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Abstract

In this work we will consider compact submanifold M” immersed in the Euclidean
sphere S"*” with parallel mean curvature vector and we introduce a Schrodinger
operator L = —A + V, where A stands for the Laplacian whereas V' is some potential on
M" which depends on n, p and / that are respectively, the dimension, codimension and
mean curvature vector of M”. We will present a gap estimate for the first eigenvalue g,
of L, by showing that either x; =0 or gy < —n(1 + H?). As a consequence we obtain
new characterizations of spheres, Clifford tori and Veronese surfaces that extend a work
due to Wu [W] for minimal submanifolds.

1. Introduction

Let M" be a closed Riemannian manifold, i.e. M" is compact without
boundary, and denote by S”*” the Euclidean sphere of sectional curvature one.
For an immersion  : M" — S"™ we will denote by A4 its second fundamental
form whereas /& stands for its mean curvature vector and the mean curvature is
defined by H = |h|. We introduce on M" the traceless tensor ® = A4 — hg, where
g stands for the induced metric on M and we consider @, (X, Y) =<®(X,Y),h)

for any tangent vector fields X, Y on M”. It is easy to check that |®|* = |4]* —
nH?. Moreover, |®|* =0 if, and only if, y(M") is totally umbilic. Now we
define constants B, , and p = p(n, p,h) as follows

m, 1fp=10rh=()

By = 1 .
- fp#l
and
-2
pP= Bp.h n(l +H2) - Ml@”
' nn—1)
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When  : M" — S§"*! is a hypersurface H. Alencar and M do Carmo [AC]
have classified tori with constant mean curvature such that |(I)\ < p. They work
was inspired by the ideas of the earlier papers due to J. Simons [Si], S. S. Chern,
M. do Carmo and S. Kobayashi [CdCK] and B. Lawson [L]. For codimension
bigger than one, supposing in addition that / is a parallel vector, W. Santos ([S],
p. 405) and H. Xu ([X], p. 494) have generalized, 1ndependently, the Work due to
H. Alencar and M. do Carmo by showing that |®|> < p implies either |®[* = 0 or
|<I)| =/ Moreover, they have described all such M” by showing that M" is a
sphere in the first case and either one of the Clifford tori or one of the Veronese
surface in the second case. On the other hand, introducing the Schrédinger

operator
<L—A—(2—lyAa
P

where A stands for the Laplacian on M”", C. Wu [W] has proved the following
result concerning a minimal submanifold of S”*7.

THEOREM 1 [C. Wu]. Let M" be an n-dimensional closed minimally immersed
submanifold in a unit sphere S™7 and let u, be the first eigenvalue of L. If
W, = —n then either u; =0 and M" is totally geodesic, or y; = —n and M" is the
Veronese surface in S* or the Clifford torus in S™'.

The purpose of this paper is to extend the above result for closed sub-
manifold in a unit sphere with parallel mean curvature vector. Before announc-
ing our main result one introduces the following operator:

n(n—2)
nn—1)

We point out that H =0 yields L, = L, where L is the operator considered by
C. Wu on [W]. Taking into account this fact we generalize Wu’s result ac-
cording to the following theorem:

= —A—B,}|0f - |©s].

THEOREM 2. Let M" be a closed submanifold of S"™P with mean curvature
vector h parallel and let u; be the first eigenvalue of Ly. Then either uy =0 and
M" is totally umbilic, or u, < —n(1 + H?). Moreover, u; = —n(1 + H?) if, and
only if, |(I)|2 = p; in this case M" is either the Veronese surface or the Clifford
torus.

2. Preliminaries

Throughout this section we will introduce some basic facts and notations
that will appear on this paper. A Riemannian manifold of dimension k will be
denoted by M*. Now let M" be a closed submanifold immersed in a unit
Euclidean sphere S™™?. We use the following standard convention of index:
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1<A4,B,C,....<n+pl1<ijk,....,<nn+1<apfy...,<n+p.

We consider an adapted orthonormal local frame {e,} and its associated
connection forms {w,4} on S"*”. Restricting those forms to M we get

(2.1) Zh ‘wj, b = h,
(2.2) A= Zh ‘0 @ 0 ® w,
and "

(2.3) h= %Zhe

If Rjw and R, stand for the tensor of curvature and normal curvature,
respectively, then Gauss, Ricci and Codazzi equations can be read, respectively,
as follows:

(24) Rijkl 1k5ﬂ lléjk + Z kh ll 1k
(2.5) Rapr = Z(h,kh —h hﬁ)
i,
and
(2.6) gk = higg

On the other hand, the traceless tensor ®@ previously considered can be given
by

O = Z (D i Qi ® wWj ® ey,
i,j,o
where ®; = hi — (1/n) tr H,0; and H, = (h}). Denoting by N( ) the squared
of the norm of a symmetric operator T, we have N(A)=|A|* = Zlv]_a(h,j)z,

whereas N(®) = |®|* = S, tr(®2) = |A]* — nH?. We note also that the gradient
of @, denoted by V@, verifies

(2.7) VO =3 [VorP = ) (07)

i,j,o ij ko

while the gradient of |®|* satisfies the following identity:

2
(28) ‘V‘(D|2|2 - 42 <Z q)l] l]k)

i,j,o
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We will use also the following notation (A®,®)=73", N . ©;A®, which
gives

1
(2.9) zA|ol>|2 = (AD, D) + [VO[*.

3. Proof of Theorem 2

In order to show our theorem we will need some auxiliary results. At first
we will show two general lemmas. The first one can be read as follows:

LEMMA 1. Let M" be a Riemannian manifold isometrically immersed into
a Riemannian manifold N"*7.  Consider ¥ =3, , Vio;, @ w;® e, a traceless
symmetric tensor satisfying Codazzi equation. Then the following inequality holds

VPP < PV,

(n+2)
where |¥|* = il N2 and |V = Zi,j,k,a(\ng)z' In particular the conclu-

ij
sion holds for the tensor ® defined in the introduction.

Proof. First we fix e, and define W* as the a-component of ¥. Now we
take an orthonormal frame {e}} of eigenfunctions of W with correspondent
eigenvalues u. Hence we have

2 2
(31) |V|‘I] |2‘2 42(2‘{11 1/k> = 42(2#? i?k) .
k i
By using Cauchy-Schwarz inequality we have

|V|T%‘2|2£4Z(ﬂz ZZ lzk .
i ik

This can be rewritten as
(3.2) 4w <Z(‘Pﬁ‘,) > (‘%)2) > V[P
i iki#k

Now we fix an index i. Taking into account that tr(¥*) = 0, we conclude that

Wi = = i kzi Yixi- By using Cauchy-Schwarz inequality again we have
o2
(33) > (¥ Z(Z m) <(n=1) > (¥
i i \kk#i ki k#i

Hence we obtain from inequalities (3.2) and (3.3) that

(34) VIPPP < dnP ) > (P5)%
ik, i#k
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On the other hand ¥j = W}, implies ¥;; = ¥;. In view of Codazzi equa-
tion we obtain

(3.5) Vi =Y = Vi
Since |V‘I’°‘|2 = Ziij’k(‘l’;k)z and
o2 o o o o
Z(\Pijk) = Z(Tm) Z ((lPllk) (lPiki) \Pkn +6 Z lIJljk
i,j.k i ikjitk i<j<k
we may use (3.5) to conclude
v e (S0 3 3 (v e X )
ik,i#k i<j<k
It follows from this last equation the next inequality
[PV = 20 ) ( ,%‘k)2+|‘1’“|2< > (¥ +Z i) )
ik, ik ik,i#k

Combining the first term of the right hand side of this last inequality with
(3.4) and the second term with (3.2) we derive

1 1
PP 2 VP VI

Since |V|'¥)*]* = 3, [VI®*[*)* and |¥*)* < |¥|* it follows from the last in-
equality that

VPP < \‘PI VP,
which finishes the proof of the Lemma 1.

Now we consider the differentiable function f, = (|(D|2+8)1/ ? defined on
M", where O is the traceless tensor previously defined in the introduction, ¢ is a
positive number and we prove the following lemma concerning this function.

LEMMA 2. Let M" be a Riemannian manifold immersed in S"P and let f, be
the function above defined. Then the Laplacian of f. satisfies the inequality

2(|0)P +¢) !

) O |VO* 4 (AD, D).

SAfe =

Proof. Since Af, = div(Vf,) and Vf, = (|O +¢)"/?/2)(V|®[*) we have

(o +¢)~"

1 <VIoP, Vo).

Sl = 3 ALOF -
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Using (2.9), we may conclude
: - 1
(36)  fidfi= (O +2)" (IV<D|2(|<D|2 +e) -y |V|<D|2|2> +(AD, D).

On the other hand Lemma 1 yields (1/4)|V|®*|* < (n/(n+ 2))|®*|V®|>. Since
|®)> + ¢ > |®|* we have

1
(IVoR(®P o) - 3 WIOPF ) > 0P pwer (1 ;).

(n+2)
that is
1 2|0 VO
. OP (D) +¢) — = |V|O)P) ) > .
() (IvoR(@P +o) - g WloPF ) = 2L
Putting together equations (3.6) and (3.7) we have
2(|®)* +&)!
sas = 2O o vap) + a0,

(n+2)

which finishes the proof of the Lemma 2.

Now let L, be the Schrodinger operator considered in the introduction. We
will prove the next proposition concerning to the first eigenvalue of L,, which
extends a result derived by C. Wu [W] in the minimal case.

PrROPOSITION 1. Let M"™ be a closed submanifold immersed in S™7P with
parallel mean curvature vector h in such way that M" is not totally umbilic. If p,
is the first eigenvalue of L, then

2 [y, IVOP x1
(n+2) [ |01’

w < —n(l+H?) —

where x1 stands for the form of volume of M".

Proof. 1f we define the set ' = {f e C*(M): f # 0} then Rayleigh quo-
tient yields p) = infrer([,, JLof l/fM f?%1). We consider now f; = (|(I)| +
)1/ ? the differentiable function glven in the prev10us lemma. Since M" is not
totally umbilic we get lim, . fM 1=, |(D| x1>0. Thus we may use f, as
a test function to compute y;. On the other hand, since / is parallel W. Santos
([S], p. 405) has showed the following inequality

(3.8) (AD, DY > A|DP,
where A = {n(1+ H?) — 2)//n( n—l )P — ph\(D| 1.
Therefore we may combme Lemma (2) and inequality (3.8) to obtain
2
Jehfe = e )(Ifbl +2) 7' [O]|[VO]” + A|D[.
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Since fiLafs = —filfi — B} | O f2 — 2)//n(n —1))|®[£2, we get
- 2
(3.9) filafy < _ 2@ +2 +(;D Vel )—n(l + H?)|®
_ 2
n(n n2(i|‘_b|1|)q)h| B;}i(|CD|2)2
- n(n=2)|®f o
D) (I +2) — B, (|0 + &) .

From where we obtain

2(0f +2)°!
(n+2)

Since puy < ([, filafi* 1/ [, f*+ 1) and H is constant inequality (3.10) yields

(3.10) filofs < —n(1 + H?)|®]* — |D*|VD|*.

fyloP«1 2 [ (o] +o) " [@f vl 1
[ (@ +&)x1 (n+2) [ (1@ +¢) 1

< —I’l(l +H2)

Making ¢ — 0 on the last inequality, we obtain

2 [y, VO %1

< -n(l+H?* -
H = I’l( + ) (I/l-|-2) JM‘®|2*1’

which completes the proof of the desired result.

On the next proposition we consider the case when M”" is not pseudo-
umbilical. By a pseudo-umbilical submanifold M" into S"™” we mean that &
is an umbilic direction of the second fundamental form 4 of M". Now let
Ly =—A— (n/2v/n —1)|4]* be a new Schrédinger operator and let us prove an
estimate concerning to its first eigenvalue according to the following proposition.

PROPOSITION 2. Let M"™ be a closed submanifold immersed in S™7P with
parallel non null mean curvature vector h in such way that M" is not pseudo-
umbilical. If p, is the first eigenvalue of Lj then

2 [y VO
(n+2) jM |(Dn+l‘2 %1 !

M= —n—

where ®"! = @g*lenﬂ, d)g}“ = (h;}“ — Héy) and ey1 = h/H.

Proof. The proof is similar to the previous proposition. Indeed, let us
consider [V(®" )P =3, (@r")* and <A@, 0"y =3, CD”“ACI)”“.
Now it is enough to deﬁhe g: = (|CD"+1| —I—S)l/ 2 and to proceed as before
Following the same computation as that one of the Lemma 2 we have
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(311) gz,-Agg = |V((I)n+l)|2 B % (|ch+1 |2 + 8)71 |V|q)n+l |2‘2 + <A((I)l1-"-l)7 (I)n-H >

On the other hand a similar result like that one of Lemma 1 is also true for
@™ that is,
4n
3.12 VIO < ——— | P V(0|2
(3.12) VI I (n+2)| I V(@™)]
From (3.11) and (3.12) it follows that
20" P +e)”!
(n+2)

Since tr H, 1 =Y ;h™' =nH and H is constant we have >, Ah!™ =0.
This yields

(3.13)  g:Ag; > D" PIV(@" )P+ <A@, 0"y,

(3.14) Zh;HAh;H = ZQ)I,’]'_HA(DI{}H +H2Ahg+l _ <A<(Dn+l)7q)n+l>-
ij iJ i

We use also the following inequality obtained by Z. Hou ([H], p. 39)

1‘2
3.15 E h’ lAh<”,+1 > n|®” 12 11— | .
( ) i i | ‘ 2 /—‘1

i

From (3.13), (3.14) and (3.15) we have
n+12 -1 2
2(|(D | +8) |V(q)n+])|2+n_ 7’!|A‘ )
(n+2) 2vn—1
Since g,L3gs = —gsAgs — (n/2y/(n — 1))|A]*¢> we obtain
a| AP0 P nlAP
2vn—1 2vn—1
20"+ )
(n+2)

geAg, > | D" |2<

giLag, < —n|®" ' + (0" +¢)

(lq)n-'rl |2|V((Dn+l)|2),

that is,
) 2(|q)n+1|2+8)71
(n+2)

Since M" is not pseudo-umbilical lim, fM gf x1 = jM \CI)”“|2 > 0. Therefore
using again the characterization of y; given by Rayleigh quotient we obtain

2 [ 1O P (n(n+2)/2 + (O™ &) V(@) 1
n+2) fM(|d)"+1|2+£)* 1 .

geLag: < —n|®""| (| PV (@)

= -
(

Making ¢ — 0 in the last inequality we have
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P 2 [y V(@ x 1
Y e e

which concludes the proof of the proposition.

We consider now the case when M" is pseudo-umbilical and has codimen-
sion p>2. Introducing the Schrodinger operator Ly = —A — (3/2)|® we
derive the following proposition.

PROPOSITION 3. Let M" be a closed submanifold immersed in S"P such that
M" is pseudo-umbilical with parallel mean curvature vector h. If M" is not totally
umbilic, p > 2 and p is the first eigenvalue of Ly, then

2 [, VO x1

< - 2 — .

Proof. Taking into account that M" is pseudo-umbilical we may use the
following inequality due to Hou ([H], p. 42)

(3.16) (AD, DY > (I)|2(n(1 + H?) —%|<1>|2).

Therefore considering again f, = (|®|* +e)1/ * the Lemma 2 yields

(2010 + &) Vo) 32
fAf; > |D| ( CES) +n(l+H%) =S |0" |.
Since f;Laf, = —fiMfi — (3/2)|®P 2 we get
2 -1
(3.17) filafy < —n(1 + H?)|®|? _%mfvmﬁ

On the other hand since M" is not totally umbilic we have
anOJ fg*lzj > % 1> 0.
M M
Hence we may use f; as a test function to estimate y;. Taking into account that
t < [y felafox 1/ [, f2*1 and H is constant we derive from (3.17) that

2 [y, VO %1

< -n(l+H?* -
H = I’l( + ) (n+2) jM‘q)|2*l’

which completes the proof of the Proposition 3.

We point out now that to derive the Theorem 2 it is enough to apply the
Proposition 1 with the result obtained independently by W. Santos and H. Xu.
In fact, from that proposition we get x; = 0 if, and only if, M" is totally umbilic,
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otherwise x; < —n(1 + H?). Suppose now that |®]> = p #0. Then L, = —A—
n(1+ H?) and g, = —n(l + H?). On the other hand, it follows again from
Proposition 1 that |V®| = 0 provided u, = —n(1+ H?). Therefore ® and |®]
are constants. Hence we conclude that

n(n—2)
n(n—1)
From where we have |<1)|2 =p. In order to complete the rest of the proof
of the theorm we may apply a theorem due to Santos ([S], p. 405) or Xu ([X],
p. 494) presented in the introduction that describes all submanifolds M”" im

mersed in the Euclidean sphere S”*” with parallel mean curvature vector A and
|<I)| = p. More precisely, they have proved:

u=—( Fh) |(D| - |Dy|.

If p=0 then M" is a sphere, otherwise M" is either one of the
Clifford tori or one of the Veronese surfaces in S™'7.

4. Applications

In this section we w111 present two apphcatlons of our main theorem. We
pomt out now that |®|* =p has two main consequences: either L, = —A, or
= —A—n(l + H?). In fact, the former case comes from p = 0, whereas the
last one comes from p # 0. Hence, we may derive from the theorem due to
Santos ([S]) or Xu ([X]) and the Theorem 2 the following theorem:

THEOREM 3. Let M" be a closed submanifold of S"™P, p > 2, with non null
parallel mean curvature vector h and let Ly = —A — (n|A|*/2v/n — 1) be the op-

erator with first eigenvalue p,. If n =3 and M" is not pseudo—umbilical then
W < —n. Moreover, uy = —n if, and only if, M" is the Cllﬂord torus S'(r )

§11(s) = S s §72 with s =n—1(14+vVn—1)" and r* = (1+vn—1)""
If n=2 then M? is a totally umblllcal sphere S*(1/(1 + H?)).

Proof. By using Proposition 2 we 1nfer that if M”" is not pseudo-
umbilical then x4, < —n. We note that |A]* =2vn—1 implies Ly = —A —n.

From where we conclude p; = —n. Conversely, if u; = —n, Proposition 2 shows
that [V(®"*")| =0. Hence [®""'|* and |A”+1| | —|—nH2 are constants.
Using (3.15) and the assumption |4""'|* is constant we derive

|4 > 2vVn — 1.

In fact, since (1/2)A|4")? = ik hl’l’,jl) + 30 b AR we have

Al
0= 2 : hn+1 2 :hn+lAhn+1 > |(I)n+1|2<1 _|>
ijk ’
2vn —1

ij,k

which gives the desired inequality.
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On the other hand if I'={fe C®(M): f #0} then Rayleigh quotient
yields w; = infrer([,, fLsf *1/ [,, f**1). Since A >2vn—1 and u = —n
we conclude that |4|> =2vn — 1. Thus, if n>3 then M" is isometric to a
Clifford torus according to a result due to Hou ([H], p. 40).

For n =2 the same result yields that M? is a totally umbilical sphere in
S2+7_ This completes the proof of the theorem.

Finally we treat the case when M" is pseudo-umbilical with parallel mean
curvature vector. More precisely we have the following theorem.

THEOREM 4. Let M" be a closed submanifold immersed in S"™P with par-
allel mean curvature vector h and p > 2. Suppose in addition that M" is also
pseudo-umbilical and let y, be the first eigenvalue of Ly = —A — (3/2)|®*.  If M"
is totally umbilical, then u, =0. Otherwise p; < —n(1+ H?). Furthermore, if
w, = —n(l + H?) we have: a) Either M" is the Clifford torus

1
V1+ H?

b) Or else, M" is the Veronese surface M? — S*(1/v/1+ H?) — S§3 — S"+7,

Sk(r) % Snfk(s) PN Sn+1( ) PN Sn+2 s Sn+p

Proof. From Proposition 3 we get u; =0 if, and only if, M" is totally
umbilic, otherwise y; < —n(1 + H?). Now suppose |®|* = (2/3)n(1 + H?), then
the operator L; becomes L3 = —A —n(1 + H?) while u; = —n(l + H?). Con-
versely, if 4, = —n(1 + H?) it follows from Proposition 3 that [V®|* = 0. Hence
@ is constant, and so, in view of (3.16) we obtain |®|* = (2/3)n(1 + H?). Now
the conclusion of the theorem is a consequence of the Proposition 2 of Z. Hou
(H], p. 42).
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