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MINIMUM MODULI OF WEIGHTED COMPOSITION OPERATORS

ON ALGEBRAS OF ANALYTIC FUNCTIONS

Takuya Hosokawa

Abstract

We study the minimum moduli of weighted composition operators on the disk

algebra and the space of bounded analytic functions.

1. Introduction

Let D be the open unit disk, D its closure and T the unit circle. Let
Hy ¼ HyðDÞ be the set of all bounded analytic functions on D and A be the
set of all analytic functions bounded on D and continuous on D, called the disc
algebra. Then Hy and A are Banach algebras with the supremum norm

k f ky ¼ sup
z AD

j f ðzÞj:

In this paper, we will deal with the minimum modulus of analytic functions on D
and T. For f A Hy, the radial limit f � of f is defined almost everywhere on T.
We denote that

k f k�y;D ¼ inf
z AD

j f ðzÞj

and

k f k�y;T ¼ essinf
o AT

j f �ðoÞj:

Let SðDÞ be the set of all analytic self-map of D. For j A SðDÞ, we can
define the composition operator Cj on Hy as Cj f ¼ f � j. Moreover, for
u A Hy, we can define the multiplication operator Mu on Hy as Mu f ¼ uf .
Hence the weighted composition operator uCj is the product of Mu and Cj, that
is, uCj f ¼ MuCj f ¼ uf � j.

To define the weighted composition operators on A, it is necessary that
j; u A A. Denote by SðDÞ the closed unit ball of A. If j1o A T, j is not in
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SðDÞ but in SðDÞ, and Cj is the point evaluation at o which acts on A. We
can identify the set of all point evaluations at boundary points with T. By the
maximum modulus principle, it is shown that SðDÞnTWSðDÞ.

As well known, kuCjk ¼ kuky both on Hy and on A. Putting u1 1, we
have that kCjk ¼ 1.

Let X and Y be Banach spaces and T be a bounded linear operator from X
to Y . The operator norm kTk of T is the maximum modulus of its image of the
closed unit ball UX ¼ fx A X : kxkX a 1g. In [2], Müller introduced two quan-
tities as the minimum moduli of TðUX Þ. We can regard jðTÞ as the minimum
modulus of TðUX Þ estimating from the outside and kðTÞ as the minimum modulus
estimating from the inside.

Definition 1.1. Let T be a bounded linear operator from X to Y.
(i) The injectivity modulus jðTÞ of T is defined by

jðTÞ ¼ inffkTxkY : kxkX ¼ 1g:

(ii) The surjectivity modulus kðTÞ of T is defined by

kðTÞ ¼ supfrb 0 : TðUX ÞI rUYg:

Though the operator norm holds the triangular inequality, neither jðTÞ nor
kðTÞ hold it. Some properties of jðTÞ and kðTÞ are studied in [2].

Proposition 1.2 [2]. Let T be a bounded linear operator from X to Y.
(i) Clearly 0a jðTÞa kTk and 0a kðTÞa kTk.
(ii) If T is invertible, then jðTÞ ¼ kðTÞ ¼ kT�1k�1

.
(iii) jðTÞ > 0 (this is said that T is bounded below) if and only if T is one-to-

one and Ran T is closed.
(iv) kðTÞ > 0 if and only if T is onto.
(v) jðTÞ ¼ kðT �Þ and kðTÞ ¼ jðT �Þ.

Example 1.3. Let l2ðNÞ be the Hilbert space of square summable one-sided
complex sequences.

(i) Let F be the forward shift operator on l2ðNÞ. Then kFk ¼ jðFÞ ¼ 1 but
kðFÞ ¼ 0.

(ii) Let B be the backward shift operator on l2ðNÞ. Then kBk ¼ kðBÞ ¼ 1
but jðBÞ ¼ 0.

2. Minimum moduli of weighted composition operators on Hy

In this section we estimate jðuCjÞ and kðuCjÞ on Hy. First, we concern
with the trivial cases. If u1 0 or j1 p A D, then Ran uCj is a zero or one
dimensional subspace spanned by u. Hence we have the following.

Proposition 2.1. If u1 0 or j1 p A D, then jðuCjÞ ¼ kðuCjÞ ¼ 0.
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In the sequel, to exclude these cases, we assume that u A Hy is not identically
zero and j A SðDÞ is not constant. Under this assumption, we call uCj non-
trivial. We remark that uCj is injective on Hy if uCj is non-trivial. This fact
and (iv) of Proposition 1.2 imply that kðuCjÞ > 0 if and only if ðuCjÞ�1 is
bounded on Hy. Then j is an automorphism of D and 1=u is in Hy, that is,
kuk�y;D > 0. Since ðuCjÞ�1 ¼ M1=vCj�1 where v ¼ u � j�1, we have the following
theorem.

Theorem 2.2. Let uCj be a non-trivial weighted composition operator on
Hy. Then kðuCjÞ > 0 if and only if kuk�y;D > 0 and j is an automorphism of
D. Moreover, in such cases, kðuCjÞ ¼ jðuCjÞ ¼ kuk�y;D.

Considering the special cases of u1 1 and jðzÞ ¼ z, we have the following
corollary.

Corollary 2.3. Let u A Hy and j A SðDÞ.
(i) kðMuÞ ¼ kuk�y;D.
(ii) If j is an automorphism of D, kðCjÞ ¼ 1. Otherwise, kðCjÞ ¼ 0.

Next we will consider the estimation of jðuCjÞ. For convenience, we provide
some notation.

Definition 2.4. Define that DdðuÞ ¼ fz A D : juðzÞjb dg.

In [3], Ohno and Takagi have stated their results in terms of Gelfand
transformation and Shilov boundary of Hy. Our main theorem is expressed in
function theoretic terms. We need the following lemma (see [4] and [5]).

Lemma 2.5. Let G be a subset of D such that GIT. Then, for any f A Hy,

sup
z AG

j f ðzÞj ¼ k f ky

Now we can prove the main theorem.

Theorem 2.6. Let uCj be a non-trivial weighted composition operator on Hy.
Then we have

jðuCjÞ ¼ supfd : jðDdðuÞÞITgð1Þ
¼ inf

o AT
lim sup
jðznÞ!o

juðznÞjð2Þ

where we define the supremum in (1) is equal to 0 if such a constant d does not
exist, and we define also the infimum in (2) is equal to 0 if jðDÞRT.

Proof. Let d be the supremum in (1) and m be the infimum in (2).
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First, we will prove that jðuCjÞb d. We may suppose that d > 0. Then

for any d such that 0 < d < d, jðDdðuÞÞIT. By Lemma 2.5, for any f A Hy

such that k f ky ¼ 1,

1 ¼ supfj f ðzÞj : z A jðDdðuÞÞg
¼ supfj f ðjðzÞÞj : z A DdðuÞg

a d�1 supfjuðzÞj j f ðjðzÞÞj : z A DdðuÞg

a d�1kuCj f ky:

Hence we have that jðuCjÞb d. Since d A ð0; dÞ is arbitrary, we have that
jðuCjÞb d.

Conversely, suppose that jðuCjÞ > 0. For any r such that 0 < r < jðuCjÞ,
we have that r < kuCj f ky where k f ky ¼ 1. We will show that jðDrðuÞÞIT by
contradiction.

Suppose that there exists z A TnjðDrðuÞÞ. Put

fnðzÞ ¼
zþ z

2

� �n

Clearly, we can see that fn A Hy and k fnky ¼ 1 for all positive integer n. Since

z A TnjðDrðuÞÞ, we have that j f1ðjðzÞÞj < 1 for any z A DrðuÞ. For enough large
n, we can suppose that j fnðjðzÞÞj < rkuk�1

y for any z A DrðuÞ. Then we have that
for any z A DrðuÞ,

juCj fnðzÞj ¼ juðzÞ fnðjðzÞÞj < r
juðzÞj
kuky

a r:

On the other hand, for any z A DnDrðuÞ,

juCj fnðzÞja rj fnðjðzÞÞja r:

Therefore we get kuCj fnky a r. Hence we conclude that jðuCjÞa r. This
contradicts our assumption. Thus we have that jðDrðuÞÞIT and then ra d.
Now we get jðuCjÞ ¼ d.

Next we prove that d ¼ m. Suppose that m > 0. Fix e > 0 such that
m� e > 0. Then for all o A T,

lim sup
jðznÞ!o

juðznÞjbm� e:

This means that jðDm�eðuÞÞIT. Now we get dbm� e. Since e is arbitrary,
we have that dbm.

To complete our proof, we will show that dam. Suppose that d > 0. For
0 < d < d, we have that jðDdðuÞÞIT. For all o A T, there exists a sequence
fzng A DdðuÞ such that jðznÞ ! o. Moreover we have that
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lim sup
jðznÞ!o

juðznÞjb d:

This implies that dam. This completes our proof. r

Considering the special cases, we have the following.

Corollary 2.7. Let u A Hy and j A SðDÞ.
(i) jðMuÞ ¼ kuk�y;T.

(ii) If jðDÞIT, then jðCjÞ ¼ 1. Otherwise, jðCjÞ ¼ 0.

Next we state the characterization of the closedness of Ran uCj. We denote
by f̂f the Gelfand transform of f A Hy. Let MðHyÞ be the maximal ideal
space of Hy. Then the adjoint C �

j of Cj induces a continuous map F from
MðHyÞ into MðHyÞ. More precisely we can see that dCj fCj f ðxÞ ¼ f̂f ðFðxÞÞ for
x A MðHyÞ. Let S be the Shilov boundary of MðHyÞ and DdðuÞ ¼ fx A S :
jûuðxÞjb dg. Hence, combining our result and the result of [3], we get the
following corollary.

Corollary 2.8. Let u A Hy and j A SðDÞ. The followings are equivalent;
(i) Ran uCj is closed in Hy.
(ii) there exists d > 0 such that jðDdðuÞÞIT.
(iii) there exists d > 0 such that FðDdðuÞÞIS.

Now we give a typical example which shows what a¤ects the estimation of
the injectivity modulus.

Example 2.9. Let uðzÞ ¼ 1� z. Let jðzÞ ¼ z and cðzÞ ¼ z2. Then

jðuCjÞ ¼ 0 and jðuCcÞ ¼
ffiffiffi
2

p
.

Proof. Indeed, jðuCjÞ ¼ jðMuÞ ¼ k1� zk�y;T ¼ 0.
On the other hand, we have that

jðuCcÞ ¼ inf
o AT

maxfj1� zj : z2 ¼ og

¼ inf
y A ½0;p�

maxfj1� eyj; j1þ eyjg ¼
ffiffiffi
2

p
r

In the last of this section, we give the comparison between some norms and
minimum moduli of Cj and Mu. The essential norm kTke of T is the distance
from T to the closed ideal of compact operators, that is, kTke ¼ inffkT þ Kk :
K is compactg. It is trivial that T is compact if and only if kTke ¼ 0. It is
known that Cj is compact on Hy if and only if jðDÞVT0j. Moreover if Cj

is not compact on Hy, then kCjke ¼ 1 (see [7]). On the other hand, in [6], it is
estimated that kMuke ¼ kMuk ¼ kuky. Hence we have the following inequal-
ities.
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Corollary 2.10. Let u A Hy and j A SðDÞ.
(i) 0a kðCjÞa jðCjÞa kCjke a kCjk ¼ 1 and each of these quantities above

is zero or one.
(ii) 0a kðMuÞa jðMuÞa kMuke ¼ kMuk ¼ kuky.

3. Minimum moduli of weighted composition operators on A

In this section, we consider weighted composition operators on the disc
algebra A. We remark that the phenomena observed through the estimation of
the minimum moduli of weighted composition operators on A and Hy are very
similar. We can prove the following results in the similar method in the case of
Hy. More precisely, we can prove them only in term of the subset of T, without
Lemma 2.5. Here we omit the proof.

We start on the trivial cases.

Proposition 3.1. If u1 0 or j1 p A D, then jðuCjÞ ¼ kðuCjÞ ¼ 0.

We suppose that uCj is non-trivial, that is, uD 0 and j A SðDÞ is not
constant. If uCj is non-trivial, then uCj is injective on A. Hence we can prove
the following results as the same way of the cases of Hy.

Theorem 3.2. Let uCj be a non-trivial weighted composition operator on A.
Then kðuCjÞ > 0 if and only if u has no zero on D and j is an automorphism of D.
Moreover, in such cases, kðuCjÞ ¼ jðuCjÞ ¼ kuk�y;D.

Corollary 3.3. Let u A A and j A SðDÞ.
(i) kðMuÞ ¼ kuk�y;D.
(ii) If j is an automorphism of D, kðCjÞ ¼ 1. Otherwise, kðCjÞ ¼ 0.

Next we estimate jðuCjÞ on A.

Definition 3.4. Denote that TdðuÞ ¼ fz A T : juðzÞjb dg.

Since uCj is injective, jðuCjÞ > 0 if and only if Ran uCj is closed in A. We
can get the following theorem by the similar proof of Theorem 2.6 replacing Dd

by Td.

Theorem 3.5. Let uCj be a non-trivial weighted composition operator on A.
Then we have

jðuCjÞ ¼ supfd : jðTdðuÞÞITgð3Þ
¼ inf

o AT
supfjuðzÞj : jðzÞ ¼ ogð4Þ

where we define the supremum in (3) is equal to 0 if such a constant d does not
exist, and we define also the infimum in (4) is equal to 0 if jðTÞRT.
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Corollary 3.6. Let u A A and j A SðDÞ.
(i) jðMuÞ ¼ kuk�y;T.
(ii) If jðTÞIT, then jðCjÞ ¼ 1. Otherwise, jðCjÞ ¼ 0.
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