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PERMUTABILITY OF ENTIRE FUNCTIONS

By ZHENG JiAN-HUA AND YANG CHUANG-CHUN

1. Introduction. Two entire functions f(z) and g(z) are said to be per-
mutable if they satisfy the relation

f(g(2))=¢(f(2) (1)

in the complex plane. As a continuing study of Zheng and Zhou’s earlier paper
[8] on permutability of entire functions which are entire solutions of certain
differential equations, in this note, we shall exhibit some extensions of results
in [8] and [2]. And with the aid of theory of differential equation, we will
discuss the following question which was posed by H. Urabe [5]:

Question A: What can be said about f(z) and g(z), if both f and g are
entire and satisfy the relation

F(f(z)=g(g(2))? (2)
Let P denote a differential polynomial in w, w’, ---, w™ (n=1) with poly-
nomials as coefficients, i.e.
P=P(z, w, w’, -, w"”)=}2 ci(@wro(w’) e (w™)n
el

where ¢;(z)’s are polynomials and / is a finite set of multi-indices A=(z, -, 7,)
for which ¢;(z)#0 and 4,7, ---, i, are non-negative integers and D(P)=
ma}x{z‘o-l—z’;-i- w2, >0.

By using the same method as in the proof of Theorem 1 in [8], we im-
mediately get the following.

THEOREM 1. Suppose that f(z) ana g(z) are permutable transcendental entire
functions of finite ovder and f(z) is of positive lower order. If f(z) satisfies
the equation P=0, then there exist polynomuals a;(z)(GE J={{o, -, Ju); 05 <
D(P), k=0, 1, -, n} not all identically zero such that

Bawa gy, )

with mj;x{jo+]'1+ o 47 S(n+1)D(P).
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In order to prove our main result in the sequel, we need the following
result about linear differential equation of the second order. The result itself
is interesting and useful.

THEOREM 2. Let Py(z)(3£0), Pi(z), and P,(z) be three polynomials with degree
mo, my and m, respectively and Q) a polynomial. Then any entire solution g(z)
of the linear differential equation

Py(2)g” (2)+ Pi(2)g'(2)+ Po2)g(2)=Q(2) (4)

is of perfectly regular growth and
(1) when 2m,<mo+m,, p(g)=14(my—mo)/2;
(ii) when, 2m,>mo+ms, p(g)=140m;—m);
where p(g) denotes the order of g(z).

This can be verified directly by virtue of the Wiman-Valiron theory (see
[6], Chapter 4).
Now our main result can be stated as follows:

THEOREM 3. Let f(z)=sin z+Q(z), where Q(z) 1s a polynomial and g(z) a
non-linear entire function of finite ovder, which 1s permutable with f(z). Then

(i) when degQ=0, g=f or g=—sinz+kx, f=sinz+kr,

(i) when degQ=1, g=f+2krw or —f+2kn for some integer k,

(iii) when deg @>1 and Q(z2)£=—Q(—z), we have g=f,

(iv) when degQ@>1 and Q(z)=—Q(—=z), we have g=f or —f.

2. Proof of Theorem 3. We first relate a lemma which is useful in itself,
and is an easy consequence of a result of A. Mokhon’ko [3].

LEMMA. Let f(z) be a transcendental entire function and a,(z) (=0, 1, -,
n) be n+1 meromorphic functions with

T(r, ar(2))=0(T(r, f)).
Then the identity

a.(2)f" )+ - +a(2) f(2)=ad(2)
holds if and only if a,(2)= - =a2)=0.

Now we return to the Proof Theorem 3. Obviously f(z) satisfies the fol-
lowing two differential equations

["@+f(2)=Q+Q"=A(z)  (say) (5)
(f(@=Q@)+(f"(2)—Q'(2))=1. (6)

Succesively differentiating both sides of the equality f(g(z))=g(f(z)) twice,
we have
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f@e'=g"nHf',
[(g)g"*+1(g)g"=g"(NHf*+g (.

Substituting the above equalities into (5), (6) respectively, we get

(f'18 Vg N+ (f"/g"—g" 1188 (f)+5(f)=Alg), (7)
(&(N)—Q@*+1(f"/g"8' (f)—Q"(g)F=1. (8)

On the other hand, it follows from (5), Theorem 1 that there exist poly-
nomials Py(z) (=0, 1, 2, 3) not all identically zero such that

Pog”+P1g'+Pzg=P3. (9)

We may assume that Py(z)#0. Indeed, when Py(z)=0, by a result of Yanagi-
hara [7, Theorem 1], Py(z)#0 unless g(z) is linear. Thus by differentiating
both sides of (9), we get a second order differential equation of g with Py(z)
as the coefficient of g”. By (6) and the same method as in the proof of
Theorem 1, there exist polynomials Q;(z) (:=0, 1, 2, 3, 4) not all identically zero
such that

Qog2—201g+ng’2—2ng'=Q4- (10)

Now we show that Q, in (10) is not identically Zzero. If Q.(z)=0, then (10)
becomes

—2Q.8+Q.8""—20Q,;g'=0Q;,. (11)

Applying the Wiman-Valiron theory to (9), we can verify that g(z) has a positive
lower order, moreover by a result of Zheng and Zhou [8, Theorem 2], we have
that p(g)=p(f)=1. It follows from this, Theorem 1, and equation (11) that
there exist polynomials A,, A,, A; and A, not all identically zero such that

2A, f+4A,f?—2Asf'=A,. (12)
That is

Al(etz___e-—lz)_'_Az(elz+e—lz)2+(4Ale_A3)(elz+e—lz)=B’

where B is a polynomial. By Borel’s theorem (cf. Gross [1], p. 108), we have
A,=0, further, A;=A,=0. This is a contradiction, and hence Q(z)z0.
Thus from (9) and (10), we have

P )g"(N+P)g (N)+Pg(f)=P«f), (13)
QNG N)—2Q:(Ng(N+QLNg™(N—2Q«Ng' (fH)=Q«f). (19

Eliminating the term g”(f) from (7) and (13) and term g*(f) from (8) and
(14), we get
(Po(f)Sf" /g —g"['/8")—P(f)['/8))g" (F)+(Po(f)—Pu(F)f'/2))e(f)
=P )~ PSS /g (15)
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and

2(Q:(N—Qu(NQ@NG(NH(Qu NS/ g ) —Q))g"*(f)
+2(Q:(f)—Qu( Q&) /g'Ng'(I=QuNC(g)—Q(f)  (16)

where C(z)=1—Q.(2)—Q"%(z).

We shall treat two cases, separately.

Case (I) Po(f)ZEP,(f)(f'/g")? In the case, by finding the expression of
g(f) from (15) and then substituting it into (16), and by Lemma, we have

QuNf'/g)=Q:(f) e
§"=(QuN/QfNf*=R(NS", (17)

where R(z) is a rational function. If there exists a finite complex number b
such that R(b) is infinite, then one can find a simple zero z, of f(z)—b (=sinz
+Q(z)—b) so that z, is a pole of the right of (17), but g’ is entire. This is a
contradiction. Thus it follows that R(z) is a polynomial, and g,=deg Q,=
deg Q;=¢,. By Wiman-Valiron method, we easily derive the fact:

Any entire function g(z) satisfying the differential equation (10) is certainly
of perfectly regular growth and has order 14(go—g¢:)/2, when ¢o+2=g,.

Since g has order 1, we have ¢s=g¢,, which implies that R(z) is a constant.
Therefore from (17) we have g’=cf’, and hence g=cf+d for some constants
¢(#0) and d.

Case (II) Po(f)=P(f)(f'/g’)?. By the same method as in Case (I), we can
prove that P,(z)/Ps(z) is a polynomial and m,=deg P,=deg P,=m,. We shall
prove that m,=m, Suppose m,>m,, since g has order 1, by Theorem 2, we
know that my,=m,>m,, which contradict m,>m, Thus it is showed that P,
is a constant, so that g=cf+4d for some constants ¢ and d. Hence we always
have g=cf-+d for constants ¢(+#0) and d. Thus it follows that

g(=f(g)=sin(cf+d)+Q(cf+d), so that
g(@)=sin(cz+d)+Q(cz+d)=cf+d=c sinz+cQ(z)+d. (18)

By Borel’s theorem [cf. Gross 1, p. 108], we immediately have c¢=1 or ¢=—1.

When c¢=1, applying Borel’s theorem again to (18), we have d=2kr for
some integer k. Thus it is showed that Q(z2)+d=0Q(z+d). If d+0, Q(2) is
certainly linear. If Q is a constant, d=0.

When ¢=—1, we have d=2kxn for some integer £ and Q(—z+d)=—Q(z)
+d. If d+0, Q is linear. If d=0, then Q(—2z)=—Q(2). If Q is a constant,
Q=d/2=Fkr, and g=—sinz+kr, f=sinz+kx.

Thus Theorem 3 follows.

3. In this section, we shall discuss the question (A) for some classes of
entire functions that satisfy certain differential equation.
Let f(z) be an entire function of positive lower order and g(z) an entire
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function of finite order such that f(f(z))=g(g(z)). Then by Polya’s theorem
[4], we have

M(M(r, g), )=M(r, g(g)=M(r, f(NZM(cM(r/2, [), f)

for some positive constant ¢. It is clear that there exists a positive number K
such that

log M(r, g)>Klog M(»/2, f)>KT(r/2, f), further
3T@2r, g)>KT(r/2, f) i.e. TAr, g)>(K/3)T(r, f).

By the last inequality above, we can get the analogues of Theorem 1 for
two entire functions satisfying (2) and of Theorem 2 in [8]. These two ana-
logues may be stated as follows.

THEOREM 4. Let f(z) and g(z) be transcendental entire functions of finite
order and of positive lower order and let P=P(z, w, w’, ---, w™) be as in
Theorem 1. Assume that f(f(z))=g(g(z)) and f(z) satisfies P=0, then there

exist polynomials aiz) (j&]) not all identically zero such that (3) holds
for g(2) with D(P)=max{jo+J,+ - +7a}, where J and D(P) are defined as in
Theorem 1. 7

THEOREM 5. Let f(z) be an entirve function of finite lower order, g(z) an
entire function of finite order, and f(f(2))=g(g(z)). Then the order, lower oraer
and type-class of g(z) do not exceed the ones of f(z).

Furthermore, we relate the following two results without proofs since they
are analogues of Theorems 3 and 4 in [8] and may be proved by exchanging
J/ with g in suitable places in their proof.

THEOREM 6. Let f(z)=Q-+He?, with Q and H(z£0) being two polynomials
and P a non-constant polynomual. Suppose that g(z) s an entire function of
finite order such that f(f(z))=g(g(z)), then g=cf+d, where ¢"=1, d=a,_,(c—
1/(nay,), n=degree of P, a, and a,-, are the coefficients of the first and second
terms of P, respectively.

THEOREM 7. Let f(z)=sin P(z), where P(z) is a non-constant polynomial.
Let g(z) be an entire function of finite order and f(f(2))=g(g(2)).

i) If f(z) 1s an odd function, then g=f, or g=—1f;

ity If f(z) is not an odd function, then when deg P=1, we have g=f and
when deg P>1, we have either g= f or g=—sin(P(z)—c), where ¢ satisfies exp(inc)
=(—D"", n=deg P and P(sin(z+c¢))=—P(sinz)+c.

Remark. We don’t think that we can get some analogues of Theorem 3
under the case when f(f(2))=g(g(z)) instead of f(g(2))=g(f(z)), but we con-
jecture that the result stated in Theorem 3 is true even under the condition
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f(f(2)=g(g(2).
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