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NONLINEAR CONSTRACTIONS IN ABSTRACT SPACES

BY KUN-JEN CHUNG

I. Introduction.

Recently, Eisenfeld J. & Lakshmikantham V. [4, 5, 6], Bolen J. C. & Williams
B. B. [1], Heikkila S. & Seikkala S. [7, 8], Chung K. J. [3], Kwapisz M. [10] and
Wazewski T. [11] proved some fixed point theorems in abstract cones which
extend and generalize many known results. In this paper, we extend some main
results of Boyd D. W. & Wong J. S. W. [2] to cone-valued metric spaces.

II. Definitions.

Let E be a normed space. A set KdE is said to be a cone if (i) K is closed
(ii) if u, V<EΞK then au+βv&K for all a, β^O, (in) Kr\(—K)={0} where O is the
zero of the space E, and (iv) K°Φ@ where K° is the interior of K. We say u^v
if and only if u—v^K, and u>v if and only if u—v^K and uΦv. The cone K

n

is said to be strongly normal if there is δ>0 such that if z=yΣbixι,
% = 1

n

| |#i| | = l, Έbi=l, bt^O implies ||z||><5. The cone K is said to be normal if there
is δ>0 such that | | / i + / 2 | | > δ for flf f2e=K and H / J ^ H / J ^ l . The norm in E is
said to be semimonotone if there is a numerical constant M such that O^x^y
implies | |Λ: | |^MHJ/| | (where the constant M does not depend on x and y).

Let X be a set and K a cone. A function d : XxX-^K is said to be a K-
metric on X if and only if (i) d(x, y)=d(y, x), (ii) d(x, y)=O if and only if x=y,
and (iii) d(x, y)^d(x, z)+d(z, y). A sequence {xn} in a if-metric space X is
said to converge to x0 in X if and only if for each u^K° there exists a positive
integer N such that d(xn, xo)^u for u^N. A sequence {xn} in X is Cauchy if
and only if for each u^K° there exists a positive integer TV such that d(xn, xm)
^u for n, m^N. The K-metήc space (X, d) is said to be complete if and only
if every Cauchy sequence in X converges.

Throughout the rest of this paper we assume that K is strongly normal, that
£ is a reflexive Banach space, that (X, d) is a complete iΓ-metric space, that
P^id^y)) x, y^X}, that P denotes the weak closure of P, and that Px=
{z; ZΪΞP and zΦO}.
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III. Preliminary results.

In this section we list Mazur Lemma and needed properties of the cone K
and the related i£-metric space which will be used in our theorem.

(a) Strongly normal is normal.
(b) A necessary and sufficient condition for the cone K to be normal is that

the norm be semimonotone (cf. [9]).
(c) If the sequence {un} in E converges (in norm) to u, the sequence {vn}

in E converges (in norm) to v and un^vn for each n, then u^v.
(d) If {xn} is a sequence in the Zf-metric space X that has a limit in X,

then the limit is unique.
(e) If u^K°, then there exists a positive number c such that if v^{p; \\p\\

<c}r\K then v^u.
(f) If h is an element in the Banach space E, hn^K for each n, hf^hn for

each n and {hn} converges (in norm) to O in E, then —h^K.
(g) If u^K° and {hn} is a sequence in K which converges (in norm) to O

in E, then there exists a positive integer N such that hn^u for n^N.
(h) If {xn} is a sequence in the if-metric space X that is convergent to x

in X then {d(xn, x)} converges (in norm) to O in E.
(i) Mazur Lemma: Let E be a normed space and {un} a sequence converg-

ing weakly to u, then there is a sequence of convex combinations {vn}
such that

vn=ΣlbiUt where Σ ^ = l , and b^Q, n^i^N
ι = n ι = n

which converges to u in norm.
(j) Let the sequence {un} in E be weakly convergent to v, if un^O for

each n ^ l then v^O.

IV. Examples and main results:

Example 1. Let E=R (all real numbers) and K=R+ (all nonnegative real
numbers), then K is strongly normal and semimonotone, and K satisfies the law
of trichotomy.

Example 2. Let E=R2 and K={z^R2; (Kα^Arg z^b<π/2} W {0}, where
the symbol Arg z denotes the argument of the complex number z. Although K
is strongly normal, semimonotone, K doesn't satisfy the law of trichotomy.

The mapping φ: PX-^K is said to be upper semicontinuous if {un} and {φun}
are both weakly convergent, then lim φun^φ(\im un). Let G be a family of map-
pings φ such that φ : Pχ—>K, φ is upper semicontinuous on Px.

The property of the law of trichotomy of the set R has been used in the
proof of [2], but it can not be used in our Theorem 1 (cf. Example 2). The
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proof of Theorem 1 differs from that of Theorem 1 [2].

THEOREM 1. Let f be a self-mapping of X. Suppose that there exists

such that for all x,

(1) d(fx,fy)^φ(d(x,y)),

where φ satisfies the condition: for any t^P1}

(2) φ(t)<t.

Then, f has a unique fixed point x0 and fnx-^x0 for each x in X.

Proof. Let xQ^X. We define the sequence {xn} by Xι~fxQ, xz=fxi> •••, X2n+i
=fx2n, "•- Let dn=d(xn, xn+i)=£O. It follows, by (1), that, for each positive
integer n,

(3) dn+1=d(fxn, fxn+i)^φ(d(xn, xn+ι))^dn^dι.

Therefore {dn} is decreasing and bounded.

Now, we show that {xn} is a Cauchy sequence. Suppose that {xn} is not a

Cauchy sequence. Then, there is an ε^K° such that for every integer ι, there

exist integers n(ϊ) and m{i) with i^n(i)<m(i) such that

(4) d(xnw, xmcι))$ε -

Let, for each integer ι, m{i) be the least integer exceeding n(i) satisfying (4)

that is

(5) d(xnti), xm(i))$ε and d(xnu), xmcΌ-ι)^e

Since K is semimonotone, the sequence {d(xn^, Xmco-i)} is norm-bounded.

Consequently the sequence {d(xncΌ, Xmw)} is norm-bounded.

Since E is a reflexive Banach space, for convenience, we suppose

ί {d(xnco, im(i))l is weakly convergent to zly

(A)
I {d(xnw> Xm(t)-i)} is weakly convergent to z2,

where zλ and z2 are in K. Since

From (6), (7) and (B), we see that z^z2, z^zx and zλ=z^=z (say). We see that

(8) dyX-nCi), Xm
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Since E is a reflexive Banach space, for convenience, we suppose

dnw} is weakly convergent to c ,
(B)

{dΌ-i\ is weakly convergent to b,

where b and c are in K.
From the fact that dnco-i^dnco^dnu+υ-i, it follows that b=c. Since dn+1^
φ(dn)^dn, we obtain that {φ(dn)} is bounded. Therefore there exists a sub-
sequence {drcΌ} of {dnw} such that {φ(drw-i)} has a weak limit. If c>0, we
have c=lim d r«)^lim 0(ufr(i)_!)^0(c)<c, which is a contradiction. Hence c = 0 .
In fact {dn} is weakly convergent to O.

Since O^φ(d(xnW, xmw))^d(xn^t xm(i)), and £ is reflexive, for convenience,
we let {φ(d(xntv, xmco))} have a weak limit. If z^O, we see, by (A), (B), ( )
and (8), that z^φ(z). We obtain that z=O.

By (4) and (g), there exist a positive number s and a subsequence {d(xPw,
xqii))} of {dUnco, Xm(ϊ))l suchthat lim \\d(xpii)) x ς ( ί )) | | = s>0.

Since the sequence {d^pco, Λ:5C«)} is weakly convergent to O, by Mazur
N

Lemma, there is a sequence of convex combinations {vn} such that vn— Σ biUv
N

where Σ ^t—1, ^i^O, n^i^N and ux=d{xp^, xqn))} which converges to 0 (in
τ = n

norm). For convenience, we can assume s—1. Since K is strongly normal, there
exists <5>0 such that ||ι>n||>δ for sufficiently large n. Since {vn} converges (in
norm) to O, this is a contradition. Therefore {xn} is a Cauchy sequence. By
completeness, there is a W G Z such that {xn} converges to u in X. Since / is
continuous on X, we obtain that f{u)—u. The uniqueness is obvious. This com-
pletes the proof.

If E is the set of all real numbers and if K is the set of all nonnegative
reals, then, from (4) and (8), Theorem 1 may now be restated in the following
form.

THEOREM 2. Let (X, d) be a complete metric space, f a self-mapping of X
such that for all x,

(C) d(fx,fy)^φ(d(x, y)),

where φ is upper semi continuous from the right on Px {that is: lim sup φit)^ φ(c)).

Moreover, φ satisfies the condition (D).

(D) φ(t)<t for any ί G P 1 (

Then, f has a unique fixed point x0 and fnx-^x0 for each x in X.

Theorem 2 was proved in [2] by Boyd D. W. and Wong J. S. W. but it is a
special case of our Theorem 1.
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