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NOTES ON CONFORMAL CHANGES OF RIEMANNIAN METRICS

By KENTARO YANO AND SUMIO SAWAKI

§0. Introduction.

Let M be an n-dimensional connected differentiable manifold of class C* and
¢ a Riemannian metric on M. We denote by (M, g) the Riemannian manifold with
metric tensor ¢g. If the angles between two vectors with respect to ¢ and g¢* are
always equal at each point of the manifold, the Riemannian metrics ¢ and ¢* on
M are said to be conformally related, or to be conformal to each other. It is
known that the necessary and sufficient condition for ¢ and ¢g* of M to be conformal
to each other is that there exists a function p on M such that g*=e%*g. We call
such a change of metric g—¢* a conformal change of Riemannian metric.

Let (M, g) and (M, ¢’) be two Riemannian manifolds and »: M—M’ a diffeo-
morphism. Then ¢*=z"'¢’ is a Riemannian metric on M. When ¢ and ¢* are
conformally related, that is, when there exists a function p on M such that
g¥=e*g, we call =t (M,9)—(M’,¢’) a conformal transformation. In particular,
p=constant, then x is called a homothetic transformation or a homothety and if
p=0, n is called an isometric transformation or an isometry.

The group of all conformal transformations of (M, g) on itself is called a
conformal transformation group, that of all homothetic transformations a homothetic
transformation group and that of all isometric transformations an isometry group.
Let M be covered by a system of coordinate neighborhoods {U; z*} and ¢;; com-
ponents of the metric tensor ¢ of M with respect to this coordinate system, where
and in the sequel the indices 4,17, &k, --- run over the range {1,2,3,---,7n}. Let
V., Ki;i*, K; and K be the operator of covarient differentiation with respect to
Christoffel symbols {}} formed with g¢;;, the curvature tensor, the Ricci tensor and
the scalar curvature respectively.

If a vector field »* defines an infinitesimal conformal transformation, then »"*
satisfies

Logj=Vivi+Vw,= 200 54,

where _[, denotes the operator of Lie differentiation with respect to »%, v;=g;"
and

1
o= ; wi.

If v* defines an infinitesimal homothetic transformation, then p is a constant
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and if »* defines an infinitesimal isometry, then p is zero.
One of the present authors (Yano [12]) proved

THEOREM A. If a compact orientable Riemannian manifold M of dimension
n>2 with K=constant admits an infinitesimal non-homothetic conformal transfor-
mation V™ _Lo9;:=2pg;, pxconstant such that

S Gp7p'dV =0,
M
where
1
Gji=Kji_ '_ngi
7
and pi=Vip, p*=pig™, dV being the volume element of M, then M is isometric to

a sphere.

THEOREM B. If a compact Riemannian manifold M of dimension n>2 with
scalar curvature K=constant admits an infinitesimal non-homothetic conformal
transformation v* such that

Lo(G1:G7)=0,
or
LoAZy jinZ 72 =0,

where

Zyji" =K ji"— K (}g:—0%9x:),

nn—1)
then M is isometric to a sphere.

These theorems cover those of Goldberg and Kobayashi [2], [3], [4], Hsiung
[6], [7], [8], and Lichnerowicz [10]. For further generalizations of Theorem A and
B, see Yano and Sawaki [16].

One of the present authors (Yano [14]) proved

TuaeoreM C. If M is a compact orientable Riemannian manifold of dimension
n>2 and admits an infinitesimal non-homothetic conformal trasformation v™ _L.9;;
=2p9ji, pconstant such that

,CvK=O

and
1
Johme — = K202 lqV
SM[Kjip 0 =1 K p]d =0,

then M is conformal to a sphere,



482 KENTARO YANO AND SUMIO SAWAKI

TueoreMm D. If M is a compact orientable Riemannian manifold of dimension
n>2 and admits an infinitesimal non-homothetic conformal transformation o™
Logii=200ji, pxconstant such that

=C'DK= 0) Iv(Gﬂ-G'ﬁ) = 0)

—1———g szde_S_S Kpip'dV,
n—1 14 M

or

=.C'0K= Oy Iv(ijithﬁh) =0’

2 27T/ < e
— SMK ; dV_SMKp”o av,

then M is isometric to a sphere.

The Riemannian manifolds with scalar curvature not necessarily constant
admitting an infinitesimal non-homothetic conformal transformation have been
studied by the present authors (Yano and Sawaki [17]).

On the other hand, Goldberg and one of the present authors (Goldberg and
Yano [5]) proved

THEOREM E. Let (M, q) be a compact Riemannian manifold with scalar curva-
ture K=constant and admitting a non-homothetic conformal change g¢*=e*g of
metric such that K¥=K. Then if

S UGt dV 20,
M

where u=e=", u;=Vu, u"=wu;g'", then M is isometric to a sphere.

Generalizing this theorem, Obata and one of the present authors (Yano and
Obata [15]) proved

THEOREM F. If a compact ovientable Riemannian manifold M of dimension
n>2 admits a conformal change of metric such that

S(Au)KdV:O, G* G =G 4G,
M

wherve Adu=qg?*V;Viu, then M is conformal to a sphere.

TurOREM G. If @ compact Riemannian manifold M of dimension nw>2 and
with K=constant admits a conformal change of metric such that

G*;iGMi=u'G G,

then M is isometric to a sphere.
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THEOREM H. If a compact orientable Riemannian manifold M of dimension
n>2 admits a conformal change of metric such that

SM(Au)KdV=O, Ty Z K — A 0 T

then M is conformal to a sphere.

THEOREM 1. If a compact Riemannian manifold M of dimension n>2 and
with K=constant admits a conformal change of metric such that

A Y A e T AR VAL LR
then M is isomelric to a sphere.

THEOREM J. If a compact orientable Riemannian manifold M of dimension
n>2 admits a conformal change of metric such that

S (Au)Kd V= 0, W*kjih, WkEjih — g4t ijih Wkﬁh,
M

a+n—2)b=x0,
where
Wit =aZy 1" + (G js— 0%Gri+ G i — G g1s),
a and b being constant, then M is conformal to a sphere.

TueoreM K. If a compact orientable Riemannian manifold M of dimension
n>2 and with K=constant admits a conformal change of metric such that

Wi jin WHEIh = g4 Wy 130 WEIR, a+n—2)b=x0,
then M is isometric to a sphere.

THEOREM L. If a compact Riemannian manifold M of dimension n=2 admits
a conformal change of metric such that

K*=K,  LoK=0, S WG dV 20,
M
where _Lpy denotes the Lie derivative with respect to u"=g"Vu, then M is isomeltric

to a sphere.

THEOREM M. If a compact Riemannian manifold M of dimension n>2 admits
a conformal change of metric such that

K*=K, Lp.K=0, G*;;G* 1 =G ;,GT,

then M is isometric to a sphere,
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TueoreM N. If a compact Riemannian manifold M of dimension n>2 admits
a conformal change of metric such that

K*=K,  _LpK=0, Z*jnZ*"=ZpsnZ*",
then M is isometric to a sphere.

TaeorREM O. If @ compact Riemannian manifold M of dimension n>2 admits
a conformal change of metric such that

K*=K, _Lp.K=0, Wy jin WHBIR = Wy i3 WEIER,
a+mn—2)b=0,
then M is isometric to a sphere.
To prove these theorems, they used

THEOREM P. (Obata [11]) If a complete Riemannian manifold M of dimension
n=2 admits a non-constant function u such that

V,Viu = —czugﬂ,

where ¢ is a positive constant, then M is isometric to a sphere of radius 1jc in
(n+1)-dimensional Euclidean space.

THeoREM Q. (Yano and Obata [15]) If a complete Riemannian manifold M
of dimension n=2 admits a non-constant function u such that

,CDuK=O, Vqu— %Augﬂ=0,

then M is isometrvic to a sphere.

The main purpose of the present paper is to get generalizations of Theorems
F~O.

We assume that the Riemannian manifold M we consider is compact and
orientable. If M is not orientable, we have only to take an orientable double
covering space of M.

§1. Preliminaries (See also Yano and Obata [15]).
We consider a conformal change
11 g¥=e*gy

of the metric of a Riemannian manifold M and denote by Q* the quantity formed
with ¢* by the same rule as that Q is formed with g¢.
First of all we have



1.2

where

from which
1.3

where

and consequently
1.4
1.5

where
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[ ]hl} . { ]hl} +0%0i+0%0;— 950",
pi=Vip,  p*=pig*",
K*ji =Ky 3" — 040+ %0k — 06" 5s+ 0" G s

1 .
ps=Vipi—pipit+ 5 oip'eie 0" =psg™,

K*5=Kj—(n—2)p5— pi'9 i,
e K*=K—2(n—1)p,

n—2 )
pi=dp+—=pp',  do=¢"V;p

We also have

(1.6)

Z¥i = Zr i — 8V jpi— pj0s) + 8% Vioi— pros) — (Vep™ — pro™)g i

€7

W=

1.8)

If we put
1.9
then we have
1. 10)
(1.11)

and consequently

n—2
G*;i=Gs—n—2)V;0:—pjo0) + W (dp— 00951,

2
+(i0"—pip™)gri+ ” (dp— 0:0")(S%g ji— 0%984),

2
— (Pep™— pp™ 95+ (Vip"— 0™ gr + w (do— ") (Ohg s — 0sgxa)}

u=e=", u;=Vu,

Viui,=—u(Vi0i— 0;04),
du=—u(do— p:p%),

Wi +{a+n—2)bH — 04V ipi— pjp:) + 05 Vrpi— ox0:)

485
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(1.12) K*=u2K+2(n—1)udu—n(n—1)uu,
(1.13) G*;i=Gji+(n—2)Py,
1. 14) Z*u5i" = Zyji" + Qu i,
1. 15) Wit = Wi +{a+ (@ —2)b}Qx ",
where
(1. 16) Pﬂ=u‘1<7jui— %Augn),
1.17) Qrji"* =0%Pj;— "% Pri+ Piq ji— Pi" s,
and

Pj*=Pjig™.

From (1.16) and (1.17), we find

" 1
1.18) PuPst=u-+| () (P = - ¥ |
and
(1.19) QrjinQ " =4(n—2)P;; P¥é
respectively.

We also have, from (1.13), (1. 14) and (1. 15).

(1. 20) G*;;G*i=y*{G j;GT 4 2(n— 2)G j; P7* +(n—2)2 P;; P74},
1.21) Z ¥ jinZ ¥e3h =y { 73, 1in Z %9 +-8G 5 P+ 4(n— 2) Pj; P72,
and

Wk jin WHEIR = g { W 530 WIS + 8(@ + (0 — 2)b)2G j; PJ

1. 22)
+4(n—2)(a+(n—2)b)*P;;P7%}
respectively.
For the expression G;P7, we have, from (1. 16),
1. 23) GjPli=u"'G;Vut,

where V/=g7l,.
First of all, we prove

ProrosiTiON 1.1. If a compact orientable Riemannian manifold M of di-
mension n with K=constant>>0 admits a conformal change of metric such that
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(1. 24) K*= K=constant>0,

then
(1) for n=2, we have

zS uPdV;S up—ldV;---;S udVgS dVgS widv.
M M M M

M

If the equality holds somewhere then the conformal change is homothetic.
(ii) for n=4, we have

S udV_Z_S udv.
M

M

If the equality holds, the conformal change is homothetic.

Proof. (i) We have, from (1. 12),

1 1
—_—— kp—1__ _ —1,/ .0,
du =) (K*u—*— Ku) + znu uu,

and conseqnently, using the assumption K*=K,

,.__1__ -1__ l =1,/ 242
1.29 du= =D K(u*—u)+ o MU U

Multiplying by (1+#)~! and integrating over M, we find

1 n
-1 -1__ -1 -1 t
SM(1+u) AudV ;———Z(n_l) SMK(u DAV + 5 SMu A+w)uudV.

Noting that

S (1+u)‘1AudV=S (0 Tid V
M M

= S A+u)2umdV,
M

we have

1 n
-2, 11 -1 -1 -1 13
SM(1+u) Uit dVZ——-Z(n i) SMK(u —-1)dV +—2 SMu A+u)uwutdV,

n —1 2, it - K 1
SM{u—§(1+u)}u A+ tuaidvz 52| am-vav,

n—2 n| _, o . K 1
(1. 25) SM{— . u—-z—lu (+ ualdV 2 55| @ =Dav,

487
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from which
O;S @ —1)dV
M
that is,
S (A—udV 0.
M
On the other hand, we have
SM{(up_up-l)_(up—l__up-z)}dV=S w?*u—1)2d V=0,
M
and consequently
S (up—uz’—l)dVgS W1 —u?-9qY.
M M
But, we know that
| a—wnavzo,
M
and consequently

S (u"—u"“l)dVéS (u”‘l—up-z)dV%--éS W—u)dV
M M M
(. %)

ésﬂ(u—l)deSM(I—u-l)deo,

from which
S u”dV%S WPV = o gS udV;S dVgS widV.
M M M M M
We assume that the equality holds for a fixed p:
S u"dV=S w-1dV,
M M
Then, from (1. 26), we have
S (—wdV'=0
M

and consequently, from (1. 25),
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from which
w=constant

and hence the conformal change is homothetic.
(i) Multiplying (1. 24) by (1+#?%) and integrating over M, we find

K n
—2 —3 —_ -
SMu AudV %—-—2@ ) SM(u —u)d[/'+—2 SM(u Yu-NuutdV,

_ n—4

1.27) 5

S uluptdV— i S uuptdV
M 2 M

K

= 3y 12074,

from which, for n=4,
S W —u)d V=0,
M
and consequently
S udVéS wdV.
M M
If the equality holds, we have, from (1. 27),
S uuutd V=0,
M
from which
ut =0, u,=constant

and consequently

u=constant

and the conformal change is homothetic.

§2. Lemmas.

LemMMA 2.1. Suppose that a compact orientable Riemannian manifold M admits
a conformal change of metric such that

LpuK=0, ,cDuK*':Oy

then
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S u"“Gﬁufu‘dV+S uPt*PuPidV
M )4

) - —(n+p—2)[S W~V ' d v
M
+ L S WP K—u?K*uutdV + 1 S u? 3 (uu')d V].
2n(n—1) Ju 2 )x
(i) S 4G dud V+S 43Py PHAV =0,
M M

Proof. (i) From (1.18), we have
PP = 7 ) Py — = (B,
from which, multiplying by #?-! and integrating over }M,

S uv+1P,,PﬁdV=S uv-l(Vjui)(Vfui)dV—lS W) du)dV
M M nJIm
=—(p—1)8 uv—z(Vju,-)ufuth—S WPV uuidV
M M
1 o 1 .
+——(p—1)S u? 2u¢u’AudV+—S W dudV
n )74 n Ju
=—(p—1)S u”‘z(Vjui)ufu‘dV—S WK i+ 1V by dV
M M

+ -’% (p—-1) SMup‘zuiuiAudV+ -11? SMu"’lu%AudV,
where we have used
ViV u)ut= K sl ut +uiVdu.
Therefore we have

S uPHPﬂPﬂdV:—(p-DS WPV uwuidV
M M

n—1

@1 —S W Kb 4V — S WP, AudV
M M

+ 2-1 S u?2uutdudV.
n M

Substituting



CONFORMAL CHANGES OF RIEMANNIAN METRICS 491

—_— 1 Kpp—-1__ ,_1_ -1 3
du= =T (K*u—*— Ku) + o T ith

into (2. 1), we have

S up'l-leinidV
M
——(p— 1)8 WPy wudV — S WK e d V
_n—1 B 1
S w&‘ (K*u~ — Kut) + == et | AV
M -1) 2
p L S uP 20" { (K*zr1 Ku)+—1—nu‘1u¢u‘}dV
n M 2
——(p— 1)S WPyt d V — S WK st AV
M
_pr-1 p-1 Kpy—2 i R 2TV
" SMu lZ(n =) (—K*u~?— K)uptt +nu=*(Viu)uu

— —%—nu‘z(uiui)Z]d 14

n—1 _ 1 . £ }
——SMu” l‘———Z(n—l) (@' LouK*—u LK) dV

p—1 —~2,, 101 _1_ —1_ ..1_ -1 t‘
+ 2220w ‘ sty (= K+ gt wad AV
—{—(p—1)— (n—l)}S u"“z(Vjui)ufuidV—S -1 (Kji - %Kgﬁ)ufuidV
M M

i _p:]'_. S -1 =2 __ i
+{2n + S—T) } Mu (K*u~*— K)uutdV

_|.{ n—1 + L_]'_}S w?~uu)?dV,
2 2 x

and consequently

S up-lcﬁufmdv+8 WP PPV
M M

=—(n+p—2)[S WPyl dV + S (Kur=— K 0yt dV
M

2n(n—1) Ju
—ls up—**(u,-ui)zdv].
2 )u
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(i) We put n+p—2=0, that is
p—1l=—n+l, pt+l=—n+3
in the equation above, then we get the equation to be proved.

LEMMA 2. 2. Suppose that a compact orientable Riemannian manifold M admits
a conformal change of metric such that

(i) LpuK=0, then
S (2% —ud)d V= (”_2)28 uP;PidV,
o M
(i) LouK=0, Lo K*=0, then
M M

where
1=G ;G *=G}G*7,
Proof. (i) From (1.20) and (1. 23), we find
.2 u= ¥ —ud=2(n—2)G ;;\Viu+ (n—2)*uP;; P,

Integrating (2. 2) over M, we obtain

S (u—sz*—uz)dV=2(n—2)S GﬁVfuidV+(n—2)2S uPPHV
M M M

_9)2
=—9’——2)—-S ,cDuKdV+(n—2)2S uPuPHAV
n M M

by virtue of

n—2
2n

ViGsu= VK,
and consequently, under the assumption _£p,K=0, we have
SM(u"‘Z*—ul)dV=(n—2)2SMuPﬂPﬁdV.
(ii) Multiplying (2. 2) by #»~*+? and integrating over M, we find

SM(u‘”‘IZ*—u‘"*sl)dV=2(n—2)S wriGurawdV +(n-2 urppray
M M

— 2
=2(n—2)28 '"“GﬂufuidV—Sn—;zLS u-"+2.CDuKdV+(n—2)ZS U PPV
M M

U
M
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from which, substituting
S u‘"“lGjiufuidV:—S uPyPHAY
M M
obtained from (ii) of Lemma 2.1,

S (u-n+sz—u—n—lz*)dv=(n—2)2S U3 PyPHAYV.
M M

493

LEMMA 2. 3. Suppose that a compact orientable Riemannian manifold M admits

a conformal change of metric such that
(1) LpuK=0, then

S (u‘sy*—uy)dV=4(n—2)S uPxP#dV,
M M
(i) LouK=0, L0 K*=0, then

| @ eumurrnav=tn-2 | umspupuay
M M

where
ﬂ_—_ijithﬂh, fl*=Z*kjihZ*kjih-

Proof. (i) From (1.21) and (1. 23), we find
2.3) u=dp* —up=8G;iViu+4(n—2yu Py, P,
Integrating over M, we obtain
S (u‘*p*——uy)dV=SS GalitdV + 4(n—2)S uPRP#dV
M M M

=—MS .[’puKdV+4(n—2)S uPuPHdV,
n M M
from which, under the assumption _£p,K=0,
S (u“’y*——u,u)dV=4(n—2)S uPPHIV.
M M
(i) Multiplying (2. 3) by #~"*? and integrating over M, we find
S (u‘"“p*—u‘"”p)dV
M

=SS u'"+2GjinuidV+4(n—2)S U3 PHAY
M M

—_-8(”—2)8 ”'"“Gﬂufuidv— 4(%—2)
" n

| wmsrokav a2 wrapiprav,
M M
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from which, using (ii) of Lemma 2.1,
S (u‘"”y—u‘"“p*)dV=4(n—2)S w-m Py PHY
M M
LeMmMA 2. 4. Suppose that a compact orientable Riemannian manifold M admits
a conformal change of metric such that
(1) Lo.K=0, then
S (u*—w)dV=4(n—2){a+n— 2)b}2S uP;;P1dV,
M M
(ii) -£DuK=0J -CDuK*=0, then
S (u‘"+3u——u-"-1u*)dv=4(n—2){a+(n—2)b}2S WPy PHAY,
M M

where
v=Wyjn Wk, V¥ = Wy o, W RS,
Proof. (i) From (1.22) and (1.23), we find
2.4 w=3v* —uy =8{a-+ (n—2bYG sV 1ut + 4(n—2){a + (n—2)b}u Py P,

Integrating over M, we obtain

S (u‘sv*—uv)dV=8{a-|—(n—2)b}2S GjinuidV+4(n—2){a+(n—Z)b}ZS uP;; PitdV
o % %

— 4<n—2>{a+<"—2>”}zg ,CDuKdV+4(n—2){a+(n—2)b}2S uPuP#dV
”n b "

from which, under the assumption _£p,K=0,
S (u"u*—uv)dV=4(n—2){a+(n—2)b}zg uP; P7dV.
M M
(ii) Multiplying (2. 4) by #—"*? and integrating

S (u=""2* — )4V =8{a+(n— z)b}zg u="2G i ViutdV
e M

+4(n—2){a+ (n—2)b}zg uSPu PRIV
M

4(n—2){a+(n—2)b}*
”n

=8(n—2){a+(n—2)b}28 UG dV — S U LKAV
M M

+4(n—2){a+(n—2)b}2g w3 Py PIAY,
M
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from which, using (ii) of Lemma 2.1,

SM(u‘"+3y—u‘"“u*) AV = 4(n—2) {a+(n—2)b)* S ~n43p. PHAY.

U
M

§3. Theorems.

TuEOREM 3.1. If a compact Riemannian manifold M of dimension n=3
admits a conformal change of metric g*=e*g such that

.CDuK=0; ,EDuK*=0,
uPr={(w—1)p+1)2*

where p is a real number such that p=4 and ¢ a differentiable non-negative func-
tion of M, then M is isometric to a sphere.

In particular, for the case p=4 and ¢=0, we have the same conclusion without
the condition Lp.K*=0.

Proof. We first compute
| wi—ummav - @ra—anamay
b b
3.1) AT s e GRS
= @t D—aemay.
On the other hand, we have
SM(u"-Z—l) (@™ 2—u" 2% dV — S Mu-”"l(u"-z—l)(u"”— N*dV
= S M(u"-z— D (@ 2—u+-P2%)dV

=S wm=2(n=2 — 1) (P2 — 9.
M

But, we have by assumption
uPA—2*=(u—1)pa*

and consequently
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[ wrr—n@ri—urmay-{ -t
M M
=S w322 _ 1) —1)p2*d V 20,
M

because
u>0, (u*2—1)(u—1)=0, =0, A*=0,

Thus we have
3.2 S (w2 =1) ("3 2— u~""12%)d VgS w (w2 —=1) (P —=1)A*d V.
M M

Since p=4, we have
(" 2—1)(u*"?—1)=0

and consequently

S w2 1)(u-2 — 1)V 20,
M
Thus, from (3. 1) and (3. 2), we find
S (uz—u—az*)dVgS U AP AR AV,
M M
But, from (i) of Lemma 2. 2, we have
ozS (WA= AV

M

and consequently

0={ wsi—urrmay.
M
Thus from (ii) of Lemma 2. 2 and the above equation, we conclude
og(n—z)zg w3 P PHAY,
M

from which

Pji=u‘1(7jui— %Augjl) =0,
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or
1
Vjui—- ; Augji=0.

Thus, by Theorem Q, M is isometric to a sphere.
If p=4 and ¢=0, from (i) of Lemma 2.2, we have immediately P;=0 and
condition _Lp,K*=0 is not necessary.

COROLLARY. If a compact Riemannian manifold M of dimension nz=3 admits
a conformal change of metric g*=e**g such that

L K=0, L K*=0,
uPi=2*  (p=4),
then M is isometric to a sphere.
Proof. In the condition
{(u—Dp+1}2*=u”2
of the theorem, we put ¢=0 and get
*=uP.

THEOREM 3.2. If a compact Riemannian manifold M of dimension n=3
admits a conformal change of metric g*=e*g such that

LpuK=0, Lo K*=0
wPp={(u—1p+1}p*,

where p is @ real number such that p=4 and ¢ is a differentiable non-negative
Sunction of M, then M is isometric to a sphere.

In particular, for the case p=4 and ¢=0, we have the same conclusion without
the condition _Lp,K*=0.

Proof. In the proof of Theorem 3.1, we replace 4 by x and 2* by u* and use
Lemma 2. 3 instead of Lemma 2. 2.

COROLLARY. If a compact Riemannian manifold M of dimension n=3 admits
a conformal change of metric g*=e**g such that

£DuK=0y IDuK*=O’

wp=p*  (p=4),
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then M is isometric to a spherve.

THEOREM 3.3. If a compact Riemannian manifold M of dimension n=3
admits a conformal change of metric g*=e**q such that

IDuK':O’ ID‘MK*=0y
uPv={(u—1)p+1h*, a+m—2)bx0
where p is a real number such that p=4 and ¢ is a differentiable non-negative
Sunction of M, then M is isometric to a sphere.

In particular, for the case p=4 and ¢=0, we have the same conclusion without
the condition L p JK*=0.

Proof. In the proof of Theorem 3.1, we replace 2 by v and 2* by v* and use
Lemma 2.4 instead of Lemma 2. 2.

COROLLARY. If a compact Riemannian manifold M of dimension n=3 admits
a conformal change of metric g*=e*®qg such that

.,fDuKzO; °[:‘D1.¢I{*=07
uPy=yp* (p=4),
then M is isometric to a sphere.

THEOREM 3.4. If a compact Riemannian manifold M of dimension n=4 with
K=constant and 2 (or p, or v)=constant>0 admits a conformal change of metric
such that

A=2* (or p=p* or v=v¥)
then the conformal change is homothetic.

Proof. From Lemma 2.1, (i), we have
S (u2*—u)2dV =0, S (w3 —u)2*dV =0,
M M
and consequently, if 2=constant>0, then we have

S (-3 —)dV =0.
M
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On the other hand, we have, from Proposition 1.1, (ii),

S (w—u?)dV =0,
M

and consequently

SM(u—u“’*)dV:O.

Thus, again by Proposition 1.1, (ii), the conformal change is homothetic.
We can prove the same conclusion for g=constant>0 and v=constant>0.
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