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SOME NOTES ON PICARD CONSTANT

BY JUNJI SUZUKI AND NOBUSHIGE TODA

1. Introduction. Let R be an open Riemann surface, M(R) the set of non-
constant meromorphic functions on R and P(f) the number of lacunal values
for / belonging to M(R). Introducing the quantity

P(R)= sup P(f),

which is called the Picard constant of R, Όzawa [3] discussed the existence
of analytic mappings from R into another Riemann surface. When R is the
proper existence domain of an n-valued algebroid function in |^|<oo, it is
known that 2^P(R)^2n ([3]). Further, when n=2 or 3, there are many inter-
esting results on P(R) ([2], [3], [4], etc.). Recently, Aogai [1] has treated a
general case and given the following result:

"Let R be an n-sheeted regularly branched covering surface of \z\<oo.
If P(R)>3n/2, then P(R)=2n and R can be represented by an algebroid func-
tion y such that

yn=(eH-a)(eH-β)n'1,

where H is a non-constant entire function and α, β are constants satisfying
aβ(a-β)Φ0."

An n-sheeted covering surface is called regularly branched when it has no
branch point other than those of order n—1.

We should like to generalize some of these results in this paper. Let w(z)
be an n-valued transcendental algebroid function in \z\<oo defined by an ir-
reducible equation

(1) A0(z)wn+A1(?)wn-1+ - +Aι(*)-0

where A0(^0)f •••, Λn are entire functions without common zero and at least one
of Aj/A0 (7=1, •••, n) is riot rational, and let Rw be the proper existence domain
of w(z), which is n-sheeted covering surface of | z\ <oό.

Let / be a non-constant meromorphic function on Rw, then there are entire
functions S0(z)(^0), •••, Sn(z) without common zero such that

/ Λ - 1 + - +Sn(z)=0.
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We say that / is transcendental if there exists at least one ratio Sj/S0

(XSJSn) which is not rational. Let T(RW) be the set of transcendental mero-
morphic fuuctions on Rw and

F(RW)= sup F(f),

where F(f) is the number of Picard exceptional values for /. A value w0 is
called Picard exceptional when there are at most a finite number of roots of
f=w0 on Rw. By a result of Selberg [6] and definitions, it is clear that

As in the case of P(R), it is an interesting problem to determine the quan-
tity F(RW), which is conformally invariant.

In §2, we give some cases of Rw such that F(Rw)^n and in §3, following
the method used in [1], we characterize the surface Rw when it is regularly
branched and F{Rw)—2n.

2. Some cases of Rw such that F(Rw)^n. Let w(z) be an n-valued trans-
cendental algebroid function in |z|<oo defined by (1) and Rw the proper ex-
istence domain of w(z). We should like to determine F(RW). As a first step to
this problem, we give the following.

LEMMA 1. / / w(z) has at least n+1 Picard exceptional values, then w(z) is
of regular growth and the order of w(z) is positive and integral or infinite ([7],
Th. 7).

Let N(r, Rw) be the quantity N(r, X) defined by Selberg [6] for Rw. We call

logN(r,Rw)

the order of the branch points of Rw.

THEOREM 1. Let w(z) and Rw be as above. If N(r, Rw) is of finite order
and of irregular growth or of non-integral order or of order zero, then

Proof. Suppose that there exists a transcendental meromorphic function
/ o n Rw such that F(f)^n+1. As in § 1, there are entire functions S0(z)(^Q),
'"fSn(z) without common zero such that

So(*)/n+S1(z)/n-1+ - +Sn(z)=0.

The equation is irreducible and / i s an n-valued algebroid function in |z|<oo.
By the branch point theorem of Ullrich [8] and the second fundamental

theorem of Selberg [6], we nave the following inequalities:

(2) N(r, Rw)mn-
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(3) (n-l)T(r, / ) < " Σ 7V(r, cJ+Λ^r, i?w)+S(r)
i —1

where αt (z=l, •••, n+1) are Picard exceptional values for / and S(r) is the so-
called error term in the second fundamental theorem. From (2), the order of
/ (~Pf) is not less than that of N(r, Rw) (=pw): pf^pw.

1) When pw is not integral or pw=0. Now ρf^pw and ρf is positive and
integral by Lemma 1, so that pf> ρw. On the other hand, as there exists a
sequence rn/oo such that

from (3) we have

because / is of regular growth by Lemma 1 and

N(r, at)=O(\og r)=o(T(r, /)) (r->oo, ι=i, ...

This shows pft^ipw, which is absurd. That is, it must be F{f)^n, so that

2) When N(r, Rw) is of irregular growth and pw<oo. From the inequalities
(2) and (3) and by Lemma 1, N(r, Rw) must be of regular growth, which is a
contradiction. That is,

Example 1. Let R be an ultrahyperelliptic surface defined by an equation
y2=g(z) with an entire function g(z) of non-integral order or of finite order
and of irregular growth or of order zero. Then, F(R)=2. (In the first case,
Ozawa [3] proved that P(J?)=2.)

Example 2. Let R be a regularly branched three sheeted covering surface
defined by an equation y*=g(z) with an entire function g(z) (see [2]). If g(z)
is of non-integral order or of finite order and of irregular growth or of order
zero, then F(R)^3.

Example 3. Let R be an n-sheeted covering surface defined by an equation
yn=g(z) with an entire function g(z) of non-integral order or of finite order
and of irregular growth or of order zero. If the multiplicities of zeros of g(z)
are all less than n, then F(R)^n.

Example 4. In Theorem 1, even if w(z) is of non-integral order or of finite
order and of irregular growth, the conclusion is not always true.

In fact, let fx(z) be an entire function of non-integral order pλ (resp. of
finite order and of irregular growth) greater than 1 and /2(^)=/1(2r)2—ez—1. Let
w(z) be two-valued algebroid function defined by

Then, w(z) is of non-integral order pλ (resp. of finite order and of irregular
growth) and N(r, Rw)=N(r, —1, ez), so that N(r, Rw) is of regular growth of
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order 1. The function / = v V + 1 is analytic and transcendental on Rw and 1,
—1 and oo are Picard exceptional for /. This Shows

3. Characterization. In this section, we shall give a characterization of
some n-sheeted covering surface R defined by a transcendental algebr-oid func-
tion with F(R)=2n. Our method used here is essentially due to Aogai [13. We
start from the following lemma.

LEMMA 2. Let f be an n-valued algebroid function in \z\<oo satisfying
F(/)=2n. Then there exist a non-constant entire function H(z), a rational func-
tion i?O)(^0) and constants alta2, •••, an blfb2, •••, bn such that the defining equa-
tion of f has the following form:

(4) F(f z)=G1{fnR{z)e^G2{f)=^) ,

where Gl(f)=fn+b1f
n'1+ ... +bn and G2(f)=a1f

n-1+a2f
n~2+ ... +an.

Further, the two algebraic equations G1(z)=Q and G2(z)—0 have no common
root, the roots of G1(z)=0 are non-formal Picard exceptional values and those of
:G^z)=0 are formal in the sense of Remoundos [5].

Proof, Let / be defined by

(5) S0(z)fn+S1(z)fn->+ -. +Sn(z)=0,

where S0(2)(=£0), •••, Sn(z) are entire functions without common zero. As F{f)
=2n, we may suppose that oo is formal and according to Remoundos [5J, there
are n—1 finite formal values al9 •• , α n _ 1 and n non-formal values βlf ~-,'βn-
That is, in (5) S0(z) is equal to a polynomial P0(z) and

z)ά!Γ*=Plz) ( ϊ=l , -. , n-1)

(7) Σ Sk(z)βΓk=Qj(z)eW (j=l, - , n)
k=0
Σ

k=0

where P4, Qtj »(i=l, •••„ n—1.; j=l, — , n) are .polynomials and H3 (;=X, -v, n) .are
non-constant entire functions satisfying Hj(0)=0.

Picking up any two from (7) and all from (6) and eliminating Slf— , Sn, we
have, as SQ=POI

where c0, ••• , cn.lf dμ, dv are non-zero constants (l^μψv^n). By the impos-
sibility of BoreΓs identity (see [5]),

Hμ(z)—Hv(z)—constant (—0)

dμQ μ— dvQv.
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Noting that μ, v are any two from j=l, — , n and Hj(O)=Q 0 = 1 , — , n), we
have

i/1 =/72= ... =Hn=H, #(0)=0
and

<?,= —aj-<?i ( d A - 4>*0, ; = 1 , -. , n).

Thus, the equation (7) with respect to Sα, - , S n can be written as follows:

Έ^βΓ^diQ^-βlP, 0 = 1, ... , n)

where dr

J=—d1/dJ. Solving this, we have

Sj=ajQ1e
H+bjP0 0 = 1 , - , * ) .

Substituting these into (5),

Thus, putting ' G 1 ( / ) = / n + 6 i / n - 1 + - + * » , Gt(f)=aJn-1+ - + <*„ and /?(*)
=Qi(z)/Po(z), the defining equation of / becomes

Naturally, R^O by the assumption and the algebraic equations G1(2')=0 and
G2(^):=0 have no common zero because of the irreducibility of the defining
equation. It is trivial that the roots of G^z^O are non-formal, those of G2(z)=0
are formal and / has no other finite exceptional values.

Using this lemma, we can prove the following

THEOREM 2. Let R be an n-sheeted regularly branched covering surface of
|z |<oo defined by a transcendental algebroid function in |^|<oo. If F(R)=2n,
then R can be represented by an algebroid function

where H(z) is a non-constant entire function, R(z){φϋ) is rational and α, β are
constants with aβ(a—β)Φθ.

Proof. By the assumption F(R)=2n, there exists a transcendental mero-
morphic function f on R such that F(/)=2n. / may be regarded as an n-valued
algebroid function in \z\<oo having In Picard exceptional values. By Lemma
2, we may suppose that / is defined by (4). The equation (4) is irreducible and
the proper existence domain of / is conformally equivalent to R. Therefore,



74 JUNJI SUZUKI AND NOBUSHIGE TODA

using that for any γe. {0< \z\ <oo}, the equation R(z)eH(z) = γ has an infinite

number of simple roots, we can prove this theorem as in the proof of Theorem

2 in [1].
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