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ON TWO MEROMORPHIC FUNCTIONS THAT SHARE

ONE VALUE CM

Amer H. H. AL-Khaladi

Abstract

In this paper, we deal with the problem of uniqueness of meromorphic func-

tions that share one finite value CM and obtain some results which improve some

theorems given by R. Nevanlinna and R. Brück and are related to a result of H. X.

Yi. Examples are provided to show that our results are sharp.

1. Introduction and results

In this paper the term ‘‘meromorphic’’ will always mean meromorphic in
the complex plane. We use the standard notations and results of the Nevanlinna
theory (See [1] or [2], for example). In particular, Sðr; f Þ denotes any quantity
satisfying Sðr; f Þ ¼ oðTðr; f ÞÞ as r ! y except possibly for a set E of r of
finite linear measure. We say that two non-constant meromorphic functions f
and g share the value a CM (counting multiplicities), if f and g have the same
a-points with the same multiplicity. Let k be a positive integer, we denote by
NkÞðr; 1=ð f � aÞÞ the counting function of a-points of f with multiplicitya k, by
Nðkþ1ðr; 1=ð f � aÞÞ the counting function of a-points of f with multiplicity > k,
and by E1Þða; f Þ the set of simple a-points of f .

In [3] R. Nevanlinna proved the following theorem:

Theorem A. Let f and g be two non-constant entire functions satisfying
Nðr; 1= f Þ ¼ Nðr; 1=gÞ ¼ 0. If f and g share the value 1 CM, then either f ¼ g or
fg ¼ 1.

H. X. Yi [4] improved Theorem A and proved the following theorem:

Theorem B. Let f and g be two non-constant meromorphic functions satisfy-
ing Nðr; 1= f Þ þNðr; f Þ ¼ Sðr; f Þ and Nðr; 1=gÞ þNðr; gÞ ¼ Sðr; gÞ. If E1Þð1; f Þ ¼
E1Þð1; gÞ, then either f ¼ g or fg ¼ 1.
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On the other hand R. Brück [5] proved the following theorem:

Theorem C. Let f be a non-constant entire function satisfying Nðr; 1= f 0Þ ¼
Sðr; f Þ. If f and f 0 share the value 1 CM, then f � 1 ¼ cð f 0 � 1Þ, where c is a
nonzero constant.

In this paper we improve the Theorem A and Theorem C and obtain the
following results:

Theorem 1. Let f and g be two non-constant meromorphic functions sat-
isfying Nðr; 1=gÞ þNðr; gÞ ¼ Sðr; gÞ and Nðr; f Þ ¼ Sðr; f Þ. If f and g share the
value 1 CM, then f and g satisfy one of the following:

(i) f � 1 ¼ cðg� 1Þ, where c is a nonzero constant. In particular, when
c ¼ 1, f ¼ g;

(ii) ð f � bÞg ¼ 1� b, where bð0 1Þ is a constant. In particular, when b ¼ 0,
fg ¼ 1;

(iii) Tðr; f Þ ¼ N2Þðr; 1= f Þ þ Sðr; f Þ and Tðr; gÞ ¼ N1Þðr; 1= f 0Þ þ Sðr; f Þ.

From Theorem 1, we deduce the following corollaries:

Corollary 1. Let f and g be two non-constant meromorphic functions
satisfying Nðr; 1=gÞ þNðr; gÞ ¼ Sðr; gÞ and Nðr; f Þ ¼ Sðr; f Þ. If f and g share
the value 1 CM, and if Tðr; f Þ0N2Þðr; 1= f Þ þ Sðr; f Þ, then either f ¼ g or
fg ¼ 1.

This improves a result of Theorem A and is related to Theorem B (see
Remark 1).

Corollary 2. Let f be a non-constant meromorphic function satisfying
Nðr; 1= f 0Þ þNðr; f Þ ¼ Sðr; f Þ. If f and f ðkÞ ðkb 1Þ share the value 1 CM, then
f � 1 ¼ cð f ðkÞ � 1Þ, where c is a nonzero constant.

It is obvious that Theorem C is a special case of Corollary 2.

Remark 1. The following example shows that the condition f and g share
the value 1 CM in Theorem 1 or Corollary 1 cannot be replaced by the condition
E1Þð1; f Þ ¼ E1Þð1; gÞ:

Example 1. Let f ðzÞ ¼ ðez � 1Þðez þ 1Þ2 þ 1 and gðzÞ ¼ ez. Obviously,
E1Þð1; f Þ ¼ E1Þð1; gÞ, Nðr; 1=gÞ þNðr; gÞ ¼ 0 and Nðr; f Þ ¼ 0. But the conclu-
sion of Theorem 1 or Corollary 1 is not valid.

Remark 2. The following examples show that each of the above cases in
Theorem 1 definitely happens:
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Example 2. Let f ðzÞ ¼ 1þ 2ðez � 1Þ and gðzÞ ¼ ez. Then f and g satisfy
the hypotheses of Theorem 1 and f � 1 ¼ 2ðg� 1Þ. Hence case (i) occurs.

Example 3. Let f ðzÞ ¼ ez þ 5 and gðzÞ ¼ �4e�z. Then f and g satisfy the
hypotheses of Theorem 1 and ð f � 5Þg ¼ �4. Hence case (ii) occurs.

Example 4. Let f ðzÞ ¼ ezðez � 1Þ þ 1 and gðzÞ ¼ ez. Then f and g sat-
isfy the hypotheses of Theorem 1 and Tðr; f Þ ¼ N1Þðr; 1= f Þ þ Sðr; f Þ, Tðr; gÞ ¼
N1Þðr; 1= f 0Þ þ Sðr; f Þ. Hence case (iii) occurs.

Example 5. Let f ðzÞ ¼ ðez þ 1Þ2 and gðzÞ ¼ �ð1=2Þez. Then f and g sat-
isfy the hypotheses of Theorem 1 and Tðr; f Þ ¼ N2Þðr; 1= f Þ þ Sðr; f Þ, Tðr; gÞ ¼
N1Þðr; 1= f 0Þ þ Sðr; f Þ. This also belongs to case (iii).

2. Some lemmas

For the proof of our results we need the following lemmas:

Lemma 1 [4]. Let f be a non-constant meromorphic function. If Nðr; 1= f Þþ
Nðr; f Þ ¼ Sðr; f Þ, then Tðr; f Þ ¼ N1Þðr; 1=ð f � 1ÞÞ þ Sðr; f Þ.

Lemma 2 [6]. Let f and g be two non-constant meromorphic functions. If
f and g share the value 1 CM, and if Að f 0=g 0Þ0 ðð f � 1Þ=ðg� 1ÞÞ2, for every
nonzero constant A, then

N1Þ r;
1

f � 1

� �
aN r;

1

f 0

� �
þN r;

1

g 0

� �
þNðr; f Þ þNðr; gÞ þ Sðr; f Þ þ Sðr; gÞ:

Lemma 3 [7]. Let f be a non-constant meromorphic function. If Nðr; 1= f Þþ
Nðr; f Þ ¼ Sðr; f Þ, then Nðr; 1= f 0Þ ¼ Sðr; f Þ.

3. The proofs

3.1 Proof of Theorem 1
Since f and g share the value 1 CM, we get by using the Lemma 1 that

Tðr; gÞ ¼ N1Þ r;
1

g� 1

� �
þ Sðr; gÞ ¼ N1Þ r;

1

f � 1

� �
þ Sðr; gÞð3:1Þ

aTðr; f Þ þ Sðr; gÞ:

It follows that every Sðr; gÞ is also an Sðr; f Þ. We consider the following
meromorphic function:

h ¼ f � 1

g� 1
:ð3:2Þ
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Since f and g share the value 1 CM, we may obtain from (3.2)

N r;
1

h

� �
þNðr; hÞaNðr; f Þ þNðr; gÞ;

by Nðr; f Þ ¼ Sðr; f Þ and Nðr; gÞ ¼ Sðr; gÞ, we deduce that

N r;
1

h

� �
þNðr; hÞ ¼ Sðr; f Þ:ð3:3Þ

Di¤erentiating (3.2) we obtain

f 0 ¼ h 0ðg� 1Þ þ hg 0:ð3:4Þ

If f 0ðz0Þ ¼ 0 and gðz0Þ0 1, then from (3.4), 0 ¼ h 0ðz0Þðgðz0Þ � 1Þ þ hðz0Þg 0ðz0Þ.
Then from (3.3) and (3.4) we deduce that

N r;
1

f 0

� �
aN r;

1

h 0=hþ g 0=ðg� 1Þ

� �
þNð2 r;

1

g� 1

� �
þ Sðr; f Þð3:5Þ

aT r;
h 0

h
þ g 0

g� 1

� �
þOð1Þ þNð2 r;

1

g� 1

� �
þ Sðr; f Þ

aN r;
h 0

h

� �
þN r;

g 0

g� 1

� �
þ Sðr; hÞ þ Sðr; gÞ

þNð2 r;
1

g� 1

� �
þ Sðr; f Þ

aN r;
1

h

� �
þNðr; hÞ þNðr; gÞ þN r;

1

g� 1

� �

þNð2 r;
1

g� 1

� �
þ Sðr; f Þ

aN r;
1

g� 1

� �
þ Sðr; f Þ

aTðr; gÞ þ Sðr; f Þ:

On the other hand, by Lemma 2, there are two cases that we need to observe
separately.

Case I. Að f 0=g 0Þ ¼ ðð f � 1Þ=ðg� 1ÞÞ2, for some nonzero constant A.

By integration, we get A=ð f � 1Þ ¼ 1=ðg� 1Þ þ B, where B is a constant,
which may be written in the form

f ð1� Bþ BgÞ ¼ ðAþ BÞðg� 1Þ þ 1:ð3:6Þ
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We consider three subcases.

Case I.1: B ¼ 0. From (3.6), we see that f � 1 ¼ Aðg� 1Þ, which is (i).

Case I.2: B ¼ 1. From (3.6), we find that g½ f � ð1þ AÞ� ¼ 1� ð1þ AÞ,
which is (ii).

Case I.3: A ¼ �B. From (3.6), it follows that f ¼ �1=A½g� ð1þ 1=AÞ�.
Hence Nðr; f Þ ¼ Nðr; 1=ðg� ð1þ 1=AÞÞÞ ¼ Sðr; f Þ. Then by the second funda-
mental theorem for g we deduce that if A0�1,

Tðr; gÞaN r;
1

g

� �
þN r;

1

g� ð1þ 1=AÞ

� �
þNðr; gÞ þ Sðr; gÞð3:7Þ

aSðr; gÞ þ Sðr; f Þ ¼ Sðr; f Þ:

From (3.6), it is easy to see that Sðr; f Þ ¼ Sðr; gÞ. Thus, by (3.7) we see that
Tðr; gÞ ¼ Sðr; gÞ, a contradiction. Hence we obtain that A ¼ �1. Then by (3.6)
we get fg ¼ 1, which is (ii):

Now suppose B0 0; 1 and A0�B. Thus (3.6) reads

f ¼ ðAþ BÞ½g� ð1� 1=ðAþ BÞÞ�
B½g� ð1� 1=BÞ� :

Hence Nðr; f Þ ¼ Nðr; 1=ðg� ð1� 1=BÞÞÞ ¼ Sðr; f Þ. This contradicts the second
fundamental theorem for g.

Case II. Að f 0=g 0Þ0 ðð f � 1Þ=ðg� 1ÞÞ2, for every nonzero constant A.

From Lemma 2, the hypotheses of Theorem 1 and Lemma 3 it follows that

N1Þ r;
1

g� 1

� �
aN r;

1

f 0

� �
þ Sðr; f Þ;

and so, from Lemma 1,

Tðr; gÞaN r;
1

f 0

� �
þ Sðr; f Þ:ð3:8Þ

The combination of (3.5) and (3.8) yields

Tðr; gÞ ¼ N r;
1

f 0

� �
þ Sðr; f Þ:ð3:9Þ

Since f and g share 1 CM, we see from (3.9) and Lemma 1 that

N r;
1

f � 1

� �
¼ N r;

1

f 0

� �
þ Sðr; f Þ:ð3:10Þ

From (3.10) and the second fundamental theorem for f , we find that
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Tðr; f ÞaN r;
1

f

� �
þNðr; f Þ þN r;

1

f � 1

� �
�N r;

1

f 0

� �
þ Sðr; f Þ

aN r;
1

f

� �
þN r;

1

f 0

� �
�N r;

1

f 0

� �
þ Sðr; f Þ:

It follows that

Tðr; f Þ ¼ N r;
1

f

� �
þ Sðr; f Þ and N r;

1

f 0

� �
¼ N r;

1

f 0

� �
þ Sðr; f Þ:

From this we conclude that

Tðr; f Þ ¼ N2Þ r;
1

f

� �
þ Sðr; f Þ and N r;

1

f 0

� �
¼ N1Þ r;

1

f 0

� �
þ Sðr; f Þ:

From this and (3.9) we arrive at the conclusion (iii). 9

3.2 Proof of Corollary 1
By Theorem 1, we divide into the following two cases:

Case 1. f � 1 ¼ cðg� 1Þ, where c is a nonzero constant. This implies that

Nðr; 1=ð f � ð1� cÞÞÞ ¼ Nðr; 1=gÞ ¼ Sðr; f Þ. If c0 1, we get by using the second
fundamental theorem for f

Tðr; f ÞaN r;
1

f

� �
þN r;

1

f � ð1� cÞ

� �
þNðr; f Þ þ Sðr; f Þ

aN r;
1

f

� �
þ Sðr; f Þ:

It follows that Tðr; f Þ ¼ N1Þðr; 1= f Þ þ Sðr; f Þ, which contradicts our hypotheses.
Therefore, c ¼ 1 and so f ¼ g.

Case 2. ð f � bÞg ¼ 1� b, where bð0 1Þ is a constant. Similar to the proof
of Case 1, we obtain b ¼ 0. Hence fg ¼ 1. 9

3.3 Proof of Corollary 2
Let F ¼ f and G ¼ f ðkÞ. Then it is clear that Nðr;FÞ ¼ Nðr; f Þ and

Nðr; 1=GÞ þNðr;GÞ ¼ Nðr; 1= f ðkÞÞ þNðr; f Þ. Note that

N r;
1

f ðkÞ

� �
¼ N r;

f 0

f ðkÞ
� 1
f 0

� �
aN r;

f 0

f ðkÞ

� �
þN r;

1

f 0

� �

aN r;
f ðkÞ

f 0

� �
þN r;

1

f 0

� �
þ Sðr; f Þ

a kN r;
1

f 0

� �
þ ðk � 1ÞNðr; f Þ þ Sðr; f Þ ¼ Sðr; f Þ:
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Thus from the hypotheses of Corollary 2, it follows readily that F and G share
the value 1 CM, Nðr; 1=GÞ þNðr;GÞ ¼ Sðr;F Þ and Nðr;F Þ ¼ Sðr;F Þ. From
this, it is not di‰cult to see that Sðr;F Þ ¼ Sðr;GÞ. Applying Theorem 1 to F
and G, we divide into the following three cases:

Case 1. F � 1 ¼ cðG � 1Þ, where c is a nonzero constant, so that f � 1 ¼
cð f ðkÞ � 1Þ, is what we wanted.

Case 2. GðF � bÞ ¼ 1� b, where bð0 1Þ is a constant, so that

f ðkÞð f � bÞ ¼ 1� b:ð3:11Þ
From this a short calculation with Laurent series shows that

Nðr; f Þ ¼ Sðr; f Þ:ð3:12Þ
Using (3.11) again we obtain Nðr; 1=ð f � bÞÞ ¼ Sðr; f Þ, from this and the second
fundamental theorem for f , we have

m r;
1

f � 1

� �
¼ Sðr; f Þ:ð3:13Þ

Set

D ¼ f ðkÞ � 1

f � 1
:ð3:14Þ

Keeping in mind that f and f ðkÞ share 1 CM, we see that (3.12), (3.13) and (3.14)
imply that

Tðr;DÞ ¼ Sðr; f Þ:ð3:15Þ
Then from (3.11) and (3.14) it follows that

Df 2 � ðDþ bD� 1Þ f � ð1þ bDÞ ¼ 0:

From this, (3.15) we conclude Tðr; f Þ ¼ Sðr; f Þ which is a contradiction.

Case 3. Tðr; f ðkÞÞ ¼ N1Þðr; 1= f 0Þ þ Sðr; f Þ. Since Nðr; 1= f 0Þ ¼ Sðr; f Þ, we

have Tðr; f ðkÞÞ ¼ Sðr; f Þ ¼ Sðr; f ðkÞÞ which is a contradiction. 9
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