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ON TWO MEROMORPHIC FUNCTIONS THAT SHARE
ONE VALUE CM
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Abstract

In this paper, we deal with the problem of uniqueness of meromorphic func-
tions that share one finite value CM and obtain some results which improve some
theorems given by R. Nevanlinna and R. Briick and are related to a result of H. X.
Yi. Examples are provided to show that our results are sharp.

1. Introduction and results

In this paper the term “meromorphic” will always mean meromorphic in
the complex plane. We use the standard notations and results of the Nevanlinna
theory (See [1] or [2], for example). In particular, S(r, f) denotes any quantity
satisfying S(r, f) = o(T(r,f)) as r — oo except possibly for a set E of r of
finite linear measure. We say that two non-constant meromorphic functions f
and g share the value ¢ CM (counting multiplicities), if ' and g have the same
a-points with the same multiplicity. Let k& be a positive integer, we denote by
Niy(r,1/(f — a)) the counting function of a-points of f* with multiplicity < k, by
N(js1(r,1/(f — a)) the counting function of a-points of f* with multiplicity > k,
and by Ejj(a, f) the set of simple a-points of f.

In [3] R. Nevanlinna proved the following theorem:

THEOREM A. Let [ and g be two non-constant entire functions satisfying
N, 1/f)=N(r1/g) =0. If f and g share the value 1 CM, then either f = g or
Jo=1

H. X. Yi [4] improved Theorem A and proved the following theorem:
THEOREM B. Let f and g be two non-constant meromorphic functions satisfy-

ing N(r,1/f)+ N(r, f) = S(r, f) and N(r,1/g) + N(r,g) = S(r,9). If E)(1,f) =
Ey(1,9), then either f =g or fg=1.
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On the other hand R. Briick [5] proved the following theorem:

THEOREM C. Let f be a non-constant entire function satisfying N(r,1/f") =
S(r, f). If f and f' share the value 1 CM, then f—1=c(f' — 1), where c is a
nonzero constant.

In this paper we improve the Theorem A and Theorem C and obtain the
following results:

THEOREM 1. Let f and g be two non-constant meromorphic functions sat-
isfying N(r,1/g) + N(r,g9) = S(r,g) and N(r,f) = S(r,f). If f and g share the
value 1 CM, then [ and g satisfy one of the following:

(1) - 1 =c(g—1), where ¢ is a nonzero constant. In particular, when

—_—

bl

(11) (f b)g =1—0b, where b(# 1) is a constant. In particular, when b =0,
Jfo=1
(i) 7(r, f) = Noy(r, 1/f) + S(r, f) and T(r,g) = Nyy(r,1/f") + S(r, f).

From Theorem 1, we deduce the following corollaries:

CorOLLARY 1. Let [ and g be two non-constant meromorphic functions
satisfying N(r,1/g) + N(r,g) = S(r,g) and N(r,f) =S, f). If f and g share
the value 1 CM, and if T(r, f) # Nay(r,1/f) +S(r,f), then either f =g or
fg=1.

This improves a result of Theorem A and is related to Theorem B (see
Remark 1).

~ CoroOLLARY 2. Let f be a non-constant meromorphic function satisfying
N/ fY+ N, f)=S@r, f). If fand & (k> 1) share the value 1 CM, then

f—=1=c(f® —1), where ¢ is a nonzero constant.

It is obvious that Theorem C is a special case of Corollary 2.

Remark 1. The following example shows that the condition f and g share
the value I CM in Theorem 1 or Corollary 1 cannot be replaced by the condition

Ey(1, f) = Ey(l,9):

Example 1. Let f(z) = (e? —1)(e* —1—1)2—1—17 and ¢g(z) = e*. Obviously,
Ey(1,f)=Ey(l,9), N(r,1/g9)+ N(r,g) =0 and N(r,f)=0. But the conclu-
sion of Theorem 1 or Corollary 1 is not valid.

Remark 2. The following examples show that each of the above cases in
Theorem 1 definitely happens:
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Example 2. Let f(z) =14 2(e* —1) and g(z) =e®. Then f and g satisfy
the hypotheses of Theorem 1 and f—1=2(g—1). Hence case (i) occurs.

Example 3. Let f(z) =e”+5 and g(z) = —4e *. Then f and g satisty the
hypotheses of Theorem 1 and (f — 5)g = —4. Hence case (ii) occurs.

Example 4. Let f(z) =e“(e*—1)+1 and ¢g(z) =e*. Then f and g sat-
isfy the hypotheses of Theorem 1 and T'(r,f) = Nyy(r,1/f)+ S(r,f), T(r,g9) =
Ny(r,1/f") +S(r, f). Hence case (iii) occurs.

Example 5. Let f(z) = (e +1)* and g(z) = —(1/2)e?. Then f and g sat-
isfy the hypotheses of Theorem 1 and T'(r, f) = Ny (r,1/f) + S(r, f), T(r,g) =
Ny(r,1/f") +S(r, f). This also belongs to case (iii).

2. Some lemmas

For the proof of our results we need the following lemmas:

LemMA 1 [4].  Let f be a non-constant meromorphic function. If N(r,1/f)+

N(r,f) = S(r. f), then T(r,f)=Ny(r,1/(f = 1)) + S(r, f).
LemMA 2 [6]. Let f and g be two non-constant meromorphic functwns If

f and g share the value 1 CM, and if A(f'/g’) # ((f —1)/(9 — 1))2, for every
nonzero constant A, then

N1><r7j%l) < N(r,%) +N(r,%> +N(r, f) + N(r,g) + S(r, f) + S(r, g).

_ Lemma 3 (7).  Let f be a non-constant meromorphic function. If N(r,1/f)+
N(r,[) = S8(r, [f), then N(r,1/f") = S(r, f).
3. The proofs

3.1 Proof of Theorem 1
Since f and g share the value 1 CM, we get by using the Lemma 1 that

B 700 =N (ro )+ 800 = Ny (r g )+ S0)

<T(r,f)+S(r,9).

It follows that every S(r,g) is also an S(r,f). We consider the following
meromorphic function:

(3.2) po!t =1
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Since f and g share the value 1 CM, we may obtain from (3.2)

N(r,}ll)—l—]v(r,h) < N(r,f)+ N(r,9),

by N(r,f) = S(r,f) and N(r,g) = S(r,g), we deduce that

(3.3) ]V(r, %) + N(r,h) = S(r, f).
Differentiating (3.2) we obtain
(3.4) fl=h(g—1)+hg'.

If f'(z0) =0 and g(z9) # 1, then from (3.4), 0= A'(z0)(g(z0) — 1) + h(z0)g’(z0)-
Then from (3.3) and (3.4) we deduce that

a5 )zv( e g_l))m(z(r,g%l)w(nf)

— 1
+0(1) +N(2<r,g

g
SN(r,gil
< T(r,g9)+ S(r,[).

On the other hand, by Lemma 2, there are two cases that we need to observe
separately.

Case 1. A(f'/g") = ((f = 1)/(g — 1))*, for some nonzero constant A.

By integration, we get A/(f —1)=1/(g9 — 1)+ B, where B is a constant,
which may be written in the form

(3.6) f(1=B+Bg)=(4+B)(g—1)+1.
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We consider three subcases.
Cast I.1: B=0. From (3.6), we see that f — 1 = A(g — 1), which is (i).
Case 1.2: B=1. From (3.6), we find that g[f — (1 +4)]=1—(1+4),
which is (ii).

Case 1.3: 4= —B. From (3.6), it follows that f = —1/4[g— (1 +1/4)].
Hence N(r,f)=N(r,1/(g— (1+1/A4))) = S(r,f). Then by the second funda-
mental theorem for g we deduce that if 4 # —1,

(3.7) TmmSN03+NG__JTHS

Tg—(1+
<S(r,g9)+ S f)=S@f).

From (3.6), it is easy to see that S(r, f) = S(r,g). Thus, by (3.7) we see that
T(r,g) = S(r,g), a contradiction. Hence we obtain that 4 = —1. Then by (3.6)
we get fg =1, which is (ii).
Now suppose B # 0,1 and 4 # —B. Thus (3.6) reads
(A+B)lg—(1-1/(4+B))]
Blg—(1-1/B)]

Hence N(r,f)= N(r,1/(g— (1 —1/B))) = S(r, f). This contradicts the second
fundamental theorem for g.

)+wa+smm

f=

Case I A(f'/g") # ((f —1)/(g — 1)), for every nonzero constant A.
From Lemma 2, the hypotheses of Theorem 1 and Lemma 3 it follows that

W (L) <8 (ngp) + 5000

and so, from Lemma 1,

(3.8) T(r,g) < ]V(r, %,) +S(r, f).

The combination of (3.5) and (3.8) yields
—( 1
(3.9) T(r,g) = N<rva/) +S(r, f).

Since f and g share 1 CM, we see from (3.9) and Lemma [ that

(3.10) N<n7é7>ﬁ<¢%>+smfy

From (3.10) and the second fundamental theorem for f, we find that
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T(r,f) SN(r, 1)+N(r,f)+N<r,ﬁ) —N(r,%,)—i—S(r,f)

It follows that

T(r, f) :N(n%) +S(r,f) and N(r,%,) = N(r,%)—kS(r,f).

From this we conclude that

T = Ny (reg) + S00) and N (r ) = Mo (1) 4 5070
f / f
From this and (3.9) we arrive at the conclusion (iii). |

3.2 Proof of Corollary 1
By Theorem 1, we divide into the following two cases:

Case 1. f—1=c¢(g—1), where ¢ is a nonzero constant. This implies that
N@r1/(f—(1=¢))=N(r,1/g) = S(r,f). If ¢ # 1, we get by using the second
fundamental theorem for f

T(r,f) < N(r,%) +N<r,ﬁ) +N(r, )+ S(r, f)

—/ 1

< N|r,= ]+ S f).
() st

It follows that T'(r, f) = Nyy(r,1/f) + S(r, f), which contradicts our hypotheses.

Therefore, c=1 and so f=g.

Case 2. (f —b)g=1—b, where b(# 1) is a constant. Similar to the proof
of Case 1, we obtain » =0. Hence fg=1. ]

3.3 Proof of Corollary 2 _ _
_ Let F=f and C_?:f<k>. Then it is clear that N(r,F)= N(r,f) and
N(r,1/G) + N(r,G) = N(r, 1/ f%)) 4 N(r, ). Note that

(1 N oY f ]
% 7m) =3 7)< (- 7w) + 70 7)
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Thus from the hypotheses of Corollary 2, it follows readily that F and G share
the value 1 CM, N(r,1/G)+ N(r,G) = S(r,F) and N(r,F)= S(r,F). From
this, it is not difficult to see that S(r,F) = S(r,G). Applying Theorem 1 to F
and G, we divide into the following three cases:

Case I. F—1=¢(G-1), where ¢ is a nonzero constant, so that f — 1 =
c(f® —1), is what we wanted.

Case 2. G(F—b)=1—b, where b(# 1) is a constant, so that

(3.11) O —b)=1—b.
From this a short calculation with Laurent series shows that
(3.12) N(r, f)=S(r, [).

Using (3.11) again we obtain N(r,1/(f — b)) = S(r, f), from this and the second
fundamental theorem for f, we have

(3.13) m(r,ﬁ) = S(r, f).
Set
_f(k) -1
(3.14) A= 1

Keeping in mind that f and f*) share 1 CM, we see that (3.12), (3.13) and (3.14)
imply that

(3.15) T(r,A) =S(rf).
Then from (3.11) and (3.14) it follows that
Af? — (A+bA—1)f — (1 +bA) = 0.
From this, (3.15) we conclude T'(r, f) = S(r, f) which is a contradiction.

Case 3. T(r, /%) =Ny (r,1/f") + S(r, f). Since N(r,1/f") = S(r, [), we
have T(r, f®)) = S(r, f) = S(r, f%)) which is a contradiction. [ |
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