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AN EXTREMAL PROBLEM ON THE CLASSICAL
CARTAN DOMAINS, III

By YosHIHISA KUBOTA

1. Let Dy, ---, Dy be the classical Cartan domains. We define the numbers
np, and 1p, as follows:

rs , if Dy=Rr, s),
1 . -
p(pz_l_ ‘)‘y lf Dv:RII(p)y
Np,—
v —1 .
%‘, if Dy=Rm(q),
m , if Dy=Ryy(m),
and -
V's , if Dy=Ry(r, s),
S N
NESL, it D=k
p,=( vg—1 , if Dy=Ry(g) and ¢ is even,
'\/? s if D’D:Rlll(q> and q is Odd,
vm , if Dy=Ryy(m),
where

Ryr, s)={Z=(z.;): I—ZZ'>0, where Z is an rXs matrix}, (r=<s),
Ru(p)={Z=(z.;): I—ZZ'>0, where Z is a symmetric matrix of order p},
Rup)={Z=(2.)): z,,=V 2 x,, #]), z::=2x4, where X=(x,;)€ Ry(p)},
Rulq)={Z=(z.;): I—ZZ'>0, where Z is a skew-symmetric matrix of order ¢},
Riy(m)={z=(zy, -+, zn): 14+ |22"|?—222">0, 1—]|2z2"| >0}.

We set
D:lnlD1X XZDNDN, n:nD1+'”+nDN,

and denote the family of holomorphic mappings from D into the unit hyperball
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B, in C* by 9(D). In [5] we proved that

(1) fgg]()n) det(—gé)z=0 =n""*,
where (0f/0z) is the Jacobian matrix of f:
of:  Ofs
()= g;z; L= f)
0z, 0zn

In this paper we shall prove that f,(z)=z/+/n is the unique extremal map-
ping, up to unitary transformations:

THEOREM. If f is a mapping in F(D) such that

‘ det(%‘z—)ZZO B

then v/'n f is a unitary transformation of C™.

2. We shall prove the theorem for the case that N=2, Dlzlén(p) (p is
odd) and D,=Ry(m) (m=3). The same argument as in [5] gives the proof of
the general case.

Firstly we give an improved proof of (1). Instead of R;y(m) we consider
the following domain

RE(m)={e=(z2y, -+, zm): 1+ |22:20 25+ +20[*—222">0,
1— |2z, 25+ +25 | >0},

which is the image of Ry(m) under the unitary transformation
1 1 .
(21, =+, zm)ﬁ(r/?(zlﬂzz), \—/’"2"(21_222); Zy, -, zm>.

Now we consider the domain

T _ 1
D:\/p_; Rulp) X~/ Riy(m), n:p_(p;L)er.

We represent the points z in D in the form of vectors in C*
2=(%, 9), x=(X11, =, Xip» Xaz, = » Xops = Xpp)s Y=V, ) Ym).-
Let f be a mapping in F(D). We may assume that f(0)=0 (see [4]). We set
f=fy e, fa).

We denote by ¢ a one-to-one mapping from {I,---, p} onto itself such that
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o(i9)=1o for a certain z, and ¢(?)#1, o°0(f)=: for i#1i, and denote by z a map-
ping from {1} into {3, ---, m}. We take a point w=(u, v), where u=(uy, -,

Uip, Uss, **, Uap, *, Upp) IS @ point such that
VI+IG =, j=00),
Uy = J’%icm (t=7=10),
0 (otherwise),

(p=2t+1, 1=6:,<-<i;<p, 1x<o(@r),

or
p+1 .
w,=N g & =7,
0 (otherwise).
and v=(v,, -, vn) is a point such that
{«/Eél (t=7(1)),
Vi—
0 G#z(1)),
or

m .
1}1:{/\/'551 (l:]-r 2)1
0

(i=3).

If ¢, and &, are complex numbers with |{,| <1 and |&,| <1, the point w belongs
to D. Hence f,(w) has an expansion

JiW)=3 gy g8 Ca E016RP,  €§P=0

which converges uniformly on every compact subset of the polydisc 4={({,, ---,
Cay &1, €)1 161L1, 1§, <1}, where a=t+41 or p, and =1 or 2. We set

C,=pet?s, &=pe'’ (0<p<1,0=0,<2r, 0<6,<27),
then we have

1 27

1> So So[l\;l ]ﬁ(w)lz]dal---deade;dag

= Q@m)*#
n

— (€3] 2.2 )

= IZ)_I viz?,][cvr-vamﬁl IO ),

Letting p,~1 we have

Ms=

(2)

Z lcl(?i)' Va1t 8 |2§1 .

=1 v, ¢t

To obtain (1) from (2) we set
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ey, -J0

b(l)
0x,, *

and define the numbers A and B as follows:

Aggliél(l)Z

=1

or

_pHl
A="

le[l l(é)zol +22 |alk0'(lk)] ]
where p:2t+1, 1§ll<<lc<‘b, Zk<0'(ik), and

= B b 1b2 1Y) or m 3 [681°

Since
A+B§ ;21 e #]!601 Va1l 2’
we obtain
(3) A+B=1.
From this inequality we can prove
(4) B[S e+ 2 )=
=115y 1=1

Indeed, by taking appropriate p mappings ¢, we have, from (3),

PEL B[S a2 3 1a 2] +pB=s

Further from (3) we have

‘t>~

n p
2 2 la?|*+B=1.
=1 1=1
Adding these two inequalities, we have
(5) 3 % |af[++B=1.
=1 15y
Next, by taking the m—2 mappings ¢, we have from (5)

(m—z)li ) |a{§)|2+mlﬁ) 3 b0 |2 m—2.
=1 15) =1

1=3

Further from (5) we have

i3 n 2
23 ZlafP+m B TP P=2.
=1 1=1

=1 15)

405
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Adding these two inequalities we obtain (4).
Let A, -, A, be the characteristic values of CC’, where C=(3f/0z),0.

Since A, -+, A, are non-negative, we have
o)t
:[% E(2 e+ % |b§”|2)]"§(%)".

Thus we conclude that

=nME,

af
jae(5)..,
3. EXTREMAL MAPPINGS. Let f be a mapping in (D) such that

’det f >z=o

—pnit

Then / must satisfy the conditions: (i) f(0)=0 (see [4]), (ii) A4,= - =Zn=%,
hence C= —{/lrh-U, where U is a unitary matrix of order n, (iii) ¢sb ,,a,,”,ﬁzo for
Vit e Fvat it ps22, (=1, n, where ¢y, 4, i the term in (2).

Let 2=(%, ) be a point in D. There is an automorphism ¢, of \/ pHlp Ru(p)

having the properties: (a) ¢,(X)=0=(uy, -:- , Uipy Uz, =y Usp, *** upp), where
;=0 for z#7, (b) [ei(x)|=]x]| for xex/a — Ru(p), where ||x|| is the Euclidean
P(P-H)

norm for xeC™, n;= The property (b) implies that the restriction

of ¢, to pB,, is an automorphlsm of pB,, that fixes 0, where p is sufficiently
small. Hence ¢, is a unitary transformation of C™. Further there is an
automorphism ¢, of +/m Ri(m) having the properties: (a) @(7)=0=(£, &, 0,
, 0), (b) ¢, is a unitary transformation of C™. We denote by ¢ the mapping
(x, y)—(pi(x), po(y)). Then ¢ is an automorphism of D with ¢(&)=w=(#, )
and a unitary transformation of C™.
Since h=f-¢~' is also an extremal mapping, by (ii) we have

oh 1
( 0z ) ::/h‘v’

and by (iii)

h(ﬁ/)::}Tﬁ;V’ ,

where V is a unitary matrix. Thus we obtain

||f(2)ll——llh(w)||—\/—Ilwll—\/—HZII
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Hence ||[v/n f(z)|=]z|| for all z€D, where |z| is the Euclidean norm for zeC™.
This implies that the restriction of ~/n f to pB, is a holomorphic mapping from

B, into itself such that ovnf is unitary, where p is sufficiently small.
L aZ 2=0 p

Therefore we conclude that +/n f is a unitary transformation of C™ (see Theo-
rem 8.1.3 in [6]).

4. If B, is replaced by the unit polydisc U™ in our extremal problem, the
extremal mappings need not be unique.
Actually, for every holomorphic mapping / from B, into U? the inequality

a5
holds [1], and equality holds not only for fy(z)=z but also for the mapping

1 1
(21, ZZ)_—)<21+’_2‘Z§; 22+52%>.

=1

z2=0
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