð2Þ �Uð2ÞÞ=S1 ¼ AdðSðUð2Þ �Uð2ÞÞÞðp0Þ
for some nonzero tangent vector p0 at the origin o ¼ eðSðUð2Þ �Uð2ÞÞÞ.
The corresponding Cartan involution s is given by

sðuÞ ¼ sus�1;

where s ¼ diagð1; 1;�1;�1Þ. Let m is the subspace of suð4Þ which is
corresponding to the tangent space at the origin, (ð�1Þ-eigenspace with
respect to the Cartan involution), that is, suð4Þ ¼ ml ðsuð2Þl suð2ÞÞ.
The action of AdðSðUð2Þ �Uð2ÞÞÞ on m is given by

Ad
A 0

0 B

� �
0 a

� ta 0

� �
¼ 0 Aa tB

�Bta tA 0

� �
;

where ðA;BÞ A SðUð2Þ �Uð2ÞÞ and

m ¼ 0 a

� ta 0

� �����a A M2�2ðCÞ
� �

:

The tangent space of this action on m is spanned by

G01 þ G23; G45 þ G67; G01 þ G45; G23 þ G67;

G02 þ G13 þ G46 þ G57; G03 � G12 þ G47 � G56;

G04 þ G15 þ G26 þ G37; �G05 þ G14 � G27 þ G36:

By (2.2), we can show that this subspace of soð8Þ generated by the above
basis, can not be included in spinð7Þ. q.e.d

10. It is well known that an isoparametric hypersurface M 6 of S7 with six
distinct principal curvatures is obtained by the isotropy representation of
the symmetric space G2=SOð4Þ. We may observe that it is given as an
principal orbit of an adjoint action of SOð4Þ on the tangent space at the
origin o ¼ eðSOð4ÞÞ of G2=SOð4Þ, say, M 6 ¼ AdðSOð4ÞÞðp0Þ for some
nonzero tangent vector p0 at the origin o. We note that the action of
SOð4Þ in G2 is given by
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rðq1; q2Þðaþ beÞ ¼ q1aq1 þ ðq2bq1Þe;

where ðq1; q2Þ A Spð1Þ � Spð1Þ and aþ be A Im C. The Cartan involu-
tion is given by

sðuÞ ¼ sus�1;

where s ¼ diagð1; 1; 1;�1;�1;�1;�1Þ. Then m is the subspace of g2
which is corresponding to the tangent space at the origin, (ð�1Þ-eigenspace
with respect to the Cartan involution), which is spanned by following
basis.

e0 ¼ ð1=
ffiffiffi
3

p
Þð�2G51 þ G73 þ G62Þ; e1 ¼ G73 � G62;

e2 ¼ ð1=
ffiffiffi
3

p
Þð�2G14 þ G72 þ G36Þ; e3 ¼ G72 � G36;

e4 ¼ ð1=
ffiffiffi
3

p
Þð�2G17 þ G24 þ G53Þ; e5 ¼ G24 � G53;

e6 ¼ ð1=
ffiffiffi
3

p
Þð�2G61 þ G34 þ G25Þ; e7 ¼ G34 � G25;

where Gij ¼ Eij � Eji is a basis of soð7Þ. The subspace m is invariant
under the adjoint action of SOð4Þ. We may identified with m to the
tangent space at the origin o of G2=SOð4Þ. For any X A soð4Þ, we
denote the representation matrix AðXÞ corresponding to the above
orthonormal frame, that is

adðXÞðe0; e1; e2; . . . ; e7Þ ¼ ðe0; e1; e2; . . . ; e7ÞAðX Þ:
By direct calculation, we get

AðXÞ ¼ a1fG01 � G23 þ 3ðG45 � G67Þg

þ a2f�2ðG02 þ G13Þ þ
ffiffiffi
3

p
ðG06 � G17 þ G24 � G35Þg

þ a3f�2ðG03 þ G12Þ þ
ffiffiffi
3

p
ðG07 þ G16 � G25 � G34Þg

þ b1f�G01 � G23 þ G45 þ G76g
þ b2f�G02 þ G13 þ G46 � G57g
þ b3f�G03 � G12 � G47 � G56g;

where X ¼
P3

i¼1 aiui þ bivi, ðai; bi A RÞ and

u1 ¼ �2G23 þ G45 þ G76; u2 ¼ �2G31 þ G46 þ G57;

u3 ¼ �2G12 þ G47 þ G65;

v1 ¼ �G45 þ G76; v2 ¼ �G46 þ G57; v3 ¼ �G47 þ G65;

which span the Lie algebra soð4Þ. We can see that the subspace of
soð8Þ which is generated by the above basis related to AðXÞ can not be
included in spinð7Þ, we get the desired result by (2.2). q.e.d
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7. Some product immersions

In this section, we shall consider the almost Hermitian structure derived from
the specified product immersion j� id : M 2 � R4 ! HlHGC. Now, we in-
troduce several Spinð7Þ-invariants for such submanifolds. In the next section
§7.1 we calculate them for some concrete examples of such submanifolds.

First we shall give the surface theory in the quaternions H. Let j : M 2 ! H
be the surface in H and let h, x a local orthonormal frame field of the normal
bundle. We can define the induced almost complex structure J in the same way
of the octonions case, as follows

j�ðJX Þ ¼ j�ðXÞðh� xÞ;
where h� x denote the exterior product of the quaternions (which coincide with
that of the octonions.) Let fe1; e2g be an orthonormal frame (local) field of the
tangent bundle. we may take e2 ¼ Je1 and that xðh� xÞ ¼ h and hðh� xÞ ¼ x.
Since h� x A S2 H Im H, there exists a q A S3 HH such that h� x ¼ qiq, by
taking account of the Hopf fibration S3 ! S2. We define the G2ðHSpinð7ÞÞ-
frame field along the immersion j� id : M 2 � R4 ! C as follows

n� ¼ ð1=2Þð1�
ffiffiffiffiffiffiffi
�1

p
qiqÞ;

f �
1 ¼ ð1=2Þðqjq�

ffiffiffiffiffiffiffi
�1

p
ð�qkqÞÞ;

f �
2 ¼ ð1=2Þðqe�

ffiffiffiffiffiffiffi
�1

p
ð�iqÞeÞ;

f �
3 ¼ �ð1=2Þðð jqÞe�

ffiffiffiffiffiffiffi
�1

p
ðkqÞeÞ:

We may choose C-valued functions a11, a12 satisfying the following equality

ð1=2Þðx�
ffiffiffiffiffiffiffi
�1

p
hÞ ¼ n�a11 þ f �

1 a12:ð7:1Þ
We set

x ¼ x01þ x1qiqþ x2qjqþ x3qkq;ð7:2Þ
h ¼ h01þ h1qiqþ h2qjqþ h3qkq:ð7:3Þ

Then, since h� x ¼ qiq and xðh� xÞ ¼ h imply that

ðh0; h1; h2; h3Þ ¼ ð�x1; x0; x3;�x2Þ:ð7:4Þ
By (7.1), (7.2), (7.3) and (7.4), we get a11 ¼ x0 þ

ffiffiffiffiffiffiffi
�1

p
x1, a12 ¼ x2 �

ffiffiffiffiffiffiffi
�1

p
x3.

Therefore, if we set

ða1 a2 a3 a4Þ ¼

x0 þ
ffiffiffiffiffiffiffi
�1

p
x1 �ðx2 þ

ffiffiffiffiffiffiffi
�1

p
x3Þ 0 0

x2 þ
ffiffiffiffiffiffiffi
�1

p
x3 x0 �

ffiffiffiffiffiffiffi
�1

p
x1 0 0

0 0 1 0

0 0 0 1

0
BBB@

1
CCCA;

then, we see that ða1 a2 a3 a4Þ A SUð4Þ. The (local) Spinð7Þ-frame field
along the immersion j� id is given by
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n ¼ ð1=2Þðx�
ffiffiffiffiffiffiffi
�1

p
hÞ;

f1 ¼ ð1=2Þð1�
ffiffiffiffiffiffiffi
�1

p
ðqiqÞÞð�ðx2 þ

ffiffiffiffiffiffiffi
�1

p
x3ÞÞ;

þ ð1=2Þðqjq�
ffiffiffiffiffiffiffi
�1

p
ð�qkqÞÞðx0 �

ffiffiffiffiffiffiffi
�1

p
x1Þ;

f2 ¼ ð1=2Þðqe�
ffiffiffiffiffiffiffi
�1

p
ð�iqÞeÞ;

f3 ¼ �ð1=2Þðð jqÞe�
ffiffiffiffiffiffiffi
�1

p
ðkqÞeÞ:

We may remark that q A S3 is determined up to the action of S1, therefore
locally, we take q as the local section of the Hopf fibration p : S3 ! S2 which is
defined by pðqÞ ¼ qiq. Let x ¼ j� id : M 2 � R4 ! C be a product immersion.
Then we have

dj ¼ e1 n m1 þ e2 n m2;

where fm1; m2g are dual 1-forms with respect to the orthonormal basis fe1; e2g of
M 2. Then the dual 1-forms foig of the product immersion x are given by

o1 ¼ 2hdx; f1i ¼ m1 þ
ffiffiffiffiffiffiffi
�1

p
m2;

o2 ¼ 2hdx; f2i ¼ hdy; qi�
ffiffiffiffiffiffiffi
�1

p
hdy; iqi;

o3 ¼ 2hdx; f3i ¼ hdy; jqiþ
ffiffiffiffiffiffiffi
�1

p
hdy; kqi;

where xðm; yÞ ¼ jðmÞ þ ye for any ðm; yÞ A M 2 � R4. On the other hand, we
have

dn ¼ nn
ffiffiffiffiffiffiffi
�1

p
rþ f n hþ f n y;

therefore, the 1-forms h, y are given by

h i ¼ 2hdn; fii and y i ¼ 2hdn; fii;

respectively. If necessary, exchanging the special unitary frame from ð f1; f2; f3Þ
into the unitary frame ð f1eiy; f2e�iy; f3Þ, we obtain the following Spinð7Þ-frame
field given by (denoting it again by using the same symbol)

n ¼ ð1=2Þðx�
ffiffiffiffiffiffiffi
�1

p
hÞ;

f1 ¼ ð1=2Þðj�ðe1Þ �
ffiffiffiffiffiffiffi
�1

p
j�ðe1ÞÞ;

f2 ¼ ð1=2Þe�iyðqe�
ffiffiffiffiffiffiffi
�1

p
ð�iqÞeÞ;

f3 ¼ �ð1=2Þðð jqÞe�
ffiffiffiffiffiffiffi
�1

p
ðkqÞeÞ:

Then h1 is given by

h1 ¼ ð�1=4Þfðtr Ax �
ffiffiffiffiffiffiffi
�1

p
tr AhÞo1

þ ½ðh111 � h122 þ 2h212Þ �
ffiffiffiffiffiffiffi
�1

p
ðh211 � h222 � 2h112Þ�o1g:

Also we have h2 ¼ h3 ¼ 0. Therefore h is given by
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h ¼
h1

h2

h3

0
B@

1
CA ¼

B11 0 0

0 0 0

0 0 0

0
B@

1
CA o1

o2

o3

0
B@

1
CAþ

A11 0 0

0 0 0

0 0 0

0
B@

1
CA o1

o2

o3

0
B@

1
CA;

where B11 ¼ ð�1=4Þðtr Ax �
ffiffiffiffiffiffiffi
�1

p
tr AhÞ and

A11 ¼ ð�1=4Þððh111 � h122 þ 2h212Þ �
ffiffiffiffiffiffiffi
�1

p
ðh211 � h222 � 2h112ÞÞ;

where h1ij ¼ hAxðeiÞ; eji, h2ij ¼ hAhðeiÞ; eji for i; j ¼ 1; 2. In the same way,

y1 ¼ ð1=2Þhdx�
ffiffiffiffiffiffiffi
�1

p
dh; j�ðe1Þ þ

ffiffiffiffiffiffiffi
�1

p
Jðj�ðe1ÞÞi is given by

y ¼
y1

y2

y3

0
B@

1
CA ¼

B11 0 0

0 0 0

0 0 0

0
B@

1
CA o1

o2

o3

0
B@

1
CAþ

C11 0 0

0 0 0

0 0 0

0
B@

1
CA o1

o2

o3

0
B@

1
CA;

where B11 ¼ ð�1=4Þðtr Ax þ
ffiffiffiffiffiffiffi
�1

p
tr AhÞ and

C11 ¼ ð�1=4Þððh111 � h122 � 2h212Þ �
ffiffiffiffiffiffiffi
�1

p
ðh211 � h222 þ 2h112ÞÞ:

We may remark that Bryant ([Br1]) proved that M 6 is a complex manifold
with respect to the induced almost complex structure, if and only if B is
identically zero. In this case, the condition is equivalent that M 2 is a minimal
surface of R4. By a simple calculation, we get

jA11j2 ¼ ð1=16Þðjsj2 � 2K þ 4K?Þ; jC11j2 ¼ ð1=16Þðjsj2 � 2K � 4K?Þ;
where jsj2, K , K? denote the square length of the second fundamental form, the
Gauss curvature, and the normal curvature of jðM 2Þ, respectively. We note that
the normal curvature is defined by as follows; K? ¼ h½Ax;Ah�ðe1Þ; Je1i. We can
easily see that the ellipse of curvature

fsðX ;X Þ A T?M 2 jX A TmM
2; jX j ¼ 1g;

is a circle in the normal bundle, if and only if jA11j2 ¼ 0 or jC11j2 ¼ 0.

7.1. Spin(7)-invariants for some product submanifolds in C

1. S2 � R4

fxþ ye A Im HlHe j x A Im H; y A H; jxj ¼ rg:
The position vector can be considered as an outward normal vector field.
We put x ¼ x=r and h ¼ 1 as an orthonormal frame of the normal
bundle. The nontrivial elements of the Spinð7Þ-invariants are given by

B11 ¼ 2=r:

This example is a quasi-Kähler submanifold with vanishing first Chern
class ([H1]).

2. (Catenoid �R4) we shall consider the map from R� S1 to Im H such that

jðt; yÞ ¼ t � i þ a cos y coshðt=aÞ � j þ a sin y coshðt=aÞ � k;
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for ðt; yÞ A R� S1. The unit normal vector field x is given by

x ¼ ð1=coshðt=aÞÞ � sinhðt=aÞ � i þ cos y � j þ sin y � k;
We can take the another unit normal vector field h ¼ 1, The nontrivial
elements of the Spinð7Þ-invariants are given by

A11 ¼ C11 ¼ �1=ð2a coshðt=aÞ2Þ:
The �-scalar curvature t� is given by t� ¼ �4=ða coshðt=aÞ2Þ2. Thus t�

is a negative non-constant function. The product immersion j� id :
R� S1 � R4 ! Im C is a simplest (non Kähler) complex manifold with
vanishing first Chern class.

8. Examples with non-trivial characteristic classes

In this section, we shall introduce an example of product submanifolds in C
with non-vanishing 1st Chern class. Let RP2 be a 2-dimensional real projective
space, and j� id : RP2 � R4 ! C be the product immersion, where j : RP2 ! H
is the map defined by

jðx; y; zÞ ¼ ð1; i; j; kÞ

x2 � y2

2xy

2yz

2zx

0
BBB@

1
CCCA;

for x2 þ y2 þ z2 ¼ 1. If we set

ðx; y; zÞ ¼ ðsin f cos y; sin f sin y; cos fÞ;
for 0 < f < p and 0 < y < 2p. Then the above immersion is rewritten as

jðy; fÞ ¼ ð1; i; j; kÞ

cos 2y sin2 f

sin 2y sin2 f

sin y sin 2f

cos y sin 2f

0
BBB@

1
CCCA:

Then the orthonormal frame of the normal bundle is given by

x ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

p ð1; i; j; kÞ

2 cos 2y cos 2f

2 sin 2y sin 2f

�sin y sin 2f

�cos y sin 2f

0
BBB@

1
CCCA;

h ¼ ð1; i; j; kÞ

�sin 2y cos f

cos 2y cos f

�cos y sin f

sin y sin f

0
BBB@

1
CCCA:
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The exterior vector cross product h� x is given by

h� x ¼ ði; j; kÞð2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

q
Þ

cos3 f

cos 3y sin3 f

�sin 3y sin3 f

0
B@

1
CA:

By solving the equation

h� x ¼ qiq;

we may obtain a local Spinð7Þ-frame field in §7.2. With respect to the local
orthonormal frame field on RP2,

f1=ðsin fÞq=qy; 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

q
q=qfg;

the shape operators are given by

Ax ¼
ð1� 5 cos 2fÞ=ð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

p
Þ 0

0 �4=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

p
Þ3

 !
;

Ah ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

q
0 cos 2f� 1

cos 2f� 1 0

� �
;

from which, we get

A11 ¼ �ð1=4Þfð1� 5 cos 2fÞ=ð2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

q
Þ

þ 4=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

q
Þ3 þ 2ðcos 2f� 1Þ=ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

q
Þg;

B11 ¼ �ð1=4Þfð1� 5 cos 2fÞ=ð2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

q
Þ � 4=ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

q
Þ3g;

C11 ¼ �ð1=4Þfð1� 5 cos 2fÞ=ð2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

q
Þ

þ 4=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

q
Þ3 � 2ðcos 2f� 1Þ=ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð2fÞ

q
Þg;

and otherwise are zero. By direct calculations, we get

hc1ðjðS2Þ � R4Þ; ½jðS2Þ�i0 0;

and hence, the first Chern class does not vanish ([H1]).

Remark 8.1. From the above arguments, we may observe that the product
manifold S2 � R4 admits at least three di¤erent kinds of almost Hermitian
structures from the point of view of almost Hermitian geometry. Namely, the
first one is the canonical almost Hermitian structure on P1ðCÞ � C2 coming from
the product Kähler structure. The second one is a quasi-Kähler structure on
S2 � R4 which is compatible with the canonical Riemannian metric with vanishing
1-st Chern class. The remaining is the one introduced in the above arguments of
the present section.
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Remark 8.2. The Gauss curvature K and the normal curvature K? of the
above example are given by

K ¼ 1� 3 cos 2fð2þ 2 cos 2fÞ
ð1þ 3 cos2ð2fÞÞ2

;

K? ¼ �8þ ð1þ 3 cos2 2fÞð1� 3 cos 2fÞ
2ð1þ 3 cos2ð2fÞÞ :
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