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THE STABLE GROUP OF SELF-HOMOTOPY EQUIVALENCES
OF SPHERE BUNDLES OVER THE SPHERE

By SEIYA SASAO

Introduction.

The group of homotopy classes of homotopy equivalences of a CW-complex
X with itself, denoted here as G(X), has been studied by various authors. Speci-
ally a stabilization of G(X) is defined by the suspension homomorphism G(X)—
G(2X), denoted here as G(X)=limyG(ZVX), and has been studied by several
authors [3, 4, 5, 6]. Nevertheless, our examples for the computation of stable
groups are not abundant. The purpose of this paper is to give a computation of
the stable group G°(X) for sphere bundles over the sphere. If X is a finite com-
plex we can achieve limyG(X¥X) after a finite number of steps. Hence, it is
sufficient for us to compute the group G(Z¥X) for a sufficiently large number N.
The method is essentially based on Barcus-Barratt’s theorem. However, we drive
our main exact sequence from Puppe’s sequence because our case is a stable one.

This is done in §1. In §2 some calculations which are needed in the later
are done in the slightly more general situation. In §3 our theorem, stated as
follows, is proved. Let & be a S?-bundle over S? and we denote by K, the total
space of & Let (), J(&) be the stable classes of Py-image and J-image of the
characteristic class of & respectively, where Py : my-1(SO(p+1)) — m-1(S?), J:
Tg-1(SO(P+1)) =7 p4o(SP*) are usual ones.

THEOREM A. Let L be the complex SP\Je? which 1s obtained from attaching
g-cell to SP by the Py-image A§). Then we have split extensions (¢>p+1):

1 —> 0 —> G¥(Ks) —> G(L) —>1  if ¢=0 mod4 and 2J(&)+0,
1—0:— G(Ky) — G(L)XZ, —> 1 1f ¢=0 mod4,

where ¢ 1s isomorphic to whipe(EL) if ¢=0 mod 8 and to n;+q+1(2’L)/f(E)-7r§(S°)
if ¢=0 mod 8.

Further, about G*(L), we have

THEOREM B. There exist split extensions (¢>p+1):
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1 —> 7§ 5(S")/2(E)- 7i(S*) —> G(L) —> Z,X Z, —> 1
of 26=0 and p 1s even,
1 —> 75 5(S)/A()-7i(S”) —> G*(L) —> Z, —> 1
of 22(6)#0 and p 1s even.

§1. Fundamental exact sequences

Let L be a 1-connected CW-complex and let K be a complex of the form
L\Ue™dim L+2=<n). Then as the Puppe’s exact sequence we have the sequence

[32L, K] 7y (S, YK —[JK, YK] - (2L, 317, ¢))

where R denotes the natural ring homomorphism induced by the restriction of
maps. Since G(XK) is the set consisting of invertible elements of [YK, K] R
induces the homomorphism

RxOr: G2ZK)—> G(ZL)XZ,,
where Or(f) is defined as the degree of f: YK—23K on the (n+1)-cell of JK.

LEMMA 1.1. The kernel of RXOr is isomorphic to
7'L'n+1(2L)/[22L, ZL]'ZzaUZ(X‘ Tpe(S™).

Proof. Suppose that RXOr(f)=(1, 1) for f of [XK, YK]. Then, in the
sequence (I), we have that 1—f is contained in the image of [S™*!, YK ]. Hence
we have

f=l+p, peEm.(3K).

Since Or(f)=0r(1)+0Or(y) we obtain Or(¢)=0 and this means p&m,.,(XL).
Converesely if pema.(2L) it is clear that 14 is contained in G(XK) and RX
Or(1+p¢)=(1, 1). Thus the proof is completed from the diagram

[2:L, YK]1—[S**, YK] — [YK, JK]

T T

[2:L, L] [S™+, YL]

T

[Sn+l’ Sn]

Example 1.2 (Theorem 3.13 of [8]). Let K be a CW-complex S""J‘ije”'1
(m+2=n). Then we have two exact sequences :
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1——>H——>G(S”ge”)——>Z2XZZ———>1 if 22f=0,
1——>H-—>G(S”‘§¥e”)——>ZZ——>1 if 237+0.

where H denotes m,(S™)/Tm+1(S™)e X2 VX for,(S™1).
Example 1.3. Let us consider the N-fold suspension
3V GAK) —> G(AVMK)  (NzD)
in the case of K=S”“1kfje""1 (m+2=<n). From Example 1.2 we can obtain the

following commutative diagram

1 —> 2n(S™)/Ams(S™)e 22 f I Efemn(S*Y) —> GAK) — Q —>1

| s id |

1 w _— Gy —Q —> 1

where Q is Z,XZ, or Z, and W denotes the group
7Tn+N(Sm+N)/7fm+1+N(Sm+N)°ZN+2fU2NHf°7Tn+N(Sn_1+N) .

Then, by using the standard argument, we have the exact sequence

X
1—> W; —> G(ZK) —> G(IVHK) —> 1,y y(S™*V)/ SV 7,(S™) —> 1,
where W, is the group 2=7(0)/ 2 ¥(0) N\ (s (S™)e 22 U T fema(S™ ).

§2. Some calculations
Let L, and L, be CW-complexes S?*+'\Je?+?, SP“\ﬁ}e”*q“ (g>p=2) respec-

tively. Let K be the CW-complex obtained from identifying the common sphere
of L; and L,. Our purpose of this section is to calculate G(ZXVK) for N=2.
Since Y¥K has a CW-decomposition

ZNK:SIH'HN U eq+1+N U ep+q+1+N ,
SN INg

we have the following exact sequence by applying Lemma 1.1 to the pair (XVK,
LZZNLl)

1 —> Hy g —> GIVK) —> G(L)X Z,
where Ho, 5= 5+ prqra(L)/[ZL, L] SV BUIIN Boryy prgra(SY 24,
LeMMA 2.1. If N=2 we have
[SL, L] IV BUEY Borty s piqea(SVH )= 5V Bomty s pigin(SYFP*9) .
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Proof. First we note a formula of [1] i.e.
ZbHX"Zm“j}:(—1)*2a+1y°2n+lx

for any x € mp+1(S**Y), yE mya(SPHY).
Let »:S°—S? be the Hopf map. By the above formula we have

IN4p-1y INHg= SN SN2y (N=2).,

Hence, 3¥+?-1y is extendable to a map 3L—L and the sub-group [XL, L]-3V**3
is generated by the i-image of XV*P-lp.YN+1g (;: S¥+P+[ is the inclusion).
Thus the proof is completed by the formula

SN+p-ly, IN+1Q— N B, SN +p+a-2y) (N=2).

LEMMA 2.2. The image of the homomorphism
RXOr: GEZV"K) —> G(L)X Z,
is equal to G(L) if 23¥B& SVaomy.:pso(SYMY) and to G(LYXZ, 1f 23VBe

IVAT N1 p1o(SYT).

Proof. Since Hurewicz-image : nx(XYK)—H (XY K)=Z (*=N+p-+q+1) con-
tains +2 if and only if 22%8=0 in 7y p+,(L) the proof follows from the standard

obstruction theory.
Next, consider the group G(L). Then, from Example 1.2 and the formula
IV qo JN+a-2p=3FN+p-1yo FN+1g (N=2) we can easily obtain

LEMMA 2.3. The following sequences are exact

1 — Tyrqui(SYP)) (SN qo XN+P-2p} > G(L) —> ZyX Zy, —> 1
if 2XVa=0

1= Tyaqea(SYHPH)/{ENao IV*P 2} —> G(L) —> Z, —> 1
of 22%a=+0.

Now, from lemmas we obtain
PROPOSITION 2.4. If N=2 we have the exact sequence
1— H— GIVK) — Aut (H(IVK)),
where H is a group-extension as follows (*=N-p-+q+1)
L—> (L) {2V B 2* P} —> H —> g4 SV {Z N qe TVH 2} —> 1.,

Moreover the image of G(EZ¥K) — Aut (H (ZYK)) is given as follows (we identify
Aut (H (XVK)) with Z,XZyXZ,)
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ZyXZyX Zy  if 2X%¥a=0 and 22V eV aomyip1(SVTY),
1XZ,X Z, if 2Y%a=0 and 237 B IV aemyy pio(SYTY),
Z,x1XZ,  if 23%a#0 and 23V BE IV o ny, peg(SY Y,
1X1xZ, if 23%a+#0 and 23% B SV oy pig(SYTY).

§3. The case of sphere bundles over the sphere

Let & be a S?-bundle over S? (¢>p-+1=3). It is known in [7] that the total
space K has a CW-decomposition

Ke=57Ue?\UgP*e,

Let T(¢) be the Thom complex of the vector bundle associated with §. Since
we may regard 7(£) as the mapping cone of the projection of & (up to homotopy)
there exists the natural map of degree 1

Ce=T(E) —> C¢/S'=2(Ky).
Hence, by using the CW-decomposition of T(&);
T(E):Sp+1 U ep+q+l s
J &

we have a CW-decomposition of YK, as follow

2K$:8p+q+1 U Sp+1 U eq+1 ,

JE& HE)

where J(§) is the usual notation and A(§) denotes the Py-image (Py : m,-(SO(p+1))
— mq-1(SP)).
Thus we can apply Prop. 2.4 to the case of (K, L)=(K,, L).

Let J(&) (ery-1(S%), A(E) (emi-5-1(S%) be the stable classes of J(§), A(&)
respectively. Then it is well known that

J©=0 if ¢=3,56,7 mod8,
cZ, if ¢g=1, 2 mod 8,
EZnw if ¢=0 mod 8
and f(&)or)zO if g0 mod8, #0 if ¢=0 mod 8. Hence we have
PROPOSITION 3.1. There exists following exact sequences:

1 — 0; —> G'(K:) —> Aut (Hx(Ky))
and for q#0 mod 8

1 —> K¢ —> 0 —> mj-p(SO/{A(E)ep} —> 1,
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1 —> 7S/ {A(&)e 54 (S} —> Kz —> {x | x €xY(S"), 2(E)ex=0} —> 1.

Next, Let consider the splitting of group-extensions which are already ob-
tained in §2.

LEMMA 3.2. There exists an wwvolution he: S¥NT(E)—IVT(E) which is degree
—1 on S¥+PH1 (N=2).

Proof. Since we may consider K: as (S?X E2)\U(S?X E?) we have the map
ke : K;—K: defined by

kf(v) x5)=(—v, xe) (5:i’ XEE‘D.

Then k: induces an involution T'(ke): T(£)—T(&) of degree (—1)?*! on SV+2+1,
Hence, it is sufficient to take he as the suspension of 7'(k:) for even p and of
T(Keem) for odd p.

Remark. We note that kg is commutative with any bundle map, i.e. we have
a commutative diagram :

G
& > &
kfl & kfz
& — D —> & b2
bs K = K,
o

Next, for any homotopy equivalence f: L—L, define f: I¥K—3¥K by
FIL=f, and FIZVT(@=hgriesrre,
where deg f is the degree on S¥*?*iCL.

LEMMA 3.3. Define S: GIL)—~G¥K:) by S(f)=F. Then, S is a homomor-
phism and the composite RS is the identity.

Proof. For f, g: L—L, we have

fogll=f-g|L=f|L-g|L
and
f°gl Z’NT(K5>=hé3+degfg)/2:h23+degf°degg)/2

:hé3+degf)/2°hé3+degg)/2:f_[ Z’NT(é)og [ Z‘NT(S) .
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LEMMA 34. If ¢#0 mod4 there exists and involution (up to homotopy) le:
INT(E)—ZNT (&) (sufficiently large N) which 1s of degree 1 on SV*P*' and of
degree —1 on VNP and further we have heel:=Igohe.

Proof. First we note the following sub-lemma

SUB-LEMMA. Let X=S%\e"*? be a CW-complex (N : sufficiently large). Let
a

f:X—>X be a homotopy equivalence with degree 1 on S¥ and degree —1 on
e"*?. Then the composite f-f is the identity in [X, X].
For, from Puppe’s sequence

Lsv+r, X1—[X, X] —[S", X]

there exists an element a=rwy.,(X) such that f=1y+a«. Hence, we have fof=
(Ixt+a)lyx+a)=1xy+2a+(deg a)a. On the other hand, since degree f=1-degree «,
we have degree a=—2. Thus the proof is complete.

Secondly we prove Lemma 3.4. Since 26=0 in the stable range the bundle
induced by a map: S%—S? of degree —1 is equivalent to & Hence, from sub-
lemma, we have a bundle map: K:—K: which induces the map I as desired.
The commutativity follows from the above remark.

For ¢#0 mod 4, we define an involution [:: SYK—3VK by

I:|L=l;, and [:|Z¥TE)=lL.
Now, consider the correspondence V: G*(L)XZ,—G*(K) defined by
V(f, ey=IE-S()=lE]
where * denotes (e+3degf)/2 and ¢ is 1 or —1.
LEMMA 3.5. V is a homomorphism and the composite RX Or-V 1s the identity.

Proof. The former follows from the commutativity of Lemma 3.4 and the
latter is easily obtained from the definitions.

Now the theorem stated in the introduction is an easy consequence from
Lemmas 1.1, 2.2, 3.4 and 3.5.

Example 3.6. Let & be the trivial bundle, hence K:=S?XS? (¢>p=2). Then
we have a split extension

1 —> 72(S)B S —> G(Ke) —> GXZy —> 1,

where G denotes the group {(82 Z), reT_ (S, e;=1 or —1}.
1

Further, G%(K¢) is isomorphid to the group
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0 & 7| asxy(S?, Beri(SH), reni-,(S9), e,=1, —1;.
0 0 &

Example 3.7. Let W, , be the Stiefel manifold U(n)/U(n—2) and let &, be
the sphere bundle S?*-3—W, ,—S?*~1, Then it is well known that X?2J(&,)=0
(1.17 of [7]) and A(&,)=0 if n is even, =7(€x{(S") if n is odd. Thus if n is
even the case reduces to Example 3.6, namely K, is stablly equivalent to S?XS¢
{up to homotopy). Next, let CP? be the complex projective plane. Then, for odd
n, we have a split extension :

(1]
(2]
[3]
[4]
£5]
£6]
L7]
[8]

1 == 7§ (CP?) —> G’ Wa, o) —> Z,X Zy X Zy, —> 1.
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