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ON AN EXTENSION THEOREM AND ITS APPLICATION
FOR TURNING POINT PROBLEMS OF LARGE ORDER

By TosHiHIKO NISHIMOTO

1. Introduction.

Our results in this paper are concerned with the asymptotic nature of solutions
of second order ordinary differential equations of the form

dxy
dx?

1.1 eh =p(x, &)y

as a small parameter ¢ tends to zero. Here % is a positive integer and p(x,¢) is a
holomorphic function of x and ¢ which has an asymptotic expansion is power series
of ¢ with polynomial coefficients:

1.2 P, )= i pA2)

in the region
1.3 |z < o0, 0< e=e,.

There has been much investigated by many authors about the above type of
equations and in particular the turning point problems are the subject of many
papers and monographs. According to the problems in physical applications, it is
desired to find the asymptotic behavior of solutions in an unbounded region of x
which may not contain the turning points, or in a given bounded region which
may not contain the turning points, or in a small neighborhood of a turning point
containing turning point itself. In these cases, it is difficult to construct uniformly
valid asymptotic expansions in a region where it is needed for application except
for particularly simple equations. For these problems, the so-called W-K-B approxi-
mation may be the most familiar among the scientists of many fields, and this
method has been put on rigourous mathematical foundations recently by several
authors, in particular the precise definition of the region of existence of asymptotic
solution and the lateral connection formula around a simple turning point were
given by Evgrafov and Fedoryuk [2], the connection formulas and their error bounds
at a simple turning point were given by Froman and Froman [3]., Olver [9], and
Wasow [11].
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Usually, the W-K-B approximation is correct in a certain sectorial region of
complex z-plane which is unbounded and deleted the arbitrarilly small neighbor-
hood of turning points. On the other hand, the comparison method or the related
equation method is used to obtain uniformly valid asymptotic solutions in sufficien-
tly small neighborhood of a turning point, but at present this is applicable to very
special class of equations, to be more precise, the order of turning point is at most
two. The one more alternative method in analyzing the local theory is the match-
ed asymptotic approximation, we call it simply the matching method which has
been used effectively by myself when the order of turning point is greater than
two.

The purpose of this paper is to extend the region of existence of the W-K-B
type approximation of the equation (1.1) to an unbounded sectorial region such
that:

1]. the domain of influence of each turning point is deleted. The domain of
influence is a neighborhood of turning point which shrinks to the turning point
itself as ¢ tend to zero, and is determined from the characteristic polygon associat-
ed with the turning point. The characteristic polygon of (1.1) will be explained
in section 2.

2]. the independent variable x goes to infinity as well as the parameter ¢ tends
to zero in such a way that the quantity |[z¢*| remains bounded, where « is a posi-
tive constant given precisely in later.

The results presented here are of interest in several respects. At first, this is
one of the example in which the Kaplun’s extension theorem and matching prin-
ciple of the asymptotic theory can be used rigorously. Roughly speaking, the ex-
tension theorem asserts that if an asymptotic approximation is uniformly valid in
an interval of &z, then it is uniformly valid in a wider interval depending on the
parameter ¢. The stretching and matching methods are frequently used in various
problems of applied mathematics, in particular the boundary layer theory of fluid
mechanics, but it is in general very difficult to obtain a wider interval depending
on ¢ in which an asymptotic approximation is uniformly valid. Hence it is ambigu-
ous to ascertain that the outer expansion and the inner expansion can be matched
rigorously. In turning point problems of second order ordinary differential equa-
tions, this is overcome because that the extension theorem can be applied to obtain
a wider region of x explicitly which enable us to prove that the regions of exis-
tence of an outer and an inner expansion are overlapped for all sufficiently small
parameter ¢. For the Kaplan’s extension theorem, we refer the reader to the book
Cole [1], or Van Dyke [10].

Secondly our results play an essential part when we analyze the turning point
problems in local by the matching method under the condition that the characteris-
tic polygon consists of at least two segments. We explain this point in details.
The differential equation we consider is of the form (1.1) with Z=1 or in vector
form it becomes
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) ) %=[f(m?e) (1)]1’

Here the function f(x,¢) is holomorphic in the region D
D: |z]=x,<1, 0<e=e¢,,

and has a uniformly asymptotic expansion in power series of ¢ such that
Sz, &)=x+ 3] o.(z)” (g=npositive integer),
v=1
as ¢ tends to zero with holomorphic coefficients:

6(x)= 2, Puu", pm,¥0 (1, =0,v=1,2, ).
p=my

The problem is to find asymptotic expansions of the equation (A) in the full
neighborhood of the origin as ¢ tends to zero. The characteristic polygon associat-
ed with a turning point =0 of (A) consists at most two segments, and when it
satisfies the one segments condition the above problem was considered by myself
in [6], [7] by using the matching method. Suppose that the one segment condition
does not satisfied, then the problem becomes quite complicated because of appear-
ing the secondary turning points. The simplest equation of such cases was treated
recently by Nakano and Nishimoto [5] by using the results of [2]. The condition
that the characteristic polygon consists of two segments is simply described by

1.2) 2my+2—q<0.

According to the theory of Iwano and Sibuya [4], the region D is divided into
four types of subregion in each of which the equation (A) has different principal
part. In the following we write down these regions and corresponding differential
equations.

(1) Outer domain D,

D1: MEplé [.Z'I =2,

d21

(A) $dr

- 1 0
\/x‘l Al(CL‘, )2y, y=[0 xq/z]z’

Ay(z, e):[(l) (1):|+§1 ,

B, a0 a7 [gm1/ee]”,
where we put r=m; and B,, are constant 2-by-2 matrices.
(2) The first intermidiate domain D,

Dy me" =[] = Me*,

dz 1

0
d z =A2(S) 5)22; yz[o E"]ZZ’ $=5P13;

(B,) gonon 22
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0 1

Aus, 6):Ls4+¢,,sr h

]+ > BP(s)ek/ @,
k=1

where B@(s) are 2-by-2 matrices of polynomials of degree at most (k4 q)/(g—7).
(3) The second intermidiate domain D,

Dy Me"=|z|<me™,  Men=|s|=m,

dz 1 0 7
ng = As(s, €)zs, ?/‘_‘I:O 51/2x7/2J23,

(As) [esl’("*“”’)]l_"’_rls

jad O 1 - (3) 1/(P,—P. Pk

A(s, s)-[¢]r+sq—r 0]+§1 BR(s)[s de]ak,
where BP(s) are 2-by-2 matrices of holomorphic functions of sV @272,
(4) Inner domain D,

Dy |z| = M,

dz

1
—4=A4(t, e), y=[0 32]34, r=&",

(A) b7

—~ 0 1 - (4) k/(r+2
A,i(t,s)_[s/mﬁ o[+ 2 B,

where B”(f) are 2-by-2 matrices of polynomials of ¢ of degree at most (k-+7)/(r+2).
Here m and M are appropriate constants and

_ 1 1 _q Lo rtl
lol—q__1,> P2—7,+2, TI—Z(q_T)’ /Z—r+2»

The problem is to know the asymptotic behavior of one outer solution in the
full neighborhood of the origin. To do so, it will be used the matching method, that
is, an asymptotic solution of each differential equation (A;) (i1=1,2,3,4) is to be
constructed in some region D; so that the overlapping region between two adjacent
regions D; and D;,, (i=1,2,3) exists, and thereafter it will be calculated the con-
nection matrix between the asymptotic solutions of (A;) and (A,.;) (¢=1,2,3) at a
suitable point of overlapping region. If we consider the differential equation (4,)
in a small neighborhood of the origin, it has a turning point at the origin of order
7 and it is easily seen that the characteristic polygon associated with it consists of
only one segment. From this fact, the asymptotic solutions of (A;) and (A,) can
be constructed and matched together in the neighborhood of the origin by apply-
ing the results of [6], [7). Therefore the remaining task to be done is to find the
regions D (i=1,2,3). More precisely, our aim is to construct a certain sectorial
region D» which not only contains D, and D but also overlaps with D, in absolute
value |z| for all sufficiently small ¢, and if this is done, the regions Di =1,2,4)
are obtained which overlap with each two adjacent regions. This is one of the
main applications of our theory, and the differential equation (A,) has the just the
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same form as (1.1) if we replace ¢ by some fractional power of .

In section 2, we explane the domain of influence at each turning point by
using the characteristic polygon, in section 3, the given differential equation is
changed into an asymptotically diagonal equation by appropriate transformations,
and their asymptotic properties when x tends to infinity or to turning point are
studied in three lemmas. In section 4, it is defined the canonical region based on
the definition of Evgrafov and Fedoryuk [2], and from a small deformation of this
region we introduce in Lemma 4.1 the region D[y, ] which we call the admissible
region. The existence of asymptotic expansion of fundamental solution in the region
D[y, ¢] is proved in section 5. In section 6, we treat, as an example of application
of our theory, a second order differential equation having a turning point at the
origin of large order and solve the central connection problem at the origin.

The main results of this paper was published in [8] without proof. The pre-
sent paper is then devoted to give the proof and the application. Some notations
and symbols are different from the previous paper.

2. Characteristic polygon and domain of influence.

Let p,(z) of (1.2) be polynomials of z whose degree may depend on the indices
and we assume that

Do(x) =2+ Pog-1297*+ -+ +Poo,
2.1)
pv(x)=pyq,$q"+ﬁuqy—lxq"—l+ +pv0 (Uzla 2’ 3» ))

where pj (7=0,1,2, ..., k=0,1,2, ---, ¢,) are constants which may be zero and g, is
an integer at most av+ 3 with nonnegative rational numbers « and 5. We call in
this paper the roots of p,(z) turning points of the given differential equation (1.1)
Now we introduce for each turning point the notion of the characteristic polygon
and the domain of influence. Suppose that x=a; is one of the turning point, then
we rewrite the polynomials pi(z) ((=0,1,2,---) as a polynomials of (zx—a;) such
that

Po(ﬁl?)=(-Z'—alc)q‘f‘ﬁOq—l(x—ak)q_l+ o+ Porlz—ar)  (r=1),
pu(x)=,5vq,,(x_ak)q”'l‘ﬁ»q,—l(x—ak)q"_l+ +ﬁv0

In the X—Y plane, we plot the points P,,=(v/2, z2/2) for which the coefficients p,,
of the above expressions are not zero and R=(4, —1). The characteristic polygon
associated with the turning point @ is a polygon [y, beginning from P, and
ending at R, convex downward, consists of finite number of segments connecting
two points P;; such that all of the other points P,, are above or on the polygon.

If the equation of the segment L¢“® of the characteristic polygon, which is
situated on the upper and left hand side and is between P, and some point Pi
t+0, r>s) (Fig. 1) is given by
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R(%,-1)

Fig. 1.

¥—S
¢

v
@y [ p— s
L¢x Y 5 X

then the domain of influence N,, at the turning point a; is roughly defined by
(2° 2) Nak: |x—akl§Nexaky

with

(Rt 7 ¢
lzak—'< O —E_1>) Pay = r_s»

where N is some positive constant. Here it is to be noted that

h
Qay

7
—_—1=
) 0

because the point R above the line L¢#), and the equality is correct if and only
if the characteristic polygon consists of only one segment connecting P,, and R
and in this case Aa,=pa,=2%/(r+2).

The precise definition of the domain of influence at a, will be given at sec-
tion 4 where we construct the admissible regions.

3. Lemma.

We state in this section a few lemmas that are necessary for our subsequent
studies. The differential equation considered in this paper is written in vector
form such that

@ [0 1
3.1) e"—d?—[ o 9 O]y.

We assume here that in the region D
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D: |z|<co, 0=e=e, |ez"|=60<1,

the function p(x,¢) can be asymptotically expanded in the sence that for each m,
there exists constant M such that

B, )= 3 pa)e’ | ML+ [z]rn > Hjem o,
v=0

where the functions p,(z) and the constants a, 5 are as defined in the section 2.
For the equation (A,) in the Introduction, the constants %, « and 8 correspond
to the numbers ¢g—27—2, [2(g—7)]"* and g(g—7)~* respectively, if we replace ¢ by

1/2¢q-1)

At first, the equation (3.1) is changed by the transformation

&

into

(3.2) oz _ \/5{ 5 Av(x)e“}z,
dx r!

where

aly | Aw=E2 1 1] e=teen,

wii2 0 Al

Since the leading term is diagonalized, we can proceed as usual to make the
equation (3.2) formally diagonal and then we have the following lemma.

LemMmA 3.1. For every m, it can be constructed a linear transformation
3.3 2=(E—eQ)(E—&*Q%) -+ (E—e™"Qunn)2m

such that the equation (3.2) becomes

dZm [ mth )
&t Tz \/po { Z Gv(x)e +me n 1(1" e)sm hed }zm;
X v=0

(3.4)

. 1 0

("’:A":[o —1J
under the rvestriction that in a region defined in later the functions Q, must matisfy
(3.5) [le'Q.|I<1 (w=1,2, -, m+h).

Here E is the 2-by-2 unit matvix and for the norm of the matrix Q=(q;x) we use
the quantity ||Qll= X5 k=1|qsx!.
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The matrices Q, are antidiagonal and G, are diagonal, and their elements are
determined from the elements of A, (0=7=v) and Q; 1=j=v—1) such as

Qu Go= L@+ QA i+ 20t ++ +(= Dy +h=) (=4,
3.6) Qi QAT A s+ 2int Gt h—Dianos b=y
ity Guen= {Q}l v QUQL N Do, i+ Qg+ e HI+h=v+h }
(1=sv=m),

where iy, 1z, i,:n-1, B and | are momnegative integers. Above expressions mean that
the elements of Q, and other matrices in the left side of (3.6) are linear combinations
of the elements of the matrices in the brackets of (3.6). And we assume that in
these expressions the products specify only the matrices and their multiplicities, but
do not indicate the order of performance of product. Lastly the term Rpin+i(x,€)
™Y can be expanded formally

gmrh-t m+lh—l(x7 5)'\’ Z RmHH 1, v(x)ev,

v=m+h
3.7 .
e Qi Ay i1+ 26+ o (A Rimin+h=v
Rm ;-ILil.v($)=£ . >
Q- Z’W‘Qz/\/m, G142+ o (A i+ A=y

where the symbol [ denotes the same meaning as for Q..

Proof. We can prove this lemma by the induction on m. Firstly this will be
proved for m=0. The equation (3.2) becomes by the transformation z=(E—eQ:)w;

dwl dQl }
wi.

¢ =] =) VE | I Ak B - (E-Qie T2

Since (E—eQ;)~! can be expanded in power series of ¢Q, by virtue of (3.5), we

have
“ar=veflo Al@ls Al Alery il i)

+62R2(.’L‘, 5)}1/01.

Here if we define the matrix @; by

—_Db [0 1
(3. 8) Ql— 4?0 [1 0]’
then G, becomes

[l 0
(3.9) e=2=[y _1}
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Clearly the matrices @, and G, have the properties mentioned in the Lemma, and
e*Ry(x, ¢) satisfy the same relation (3.7) with 1 in place of m+4. Assuming that
the Lemma is true for v=v<#h, we prove for v=r+1. Then there exists a trans-
formation

2= (E—SQX) e (E—&TQ,-)WT
from which we have

et édz;_r= \/Zo—{ i Gu(x)ev'*'erHRrH(-T; 5) Wr,
v=0

Er+1Rr+1(JL‘, 5)"\-’ Z Rr+1.p(x>ev,
v=r+1
where the matrices @,, G,(v=7) satisfy the properties of the Lemma and R, .(x)
satisfy the relation (3.7) with 7 in place of m+#4. By the transformation
wr=(E—57+1Qr+1)wr+1,

the above equation becomes by the same calculation as for v=1,

a s (£ oo (B} Y]

—[é _2]Qr+1> T4 2R, o(x, 5)]wr+1,
with

o

5r+2Rr+2(x’ 5)~ Z

v=r+2 { r+Dr+j+(r+Dk=v
120,720,k20

(— 1)6(k)Q;‘+ er+l. jQ’;-e-l

N R I }e",

(k+D(+1D+h=v

where 6(k)=0 if £=0 and =1 if £+0.
Suppose that

[gu(x) 912(30)}
Rr+l,r+1= »
g21(x)  gaa()
and if we put
0 _ 912(-1?)
Qr+1(x)= 2
ga1(x) 0 ’
2
then we have
g11(x) 0
Grir(x)= .
0 g2a()
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Thus the matrix Q,., is antidiagonal, G, is diagonal, then the elements of
Qr.1(x) and G,.1(x) have the form (3.1) with v=7+1</4. And the above expression
of ¢"*2R, s(x,¢) shows that this can be written as (3.7) and this prove the Lemma
for m=0. For m=1, we can prove it by the same method as for v=7+1 and will
not repeat it.

From the above Lemma, we can determine the grouth order when z—co, and
the order of poles at the turning points for the elements of Q,, G, and Ru+n+1(, ¢).

LemMa 3.2. The grouth order of elements of the matrices Q, and G, as x
tends to infinity is at most

v(a+p—q)
va+B—q

and the order of pole of elements of the matrices Q, and G, at a turning point ay
is at most v/pay, that is, if x approachs to ax,

Q, and G,=0[(x—ar)™"%*].

Proof. At first let us denote the grouth order at infinity of elements of @, or
G, by ¢2(@,) or G(G,). From (3.8), (3.9) and the assumption (2.1) for p,(x) we
have

2@)=g(G)=a+p—gq.

Assume that the above Lemma is true for ¢(Q,) and G(G,) (v<m), then we
have from (3.6) and A.(xz) in (3.2)

Q’(Qm)zg(Gm)§ " max k){ll(a+13_Q)+212(a+ﬁ—q)+ +(m~1)im—1(a'+19—q)

LS im—1

+ak+(B—Qrit=m(a+p—q), (8=9),
g(Qm)=g(Gm)§(, max k,{il(a+ﬁ’q)+iz(2a+ﬁ—q>+ = Fim(m—1Da+p—q)

+ak+(B—@ry=max{ma+(B—q) i1+ -+ tm-1+78)}
=ma+p—q (<q)

where 7 is 0 if £=0, and 1 if £2=0.
Next, we consider the order of pole at a turning point @ of order ». From
(2.2) p,/po and pi/pev/ po can be written in the neighborhood of aj as

b _ PP AP @ =)t - +pER (=) |1
2 o k {pszv +O[”"“"]}’

psz’k)(x - ak)p-'r =P§g’k)(x - ak)""/Pa.k (x - ak)“—r+V/pak (,u = 0’ 19 Sty qv)y

h
Po Vbo

=(x—ay) %! ﬁ+0[m —ay) },
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(x __ak)-—r/z—l _ (.Z‘ —a;,)""”“k(x —-ak)h/Pak*"/z-‘,

but from the definition of characteristic polygon and ps,, we have p—7+4v/04, =0
and —7/2—1+%/ps,=0. From these facts and the expressions (3.8), (3.9), the order
of pole of @,, G, is at most 1/p,,. Suppose that the order of pole of @,, G, is at
most v/pq, for v<m. Then from the expressions (3.6), the order of pole of @ and
Gn is at most

max{p;,i(i1+2i2+ oo +(m—1)im-1+k), par(is+2iz+ - +viu+l)+1+—’2;‘= pm ’
ag

this proves the Lemma.

LemMma 3.3. Let 6, be sufficiently small positive constant. Then it satisfies

mﬂV@:Rmﬁxﬁ@=(ﬂmﬁb%w“wﬂM*mWﬂ (6z)
Ollz"e|™** - || n+#-22] (B<a)
as x tends to infinity under the restriction
|zue| =0, <1,
where ay=a+—q if f=q and a if §<q, and it satisfies also
"/ Po Rusnsa(, €) =O[|( — @r) Ve | ™+ | 1 — qyp| /2~ 1/Pok]
as x approaches to the turning point a; in such a way

I(a:—ak)“"’“’“e} éﬁ! < 1.

We remark here that if 6, is taken small enough, the inequality (3.5) is auto-

matically satisfied. The proof of this Lemma is easily derived from the above
two lemmas.

4. Canonical regions and admissible regions.

In this and next sections, we construct an asymptotic expansion of fundamen-
tal system of solutions of the differential equation (3.4), and in this section it is
defined the canonical region which is fundamental in establishing asymptotic pro-
perties of solutions.

The differential equation considered here is

m-+h
“.1) ﬁ%%=¢ﬁ{ awwﬂm“%mmwwkw
0

y=i

For simplification we write
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) ) e —g;)(x,e)]+—li%[—(l) !

where

B (i (A2 e o]

and define the functions &(z, xo), &n(x, 20, ¢) and matrix A,(z, zo, ) by

&(x, zo)= Sx Vpo dz,  En(z, 0, e)=Sz e*g(z, e)dz,

“4.3)

_ a6, 70, ) 0
/1);,(-7:, Lo, 5)“'5 [ 0 —Sh(xy Zo, 5)]'

Moreover we introduce here matrix functions 2,(z, ¢), Wn(z, ), wn(x, €), &n(zx, €)
and un(zx,¢) by

2n(x, &) =Zm(x, €)po~"* exp An(x, 2o, €),
o, )=exp " V{3, Gun(o)e'da,
Zo v=0

@A) wn(@, ) =tm(@, o~ €XD An(®, 70, )= XD S

Zo

_— m+h

N/ { 5 G,(x)s”} dz,
v=0

Un(, &) = Zn(®, €) — Wn(, €),

Un(, €)= Um(x, )Po~Y* €xXp An(x, 0, €),

then @n(x, ¢) satisfies

Um(, €)= Em(x, &) — Wz, €),

o —((I)(-Z'ye)] S R SR N

+ { 5 va Gu+h(w)e"}ﬁm Fem /B Runsnes(y €)(lim -+ ).

4.5)

Let u;(x, ) and w;i(x, ¢) (i, =1, 2) be components of @n(x, ) and Wn(x, c) respec-
tively, then the above equation becomes for each component
@1 {uﬁ: o01(zx, &)t +s"‘+1\/17o R inialtt11, the1, wia, warla,
. 1 '

Uy = —29(x, )z +g2(x, )thsy + ™ Do Rusna1ltery, tha1, w11, wailay,

(4 5) {u{z= 2g(x, e)u12+gl(x, E)u12+£m+1 \/‘Fo Rm+n+1[u12, U2z, W12, wzz]lz,
. 9)2

u;z= gz(-l', é)uzz‘}'&m“\/ﬁ Rm+h+1[u12, Us2, Wiz, Was]se,
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where the functions ¢.(z, ¢) and gs(x, ¢) are the diagonal elements of diagonal mat-
rix [X™,vPsGrie’]l, and the last term in each equation denotes a linear combination
of the components in the bracket whose coefficients are elements of ¢™*1v/poRmsns1.
Now we shall prove the existence of solutions of the above equation. To do
so, it will be convenient to introduce the notion of canonical region with respect
to &(z, zo) following to Evgrafov and Fedoryuk [2].
The family of curves

Re &(x, z,)=constant

does not depend on initial value x,, the choice of the path of integration in the
z-plane and the determination of the square root of p(x), and has branch points
at turning points. The curves which pass through turning points are called the
Stokes curves, and they divide the z-plane into a finite number of simply connect-
ed unbounded regions: Stokes regions. Here we consider the function &(zx, x,) as
the mapping of the z-plane into the &-plane. Since each Stokes curve is mapped
onto a straight segment or a ray parallel to the imaginary ¢-axis, the image of
Stokes region is a vertical strip or a half plane.

The canonical region with respect to &(x, x,) is a union of an appropriate number
of Stokes curves and adjacent Stokes regions bounded by the Stokes curves, con-

Fig. 2.
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tains no turning points in its interior, and is mapped by &(x, x,) onto the whole
&-plane cut by a finite number of verticals. Each canonical region contains in its
interior at least one Stokes curve.

We give here a simple example of canonical regions in the case po(z)=2°—uz,
and then &z, z))=f3, Va*—z da.

The Stokes curve configuration and Stokes regions are given at Fig. 2. The
real curves and the dotted curves denote the Stokes curves and anti-Stokes curves
on which Im &(x, z,) =const. respectively. Each Stokes curve and Stokes region are
numbered as in the Fig. 2.

For the above example, we give here a set of canonical regions. The union
of all canonical regions of this set covers the whole z-plane two times except turn-
ing points.

D®=S,US:USs Ul Ul D®=S;US,Uls,
D®=5,US;USsUSsUlos UlssUl_1;, D®=S;US;Ul s,
D®=S5US:USsUSsUl-13Ulos Ul_11, D®=S3US10Ul_sz,
D™ =S5,US;US10Ul_:3U 1.

The corresponding images 9® of the above D™ and D® in the &-plane are
described in figures, Fig. 3-1 and Fig. 3-2.

Ll

(=1}

att

)

_g)(l) £D(2)

Fig. 3-1. Fig. 3-2.

After introducing the canonical regions, we construct admissible regions by
deforming the canonical regions appropriately. Let X and 3 be the complex x and
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¢ plane respectively and D be one of the canonical regions. The image of D under
the transformation é=¢&(x, x,) of X into 3 will be denoted by 9.

Suppose that ai, s, -+, @n, by, -+, by, be the set of turning points that are on the
boundary of D, a Stokes curve from each a, is going into the interior of D and
b; is on the Stokes curve issuing from one of ;. For example, if we take D™
as a canonical region D, then the turning point x=0 is considered as b;, and z=1,
i as a; and a. respectively.

We denote the inverse images of a; and b, under the mapping é=£&(x, xo) by
ap and b, respectively. Then the region @ in X is a whole plane with several
cuts issuing from ax(k=1,2, -, %), and each b, is on one of these cuts.

For all sufficiently small ¢ such that 0<e=e¢,, a region 9[e] is introduced by

Dlel= D N{Eel: |22/ @5, <1,

where 4, is sufficiently small positive constant and a. is a positive rational number
defined by

(r+1D)(a+p—q+q2+1 (B=9),
(4.6) ar=4(h+1L)a+p+1—g/2 (@2—1—ah=p<q),
a @2—1—ah>p),

and if a=8=0, we put 9=9l[¢].

Now we change the region 9[e] into D[y, ¢] for small positive number 7 by
deleting small neighborhoods of cuts and some portions near the boundary, so that
it satisfies following conditions:

Let ¢ and % be two points on the boundary of 9lr,e] such that ™ =
+(02/e)@*»722, then for every point & in QP[r,e] we can describe two piecewise
smooth curves €(s, &, ") for 0=s=s™ and ¢(s, & ) connecting £ and »*
respectively, and they satisfy

(1) e®(s, & o) are contained in D[y, ], ¢®(0, & p)=&, (s, &, ™)

=9, where s denotes the arc length of the curves from &.

(2) On these curves, the following inequalities are satisfied

d Re Sh(l‘, Zo, 6) ~

ds =y on c(+)(8, E’ 77(+))’

d Re Eh(‘z‘) Lo, 6)

s =—r on ¢€9s,& 9).

We take the inverse image of this region 9[r,¢] as the admissible region.

Now we specify how to construct the region 9[r, <] and two curves ¢ (s, &, 7).
Let us define the argument ¢ by tan ¢=2¢/+/1—4;%

(1) We describe two lines issuing from 5™ with arguments z/24+¢ and
—nr/2—¢, and cut off from Ple] the right hand parts of lines. Analogously, draw-
ing two lines from 5 with arguments x/2p and —z/2+¢, we delete the left hand
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parts of lines from g[e].

(2) In the neighborhood of d;=&(ax, x,) for which we assume that the ver-
tical cut is directed downward and there are no b,=£&(b,, z,) on this cut, we firstly
draw concentric circles C and C’ around @, whose radii are Ne*®¢+» and o’
(Ne?ak/r+ < o) respectively. Here # is the order of turning point @ and 2., is
the positive number defined in §2: 2., =((A+1)/pa,—7/2—1)-*. Moreover write two
segments L, and L, starting from @, with arguments ¢ and =—¢ respectively. Let
P, Q: be cross points of L, with C and C’, and P, Q, be cross points of L., with
C and C’ respectively. From P, we draw a segment of argument —=x/242¢ to
cross point R, with C’, and from R, continue a line of argument —=z/2+¢ to the
boundary of P[e]. Let us denote this polygonal segment by /;. Analogously we
describe a point R, and a polygonal segment /.. We delete from [e] the neigh-
borhood of vertical cut that is a region surrounded by /, upper circle P,Ps, /; and
the boundary of 9P[e] (Fig. 4).

(3) When the vertical cut from @, direct upward, the modification to be made
is trivial, and if it brings on it some point b,, we can analogously define neighbor-
hood of cut which is to be deleted from P[e]. In what follows, we omit the de-
tailed descriptions about this case for simplicity.

Thus we obtained the region 9Dly, ¢] by perfoming the above procedures for
all @, and cuts. Next it is defined the curves ¢(s, & 1) and (s, & ) for
every & in @[y, ¢]. Clearly the cueve ¢¢(s, &, ) is drawn by the same method as
for ¢ (s, &,7*), and then we only explain how to construct the curve ¢“(s, &, ")
(Fig. 4).

(4) Before defining ¢™(s, &, ), we divide 9[y,¢] into several subregions.

CI
- Dlas, e]-\\
/ c N\ L
L. / \ 1
2 Q / P \ Q
i
Ty \
t 3 ‘ \
¢l k \ € (s, £, )
R, R\
1P
,(D(+ [ab s] cut 9 [ ks 5]

Fig. 4.
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Let 9Plax, €] be a region such that
D, )= DIy, el N {g: Nie¥aw' v < |e — 7, < /).

We draw a line of argument —r/2—¢ from the point Q;, and denote by 9D [d, €]
the region bounded by this line, the arc Q:R; and the boundary of 9[r,¢]. Analog-
ously the region @[dy, ¢] is defined which is surrounded by the line of argument
—n/2+¢ starting from Q,, the arc Q,R; and the boundary of 9Dly,¢]. Then the
region 9ly, ¢] is divided into a finite number of subregions:

ﬂ)[‘f, €]=kU {Q[ﬁk’ 5] U g)(+)[a~k, 3] U Q(_)[dky S]} u «g)I[T’ s])
c=1

where

D'y =Dy, e —kU {Dlar, ] U D [ax, ] U D [dx, €]}
=1
(5) For £in 9D'[y,e] and P[ds, ], we can easily draw a curve ¢(s, & 7<)
contained in @[y, ¢] and P[dy, ¢] on which it satisfies except for a finite number
of points

by connecting several segments, owing to their shapes.

(6) Let us divide 9[adx, ¢] into three parts: 9;[@x, el, Deldr, ] and Dslay, €]
where Di[dx, €] is a part of P[dx,e] below the segments L, Dsldx, ] between L,
and L. Dsldx, ] below L,.

(7) For & in Di[ax, ¢], we draw downward a segment of argument —z/2+4¢
from & to a point of C’ or to a point on the segment P;R,. In the former case
we connect it with a curve defined in (6), and in the latter case we continue it
along P;R, and then combine it with the one described in (6).

(8) For & in Dslax &l, e(s, & pP) is a curve along the circle of radius
|E—ax| from & to a point on L; and connect it with the curve defined in (7).

(9) For ¢ in Dslds, €] and PP [dx, €], € (s, & ) consists of a segment of
argument z/2—¢ from & to the point on L, and the connected curve described in
8).

From the method of above construction, we can prove the following two lem-
mas.

LemmAa 4.1. For sufficiently small e, 6. and sufficiently larvge N' in the cons-
truction of Dlr,el, we have

d Re éh(xr Loy 8)

s =y along  ¢M(s, & ),

d Re &y(x, 2o, ¢)

ds =—7 along ¢, & 7).
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LEmMA 4.2. For all &€ in D'[y,e] and DPlag, <], there exists a constant K in-
dependent of ¢ and ¢ such that

@n (exp (— 2n(z, 7, )y dy 'éK(IEI’H) (r=0),

Sc(+)(x.€.r,(+))

where n:gr VDo Az, and for all ¢ in Dlay, €],

4.8) <y—dk>—rdn|§ms—du-f+* (r=1).

Scﬂ')(s,é, 2(+)
Analogous inequalities hold when the integrals ave taken along ¢(s, €, 7).

The letter K is used here to denote some positive constant independent of ¢
and z or ¢, and this K will be used often in later, but in all cases it does not
always mean the same constant number.

Proof of Lemma 4.1. It is sufficient if we prove the first inequality of the
Lemma. We recall that

E((L‘, Z’o): S: \/de;

R e E (o R o

then

& _ —dz

3= Vb g5

n _dEf Db [P 1P P }
ds ~ ds {1+ 2P, e+[2170 <Po) ] ZPO

dReg, _ dReg P pl__(p,Hz P }
ds ds +R[ {Zpo £+[2Po a) I T ]

In the last equation, if each term of the expression

@9 t s (B) b g

is sufficiently small in the region considered, then we have

dRe fh -
7" > on ) s, &, “)
a5 =7 (s, & 9)
owing to the method of construction of ¢“(s,&,7*?). From the grouth order of
p.(x) as z—co and the order of pole at the turning points, the expression (4.9)
becomes as small as we want if ¢, |z*| and |(x—aw) V%% are taken small, and
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these are much smaller if e, |x"| and |(x—a;)~V3eke| are taken sufficiently small
since ai=as, Pa;=Aay

Thus in the &-plane if the constants ¢, d, are taken sufficiently small and N’
sufficiently large we have the desired inequality.

Proof of the Lemma 4.2. First, the inequality (4.7) is proved. For ¢ in @
{7, €] the integral path ¢‘(s,&,7") can be written

n=E+4(s) 0=s=sD, 0)=0, {(sP)=9p"=¢,
where #(s) can be a piecewise linear function and along the path, we have

Re fh(xr Ty $)=Re {Sh(xy Lo, 5) —Sh(ry Zo, 6)} ET&
Then

s(+)
= S e~3|E4{(s)|"ds.
0

A {exp (= 2%4(z, , N7y
c(+)(s, &, 5(+))
Here we consider the two cases: when |£|=M and |¢|=M. If |¢|=M, the last ex-
pression is clearly bounded for some K, since

s(+) oo

S e‘2’315+t(s)['ds§8 e (M + |#(s)|y ds =K,

0 0
and if |¢|=M,

8(+) ors o B It(s)l ,
S e I$+t(s)|’ds§|€|’g e 2r8<1+7)ds§ms| .
(] [}

Second, we prove the inequality (4.8).

(1) Let & be in Di[dx, ] and &—&(ax, xo)=|E—&(@x, xo)le*. The integral
path ¢ (s, & 9¢") consists of possibly three parts, ¢*(s, &, 7?), €*(s,§,7) and
(s, &, 9). Here e{P(s, &, 7*") is in the exterior of Plax,el, ¢57(s, &, 7) is a
straight segment of argument —=z/2+¢ from & to a point S; which is on the C’
or PR, and if S; is on P;R;, the segment S;R, is the ¢{*(s, & 7).

Now we estimate the integral of (4.8) for each part. Firstly we have

Scf+) (3,5,,7<+))|77“$(akr xo)|"|dy| =o' Scl(ﬂ (s,e,,;u))ldsl =K

for some constant K.
Next, e{"(s, &,7¢”) can be written

7—E(@r, o) =& —E(ar, o)+ €742,

s=|&—&(ax, xo)|{cos (p—¢) tan (¢ —¢+0)—sin (p—¢)},
where

— 5 +2=g=0, 0=p—¢g=7—0,



EXTENSION THEOREM AND ITS APPLICATION FOR TURNING POINT PROBLEMS 477

0=0=7—p—(p—¢), 0=p—¢+0=7—.

Then we have
In—E&(ak, x0)| = |6 —E(a, 20)| COS (p—¢h)

=z € —&(aw, ®o)| Sin o=27|&—E&(ax, 10)|,

cos (p—¢)

cos? (p—¢+0) .

ds= lé"&(ak, xo)l

)|77_5(dk, xo)[~f|d7/| 5(27)'r|5—5(dk, xo)“”lgma_)l_ do

Sé*’(s, e cos®(p—¢g+0)

=K |E—E&(arwo)| T
Lastly we consider the contribution of the part ¢§*(s, & 5¢ ). On this segment

dsg‘i'-?fiﬁ"’“””)"” =©2p)""dlp— &law, z)),

COs —2——90
and we have
[Se—&(aw, zo)| =& —&(ax, o)| cOs (p—¢) tan ¢,

where ¢; is a certain argument satisfying 0<¢:<z/2—2¢p. Then we have

’

P

[p—&(aw, xo)| "|dy| =(2y)" S [p—&(ar, x0)|~"d|y—E(ax, xo)|

SC%”<s.e,n<+>> 8¢ —£Cag, 0]

/-r+41

|Se—&(a*, xo)| 711+ d =K"\&—&(ax, xo)| "

-1
= 2r[1—7] 2yll—r —

Thus by adding the above three estimates, we obtain the desired inequality (4.8)
for & in Dilaw, €]

(2) For ¢ in D.lax, ¢], we denote by e{(s, & 7<) the part of e(s, &, 7¢?) in
the interior of Q.ldx, ¢], and by ¢{¥(s, & 7¢") the remaining part. From (1),

Ip—&(ar, 0)|~"|dy| =K' |6 —E(ar, xo)| !

Sc§+)(s,5.v(+))
for some constant K’. On the other hand, ¢{*(s, & 7¢"?) can be written as
n—E&(@, 2o)=|E—E(ar, 2o)|€? (¢=0<9),

ds=|&—&(ax, x.)|d0,
then we have

)Iv—&(xk, z0)| " dyl = & —E&(a, x0)| " S: do=r|&—&(ak, zo)| "

Scﬁ*%s,e,rﬂﬂ
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Thus by adding the above two inequalities, we obtain the inequality (4.8).

(3) For ¢ in Dsldr, €] the contribution of the integral from the path in the
Dslax, ] is obtained by the same method as (1), and the contribution from other
part is obtained from (2), and then inequality (4.8) is proved for this case.

Therefore we can conclude that the inequality (4.8) holds for all £ in Dlag, ¢].

Finally for ¢ in @®][d,, <], the inequality (4.7) can be proved easily by com-
bining the above procedures and we omit them here.

Thus we have proved the Lemma 4. 2.

Now let us denote the inverse images in the z-plane of D[y, ], Dlax, ] and
c®(s, &, 7™®) under the mapping

=\ Va@ae by D a Dlad

and e¢® (s, x, x¥), where

xC

7 =S B v po(z) dx.

o

We call D[y, ¢] the admissible region and also the inverse image of a region
{&: |6 —ax| =N'e*ar’®} the domain of influence at aj. It is shown in Fig. 5 below
the admissible regions corresponding to 9™ and 9 of Fig. 3.

Fig. 5-1. Fig. 5-2.
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5. Existence theorem.

We consider in this section the existence and estimates of solutions of differen-
tial equations (4.5); and (4.5),. Since the method of analysis is almost parallel for
the both equations, it is treated only the equation (4.5);. As usual the differential
equation (4.5); change into the following integral equation

#11(x, &) =e™"! ST [eXpS g1(s, €)d5_| \/E)—Rm ch-1{t11, Uy, Wiy, War}dz,
11(x) 4 -
5.1

(e, =1\ [exp( = 2ento 0+ | s, 9s) |
21(x) 1o

T

X \/p_oRmA; n {11, Ua1, Why, WarldT,

where the pathes of integration of [gi(s,¢)ds (i=1,2) are appropriate curves con-
necting x and r and lying in the interior of D[y, ¢], yu(x) is a curve connecting x
and some bounded fixed point x, in D[y, e], and jy.(x) is the curve c¢<(s, z, z§")
defined in the previous section.

It is noted at first that the function w.i(z, ), wa(r, ¢) and the integral 7 gi(s, e)ds
are uniformly bounded for x, z in the region D[, ¢], and hence so is for exp 7 gi(s, ¢)ds
since we have from the Lemma 3.2

K{1+ Ix[(«w—q)(m v)+l1/z}’ ﬂ%q, xGD(w)[;‘, e],

|\/EG/L+|‘ < K{1+ |g|enrs-azy, 5<q, 2Dy, ¢,
K|$—akl_(h+v)/pak+r/2, xeD[ak, ’:‘],
and then
s (K{l+]a)e,  zeD™[y, e,
<<
(5.2) S Vo Greids ={K’{|w—ak|—“/lak}s", zeDla ]

for v=1, 2, ---,m and for some positive constant K’, where D[ax, ¢] was introduced
in the previous section and

n
D[y, ]=DIy, &]— U Dlay, ¢l.
k=1
We now prove the following existence theorem by the method of successive
approximation.

THEOREM b.1. There exists a vegion Dly, | and a system of solutions {u.:(z, &),
us1(x, &)} of the integral equation (5.1) in Dly, ] such that

K+ |g|mDm)emtt for zeD[y,el,

(5. 3) |u11(xy e)lx |u21(x’ €)| -—<‘{
K(lz—a|~mD7*ak)emt - for xeDla, €],
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for some positive constant K.
Proof. Let us define the successive approximation by

ud(x, e)=u(z, ¢) =0,

x
uﬂd(x: 5)=5m HST [expg gl(sv E)dS ] '\/po Rm—kh—rl{uﬂc—l): ué’f_l)y Wiy Wai dT:
11(2) T 11

o, = fexp(—2ento 0+ Toats a5 |
21(x) T
X \/5; R a{a=0, uff™, w11, woikay dr.
From the Lemma 3.3 we have
[|le™+? '\/ERM'G"L+1{”11’ Us1, Wiy, Wa k]| (=12
L(1+ ]x| (a+3=ay(m +h+x)+q/2)€mu”u“| + |u21| + |wu| + |w21|}’ ‘qu,

(5.4) = L(1+|x|a(m‘h D=072yem Y gg10| 4 [tha1 | + |w11] + |21}, B<aq, -’L‘ED(N)[% el

L(Ix_ak'~(m+ h+ 1)/Pak~:~r/2)em+1’ JUGD[(Zk, E]
for some L. Then from the remark stated above and the Lemma 4.2, we have

K+ |z|™tDe2)emtt - for xeD|y, el
(5.5) 5 (, ) _S_{ (i=1,2)
K(lz—ag|~ ™ D/2ar)em ™t for zeDlax, €],

where K is a positive constant.
Since R nialtay, ey, i1, wai]s1 1S @ linear function of its variables,

18 (@, &) — ud (@, <) =sm+lg

lexp I'(x, 7, )1/ Po R 11

i1
(5.6) "
X {u® —u®™, u® —uf~, 0, 0}i,de

where
ngl(s, ods if i=1,
I'(x,t,¢)=
2@, 7, ) +S gu(s, )ds if i=2.
From (5.4), (5.5), (5.6) and the Lemma 4.2, we have for some constant L’,
KL1(1+lx'z(m+l)“z)52(m+l) for xGD(”’[r, ¢,
| (x, &) —ui(x, e)| = {

KL (x—ay| 2™+ D7 2ak)e2m+D  for  gzeDlaw, €]

and by the induction it is easily proved
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K(L¥(1+|a|smv%)ebmsd  for zeD[y, e,

(6.7 | (z, &) —uf (x, €)| é{
K(L"¥(|z—ag|Fm+D/2ake)em+d  for  zeDla, €l.

Then if the quantities e, |x*¢| and |x—ax|"*?eke are taken sufficiently small,
that is, if we take the constant ¢, d; and N in the Lemma 4.1 smaller if neces-
sary, the series

(5.9 T o, 9—u@, ) (=12)

are uniformly and absolutely convergent to a bounded and holomorphic function
ui(z, ¢) in the region D[y, e]. The functions #;(x, ¢) constitute a system of solution
of the integral equation (5.1). The estimate (5.3) can be proved from (5.5), (5.7)
and (5.8), and hence the Theorem 5.1 is proved.

The solution of the integral equation (5.1) is a solution of the differential equa-
tion (4.5); and by the parallel arguments, the solution of (4.5), are obtained. Thus
we have a system of solutions of the differential equation (4.5).

From the Lemma and (5.2), the following two lemmas are clearly satisfied.

LemMA 5.1. If the matrix function Wn(x, €) in (4. 4) is expanded in power series

of ¢ with coefficients wP(x), it satisfies
K(l_f_!x[(m»; l)ﬂz)eﬁL"rl f07’ :CGD(W)[T, S].
[[Wm(@, ) —{E+ 03 (x)e + -+ +WiP(x)e™}]| =
K(|x—ag|-™D7%ak)e™ ! for xeDlawe],

for some positive constant K.

LemMA 5.2. If the matrix function
Fx, e)={(E—~eQ)(E—¢"Qz) -+ (E—e""Quin) HE+ DR (x)e+ -+ (2)e™}
is rearranged in power series of ¢ with coefficients yi(x) such that

E+yi(®)+ - yamen(@)e®™*0,
then we have
K1+ |z|™D%2)em+t - for 2e D[y, €],

|F(x. &) —{E+yi(x)e+ - +ym(x)s"‘}ll§{ .
K(|lx—ay|~ ™D’ 2ak)em+t for xeDlax, ¢].

From the above two lemmas and the Theorem 5.1, we have the following
main theorem.

THEOREM 5.2. The differential equation (3.1) has a fundamental system of
solutions such that
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1 1

(5.9 y(x, &)= [ - -
\/Po(x) - \/Po(x)

] Po(@) " HE+ya(@)e+ -+ +ym(@)e™

+ Yoii(z, €)} exp An(x, o, €),
where the rvemainder teym Y, .1(x,¢) satisfies
K1+ |z|mtD%)em et for zeD [y, €],
K(|z—ay|~ ™D/ 2ex)em+t - for xeDla, €]

1 Yimoa(, e)Hé{

for some constant K. The constant numbers ax and 2q, ave defined at (4.6) and
(2.2) respectively.

6. Example.

In this section we consider as one of the example of applications of our theory
the central connection problem of the differential equation
dZ

24y _ (x5 —ex)y,

dz?

in the neighborhood of the origin D={x: |[x|=d}. As usual it is more convenient
to consider the above equation in the vector form

6.1) . _d—y—=[° 1]y.

dx zP—ex 0

In the notation of the Introduction, each constants becomes g=5, m,;=7r=1,
p1=1/4, p,=1/3, y1=5/8 and y,=2/3, and corresponding to the descriptions of the
Introduction we consider the following three differential equations in some subre-
gions of D.

(1) D  Me=|z|=d,

d L0
ex_s/zgii=A1(x,e)Zn ?/=[O x5/2]zly

B 0 1 o 0
A@o=[y o]’ 5]
2
(2) Di meis|z| <M,
ev/8 ‘i,zsz =As (s, €)2s, y=[(1) 552]22’ z=¢""s,
(A)

weal, 1]
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(3) Di |z|=Me,

d 1 0
—;—"=A4(t, &), y= [0 62,3]?:4, x=e"%,

0 1 0 0
Ayt &)= [__ ¢ 0] + [tsei/s 0]'

The fundamental systems of solutions of the equations (A,) and (A,) are obtain-
ed by the usual method of constructing the outer and inner solutions as in [6].
The equation (A,) is analysed by the method described in this paper.

1. Firstly we construct the fundamental system of solutions of the equation
(Ay). In what follow, 7* means || expiaargy for all complex » and rational
number a.

(As)

If we put
0 . 9
S P Y T R
Y“lo 1 —1)jlo 1171 PR o
2 0
the equation (6.1) becomes
5 0
" P
(oo G2 _ [1 O]_i 2 +O((ex®) {2t
dx 0 -1 2 -4 —/2
0 - +—2—x

From the method used in my previous papers [6,7], we can construct an asym-
ptotic expansion of a fundamental system of solutions of the above equation. Let
T be a sector in the z-plane such that

v d 3r
T —7<argx< R
Then there exist a region D, of ¢, z-plane defined by
D, argzxeT, 0<e=¢,, cieVt = x| =c,

where ¢, ¢1, c; are small constants independent of ¢, and an actual solution yi(zx, ¢)
of (6.1) of the form

1 01 17,
yl(x) 8) =[0 xﬁ/z:":]_ _1]31(50, e)x—5/4

/2
—% ad (1-’-"’27".%"46) 0

X exp € 7/2 .
210

6.2)

0 7
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Here 2,(x, ¢) satisfies the following asymptotic property
l12:(z, &) — El| = K(1+ |x|~*)e,

for some positive constant K.

2. Next, the equation (A;) will be analysed. According to the results obtained
in the preceding sections, we choose one of admissible regions which is covenient
for matching procedures with D; in the paragraph 1 and with D, in the next
paragraph 3. In this case, let D[y, ¢] be the admissible region constructed from
the canonical region D™ defind in the example of §4. The letters ¢, @, and 8 used
in the theory become ¢=5, a=p=0, and the order of turning points located at
s=0, +1 and +: are all one.

By the transformation

J— 1 1 1 1/8 [0 1] } ¥
zz_[\/j7 . \/5]{}54—2 7e 1 ol(#
the equation (A.) becomes

o8l ean[ D ol
where
p(s)=s"—s, and #(s)=p'(s)/4p(s) VB(s).
Then applying the results of the Theorem 5.2, we have

ERS ] [

[ veas 0
X exp s .
. ' perrds

Here the matrix function 2.(s, ¢) has the following asymptotic properties
Ke'® for seD[r,el,

[122(s, e)—Ellé{
K(|s—ax|=%%)e"® for seDslay,el,

where a,=0, +1 or +i.
3. In this paragraph, we construct the fundamental system of solutions of the
equation (A,). At first, we find out a formal solution of the form

2t )~ 3 viB)ei.

v=0

Then each function »;(#) must satisfy
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dv,
——=Co(t)v
dt 0( ) 0y

%:Co(t)vi+cl(t)vi_x G=1),

Co(t)=[0_ , 8], cm:[?s 8].

The differential equation for v,(f) is the so-called Airy equation. The funda-
mental system of solutions is given explicitly using the Hankel functions of order
v=1/3, (see [7] section 3)

where

10 [HYE  HOE
%(®) ‘[0 t] ¢ [mz(s) H,‘E{(E)]’
where £=(2/3)#*/2, and

)

HoE) = sin v

{e—v“fv(s) _j+v({:)}y

—1
sin vr

HP@E) = {e™' (&) — T~}

Here J,(§), J-,(¢) are the Bessel functions of order v=1/3, and the formulas of con-
vergent power series expression of /(&) for |£|<co and the asymptotic expansion
of H®(¢) (i=1,2) for |¢]>1, |arg &]<rz are well known:

1o=(5) & e (5) del<e),

= oo 55| e vonerm)].
(161>1, |arg §|<a),

0= ] o] o35 [ voten]

m=0

where (v, m)=(+m+1/2)[m![(v—m+1/2).
The nonhomogeneous equation for v»;(¢) has the solution which is holomorphic
in the neighborhood of the origin, and can be expanded asymptotically at infinity

such that
70 =[é t,g]f“ VJ@B —t'][g'@ gz(f?:l’

gx(&“)=\/%exp{i( —%—i—)},

where
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g2(5)=\/%exr) { —i(é—%——%ﬂ,

V= Vit Vi 4} (520),

Thus we obtain formal solution z(%¢), and from this we can construct a fun-
damental system of solutions y(x,¢) of (6.1). Let x=¢'"%, t=(3£/2)*® and a region
D, be a neighborhood of the origin such that

Dy |t5%%|=c, or |a'3% 1 =c], 0<e=e;

for sufficiently small ¢4, ci.
Then the equation (6.1) has a fundamental system of solutions yi(z, ¢) such
that

1 0
ya(z, e)=|:0 62/8]240‘, e),

llzs(t, ) —voD| =K' (¢, €)eDs, [t =ho),

6.4) h[(l) t—lg]{w’5>‘”°“>}5‘”[g;§5) 0 ]"élflz‘“’%l/s] (¢, )€ Dy, |t >t

9:'(é) |argt|<—32—:r

for some positive constants K and #,.

4. Now we are on the position of calculating the relation between the solutions
yi(x, ¢) and y.(x, ¢) by the matching procedure. We remark at first that connection
matrices between yi(x,¢) and wi(x,¢), and yi(x,e) are asymptotically diagonal (see
for example [7], [12]). Let us define the connection matrices L, and L. by

(6. 5) yi(x, &) =ys(x, €)Ly, ya(x, ©) =va(x, €)La.

The matrix L, is obtained by comparing the expressions (6. 2) and (6. 3), where
we need the asymptotic expansion of (6.3) when s tends to infinity. The indefinite
integral in the bracket of exponential matrix function is to be defined by

5—1/8 Ss \/;ds_____e—us{gs ss/zds _%Ss 3_3/2d8+Ss <\/Z) _ss/z_,__é_ s—s/z)ds
0 o =)

=-§—x7/2e‘1+x‘1/2+e‘1/858 (\/} __85/2_‘_% s—S/Z)ds.

When s tends to infinity, the last term of the above expression is the order of O(e).
Thus we have after a short calculation that
(6. 6) L=V E+0(V8)}.

The matrix L, is asymptotically determined from the expressions of y.(z,¢) in
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the neighborhood of x=s=0 (4x=0) and y.(x,¢) when ¢ tends to infinity. From
(6.3) (6.4) and (6.5) we have

FSS VpeVids 0

R R T

6.7

o wllo enleseos el

where 2(2, )= 2150 Vi(#)e*®.
Here we put s=s,=7¢""? and ¢=7 with |9**?| sufficiently small and |y| large.

Then we have

\/p(s) — \/85 —s= \/7)565/12_ 7]81/12 =ip“261/24(1 +O(7]el/12)4)’
P(s)"Vi=(s"— s)~14 =e‘“’“7;’"‘e“"“(1+O(17<-:‘“2)4).

By putting the above quantities into (6.7), we have

i «/_%K%)"“ e-m{F 1]+O[(7)e‘”2)‘]}22(87), )27, 6)“[: _1,.]_1

i -1
(55
=exp _i(€—£—£> LzeXp
0 2 4
_837 5—1/8\/1_,(13 0
X sy _
0 S <15 /pds

From the asymptotic nature of 2.(s,¢) and 2.2 ¢).
2y(s,, &) =E+0O(|9|=¥%),
é4(77, €) =E+O(|7]|—3/2+ I?ll/zel/sl),

and definition of integral Ss Vp(s)ds gives
{"evovpas=eal " vpds—cn " (vp-sas
0 0

— _Ce—-l/s_*_i %v3/2+0(7)11/2€l/3)’
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where we put c=S:( V(s)—s¥%)ds.

Since the connection matrix is asymptotically diagonal and does not depend on
7, we can conclude that

— /g \1/s —Ce'l/s—f-—l—rti 0
©.8) ngx/—’-zf—@) eV exp 5 |E+OE).

0 ceV8——ni
3

Therefore the central connection problem can be solved by using (6.5), (6.6)
and (6. 8), that is, the outer solution of the equation (6.1) expressed asymptotically
by (6.2) in the region D, has the asymptotic expansion at the origin of the form

— 1/8 _ 1 0
000, @;Jé’-(é) e~°/4s[o em]z4(0,e)

—evs a0
X exp 6 {E+0(®)},
0 —~1/8 2 y
Cce ——Tl
3
where
2 0 1
2:(0,¢)=| I'1—v)sin v 3\¥2 21 [e’"” _em:I{E-l-O(ew*)}
0 <E> T'(v)sin vx

-3
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