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UNIQUENESS OF MEROMORPHIC FUNCTIONS CONCERNING

WEAKLY WEIGHTED-SHARING

Shanhua Lin and Weichuan Lin

Abstract

In this paper, we introduce the definition of weakly weighted-sharing which is

between ‘‘CM’’ and ‘‘IM’’. Using the notion of weakly weighted-sharing, we study the

uniqueness problems on meromorphic function and its kth order derivative f ðkÞ sat-

isfying certain sharing set properties. As consequences, we are able to answer questions

posed by Kit-wing Yu, which were also studied by I. Lahiri and A. Sarkar, L. P. Liu

and Y. X. Gu. Our results sharpen the above results.

1. Introduction and main results

In this paper, we shall use the standard notations in Nevanlinna’s value
distribution theory of meromorphic functions such as Tðr; f Þ, Nðr; f Þ and mðr; f Þ
(see W. K. Hayman [1] or L. Yang [2]). The notation Sðr; f Þ is defined to be any
quantity satisfying Sðr; f Þ ¼ oðTðr; f ÞÞ as r ! y possibly outside a set of r of
finite linear measure. A meromorphic function a is called a small function with
respect to f provided that Tðr; aÞ ¼ Sðr; f Þ. Denote Sð f Þ the set of all small
functions of f .

For any two nonconstant meromorphic functions f and g, and a A Sð f Þ, we
say that f and g share a IM (CM) provided that f � a and g� a have the same

zeros ignoring(counting) multiplicities. If
1

f
and

1

g
share 0 IM (CM), we say that

f and g share y IM (CM).
Let NEðr; aÞ be the counting function of all common zeros of f � a and

g� a with the same multiplicities, and N0ðr; aÞ be the counting functions of all
common zeros of f � a and g� a ignoring multiplicities. Denote by NEðr; aÞ and
N0ðr; aÞ the reduced counting functions of f and g corresponding to the counting
functions NEðr; aÞ and N0ðr; aÞ, respectively. If

N r;
1

f � a

� �
þN r;

1

g� a

� �
� 2NEðr; aÞ ¼ Sðr; f Þ þ Sðr; gÞ;

269

2000 Mathematics Subject Classification. 30D35, 30D45.

Key words. Weakly weighted sharing, uniqueness, meromorphic function.

Received August 30, 2005.



then we say that f and g share a ‘‘CM’’. If

N r;
1

f � a

� �
þN r;

1

g� a

� �
� 2N0ðr; aÞ ¼ Sðr; f Þ þ Sðr; gÞ;

then we say that f and g share a ‘‘IM’’.

Definition 1 [3–4]. Let k be a positive integer, and let f be a meromorphic
function and a A Sð f Þ.

(i) NkÞ r;
1

f � a

� �
denotes the counting function of those a-points of f whose

multiplicities are not greater than k, where each a-point is counted only once.

(ii) Nðk r;
1

f � a

� �
denotes the counting function of those a-points of f whose

multiplicities are not less than k, where each a-point is counted only once.

(iii) Np r;
1

f � a

� �
denotes the counting function of those a-points of f , where

an a-point of f with multiplicity m counted m times if ma p and p times if
m > p.

Definition 2 [5]. We denote by dpða; f Þ the quantity

dpða; f Þ ¼ 1� lim
r!y

Np r;
1

f � a

� �

Tðr; f Þ ;

where p is a positive integer.
Clearly dpða; f Þb dða; f Þ.

In 2003, Kit-wing Yu [6] considered the uniqueness problem of an entire
function or meromorphic function when it shares one small function with its
derivative and proved the following results.

Theorem A. Let kb 1. Let f be a non-constant entire function, a A Sð f Þ

and aD 0;y. If f , f ðkÞ share a CM and dð0; f Þ > 3

4
, then f 1 f ðkÞ.

Theorem B. Let kb 1. Let f be a non-constant non-entire meromorphic
function, a A Sð f Þ and aD 0;y, f and a do not have any common pole. If f ,
f ðkÞ share a CM and 4dð0; f Þ þ 2ð8þ kÞYðy; f Þ > 19þ 2k, then f 1 f ðkÞ.

In the same paper, Kit-wing Yu posed the following open questions:

Question 1. Can a CM shared value be replaced by an IM shared value in
Theorem A?
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Question 2. Is the condition dð0; f Þ > 3

4
sharp in Theorem A?

Question 3. Is the condition 4dð0; f Þ þ 2ð8þ kÞYðy; f Þ > 19þ 2k sharp in
Theorem B?

Question 4. Can the condition ‘‘ f and a do not have any common pole’’
be deleted in Theorem B?

In 2004, L. P. Liu and Y. X. Gu [7] applied a di¤erent method and obtained
the following results.

Theorem C. Let f be a non-constant meromorphic function, a A Sð f Þ and
aD 0;y. If f , f ðkÞ share a CM, f ðkÞ and a do not have any common pole of
same multiplicity and 2dð0; f Þ þ 4Yðy; f Þ > 5, then f 1 f ðkÞ.

Theorem D. Let f be a non-constant entire function, a A Sð f Þ and aD 0;y.

If f , f ðkÞ share a CM and dð0; f Þ > 1

2
, then f 1 f ðkÞ.

In this paper, we introduce the definition of weakly weighted-sharing. By the
new definition, we obtain uniqueness theorems which answer the questions posed
by Kit-wing Yu. Moreover, our results improve Theorem A, B, C, D mentioned
above.

Next, we introduce some notations for our definition.

Definition 3. Let f and g be two nonconstant meromorphic functions
sharing a ‘‘IM’’, for a A Sð f ÞVSðgÞ, and a positive integer k or y.

(i) NE
kÞðr; aÞ denotes the counting function of those a-points of f whose

multiplicities are equal to the corresponding a-points of g, both of their mul-
tiplicities are not greater than k, where each a-point is counted only once.

(ii) No
ðkðr; aÞ denotes the reduced counting function of those a-points of f

which are a-points of g, both of their multiplicities are not less than k, where each
a-point is counted only once.

Definition 4. For a A Sð f ÞVSðgÞ, if k is a positive integer or y, and

NkÞ r;
1

f � a

� �
�NE

kÞðr; aÞ ¼ Sðr; f Þ; NkÞ r;
1

g� a

� �
�NE

kÞðr; aÞ ¼ Sðr; gÞ;

Nðkþ1 r;
1

f � a

� �
�No

ðkþ1ðr; aÞ ¼ Sðr; f Þ; Nðkþ1 r;
1

g� a

� �
�No

ðkþ1ðr; aÞ ¼ Sðr; gÞ:

Or if k ¼ 0 and

N r;
1

f � a

� �
�N0ðr; aÞ ¼ Sðr; f Þ; N r;

1

g� a

� �
�N0ðr; aÞ ¼ Sðr; gÞ;
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then we say f and g weakly share a with weight k. Here, we write f , g share
‘‘ða; kÞ’’ to mean that f , g weakly share a with weight k.

Obviously, if f and g share ‘‘ða; kÞ’’, then f and g share ‘‘ða; pÞ’’ for any
p ð0a pa kÞ. Also, we note that f and g share a ‘‘IM’’ or ‘‘CM’’ if and only
if f and g share ‘‘ða; 0Þ’’ or ‘‘ða;yÞ’’, respectively.

Now, we state the main results of this paper.

Theorem 1. Let kb 1 and 2amay. Let f be a non-constant mer-
omorphic function, a A Sð f Þ and aD 0;y. If f , f ðkÞ share ‘‘ða;mÞ’’ and
2d2þkð0; f Þ þ 4Yðy; f Þ > 5, then f 1 f ðkÞ.

Theorem 2. Let kb 1, and let f be a non-constant meromorphic function,

a A Sð f Þ and aD 0;y. If f , f ðkÞ share ‘‘ða; 1Þ’’ and 5

2
d2þkð0; f Þ þ

k þ 9

2
Yðy; f Þ

>
k

2
þ 6, then f 1 f ðkÞ.

Theorem 3. Let kb 1, and let f be a non-constant meromorphic func-
tion, a A Sð f Þ and aD 0;y. If f , f ðkÞ share a ‘‘IM ’’ and 5d2þkð0; f Þþ
ð2k þ 7ÞYðy; f Þ > 2k þ 11, then f 1 f ðkÞ.

If f is a nonconstant entire function, then Yðy; f Þ ¼ 1. So we have the
following results.

Corollary 1. Let kb 1 and 2amay. Let f be a non-constant entire

function, a A Sð f Þ and aD 0;y. If f , f ðkÞ share ‘‘ða;mÞ’’ and d2þkð0; f Þ >
1

2
,

then f 1 f ðkÞ.

Corollary 2. Let kb 1, and let f be a non-constant entire function,

a A Sð f Þ and aD 0;y. If f and f ðkÞ share ‘‘ða; 1Þ’’ and d2þkð0; f Þ >
3

5
, then

f 1 f ðkÞ.

Corollary 3. Let kb 1, and let f be a non-constant entire function,

a A Sð f Þ and aD 0;y. If f , f ðkÞ share a ‘‘IM’’ and d2þkð0; f Þ >
4

5
, then

f 1 f ðkÞ.

Remark 1: Theorem 1 and Corollary 1 improve Theorem A–D. Theorem
2 and Corollary 2 improve Theorem A, B. Theorem 3 and Corollary 3 answer
question 1. Meanwhile, we give an a‰rmative answer to the forth question.

2. Some lemmas

Lemma 1 [3]. Let f be a nonconstant meromorphic function and let k be a
positive integer. Then
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(i) N r;
1

f ðkÞ

� �
aN r;

1

f

� �
þ kNðr; f Þ þ Sðr; f Þ.

(ii) N r;
1

f ðkÞ

� �
aTðr; f ðkÞÞ � Tðr; f Þ þN r;

1

f

� �
þ Sðr; f Þ.

Next, we introduce some notations for the following lemma.

When f and g share 1 ‘‘IM’’, NL r;
1

f � 1

� �
denotes the counting function of

the 1-points of f whose multiplicities are greater than 1-points of g, where each

zero is counted only once. Similarly, we have NL r;
1

g� 1

� �
. N11 r;

1

f � 1

� �

denotes the counting function of common simple 1-points of f and g.

Lemma 2. Let f be a nonconstant meromorphic function and let k be a
positive integer. Then

(i) N2 r;
1

f ðkÞ

� �
aN2þk r;

1

f

� �
þ kNðr; f Þ þ Sðr; f Þ.

(ii) N2 r;
1

f ðkÞ

� �
aTðr; f ðkÞÞ � Tðr; f Þ þN2þk r;

1

f

� �
þ Sðr; f Þ.

Proof. By Lemma 1(i), we have

N2 r;
1

f ðkÞ

� �
þ
Xy
p¼3

Nð p r;
1

f ðkÞ

� �
aN2þk r;

1

f

� �
þ

Xy
p¼3þk

Nðp r;
1

f

� �

þ kNðr; f Þ þ Sðr; f Þ;

i.e.

N2 r;
1

f ðkÞ

� �
aN2þk r;

1

f

� �
þ

Xy
p¼3þk

Nðp r;
1

f

� �
�
Xy
p¼3

Nðp r;
1

f ðkÞ

� �

þ kNðr; f Þ þ Sðr; f Þ

aN2þk r;
1

f

� �
þ kNðr; f Þ þ Sðr; f Þ:

(ii) can be followed by using part (i) directly.

Lemma 3. Let m be a nonnegative integer or y. Let F and G be two
nonconstant meromorphic functions, and F , G share ‘‘ð1;mÞ’’. Let

H ¼ F 00

F 0 � 2
F 0

F � 1

� �
� G 00

G 0 � 2
G 0

G � 1

� �
:

If HD 0, then
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(i) If 2am � y, then

Tðr;FÞaN2ðr;FÞ þN2 r;
1

F

� �
þN2ðr;GÞ þN2 r;

1

G

� �
þ Sðr;F Þ þ Sðr;GÞ:

(ii) If m ¼ 1, then

Tðr;FÞaN2ðr;F Þ þN2 r;
1

F

� �
þN2ðr;GÞ þN2 r;

1

G

� �
þNL r;

1

F � 1

� �

þ Sðr;FÞ þ Sðr;GÞ:
(iii) If m ¼ 0, then

Tðr;FÞaN2ðr;F Þ þN2 r;
1

F

� �
þN2ðr;GÞ þN2 r;

1

G

� �
þ 2NL r;

1

F � 1

� �

þNL r;
1

G � 1

� �
þ Sðr;F Þ þ Sðr;GÞ:

The same inequalities holds for Tðr;GÞ.

Proof. (i) If 2amay, then by the Second Fundamental Theorem, we
have

Tðr;F ÞaNðr;F Þ þN r;
1

F

� �
þN r;

1

F � 1

� �
�N0 r;

1

F 0

� �
þ Sðr;F Þ;ð2:1Þ

where N0 r;
1

F 0

� �
is the counting function in jzj < r of the zeros of F 0 that are not

the zeros of F and F � 1. N0 r;
1

G 0

� �
can be defined similarly.

By a simple calculation, any pole of F is not a pole of
F 00

F 0 � 2
F 0

F � 1
, any

pole of G is not a pole of
G 00

G 0 � 2
G 0

G � 1
. Furthermore, let z1 be a common zero

of F � 1 and G � 1 with multiplicity t, where 1a ta 2. We know that H is
analytic at z1. Therefore, by HD 0, we have

ð2:2Þ

N1Þ r;
1

F � 1

� �
aN r;

1

H

� �
þ Sðr;FÞ þ Sðr;GÞaTðr;HÞ þ Sðr;FÞ þ Sðr;GÞ:

Note that mðr;HÞ ¼ Sðr;FÞ þ Sðr;GÞ and

Nðr;HÞaNð2ðr;FÞ þNð2ðr;GÞ þNð2 r;
1

F

� �
þNð2 r;

1

G

� �

þN0 r;
1

F 0

� �
þN0 r;

1

G 0

� �
þNL r;

1

F � 1

� �

þNL r;
1

G � 1

� �
þ Sðr;FÞ þ Sðr;GÞ
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By ð2:2Þ, we have

N1Þ r;
1

F � 1

� �
aNð2ðr;F Þ þNð2ðr;GÞ þNð2 r;

1

F

� �
þNð2 r;

1

G

� �
ð2:3Þ

þN0 r;
1

F 0

� �
þN0 r;

1

G 0

� �
þNL r;

1

F � 1

� �

þNL r;
1

G � 1

� �
þ Sðr;F Þ þ Sðr;GÞ:

Since F and G share ‘‘ð1;mÞ’’, we have

Nð2 r;
1

G � 1

� �
þNL r;

1

F � 1

� �
þNL r;

1

F � 1

� �

þN0 r;
1

G 0

� �
þN r;

1

G

� �
�N r;

1

G

� �
aN r;

1

G 0

� �
:

It follows from Lemma 1 that

Nð2 r;
1

G � 1

� �
þNL r;

1

F � 1

� �
þNL r;

1

G � 1

� �
þN0 r;

1

G 0

� �
ð2:4Þ

aN r;
1

G

� �
þNðr;GÞ þ Sðr;GÞ:

In addition, we have

N r;
1

F � 1

� �
¼ N1Þ r;

1

F � 1

� �
þNð2 r;

1

F � 1

� �
ð2:5Þ

¼ N1Þ r;
1

F � 1

� �
þNð2 r;

1

G � 1

� �
:

Combining (2.1), (2.3), (2.4) and (2.5), we obtain

Tðr;FÞaN2ðr;F Þ þN2 r;
1

F

� �
þN2ðr;GÞ þN2 r;

1

G

� �
þ Sðr;FÞ þ Sðr;GÞ:

(ii) If m ¼ 1, then (2.4) is replaced by

Nð2 r;
1

G � 1

� �
þNL r;

1

G � 1

� �
þN0 r;

1

G 0

� �
aN r;

1

G

� �
þNðr;GÞ þ Sðr;GÞ:

Similar to the arguments in (i), we see that (ii) holds.
(iii) If m ¼ 0, then by a simple calculation, any common simple zero of F � 1

and G � 1 is zero of H. Therefore, by HD 0, we have

ð2:6Þ

N11 r;
1

F � 1

� �
aN r;

1

H

� �
þ Sðr;F Þ þ Sðr;GÞaTðr;HÞ þ Sðr;FÞ þ Sðr;GÞ:
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Thus

N11 r;
1

F � 1

� �
aNð2ðr;FÞ þNð2ðr;GÞ þNð2 r;

1

F

� �
þNð2 r;

1

G

� �
ð2:7Þ

þN0 r;
1

F 0

� �
þN0 r;

1

G 0

� �
þNL r;

1

F � 1

� �

þNL r;
1

G � 1

� �
þ Sðr;FÞ þ Sðr;GÞ:

By the Second Fundament Theorem, we have

Tðr;FÞ þ Tðr;GÞaNðr;FÞ þN r;
1

F

� �
þN r;

1

F � 1

� �
�N0 r;

1

F 0

� �
ð2:8Þ

þNðr;GÞ þN r;
1

G

� �
þN r;

1

G � 1

� �
�N0 r;

1

G 0

� �

þ Sðr;F Þ þ Sðr;GÞ;
In addition, we have

N r;
1

F � 1

� �
þN r;

1

G � 1

� �
¼ 2N r;

1

G � 1

� �
þ Sðr;FÞ þ Sðr;GÞ

aN11 r;
1

F � 1

� �
þNL r;

1

F � 1

� �
þN r;

1

G � 1

� �

þ Sðr;F Þ þ Sðr;GÞ

aN11 r;
1

F � 1

� �
þNL r;

1

F � 1

� �
þ Tðr;GÞ

þ Sðr;F Þ þ Sðr;GÞ:
Combining (2.6), (2.7) and (2.8), we obtain

Tðr;FÞaN2ðr;F Þ þN2 r;
1

F

� �
þN2ðr;GÞ þN2 r;

1

G

� �
þ 2NL r;

1

F � 1

� �

þNL r;
1

G � 1

� �
þ Sðr;F Þ þ Sðr;GÞ:

Lemma 4 [8]. Let f be a transcendental meromorphic function and aðD 0;yÞ
be a meromorphic function such that Tðr; aÞ ¼ Sðr; f Þ. Let b and c are any two
finite nonzero distinct complex numbers. If c ¼ að f Þnð f ðkÞÞp, where nðb 0Þ, pðb 1Þ
and kðb 1Þ are integers, then

ðpþ nÞTðr; f Þa ðpþ nÞN r;
1

f

� �
þN r;

1

c� b

� �
þN r;

1

c� c

� �
�Nðr; f Þ

�N r;
1

c 0

� �
þ Sðr; f Þ:
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3. Proofs of main theorems

Proof of Theorem 1.
Let

F ¼ f

a
; G ¼ f ðkÞ

a
:ð3:1Þ

Then it is easy to verify F and G share ‘‘ð1;mÞ’’.
Let H be defined as in Lemma 3. Suppose that HD 0. It follows from

Lemma 3 that

Tðr;GÞaN2ðr;F Þ þN2 r;
1

F

� �
þN2ðr;GÞ þN2 r;

1

G

� �
þ Sðr;FÞ þ Sðr;GÞ:

Using Lemma 2, we have

Tðr; f ðkÞÞaN2ðr; f Þ þN2 r;
1

f

� �
þN2ðr; f ðkÞÞ þN2 r;

1

f ðkÞ

� �
þ Sðr; f Þ

aN2þk r;
1

f

� �
þ Tðr; f ðkÞÞ � Tðr; f Þ þN2þk r;

1

f

� �
þ 4Nðr; f Þ þ Sðr; f Þ;

i.e.

Tðr; f Þa 2N2þk r;
1

f

� �
þ 4Nðr; f Þ þ Sðr; f Þ:

It follows that 2d2þkð0; f Þ þ 4Yðy; f Þa 5, which contradicts 2d2þkð0; f Þþ
4Yðy; f Þ > 5. Therefore H1 0. That is

F 00

F 0 � 2
F 0

F � 1
1

G 00

G 0 � 2
G 0

G � 1
:

It follows that
1

F � 1
¼ A

G � 1
þ B;

where Að0 0Þ and B are constants. Therefore,

F ¼ ðBþ 1ÞG þ ðA� B� 1Þ
BG þ ðA� BÞ :ð3:2Þ

and
Tðr;F Þ ¼ Tðr;GÞ þ Sðr; f Þ:

Now we distinguish the following two cases.

Case 1. Suppose that B0�1; 0.

If A� B� 10 0, then from (3.2), we have N r;
1

G þ A� B� 1

Bþ 1

0
BB@

1
CCA¼

N r;
1

F

� �
.
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By the Second Fundamental Theorem, we have Tðr;GÞ < Nðr;GÞþ

N r;
1

G

� �
þN r;

1

G þ A� B� 1

Bþ 1

0
BB@

1
CCAþ Sðr;GÞ, i.e.

Tðr; f ðkÞÞ < Nðr; f Þ þN r;
1

f ðkÞ

� �
þN r;

1

f

� �
þ Sðr; f Þ

aNðr; f Þ þ T r; f ðkÞ
� �

� Tðr; f Þ þN2þk r;
1

f

� �
þN r;

1

f

� �
þ Sðr; f Þ;

and so

Tðr; f Þ < Nðr; f Þ þ 2N2þk r;
1

f

� �
þ Sðr; f Þ:

It follows that 2d2þkð0; f Þ þYðy; f Þa 2, which contradicts 2d2þkð0; f Þþ

4Yðy; f Þ > 5. Therefore, A� B� 1 ¼ 0. From (3.2), we obtain N r;
1

G þ 1

B

0
BB@

1
CCA

¼ Nðr;F Þ.
Similar to the arguments in the above, we also have a contradiction.

Case 2. Suppose that B ¼ �1.
If Aþ 10 0. Then from (3.2), we have N r;

1

G � ðAþ 1Þ

� �
¼ Nðr;FÞ.

Similar to the arguments in Case 1, we can get a contradiction. Therefore,
Aþ 1 ¼ 0, then from (3.2), we have FG1 1. From (3.1), we have

ff ðkÞ 1 a2:ð3:3Þ
In the following, we distinguish two subcases.
a) If f is a rational function, then a becomes a nonzero constant. So from

(3.1), we see that f has no zero and pole. Since f is nonconstant, this is a
contradiction.

b) If f is transcendental then by Lemma 4, we get in view of (3.1)

2Tðr; f Þa 2N r;
1

f

� �
þ 2Tðr; ff ðkÞÞ þ Sðr; f Þ

a 2N r;
1

f

� �
þ Sðr; f Þ

a 2N r;
1

a2

� �
þ Sðr; f Þ ¼ Sðr; f Þ;

This is a contradiction.

Case 3. Suppose that B ¼ 0.
If A� 10 0, then from (3.2), we have N r;

1

G þ ðA� 1Þ

� �
¼ N r;

1

F

� �
.

278 shanhua lin and weichuan lin



Similar to the arguments in case 1, we also have a contradiction. Therefore,
A� 1 ¼ 0. From (3.2), we have F 1G, this implies f 1 f ðkÞ.

This completes the proof of the Theorem 1.

Proof of Theorem 2. With the same notations, since f , f ðkÞ share ‘‘ða; 1Þ’’,
we obtain that F , G share ‘‘ð1; 1Þ’’.

Let H be defined as in Lemma 3. Suppose that HD 0. It follows from
Lemma 3 that

Tðr;GÞaN2ðr;F Þ þN2 r;
1

F

� �
þN2ðr;GÞ þN2 r;

1

G

� �
þNL r;

1

G � 1

� �

þ Sðr;F Þ þ Sðr;GÞ:
Since

NL r;
1

G � 1

� �
a

1

2
N r;

G

G 0

� �

a
1

2
N r;

G 0

G

� �
þ Sðr; f Þ

a
1

2
Nðr;GÞ þ 1

2
N r;

1

G

� �
þ Sðr; f Þ

a
1

2
Nðr; f Þ þ 1

2
N r;

1

f ðkÞ

� �
þ Sðr; f Þ:

Using Lemma 2, we have

Tðr; f ðkÞÞaN2ðr; f Þ þN2 r;
1

f

� �
þN2ðr; f ðkÞÞ þN2 r;

1

f ðkÞ

� �
þ 1

2
Nðr; f Þ

þ 1

2
N r;

1

f ðkÞ

� �
þ Sðr; f Þ

aN2þk r;
1

f

� �
þ Tðr; f ðkÞÞ � Tðr; f Þ þN2þk r;

1

f

� �
þ 1

2
N2þk r;

1

f

� �

þ k þ 9

2
Nðr; f Þ þ Sðr; f Þ:

i.e.

Tðr; f Þa 5

2
N2þk r;

1

f

� �
þ k þ 9

2
Nðr; f Þ þ Sðr; f Þ;

It follows that
5

2
d2þkð0; f Þ þ

k þ 9

2
Yðy; f Þa k

2
þ 6, which contradicts

5

2
dð0; f Þ þ k þ 9

2
Yðy; f Þ > k

2
þ 6.

Similar to the arguments in Theorem 1, we see that Theorem 2 holds.
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Proof of Theorem 3. Using Lemma 3(iii), note that

NL r;
1

F � 1

� �
aN r;

F

F 0

� �
aN r;

1

f

� �
þNðr; f Þ þ Sðr; f Þ;

and

NL r;
1

G � 1

� �
< N r;

1

f ðkÞ

� �
þNðr; f Þ þ Sðr; f Þ

< N2þk r;
1

f

� �
þ ðk þ 1ÞNðr; f Þ þ Sðr; f Þ:

Similar to the arguments in Theorem 1, we see that Theorem 3 holds.
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