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Abstract. We study the eigenvalue problem of the elliptic operator
which arises in the linearized model of the periodic oscillations of a homo-
geneous and isotropic elastic body. The square of the frequency agrees to the
eigenvalue. Particularly, we deal with a thin rod with non-uniform connected
cross-section in several cases of boundary conditions. We see that there ap-
pear many small eigenvalues which accumulate to 0 as the thinness parameter
€ tends to 0. These eigenvalues correspond to the bending mode of vibrations
of the thin body. We investigate the asymptotic behavior of these eigenvalues
and obtain a characterization formula of the limit equation for € — 0.

1. Introduction.

In this paper we analyze the asymptotic behavior of small eigenvalues and eigen-
functions of the linearized elasticity eigenvalue problem of a thin rod with non-uniform
cross-section (see Figure 1).

There are many works on such type of spectral problems of singularly deformed do-
mains in these several decades (cf. Courant—Hilbert [9], Egorov—Kondratiev [13], Maz’ya—
Nazarov-Plamenevskij [20]). Particularly, eigenvalue problems of vibration of thin elastic
bodies like plates and rods are of much importance and interest from PDE theory and
engineering point of view (see for example Antman [1], Ciarlet [6], Cioranescu—Saint
Jean Paulin [8], Love [19], Nazarov [22]).

Ciarlet and Kesavan [7] pioneered ideas on elastic plates that would further be
adapted to the case of thin rods. To name some previous works, Kerdid [17] studied
the behavior of small eigenvalues of the linearized elasticity eigenvalue problem of a thin
rod with constant cross-section. Tambaca [25] gives a result on the convergence of the
eigenvalues and eigenfunctions in the case of a thin curved rod. Both papers consider
that the ends of the rod are clamped. Kerdid [18] also considered a joint of two rods
with one of the ends without clamping.

The purpose of this paper is to give similar results of the behavior of small eigenvalues
in more general cases. We obtain the characterization formula, which is derived from a
fourth order ordinary differential equation system on the one-dimensional limit set of the
thin elastic body. We make full use of the variational characterization of the eigenvalues
as well as detailed analysis of the weak formulation of the eigenfunctions. Previous
works assumed that the cross-section of the rod was simply connected, constant and the
barycenter or “center of mass” to be constant. We will remove these restrictions, so
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the rod has non-uniform connected cross-section. Furthermore, we will consider the case
when both ends of the rod are clamped, and also the case when only one end is clamped.

In other similar works on linear elasticity problems that are related to the present
paper, Griso ([14] among other works) studies the asymptotic behavior of structures
made of junctions of curved rods, plates and combinations of both types. Irago—Viano
[15] obtained higher order approximations of flexural eigenvalues of a thin straight rod
using an asymptotic expansion procedure. Irago—Kerdid—Viafio [16] studied the case of
high frequency vibrations related to stretching and torsional modes of thin rods. Nazarov
[21], Nazarov—Slutskii [23] and Buttazzo—Cardone—Nazarov [4], [5] provide an elaborate
research on asymptotic expansion methods for anisotropic and non-homogeneous elastic
thin rods and plates. The study of eigenvalue problems on thin multi-structures for
different equations is common and of much interest in the PDE theory. For example,
works like Bunoiu—Cardone—Nazarov [2], [3] deal with the case of the Poisson equation
for junctions of rods and a plate. For an extensive list of references see Ciarlet [6].

The present paper is organized as follows. First we explain the setting of the prob-
lem in Section 2. In Section 3 we introduce some notations and formulate the three-
dimensional eigenvalue problem along with the main result involving the order and the
asymptotic behavior of the eigenvalues. In Section 4 we present some preliminaries used
during the proof as well as the variational formulation of the main problem. The proof of
the order of the eigenvalue is given in Section 5. A lower bound of the limit eigenvalue is
shown in Section 6 while an upper bound is given in Section 7. In Section 8 Appendix we
give proof to some lemmas and further details on some computations stated in the main
body of the paper. Moreover, Sections 4, 5 and 6 are split into two parts, explaining the
differences between the two different boundary conditions we consider.

2. Setting.

Let © C R3 be a bounded domain. We want to study the oscillations of an elastic
body with the shape of €.

We denote by u = (u1,us,u3) : 2 — R3 the displacement vector field associated
with the oscillations. Let A1, Ay be real constants corresponding to the mechanical prop-
erties of the elastic body. We assume A\; > 0, Ao > 0 in this paper. We define the
tensors

1 /0u; Ou;
e(u) = (eij(u))1<ij<s = (2 (814 + 8; >) ;
J i/ /1<i,j<3

o(u) = A1 tr(e(u)) Ids +2Xqe(u),

where tr is the trace of a matrix and Ids is the 3 x 3 identity matrix. e(u) is called the
linearized strain tensor and o(u) is the stress tensor derived from Hooke’s law in the
case of a homogeneous isotropic elastic body (cf. Ciarlet [6]).

With this notation, the operator of the elastic equation is defined as the 2nd order
linear elliptic operator
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> 9
Llu] = divo(u), ie. Z B (u) (1<i<3),

and the oscillations of an elastic body can be described by the following wave equation

2’LL
05t = L] ()

where o > 0 is the density.

Now, we take ¢ = 1 and we assume that the oscillations are periodic of period 27 /w
(w > 0). In this case, we can write the displacement field as u(z,t) = e“!v(x). Thus,
0?u/0t? = —w?u(x,t). Putting u = w?, the wave equation (1) becomes the eigenvalue
problem

L{v] + pv = 0. (2)

We now prepare the mathematical setting of our problem. We start presenting the
domain Q. = 2, where € > 0 is a small parameter corresponding to the thickness of the
elastic body. Let [ > 0 and let B C R? be a connected bounded domain such that the
boundary is C* with m € N connected components. We consider the sets

S=Bx(0,), s =8Bx{0},
S =Bx{l}, s=0Bx(0,).

Note that 05 = 557) U sgﬂ Usg. Let F': R? — R3 be a C3-diffeomorphism which satisfies
the following properties.

i) F(z) = (F1(2), Fa(2),23) (2= (#1,%22,23) €9).
ii) F;(0,0,23) =0 (i=1,2, 0<z3<1).
iii) The determinant of the Jacobian matrix of F' is positive for all z € S.

Let € > 0 be a small positive parameter and define F°(z) = (eFi(z),eFs(2), z3).
With this notation, we consider the following sets in R3.

): FE(S§7)>, 1"( ) FE( ( )) F2,s — FE(SQ).

Q. =F(5), T\

,€

L,

»E

Figure 1. Example of Q..

We can think of ). as a slightly smoothly deformed thin cylinder (see Figure 1). It
is easy to see Q). = Fg;) U 1"(+) UT'2.. Moreover, we obtain €, F1 1)7 Fg 1> T'2.1 just by
putting £ = 1 in the previous definition. Note that O, = F(9).
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Let ¢ = (z1,22,23), ¥ = (y1,¥2,y3) and z = (21, 22, z3) be the coordinates in the
sets ., 7 and S, thus obtaining the relation between the coordinates

(z1,22,23) = (€Y1, €Y2, Y3),
(Y1,Y2,y3) = (F1(2), F2(2), 23), (3)
($1,l‘27l’3) = (E‘Fl(z),é‘FQ(Z),Zg).

We want to study the small eigenvalues (low-frequency oscillations related to flexural
vibrations) associated with the thin elastic body Q.. We denote by u = (u1,ua,us) :
Q. — R3 the displacement vector field associated with the oscillations.

With this notation, the main subject of the present paper is to study the eigenval-
ues and eigenfunctions when the parameter € goes to zero of the following eigenvalue
problems.

L{u] + pu = 0in Q.

u=20 on Fg;) U 1"5? (DD)
ocluyn=0 onTly,

Llu] + pu = 01in Q.

u=20 on F(l;) (DN)
cluyn=0 only. U Fg?

where m is the unit outward normal vector on 99Q.. The case (DD) corresponds to a thin
rod with both ends clamped while the case (DN), to a thin rod with only one clamped
end.

3. Some notations and main results.

In order to state the main results we first introduce several notations.
Denote dy’ = dy1dy2 and define the set Q(y3) to be the cross-section of Q1 = F(S)
at ys € [0,1]. Furthermore, for 1 <4,j < 2, we define the functions

H(y;;):/A 1dy/, Ki(ys)Z/A yidy', Aij(ZJS):/A viy;dy (y3 €[0,1])
Q(ys3) Q(ys) Q(y3)

and write Y = A2(3A\1 + 2X2)/(A1 + A2), known as the Young modulus.

REMARK 3.1.  Set first 2/ = (21, 22), d2’ = dz1dzs. If we denote by

oF, 0F, OF,
821 822 823
J(Z) _ aFl _ BFQ BFQ aFg
- az - 0z1 Ozo 823
J/ 1<4,j<3 0 0 1

the Jacobian matrix of F' and by J.(z) = det(J(z)) its determinant, then after a change
of variables we can also express the previous functions with
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/BJ*(z’ z3)d Ki(,z;;):/BFi(z’7z?,)J,k(z’,z;;)dz’7
ij(23) = /B (2, 23) Fj (2, 23) Ji (2, 23)d2" (25 €]0,1]).

REMARK 3.2. Note that the matrix (A;;(23))1<i,j,<2 is positive definite.

If we denote by {uPP()}{25 and {uPN ()} the eigenvalues of problem (DD)
and (DN) respectively, it is known that for any e > 0 there are infinite discrete sequences

of positive eigenvalues

0<pupP(e) <ugP(e) < - <upP(e) <ph(e) < -+ with lim pPP(e) = 400

k—+oo
0<utN(e) <pdNEe) < <™ ()<U£)ﬁ()§"'Withk£TwUk (e) = 400

which are arranged in increasing order, counting multiplicities (cf. Courant—Hilbert [9],
Edmunds—Evans [12], Egorov—Kondratiev [13]).
Now we present the main results of the paper.

THEOREM 3.3 (Both ends clamped).  Let uPP(e) be the k-th eigenvalue of problem
(DD). Then the following statements hold for each k € N.

a) uPP(e) = 0(e?) as e — 0.
b) Moreover, we have the limit

DD
. €
hmLc ():AkDD,
e—0 {—:2

where AkDD denotes the k-th eigenvalue of the 4th order ordinary differential operator

d?m
dr?
A | (An(r) Aa(r) =K (1) | a2y _ o (m .
dr? <A21(T> Aga(7) —Kz(T)) d722 =AHT) (772) O<r<b.
dng
dr
2 <H(T)‘ii”j> == <K1(7)O(11;721 + Ko )ddT";) (0<r<l)
1(0) = m(0) = T (0) =0 (1=1,2),
m(0) =m(t) = @) =0 (i=1,2)

THEOREM 3.4 (Only one end clamped). Let uP™N(e) be the k-th eigenvalue of
problem (DN). Then the following statements hold for each k € N.

a) uPN(e) = 0(e?) ase — 0.



124 S. JiMBO and A. RODRIGUEZ MULET

b) Moreover, we have the limit

uN ()

lim 5 = ADPN
e—0 £

where AkDN denotes the k-th eigenvalue of the 4th order ordinary differential operator

d2771
dr2
d2 A11(7'> A12(T) —K; (T)) d2772 (’I]]_)
=AH 0< 7<),
ar? (Amm Ann(r) ~FKa(7)) | @2 D\p)  O=<7<b
dns
dr
d d’l]g o d d2171 d2T]2
o (HOE) = & (m0 T + R 2 0<r <),
. dm; , o o
773(0) _771(0) - dr (O) =0 (’L_ 152)7
dns .« &P P .
E(Z) = 32 ()= I3 (1)=0 (i=1,2).

REMARK 3.5. Note that if the functions K; = 0 for ¢ = 1,2, then the ordinary dif-
ferential equations in Theorem 3.3 and Theorem 3.4 get simpler. Using the corresponding
boundary conditions, the equation

d d773 o d d2’f]1 d2772
dr (H(T) dr ) Cdr <K1(T) dr? + K (7) dr? (0<7<l)

yields n3 = 0, and hence the ODE in Theorem 3.3 and Theorem 3.4 simplifies to

d2771
d2 All('r) A12(’7')> dT2 m
Y — =AH
dr2 (Au(f) An(r)) | azp, (7) 772
dr?

with the respective boundary conditions.

4. Preliminaries and variational formulation.

In this section we will introduce some notation and some results we will need after-
wards during the proof of the main theorems as well as the variational formulation of
our main problems.

We start with Korn’s inequality (cf. Ciarlet [6], Dautray-Lions [10]).

PROPOSITION 4.1 (Korn’s inequality). Let Q be a bounded domain in R3. If Iy
is a measurable subset of the boundary 02 such that areal's > 0, then there exists a
constant C' > 0 such that
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1/2
[0l (orey) < C ( > lles ()l Q))

i,j=1

for any v = (v1,ve,v3) € H(Q,R3) with vl =
0

DEFINITION 4.2.  Let ¢,9 € H*(Q:,R3)\{0}. We define the bilinear form

3
B.[¢, ] = /Q </\1 div dive) +2X Y ez-j(¢)eij(¢)> dz

i,j=1
and the Rayleigh quotient by

BE[¢? (b]

Re(p) = —5——.
) = 1o e

It is easy to see that the Rayleigh quotient satisfies R.(cp) = R.(¢) for all ¢ > 0
(homogeneity condition).

From now on let k& € N. We set Hi_1(-,R3) the set of all linear subspaces of
dimension k — 1 of L?(-,R?®). We now introduce the so-called Maz-Min principle, which
we use to characterize the eigenvalues of (DD) and (DN).

PROPOSITION 4.3 (Max-Min principle).  Let W., W! be the function spaces
W. ={pe H(Q.,R* |¢=0on T\ ur{"},
W.={¢e H'(Q. R |$=0onT{ ]

Then the k-th eigenvalues are characterized as follows:

u P (e) = sup  inf{R.(¢) | € W-\{0},¢ L X in L*(Q-,R*)}, (4
XeHk-1(0:,R3)
ukDN(E) = sup inf{Re(¢) | € W/\{0},¢ L X in LQ(Q@R‘g)}. (5)

XeHr—1(Q:,R3)

Recall that x = (21,22, 23) and y = (y1,¥2,ys) are used as the coordinates in .
and Q; = F(S5), respectively with the relation given in (3). We change the variables to
transform €2, into F'(S). We now compute the new stress and strain tensors in terms of
the new variables in F'(S).

We begin to study the problem by variational methods. In order to consider the
stress and strain tensors in terms of y, we introduce the scaling and change of variable

Uy = €U1, U9 = E(]Q7 us = €2U3.

We obtain the following expressions of e;;(u).

N2\ 0y O ) € ayj cdy; ) 2 dy;  Oys
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e (u)_l 6U1 +6’LL3 _1 81@4_}8“3 _1 &‘an—FSaUS (1<. .<2)
BT o\ O T 0x ) 2\0ys  coyi ) 2\ 0y Oy; =5J=

_ Ous _ Ous _ ,0Us
Ors  Oys dys

€33 (U)

We observe that after the change of variables we just introduced, we rewrote the strain
tensor e;;(u) in terms of U = (Uy, Uz, Us). Therefore, for 1 < i,j < 2 we can define

1 /oU; = 0U; 1 /08U, 0OU; o,
EZ“ =3 J E’z = — - 3
v 2 <8yj i i > » Ba(U) 2 (5113 y; > 7 33(U) 0y3

Note also that since we have symmetry, i.e. e;;(u) = e;;(u) (1 <i,7 < 3), we also define
Es5;(U) = Ei3(U) (i = 1,2). With this notation, we have the relation

eij(u) = EZ (U), Gig(u) = 5E23(U) (1 S Z,j S 2), 633(U) = €2E33(U). (6)
Furthermore, using (6), we proceed to write the divergence in terms of U.

_ O Oup | Oug
o 8561 8,132 31‘3
= E11(U) + B2 (U) + e*E33(U). (7)

div(u) = e11(u) + ea2(u) + e33(u)

Our next step is to rewrite the Rayleigh quotient and to describe the eigenvalues in
terms of y. We distinguish between the (DD) case and the (DN) case.

4.1. (DD) case.
Recall the set

W.={¢pe H (Q.R* [¢=00nT{) UT{"}

introduced in Proposition 4.3. For every ¢ € W. we set B.[¢,¢] and R. as in Def-
inition 4.2. We change the unknown variables ¢ = ¢(z) = (¢1(x), p2(z), d3(x)) into
D = B(y) = (@1(y), Daly), Ba(y)) by Gilx) = eBily) (i = 1,2), gylr) = Bs(y) ac-
cording to the coordinate change x = (eyi,eys,ys) described in (3). Define now the
set

Wi = {® e HY(F(S),R*) |®=0onT{ uT). (8)

We want to describe the k-th eigenvalue uPP (g) in terms of the new spaces and functions
after the change of variables. Note that ¢ € W, if and only if ® € W;. Thus, using
this fact together with the relations (6) and (7), and substituting them into B.[¢, ¢] and
Re(¢), for every & € W; we define

B.[®,®] = /F(S) {)\1 (E11(®) + Eay(®) + 2 Ess ()

+ 2o ( Z E;; ((I))z + 2¢2 Z Ez‘S((I))Q + 54E33((I))2> } Szdya 9)
i i=1

i,j=1
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- B.[®, D]

R.(®) = : (10)
/ (82(1)% + 202 + 54<I>§) e2dy
F(S)

Furthermore, for all &, ¥ € W; we say that ® 1. W if and only if
/ ((I)lllfl + (1)2\112 + 52®3\I’3)dy =0.
F(9)

Due to this definition, ¢ L 4 if and only if ® 1. U. For every Z € Hi_1(F(S),R?) we
define the set

Zte={®ecW, |® L. Vforall Ue Z},

which is a closed subspace of W;.
Using the Max-Min principle (Proposition 4.3), after the change of variables, the
characterization (4) of uPP () can be rewritten as

PP (e) = sup inf{R.(®) | ® € Wy \{0},® € Z+<}. (11)
ZeMHr_1(F(S),R3)

4.2. (DN) case.
For the case of the eigenvalues uP™(g), note that we can similarly characterize
PN (g) with

PN (e) = sup inf{R.(®) | & € Wi\{0},® € Z+<} (12)
ZeMk—1(F(S),R3)

where

Wi ={® e H'(F(5),R*) |®=0o0nT{}}. (13)

5. Proof of the order of the eigenvalues.

5.1. (DD) case.

We begin showing that u2P(¢) = O(g?) as ¢ — 0. In order to do so, we will find an
upper bound of the eigenvalue PP (g) using the Max-Min principle and (11).

Let us take test functions Y(*) = T)(y) = (Tgs)(y),Tés)(y),'rés)(y)) (s € N) as
follows:

where {U%S), 7758), n:(gS)}sEN is a linearly independent system satisfying
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0 ns? € H2((0,1)), 157 € H'((0,1)),
n(0) =1 (1) = 0 <z=1,2,3>,

(s) (s)
dn;, dn; )

i =" ()= =1,2).
dZ3 (0) dZ3 () 0 (Z ) )

Choose an arbitrary Z € Hy_1(F(S),R3) and let Z = L.H.[YM 1@ 1®)]
denote the minimal linear space that contains the set {T™M), Y ... T®} Since each
T € Wy (for all s € N), we have that Z C W,. Since dim Z < dim Z, there exist a
function ¥ € Z N Z1+ and a vector (c1,...,cx) = (c1(€), ..., cx(€)) € RF\{0} such that

U= ci(e)T. (14)

s=1

Note that since both Z and Z+¢ are subsets of W1, we have also that ¥ € W; and due
to the fact that (cy,...,cx) € R¥\{0} we deduce that ¥ € W;\{0}, so we can apply R.
to ¥ (cf. (10)).

Using the definition of T(*) we compute

1for? oxP\ 1 fdg® gV
foING S0) W (I T I o/ —0 (1<i,j<2). (1
(X)) =3 < o0 T o, ol "y )0 (U=ii<2. (16)

Now we want to calculate R (). Using the linearity of the operator E;;, (15) and
(16), we see that

ch (Y)Y =0, ch Ei(TO)=0 (1<4,j<2).
(17)
Hence, using (17) and the definition in (9), we get

és[\lf, \I/] = L(s) {)\1 (Ell(q/) + EQQ(\I]) + €2E33(\I/))2

2 2
+2X9 < > Eij(0)? 422> Ei(V)? + 54E33(\I/)2> } e2dy
ij=1 i=1
= / (M (€2E33(‘I’))2 +2X; (54E33(‘I’)2)) e%dy
F(S)
= 86/ ()\1 + 2)\2)E33(\I’)2dy.
F(S)

Therefore, we have
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56/ (A1 =+ 2X2) F33(0)2dy . / (A1 + 2)2) Es3(T)2dy
ﬁ (\If)_ F(S) _ & JF(S)
€ - T4
/ (203 + 203+ c10l) 2y © / (0% + 03 +203) dy
F(S) F(S)
/ ()\1 + 2)\2)E33(\I/)2dy
< g2 F(S)

[ ey
F(S)

Now substitute the definition (14) into the previous equation to obtain

k

/( )()\1 +2)2) Z cp(€)cy(€) Esz(TP) By (T(@)dy

~ F(s

RE(\I/ <e pa=1 . (18)
[ 3 a0 (X019 110 oy
F(S) pami

Let us put

Yra = / E33(Y®) Egs (YD) dy, g = / (T + ) ay.
F(S) F(S)

Note that since we chose the system {171 ,ngs), 73 )}qu to be linearly independent and

by the symmetry vpq = Ygp, Ypg = Yap, we have that (pg)1<p.g<k and (Ypq)1<pg<k are
positive definite matrices. Therefore, all of its eigenvalues are positive. Let 7, be the
biggest eigenvalue of (vpq)1<p.q<k and 7., the smallest eigenvalue of (Jpq)1<p,q<k- With
this notation, we have the bounds

cp(€)cq(€)1pg < vxlea(e)” + -+ +cr(e)?),

M- 5=

cp(€)eq(€)Vpg = %(01(5)2 ot Ck(5)2)~

p.q

Therefore, (18) becomes

k
(A1 4 2X9) Z p( g)e ( )’ypq ) i
Ro(T) < &2 pa=1 < g2 (A1 4 2X2)ys(e1(e)® + -+ - + ex(e)?)
o S o@aEm, | a@teradd
Cp\&)Cq\€)Vpq
p,q=1 !
_ 2t 2h)7
= =

Put C = (A + 2X2)7+/9«. We obtained that for a certain ¥ € W), there exists
a positive constant C' independent of € and independent of the choice of Z such that
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ﬁg(i/) < 2C. Thus, taking the infimum, we have
inf{R.(®) | ® € Wi\{0},® € Z+<} < R.(V) < £2C.

Since Z was arbitrary and C does not depend on the choice of Z, we can take the
supremum on both sides over Hy_1(F(S),R3) to obtain

0< uPP(e) = sup {inf{ﬁg(@) | & e Wi\{0}, e le}} < 2.
ZEHr_1(F(S),R3)

Here we used the characterization (11) deduced in the previous section. Therefore we
obtain

uPP(e) =0(?) ase—0

which proves Theorem 3.3-a).

5.2. (DN) case.

For the case of the eigenvalues u” (¢), note that due to the definition of the sets
Wy and W (see (8) and (13)), we see that Wi C W, therefore, the infimum over Wy is
not greater than over W;. Thus 0 < uPV(e) < uPP(e) and Theorem 3.4-a) also holds.

6. Weak formulation and deduction of the limit ODE.
The weak formulation of the equation of (DD) and (DN) is

3

/ <)\1 divudive + 2\, Z eij(u)eq;(v ) dx = / Zulvldx
Qe

i,j=1 Qe =1

Here p is an eigenvalue, u is the corresponding eigenfunction and v = (v1,v9,v3) € Wk
(or WI) is a test function. By the change of the variable given in (3) together with
u; = eU;, v; = V; (i = 1,2) and ug = £2U3, v3 = £2V3, the previous weak formulation is
rewritten in terms of y as follows.

/( : {)\1 (Ell(U) + E22<U) + €2E33(U)) (Ell(V) + E22(V) + 52E33(V))
F(S

+ 2o ( Z E”(U —|— 22 Z EzS —l— € E33(U>E33(V)> } dy

ij=1

= u/ (U1 Vi + 20UV + £'U3V3) dy. (19)
F(S)

6.1. (DD) case.

The proofs for the (DD) case and the (DN) case are very similar. Therefore, for
simplicity, we will analyze the (DD) case and explain the main differences afterwards. In
this section, to simplify the notation, let us write () instead of uPP(e).

Let {07} = {(a"

l,e>

@é’?, o k))]f be the corresponding eigenfunctions of the
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eigenvalues {y(e)},>5 and such that
k k k
[ (@27 @2+ @) ay =1,
Now we put U =V = 3 in (19) so that we get

2
/ { A (E11(©§k>) + Epp(@W) + 52E33(<1>§k>))
F(S)

2 2
+2) ( D> E(@M)? 422 Eig(@M)? + 54E33(<1>§k>)2> } dy

i,j=1 i=1

= () / (2@ + (@) 4 ' (@()?) ay. (20)
F(9)

Note that by the choice of the {@gk) 120 and by Theorem 3.3-a), i.e. uy(e) = O(e?)
as € — 0, we can see that the right-hand side of (20) is O(e?) as € — 0. Therefore, the
left-hand side must also satisfy the same condition and we conclude that

Eij(@*) = 0(?), En(@)=0(e), Esn(@®)=0(1) (21)

in the L?(F(S),R3) sense for 1 < 4,5 < 2. Combining this fact with Korn’s inequality
(Proposition 4.1), we can see that % is bounded in HY(F(S),R?). Let {51,};'2? be any
positive sequence such that €, — 0 as p — +o00. Then, using the previous facts, there
exists a subsequence {,(g)}25 such that

lim &%) = &% weakly in H'(F(S),R?).

q—+oo  Er@

Moreover, from Rellich’s theorem, we have

lim &%) =o® in L2(F(S),R?) with || @™ 2(p(s)re) = 1,

q——+o0 €p(a)

so we have non-trivial limit functions {®®1}+>¢ = (& & @)1+ which form an
orthonormal basis of L2(F(S),R3). For 1 <i,j < 2, we now set

1 1
Kzgj = ?Eij ((I)gk))’ lifg = gEi?’((I’gk))’ ’igs = E33((I)gk))'
Furthermore, we define x§; = kf;. We remark that for 1 < ¢,j < 3, each «; depends
also on k. Due to (21) we have that x§; = O(1) (1 < i,5,< 3) as € — 0 in the
L?(F(S),R?) sense, that is, £5; are bounded in L?(F(S),R?). Therefore, there exists a
further subsequence {€,(4(n)) },/>] such that
lim w7 = g;; weakly in L*(F(S),R%) (1 <4,j <3).

n—-+o0o i

Note again, that each k;; still depends on k. Furthermore, in virtue of Theorem 3.3-a)
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there exists a constant ¢ such that yuy(¢)/e? < ¢ and we conclude that there exist an even
further subsequence {¢},"% C {ep(q(n)) },27 and a constant Ay that satisfy

TACO (22)

r—-+00 CE

This proves the existence of the limit for a subsequence of {e,} ot

We will characterize {Ak} +21- We take particular test functions and deduce several

conditions for the limit functions ®*) and kij. Now put U = (I)(glj)

them into (19) and after dividing both sides by ¢? we obtain

, € = (,, substitute

/F(S) {A (f<;11 + /<a22 + ffgs) (E11(V) + Exa(V) + C3E33(V))

+ 2 < Z K;<7 E;;(V)+2¢ Z K; )+ ¢ K33E33(V)> } dy

= () / (@2 Vi + @) o+ <3<I>§,’férv3) dy (23)
F(S)
for any test function V' = (V1, Vs, Vs) € Wy. By letting » — +o0o in (23), we get
2
/ (M(Hu + Koz + k3z) (B11(V) + E22(V)) + 2X2 Z fﬂjEz‘j(V)> dy=0. (24)
F(S) i,j=1
Next we choose V5 = 0. We see that Fa(V) = 0, and since k12 = ka1, (24) becomes

oy oy oy
A E 2 — ) pdy =
/F(S) { 1 “ppa +2X; (/‘611 o + K12 8y2) } y=0

p=1

2 vy Vi
A 22 22 dy = 0. 2
/F(S){< 1Dyt 2lf11> o + 212 } y=0 (25)

p=1

By integration by parts in (25) we obtain

4 0

- /F(s) {3y1 (Al Z Kpp + 2)\2/111) i+ B (2X\2K12) Vl}dy -0
0 9

oo Lo Z op + vz | + 5 - (Aar) $Vidy =0.

In fact, due to the arbitrariness of V; we have

0 0
A 22 — (2X9k12) = 0 26
e ( 12’% + 2f<~'11> * o (2X2612) (26)
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in the distribution sense. Similarly, letting 1; = 0 we also deduce that

s 2 Vs
2Xok12) — + | A Kpp + 2ok —= »dy =0, 27
/F(S){( 2 12)8y1 (11)21 pp 222) B Y ( )
d B 5
— (2)\ — A 2\ =0. 28
32/1( 2K12) + B ( 1;51);)—’_ 2"€22> (28)
We write
3
o =\ Zfﬁpp + 2X2K11, g = 2XA9K12,

p=1 5 (29)

B1 = 2X2K12, B2 =M1 Z Kpp + 2A2K22,

p=1

so that (25), (26), (27) and (28) become

oy oVi ) / ( Vs 8V2>
a;— + dy =0, — + fBy—=)dy =0, 30
/F(S) < Yoy Moy, )Y T F(S) o oy oy, )Y (30)

day _ Oday O _ 0P (31)
oy 2" Iy Oy

Note however that the functions V5 and V5 in (30) are arbitrary test functions. Therefore,
for every ¢ € H'(F(S)) with ¢ = 0 on F(H U Fg 1)7 we have

(9d) ad) ) dy =0, ( 7¢ 0 ) =0 32
/F(S) ( 8y1 “ay, ) YT /F(S) o oy TP Oy> ' (32)

We will now use the following lemma.

LEMMA 6.1.  Assume that properties (31) and (32) are satisfied. Then the following
statements hold.

a) There exist functions hi,hy € L*(F(S)) such that Oh,/dy; € L*(F(S)) for 1 < j,
p <2 and

Ohy ohy Oha Oho
I g, I, 92 22 g 33
oy 2 Oys a1 oY1 —2 JYa P (33)

Moreover, hy, hy take values on the boundary and h”|r S L2(F2’1) forp=1,2.
2,1

b) Write I's; = g1 U --- U gy, where each g; is the i-th connected component of I'sy
(meN,i=1,....,m). Then, fori = 1,...,m the functions h1|g‘,h2|g‘ do not
depend on (y1,y2) along g;. ' '

For the proof of this lemma see Section 8 Appendix. Let us use the functions h;
and hgy given by this lemma. From (29) and (33), we note
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Ohy  Oho
T - B = 4
oy * 0ya fr=en=0, (34)
Ohy  Ohs >
ain — aiyl = Q1 —+ 62 = 2)\1 pgl lipp + 2)\2(#&11 -+ 14322). (35)
For brevity, let us write
_ Oh1  Oho
@= Y2 oy

We rewrite the equality (35) with @ and we calculate

3 3
Q=2 <)\1 > kipp + Aa(k11 + Kzz)) =2 (()\1 +X2) > ki — >\2f€33>

p=1 p=1

3
MQ =2 <>\1(>\1 +X2) > i — )\1)\2533>

p=1
3
)\1@ + 2)\2(3)\1 + 2)\2)&33 = 2()\1 + )\2) ()\1 Z Rpp + 2)\2533) .
p=1
Eventually, we obtain

A1 0 A2(3A1 4 2)2)
2()\1 + /\2) A1+ A

3
K33 = )\1 Z Rpp + 2)\2/133. (36)

p=1

This computation will be useful afterwards.
We go back to (23) with some particular test functions. Take functions p; = p1(ys),

p2 = p2(y3), p3 = p3(y3) such that

P1,p2 € H2((07l))7 p3 € Hl((oal))a

dp; dp; .
0) = H=0 1=1,2),
dus dy3( ) ( )

and put a test function V = (V4, V5, V3) € W, by

Vi(y) = p1(ys),
Va(y) = pa(ys), . .
P1 P2
Va(y) = P e
3(y) = p3(y3) — 0 s Vs

For this test function we note that E;;(V) = 0, E;3(V) = 0 for 1 < 4,5 < 2 (see the
computations in (15) and (16)). Substituting the new test function into (23), dividing
both sides by ¢?, letting r — 400 and using (22) we deduce



Asymptotic behavior of eigenfrequencies of a thin elastic rod with non-uniform cross-section 135

3
/ <)\1 Z Kpp + 2)\2f€33> Ez3(V)dy = Ak/
F(S)

(201 + 02 ) . (37)
p:l F(S)

Now we begin the next step to characterize the behavior of the eigenvalue limit. We
substitute (36) into (37) to get

A1 A2(3M\1 + 2)9) ) — / *) *

+ rgs | Ess(V)dy = A oMp, + @ dy.

/F(S) (2()‘1 +)\2)Q A1+ A2 33 ) Eas(V)dy = A F(S) ( 1 P1T P PQ) y
(38)

Using the above test function V', we have

Vs dps  d%py  dpy
Eaa(V) = —2 = 22 — .
T T I

(39)

Define dy’ = dy;dys and let Q(ys) be the the cross-section of F(S) at y3 € [0,1]. We now
look into equation (38) and we rewrite

! 2 2
dps d*py d“p2\
QE de:// Q( -y -y dy'dy
F(S) (V) 0 Jaw, \dys dy3 2 dy3 ’

l 2 2
d d d
— / A —dps dy’ + A Quy1 e '021 dy’ + Qe 3 sz dy’ | dys
0 Q(ys3) Y3 Q(ys) Y3 Q(ys) Y3

1 2 2

d d d

= / °ps /A Qdy' + p;  Qudy' + '022 | Qyedy’ | dys.  (40)
o \dys Jays) dys Jays) dy3 Ja(ys)

We will now use the following lemma (see the proof in Section 8 Appendix).

LEMMA 6.2.  With the same notation as above, for every ys € [0,1] it holds that

| Qdy' =0,  Quidy' =0 (i=1,2).
Q(ys3) Q(ys)

Using this lemma, we see that (40) becomes

QE33(V)dy =0.
F(S)

As a consequence, (38) simplifies to

/ X2(3A1 4+ 2X2)
F(S)

Es3(V)dy = A
SV K33 33()2! k/

<<I>§k)p1 + q)ék)pQ) dy. (41)
F(5)

We will now proceed to compute s33. Recall that k33 = E33(®®*)). We know by (21)
that E;;(®*)) = E;3(®*) = 0 for 1 < 4,5 < 2. This will help us find a more explicit
form of the functions ®*). In order to solve the partial differential equation in the weak
sense for ) we first write
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1 (o0 ool 1 (02 ool
Ejj(@®)y =2 | =~ J Eig(®®) = = i 3.

For i = 1,2, from E;(®®*)) = 0 we have 8®§k)/8yi = 0 and therefore we deduce that
<I>z(-k) does not depend on y;. By E12(®®) = 0, we see

o) o) o) o)
0P, +82 =0 and thus 0%, :—82

in F(S).
0y oy 0y oy o ( )

Note that since @gk) does not depend on y;, 5@@ /Oy2 does not depend on y; and
8<I>ék) /0y1 does not depend on y,. Due to the relation we found in the previous equation,
we conclude that there exists a function £ (y3) € L?((0,1)) depending only on y3 such
that

ool ogalk)

= = — (k) .
1 o £ (y3)

For further details see Section 8 Appendix Proposition 8.1. Hence, there exist functions
" (y3), 1S (23) € HY((0,1)) that depend only on ys such that

k k k k .
&1 (y) = =" (a)yz + 01 (93). 57 (1) = €V wa)yn + 0" (we) (1= 1,2).
Applying the boundary conditions, we see £*)(0) = 0. Moreover, due to E3(®®*) =0,

oal) 9 ag® a4 gl gl ag®  qyM

=Y2 ) =~ .
oy Jys dys dys Oy2 dys dys dys
Differentiating the first equation with respect to y and the second equation with respect
to y1 and comparing the two results, we see that df(k)/dyg = 0, and therefore, £%) is
a constant. However, by the boundary condition we know that &) (0) = 0, thus we see

that in fact £*) = 0. Hence,

0 dn”  oef”  dny”

oy dys ’ 0y dys -

Since (3/3y2)(—dn§k)/dy3) = (8/3y1)(—dnék)/dy3) = 0 we can solve for @gk), and we get
the solution

k k

‘I’ék) (y) = 77%: (y3),

D, )(y) =Ta )(93)» (42)
(k) (k) an®  apd?

Q5 (y) = N3 (y3) — 1

Now we are able to compute

k
kg = Eaz(@®) = i (43)
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For commodity, let us put ¥ = A2(3A1 + 2A2)/(A1 + A2). We substitute (39) and (43)
into (41), so it becomes

/ v dngﬂ L dznﬁk) _y2d277§k) <dp3 B 1d P d pz) dy
F(S) dys dy3 dy3 dy dyz Va2

= Kk/ (n( Vo1 4+l ),02) dy. (44)
F(9)

Let us now analyze the integrals of (44). For 1 <4, j < 2 let us define the following
functions.

H = H(ys) :/A 1dy’, K; = K;(y3) = /A yidy',
Q(ys3) Q(y3)

Aij = Aij(y3) = | wiy;dy’ (w3 €[0,1]).
Q(ys)

(45)

With this notation and using integration by parts accordingly, we have

dns” dps / dns” dps /l d [ dnf”
—dy = H —dz3 = — — | H dzs,
/F(S) dyg dy3 4 dZ3 d23 0 dZ3 ng pacza
d (k )d2 ; d )d2 ; l d2 d (k)
/ ” N3 p2dy=/ K, s sz :/ — K, S8 pidzs,
F(S) dy?) dy3 dz3 d23 0 d2’3 dzs
%" dps /l ) dpg /l d (. "
i—5— —dy = K,—5——dz3 = — — | Ki—%— dzs,
/F(S)y dy% dyg 4 0 dZ% ng 3 0 ng dZ% p3izs
d2 (k) d p; l d2 k) d2 l d2 d2n§k)
Yil; dy :/ A; L dzs */ — | Ay —=%— | p;dzs,
/F(S) e dy?, dy3 A dz3 dz2 o dz? 7 dz? gres

!
Ak/ (n( Yoy + n( ),02) dy = Ak/ H (n@pl + nék)pz) dzs
F(S) 0

Plugging this into (44) and rearranging it we obtain

d2 d2n(k) d2 (k) dn(k)
Y A 1 A - K
/O{d23<11d§+12d§ Vs )

d2 d2 (k) d2 (k) d (k)
+ == <A12 I + Aao T Ko 77;, P2
3

dz3 dz2

2 (k) 2 (k) (k)
+d<K1dd 2 +K2d L s )
3

1
q Ps} dzg=Ay | H (U?ﬂpl + Tlék)/)z) dzs.
z3 0

(46)

Choosing p1, p2 = 0, we see that
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d2 (k) d2 (k) d (k)
Y / i <K1 Mg, SR g SB ) hde =0, (47)

dz2 422 dzs

Note now that (47) holds for all ps € H}((0,1)), so we deduce that

<K1 + S g )~
23 dz3 dzs

and thus

d dni d azp{® a2y
— | H =— | K K5 . 4
dzs ( dzs dzs ! dz3 + sz (48)

Plugging (47) into (46), we get

2, (k) 2, (k) (k)
771 dn, dn;

Y A A - K

/{ ( 11 dzg + A1z dZ§ 1 dz3 )Pl

d2 d277(k) d2,,7(k) dﬂ(k) _ l
LA o, g, O d :A/H((k) )d
+ dz§ ( 12 dz§ + Aoo dz§ 2 dz3 P2 ¢Adz3 ; 7 P1 +772 /)2 Z3.

(49)
Now taking ps = 0 in (49), we see
d27’](k) d2’l7(k) dn(k) - l 5
Y A= 4 A2 K =5 dzs = A / Hn® pydzs.
/ d23 ( 11 dz§ + A1z dz§ 1 dz3 p1dz3 k ; 7 " p1dz3
Since p; is arbitrary, we conclude that
42 d2’l7(k) d2 (k) dn(k)
Y [An—2—+ 4 — K1 =B ) = AHpM, 50
122 < 11 422 + A2 Ep § 10z m (50)
Similarly, with the same argument but taking p; = 0, we get
d2 d2 (k) d2 (k) dﬂ(k) &
Yo [ Ay —2 -4+ A - K, = A HnP. 51
dz§<21d§+22d§ dzs T2 (51

Combining the equations (48), (50) and (51) we obtain the system of differential equations
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2,
dz2
d? A Agg —K1> d?n, < (771>
— =AH 0< 23 <),
dz3 <A21 Az —K2) | d23 12 ( 3 <)
(52)
dns
ng
d (. dns d d*m d?np
— |H—)=— | K K 0< 23 <l).
dzs ( d23) dzs < Vdz2 i dz3 (0<z <)

We now discuss the boundary conditions of the functions nfk) for i = 1,2, 3 for the

(DD) case, that is, the case with both ends clamped. Then, we know that o) (y1,92,0) =
0 and ®®) (yy,,1) = 0. From (42) we can deduce that

(k) (k) dn®
3 (0) =77 (0) = ——(0) =0
z3

_dpV
- dzg

(i=1,2). (dd)

k k
15”1 =0 ) (=0
Let {Ag-};22, be the set of eigenvalues of problem (52) with (dd) boundary con-
ditions. Then, we have proved that A, € {Ap<}{°,, and more generally {Agz}/>5 C
{Ag+}:22,. Thus, we can assure that

Ay > Ay (k>1). (53)

It still remains to prove that Kk < Ay for £ > 1 (cf. Section 7).

6.2. (DN) case.

We will cover now the case of uP™V(g). The proof is pretty similar to the case of
,u,? D (¢) with some minor changes, specially on the boundary.

The function space W, changes to

Wi = {6 € H'(F(S),B) | ¢ = 0 on T},

and the test functions chosen during the proof, now only vanish on I‘:(le). In particular,

pi(0) =0 fori=1,2,3 and dp;/dz3(0) = 0 for ¢ = 1,2. Let us now discuss the boundary

conditions of the functions ngk) for i = 1,2,3. With the same argument as before, on

the clamped end, we easily see that n(k) (0) =0 for i =1,2,3 and dngk)/dz;e,(O) = 0 for

%

1 =1,2. We go back to (44) and put p2 = 0 and ps = 0, to obtain

dn:(),k) d2,’7§k) d2n£k) d2,01 - k)
Y — + 1 + Y2 Y1 dy = Ak/ m - p1dy.
F(S) ( dys dy3 dy3 dy3 Fes) !

Using the definition (45) of the functions H, K; and A;; for 1 < 4,5 < 2, we transform
the previous equation into
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l (k) 2, (k) 2, (k) 2 l
dns d*m; d*ns dp; ~ / (k)
Y -K + A + A dzs = A H dzs. 54

0 ( ! dzs H dzg 12 dzg dz% =3 k 0 o prezs (54)

dnyg” a2y a2y
1(33) z(ZS) ng + 11(33) ng + 12(23) dZ% (Z ) )7
g a2y %"
P. =H - K K -2
3(23) (23) dzs 1(23) dz§ 2(23) dz§

We use integration by parts two times in (54) to obtain

a1t [dP Loortqzp <
Y( i), [+ [ g man) = [l ns

Using (50), we see that the previous equation becomes

dp: : dP; :
Y| [P — - |- =0.
< [ 1(Z?’)Ol%]o a1 0
Note that in the (DD) case, we can see that all terms above vanish. However, in the
(DN) case we have that p;(0) = 0 and dp;/dz3(0) = 0. Therefore

d dP;
Ly - Sy =o.

Pl
1( )d2’3 ng

Using proper test functions p;, we conclude P;(I) = 0 and dP;/dz5(l) = 0. In a similar
fashion, choosing p1 = 0 and p3 = 0, we deduce P»(l) = 0 and dP»/dz3(l) = 0. Fi-
nally, taking p; = 0 and ps = 0, we get P3(I) = 0. Moreover, from (48), we also get
dPs/dz3(l) = 0. Thus, we have seen that P;(l) =0 and dP;/dz3(l) =0 for i = 1,2,3 and
therefore solving the systems we obtain

dQU(k) dSU(k) dn(k) d277(7f)
? = 2 = 3 = 1 2 3 = 3 = .
=g =0 (=12, F0=S5-0=0 )
To sum up, we have the boundary conditions
(k)
k k dn,
75 (0) = nf?(0) = 71— (0) = 0
. . o i (i=12). (dn)
dng? o\ d%n )()_ % )()_ d*n, )(l)—O
dzs - dz3 - dz3 - dzg B

REMARK 6.3. It can be shown that the condition dngk) /dz2 = 0 is not independent
and can be deduced from the other conditions and equations. Thus we can drop it when
stating the result.
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7. Upper bound for the limit eigenvalues.

We now start to prove that Ay < A,. Consider the system of ordinary differential
equations

d’m
dz2

d? A Agg —K1> d?n (771>
Yy — 2 =AH 0< 23 <),
dz3 <A21 Az —K3) | d23 72 ( 3 <t)

i (56)

d2’3
d dns d d*m d*ny

— | H—) = K K. 0 <1).
dzs ( dZ3) dzs < Vdz2 i dz3 (0 <2 <)
where Y = A2(3A1 +2X2) /(A1 + A2). In a very similar fashion as before, we first consider
the (DD) case, so we assume the functions satisfy the (dd) boundary condition.

Let Ay, be the k-th eigenvalue of the problem (56) with (dd) boundary condition and
k) = (m (k) ngk),né )) 1ts associated eigenfunction. By the relation we have in (56), n (k)
satisfies (d/dzg)(H (dnS" /dzs)) = (d/dzs) (K1 (dnf") /d23) + Ka(d?nS") /d223)).

We recall that Ay = lim, 1 o (1/¢?)pk(¢r) (see (22)) and the eigenvalue puy(g) can
be characterized by the Rayleigh’s quotient via

pie(e) = sup inf{R.(®) | ® € Wy \{0},® € Z+<}
ZeMr_1(F(S),R3)

(see (11)). We want to show that Ay < Ay.

We multiply the system (56) by (n1,72) and integrate over the interval (0,1).
Applying the integration by parts we obtain

l 2 2 9 2 5 l

d%; A d®n; dns /
Y Apj—t = K; dza=A | H (12 2\ dza.
0 (Z_: T dzg deg ; dz2 dzs = o (i +m3) dzs

Using the relationship between 73 and (n1,72) we have in (52), we deduce that

= d2 dns dns
i -2y Ki—5—+H des =A[ H( d
/ I dz 232, ; " dz? dzg M (d 3) we / (i =+ 15) dzs.

Therefore, if n*) = (nik),nék)) is the k-th eigenfunction of the ordinary differential

equation (56), we have that

i,j=1

1 2 2, (k) 42 <k> 2 2 (k) 4 (k) (k) \2
d?n™ d*n d?n;" dn dn
Y Ay —2) Ki—" H{=E_) |d
/0 Z J dzg dzg Z dz§ dzs + dzs 3

W~

i,j=1 i=1

[ () (1))

Ay

(57)
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Recall now the Rayleigh’s quotient 7%5 introduced in (10). We now try new test
functions O(y) = © = (01,04, 03), d(y) = ¢ = (¢P1, P2, P3) given by
O, =mn+e2¢;  (i=1,2),

dm d
O3 =n3 —1/1i —Yo—— 12 + e¢3,
dys dys

where the functions n; for ¢ = 1,2, 3 depend only on y3. The choice of these test functions
comes from the fact that we want E;;(©) to satisfy (21). Indeed, since for 1 < i,j < 2
we have E;;(n) =0 and E;3(n) = 0, we calculate

Ei;(©) = £2Eij(¢),

1 2 00; dop3 L.
) [ < <
E;5(0) 5 (5 05 +e ay: (1<i,57<2),
dns d?m d?n, O3
E = 2 _ _
33(0) as  aE Vg Dus

For brevity we write N = dnz/dys — y1(d®n1/dy3) — y2(d?n2/dy3). Knowing this, we
compute R.(0O).

8¢1 23¢2 2 3093 )2 : 4 2
A +e +e“N+e°— | +2X e Eij d
/F(S) ( ' < y1 Y2 dys3 2“21 i(0)" ) du

Rs(e) -

dm, d 2
/ e%(m +e2¢1)° + &% (2 +e2¢2)” + <773 - yldi T/ €¢3) dy
F(S) Y3 dys

2 200 a¢3>2 ( qag)
/F(S) < Z ( 8y3 y; e N+€5y3 %

d d 2
/ (52(771 +62¢1)2 + 52(772 +62¢2)2 (773 - yldfm - 22 + €¢3) )
F(S) Y3 dys

Multiplying by 1/&2? and taking the limit ¢ — 0, we see

o o 2
) / )\1(;51+;52+N> dy

lim R, (6) = = n__ g
e—

|y

F(S)

2 2 2
1 A )
2\ Eii(¢)? + = ( >+N dy
/F(S) 2<”z_:1 i(9) 2; yi

We want to find the ¢ = (¢1, ¢2, ¢3) that minimizes the numerator in (58)
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091 09 ) oL IR,
M :/ A <++N 22 Ei(6)® + =
(@) F(S) "oy T oy ? Z ! 22

ij=1 i=1

In order to minimize M, we put the test function ¢ as follows.

2 2
v)= > abdupyg+ Y By (i=1,2), (59)
p,q=1 p=1
¢3(y) =0 (60)

where az(fq) and ﬁ](f) depend only on y3 for 1 < p,q,i < 2 and satisfy agg = agl) for
i=1,2.

If we substitute this test function into M, we obtain an expression that can be
written as a polynomial of degree 2 on the variables oz,(fq) and ﬂz(f) for 1 <4,p,q <2 (in
total there are 10 variables). Thus, it can be further rewritten as fol (aTXa + Ya)dys
for a certain matrix valued function X and a certain vector valued function Y (for the
explicit forms of X and ) see Appendix Remark 8.2) with

o= (Oégl),Olglg),aég),Oé§21)70l§22)70152)7 1 7 (1) ﬁ12) 52 )
Since we want the minimum, we differentiate the expression fé(aTX a + Ya)dys with
respect to « and solve the linear system 2Xa + ) = 0 for a. After long but simple
calculations we obtain

JCON 1 dPmp NCO 1 A d?nso NC RS d?m
TN e di2 M2 T AN o, g 02 401+ A2 dy

o1 A A% Q® 1 A APy W@ 1 A A
1 Ad o d2” M2 T AN e A2 Y2 T AN e

6(1):_1 Avodms e 1 A di
! 21 + Ao dys’ P 271 + Ay dys”

In fact, the matrix X in the system is degenerate and we additionally obtain the condition

(2) 5(1) = 0. It can also be checked that the minimum obtained is always the same,

so to simplify, we put ,8%2) =0 and ﬁél) = 0. Therefore, recalling (59), we obtain

1 )\1 d2771 2 d2T]2 d2771 2 dT]g
== 2 - p R
$1(y) TSV (dy% Y1 + ay? Y1y2 dy2 Y2 dys Y1,
1 )\1 d27]2 2 d m d2772 2 d’l]g
= - - 2 2— 61
$2(y) TV ( G Vgt e~ 2 (61)
¢3(y) =0

Substituting (61) into (58) and after long but elementary computations, we obtain the
minimum
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/ /\2(3)\1 + 2/\2)N2dy
F(s) A1t A2

(62)

Substituting (11,72, 73) = (nik), nék), nék)) and the definition of N into (62) and integrat-
ing by parts, we have

I 2, (k) g2,(k) 2 2, (k) 4. (k) (k) \?
d2n," d*n; d2n;"™ dn dn
Y A —n S 2y K,—1n 3 4+ H 3 d
/0 Z T dz2 dz2 Z dz?2  dzs + dzs =3
. 1~ 1,5=1 3 3 i=1 3
hm 72725(@) = i B
e0e OO
(i) + (7)) des
0
which, from (57), turns out to be
.1~ A
lim 5 R:(0) = Ay (63)

Our next goal is to use the Max-Min method to prove the desired inequality /~\k < Ag.

First, we consider the eigenfunction n*) = (ngk),nék),nék)) corresponding to the eigen-

value Ay of problem (56) with (dd) boundary condition. We also choose the functions
n®*) so that

[ (a0 ay = o010, (64
F(S)

where ¢ is the Kronecker delta. We define

U S o/ Y o

Ny = — — . 65
k dys n dy§ Y2 dy% ( )
Using the weak formulation of (56), we know that
Y Nka/dy = Aké(k, k/) (66)
F(S)
Let us consider the test functions
oY =l 42 (i=1,2),
dn(S) d77(8)
) — 8 _ 1 2
S dys b2 dys ’
with s € N and
(s) 2, (s) 2, (s) (s)
_1 M d?n” 2d "2 _ dn o _ dng 67
(bl - 4)\1 +>\2 ( dy?Q) yl + dy% y1y2 dy% y2 dy3 yl 9 ( )
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by d2 (s) d2 (s) d2 (s) d s)
: (— Bz 42 nlg yiye + —2-y2 2By ) (68)

) _ 1
92 4 X+ X2

dy3 dy dyz 72 dys

Choose an arbitrary Z € Hy_1(F(S),R3) and let Z = L.H.[6M @ . &®)] be the
minimal linear space that contains the set {@(1), @ <I>(k)}. Note that dim Z = k
and that each ®¢) € W, (for all s € N), so we have that Z C Wy. Since dimZ <
dim Z, we know that there exist a function ¥ = (Uq, Uy, U3) € Z N Z+e and a vector
(c1,...ycx) = (c1(e),...,cr(e)) € R¥\{0} such that

k
U= ch(e)é( )
s=1

Note that since both Z and Z1< are subsets of Wi, we have also that ¥ € W and due to
the fact that (c1(g),...,ck(e)) € R¥\{0} we deduce that ¥ € W;\{0}, so we can apply
R to ¥. We compute

k
Eii(\ll):—chs(s)l My Eis() =€) ci(e)Eis(¢) (1<i<2),

s=1 s=1

Epp(V) = En(¥) =0,  Es(¥) =) cie)N,

Using these computations, the numerator of the Rayleigh quotient ﬁg(@) is

/F(S) ( <Zc A1+A >>2+2/\2 Z (f: 2>\1+/\2N>2 dy

i=1 s=1

2

2 4 2
+L(S) 2)\2 264221 < 2205 1 ) <ZCS s) dy

k

=gt Z cp(e)cq(e)/ Y N,N,dy + £° Z cp(€)eq(e)k(p, q,€) (69)

p,q=1 F(S) p,q=1

for some functions K(p,q,e) = O(1) as € — 0. Note that these functions k(p, ¢, &) do not
depend on the choice of Z. Due to (66), it follows that (69) becomes

k k

e Y eple)eq(e) ( )YNqudy+56 3 cp(e)eq(e)Fp,a.€)
F(S pq*l

=¢ Zcp Ay +€° Z cp(€)eq(e)E(p, q,€). (70)

p,q=1

Note also that the denominator of R, (V) satisfies
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52/ (U3 + 03 +203) dy > 62/ (U3 + 03) dy
F(S) F(S)
2

k 2 k
[ (D s6) +(Saen+26) o

s=1

k 2
=< /F > ale)e(e) (ZW +26P) (n) +52¢£3))> d

(S)pQ71 n=1
k
=2 )" e(e)ey(e) / P 0 + 5P nS?)dy + € Z cple)cg()R(p ) (T1)
p,q=1 F(S) p,q=1

for certain functions K(p, ¢,e) = O(1) as € — 0. Note again that the functions K(p, ¢, ) do
not depend on the choice of Z. By the homogeneity property of the Rayleigh’s quotient
we may assume without loss of generality that 22:1 ¢p(e)? = 1. Thus we have |c,(e)| < 1
for 1 < p < k. Combining this fact with the orthogonality in (64), we get

k k
2 Y a@a@ [ 0P Y o) @Rp.a.2)
p,q=1 F(S) p,q=1
k
S NICHED SENEWEIREEEIE SR
p=1 p,q=1 p,q=1
k
> € 764 Z |CP ch Hli(patb )| Z 82 - 54 Z ‘E(pvqagﬂ (72)
p,q=1 p,q=1
Therefore, with (71) and (72), we deduce that
k
& / (W2 + 03+ 202) dy > 2 — Z A(p.a. (73)
F(S) —

Using (70) and the bound (73), we obtain

k k
54Zcp 2N, + €8 Z cp(€)eq(e)k(p, q,€)
p=1

1 ~ 1 p,q=1
e? — ¢t Z R(p, g,
p,q=1
k k
Ak eple)? + € Z p(e)cq(e)R(p.g.e)  Ar+e? Y [R(p.q.e)|
p=1 p,q=1 p,q=1
< - < i (74)
1752 Z |/’%(paQ7€)| 1752 Z ‘E(p7q35)
p,q=1 p,q=1

provided that the denominator is positive (this is possible because € is a small real
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parameter). Let us denote the right hand side of the previous inequality

k
Ae+e2 Y [R(p,g.e)]
£i(e) = D= .
1- 62 Z |E(p7 Q75)|
p,q=1

Note once again that £4(g) does not depend on the choice of Z. We know from (74) that
1. . = 1~
= inf{R.(®) | ® € W1\{0},® € Z*<} < 5—2725(\1!) < £1(e).

Since Z € Hy_1(F(S),R?) was arbitrary, we take the supremum over Hy_1(F(S), R?),

so we obtain the upper estimate

(E) < £4(0).

Taking the limit ¢ — 0 and using (22), we have

. 1
Ay <limsup — pug(e) < limsup £4(g) = Ag,
e—0 €& e—0

which agrees to the desired inequality 1~\k < Aj (k> 1). We combine this fact together
with (53) to conclude that

A=A, (k>1).

We only proved lim, o0 pr(¢r)/C? = /N\k for a certain subsequence {(,. jj‘; C

{Ep};:‘x{ , but note that we have shown that A; = Aj; independently of the first cho-

sen sequence {6,,};3{. Since this sequence was arbitrary, we can see that in fact for every
k > 1 we have

lim ﬂk(&?) = /N\k.

e—0 g2

Similarly, we prove the same result in the case (DN).

8. Appendix.

In this appendix we give the proofs of Lemma 6.1 and Lemma 6.2 and some additional
facts which we used before in the proof of the main results.

PROOF OF LEMMA 6.1. a) Let ¢, € Cy>°(R) such that [p4(f)dt = 1 and
Jg#(t)dt = 1. For any ® € Cj*(R®) with supp(®) C F(S), we construct hy such
that

o~
=

(h1,®) = (0427‘5)L2(F(S)) - (al,/RQ(s,yg,yg)ds ¢(y1)>

L2(F(9))
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0= [ (2sm ([ o6 mmas) o0 .
(y) = /_; (‘1)(91,7, ys) — (/R <I>(y1,t,y3)dt> 1/1(7')) dr.

Note (hi,-) denotes the linear functional on Cg*°(F(S)). With these definitions, the
following holds.

where

=

)

5% 20 90
— =d(y), — =0, — =d(y).
o (y) o 9% (v)

Using these facts and combining it with property (31), we can see after some computations
that

o 0P
<h1,8y1> = (aQ’(I))LQ(F(S)) and <h1,ay2> = _(al’(I))LQ(F(S))

which proves Ohy/0ys = ;1 and dh1 /0y = —aq in the distribution sense. Moreover, it
can also be shown that [(hy, ®)| < C||®[|z2(p(s)) for some constant C' > 0. Using that
Ca>°(F(S9)) is dense in L?(F(S)) and Riesz’s Theorem we deduce that hy € L2(F(S)).
Furthermore, since Ohy/0y1, Oh1/0ys belong to L?(F(S)), we can take values on the
boundary and hy lors) € L?(9F(S)). Similar arguments can be done for hy. This proves

item a) of the 1emma

b) We change variables according to (3) and work with z in S. Before beginning
with the proof of this item we introduce some notation. Recall that B was an arbitrary
connected bounded domain in R? and that sy = B x (0,1). Write 0B = by U--- U by,
where b; are its connected components. With this notation, for ¢ = 1,...,m we define
G = b; x (0,1) so that s = ¢ U---Ug,. We parametrize the boundary 0B by the
arclength 6 and, accordingly, each b; by 6;. Through this notes, n = (n1,ns,n3) will
denote the unit outward normal vector on ss.

Let hy(z) = h1(F(z)) and let ¢ = ¢(z) € CT(5) be a smooth test function such
that 5(21, 29,0) = 5(21, z9,1) = 0, namely, (Z|s<1+)uS§*> = 0. We compute

99 G (0092 06 0% _/~_8a? 2
/SzhlaadA /h (621 90 " 9 aa)dA_ U\ g, Ty,
B = 09 = 99
= /52 <n1h1 822 n2h1 321>
_ ([0 (;00\_ 0 (5 9 _/ Ohy 96 0 09\
_L'<321 <h1822> 82’2 <h1621>>dZ1dZ2dZ3_ S (8,21 822 82’2 821)

With the change of variables (y1,y2,y3) = (F1(2), F2(2), 23) and (31), with some compu-
tations it can be seen that
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/ O 06 Oh 06 dz__/ ( 00 L 5¢>d
S 0z1 Oza 0z 021 F(S) 892 131/1 Y

where ¢ € CT>(F(S)). Due to (32), we conclude
=00 N7 0
/SzhlaadA_;/jhl%jdA_ . (75)

For any i = 1,...,m, choose a test function ¢ such that 5‘g =0 for j # 4. Then (75)
J
becomes

m

> hl—dA

j=1v¢%i

(76)

h . does not depend on (21, 22) over ¢; fori =1,...,m. Let

¢ = ¢(0,23) € CT™(s2) be a test function such that ¢(6,0) = ¢(6,1) = 0. We define ¢
and x such that fori=1,...,m

b;

Si 0

We compute

/S h16(0, z3)dA = Z/hlqsej,zg

/h1< 60, 23) /¢0z3d9+/¢023d9>d/1
/ ( (6;, 23) /¢9],23)d9> dA. (77)

From (75), we can easily see that for any j =1,...,m

— (6 A=0.
/{j hlaej <9J723)d 0

Therefore, we continue the computations in (77) and we obtain

Z/ h1é(6;, 23)dA = Z/ hi(6;, 23) < 60, 23)d >d9d23
iz gb& Z3 (/ h1 aj,Zg >d9d23
b

j=1"%i J

>
>
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— Z b0, 23) (/ ha (8, zg)dé“) dfdzs,
=1YSi b;

where we used Fubini’s Theorem and we renamed the variables §; and 9. Sending it all
to the left-hand side, we see

Z/ <h1 QJ,Zg / ﬁl(g, Zg)dé) qS(Hj,zg)desz =0.

bj

For any i = 1,...,m, we choose a test function ¢ such that ¢|< = 0 for j # i so that the
j

previous equation becomes

/‘ (ﬁl(@,z?,) - /b El(g, Zg)dé) ¢(9i723)d9id23 =0.

Since ¢| is arbitrary, we conclude that
Si
hy

h :/ El(gaz3)d§a
Si b;

hence h1| does not depend on 6;, that is, it does not depend on (z1,22) along g;.

Therefore, usmg the regularity of F', we conclude that h1| does not depend on (y1,y2)
along g;. All of the above calculations can be made snnllarly to prove that h2|g_ does

not depend on (y1,y2) along g;. O

PROOF OF LEMMA 6.2. Let n = (n1,n2) be the unit outward normal vector on
0Q(y3) and write 0Q(y3) = g1(y3) U -+ U Gm(y3), where g;(ys) are the connected com-

ponents of d(ys) (j = 1,...,m). We use the divergence theorem for the 2-dimensional
bounded domain enclosed by g;(ys) to see that for every y3 € [0,{] and j =1,...,m we
have
/ mdL =0, (i=1,2) (78)
Z]\] (y3)
/ yani1dL = 0, / y1nadL = 0, (79)
9 (y3) 95 (y3)
[ e —ymaz =o. (80)
95 (y3)
Throughout the next computations, we will use the fact that for j = 1,...,m we
5:us)’ ho 5 (vs) do not depend on y' = (y1,y2) along g;(y3) (see Lemma 6.1-
Y3

b))7

we first calculate

2ly () = ‘ - )(yg) for p = 1,2. Using the divergence theorem,
i\Y3

hy  Oh
[ Qdy = /A (&91 - 62> dy = /A (hyny — hony) dL
0(u3) () \O¥2 Oy 9% (ya)
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>,

Jj=1

Z / nadL — hy| / ndL | = 0.
] g] Y3) 3, (y3) 95 (y3) 3i(y3)

h1n2 — hgnl) dL
(y3)

J

<.

The last equality is due to (78). We have seen that

[ Qay =o. (s1)
Q(ys)

We now proceed to prove that fﬁ(yg) Qy;dy’ = 0 for i = 1,2. For that purpose, from
(33) and (34), we see that

Ohy 8h2> .
+—)pdy =0
/yd) <3y1 Y2 ey

/A (y1hang + y1hing) dL — /A hidy =0
oQ(y3) Q(ys)

Z ho ‘ / yandL+h1‘A / ylnldL 7/A hldy/ =0
: 5w) J5.04s) 953) Jg; (ys) (va)

Jj=1

ylnldL — / hldy/ = O
;( 9J‘y3’/§j<y3> ) Q(ys)

where we used (79) in the last step. Therefore

hi|. / yl”ldL> :/A hidy'. (82)
;( ‘gj(ys) 9;(ys) Q(ys)

Similarly, again from (34), we see

ohy 6h2) ,
Ty 92 dy =0
/ﬁ(y3) (5111 ay, ) %Y

and we get

> (th_( )/ ygnzdL> :/A hody'. (83)
j=1 9183) )3, (ys) Q(ys)

Using integration by parts and (79) again, we compute

oh oh
L Qudy = /A (81 - 62> yrdy’
Q(ys) Q(y3) <2 1

= /A (y1hing — y1hony)dL */A —hody’
0Q(ys) Q(y3)
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/ 1n2dL — h2|,\ / ylnldL +‘/A hgdy/
97 y3 (yg) 9_7(93) Z]\j(yS) Q(ys)

ylnldL +‘/A hgdy/. (85)
( g7(y3) /qj(ys) ) Q(ys)

Using the relation found in (83) and property (80), the equation (84) becomes

yinidL +/ hady'
Z ( gj(yd)/j(y:s) ) ﬁ(ys)

2 <h2|§j(ys) /@-(ys)ymldL) "

>
>

m

ha|.. / yznzdL>
o j_1< 5, 9 (us)

= (y2n2 — ylnl)dL =0
; ( -"J(ys)/ 5 (ys)

and we see that fﬁ(%) Qy1dy’ = 0. In a similar way, using (79), (80) and (82), we can

prove that fﬁ(ya) Qy2dy’ = 0. O
PROPOSITION 8.1.  Let Q be a domain in R? and let V; (y1,y2), Va(y1,y2) € D’(f)).
If
oV, oV,
+—=—2=0 for1<i,j<2
dy; Oy

in the distribution sense, then there exist constants Cy,Cy,C3 € R such that

Vi(yr,y2) = —Csya + C1,  Va(yi,y2) = Csy1 + Co.

PROOF. The idea of the proof is to use a 2-dimensional version of the fact that if
for V.= (V1,Va,V3) and 1 <4, j < 3 we have E;;(V) = (0V;/0y; + 0V;/0y;)/2 = 0, then
V = Oy+C, where O € M3x3(R) is an anti-symmetric matrix and C' € R? is a constant
vector. In addition, this can be shown using that

0%V, 0E(V) O0E;(V) 0Ej(V)

_ n _ 1<, jk<3).
0y 0y y; Oy yi (1= )

Further details can be seen in Duvaut-Lion [11] and Schwartz [24]. O

REMARK 8.2.  We present here the explicit forms of the matrix X and the vector
Y used in Section 7 in order to find a minimum.

X1 A BZ
X = =
() 2=(G)

where
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(4X1+8X2)A11 (4X1+8X2)A12 0 0 AX1 A1 A1 A2
(AN1+8X2)A12 4AX2A11+(4AN1+8X2)A20  4X2A12 4X2Aqy (421 +4X2)A12 4X1 A2z
X — 0 4doAls 4rsAgs 4AoAls 4 Ago 0
1 0 AXg A1y AXgA1s 4XgAqq AXo Ao 0 )
AXN1 A1 (4X1+4X2) A1z AX2 A2 4X2A12  (4A1+8X2)A11+4A2A22  (4X1+8X2)A12
421 A1 421 Ago 0 0 (AX14+8X2)A12 (4X14+8X2) Az
(2>\1+4A2)K1 0 0 20 Ky
(2A1+4A2)K2 2X2 K1 2X2 K4 20 Ko (>\1+2A2)H 0 0 AN H
X, = 0 2X2 Ko 2X2 Ko 0 X2 = 0 AoH NoH 0
2= 0 20 K1 222K 0 » 3= 0 XoH Mo H 0 )
201 Ky 2X2 Ko 2X2 Ko (2)\1+4)\2)K1 M H 0 0 ()\1+2)\2)H
221 Ko 0 0 (2)\1+4)\2)K

N =

(3]

(4]
(5]
(6]
(7]
(8]

[9]
(10]

(11]
(12]
[13]
[14]
(15]

[16]

(17]

4)\1’)’2 2k1’yg d d
Y= 9 , y2=< 9 ) with m=K735E—-An

7OZHdﬂ_Kld Ukl K2d 2

4N171 dys

dys
4171

4172

2X170

Y2 = K2 dy3

References

S. S. Antman, Nonlinear Problems of Elasticity, second edition, Springer-Verlag, 2005.

R. Bunoiu, G. Cardone and S. A. Nazarov, Scalar boundary value problems on junctions of thin
rods and plates. I. Asymptotic analysis and error estimates, ESAIM Math. Model. Numer. Anal.,
48 (2014), 1495-1528.

R. Bunoiu, G. Cardone and S. A. Nazarov, Scalar problems in junctions of rods and plates. II.
Self-adjoint extensions and simulation models, ESAIM Math. Model. Numer. Anal., 52 (2018),
481-508.

G. Buttazzo, G. Cardone and S. A. Nazarov, Thin elastic plates supported over small areas. I.
Korn’s inequalities and boundary layers, J. Convex Anal., 23 (2016), 347-386.

G. Buttazzo, G. Cardone and S. A. Nazarov, Thin elastic plates supported over small areas. II.
Variational-asymptotic models, J. Convex Anal., 24 (2017), 819-855.

P. G. Ciarlet, Mathematical Elasticity, vol. I, II, ITI, Stud. Math. Appl., 20, 27, 29, North-Holland,
1988, 1997, 2000.

P. G. Ciarlet and S. Kesavan, Two-dimensional approximations of three-dimensional eigenvalue
problems in plate theory, Comput. Methods Appl. Mech. Engrg., 26 (1981), 145-172.

D. Cioranescu and J. Saint Jean Paulin, Homogenization of Reticulated Structures, Springer-
Verlag, 1999.

R. Courant and D. Hilbert, Methods of Mathematical Physics, I, Wiley Interscience, 1953.

R. Dautray and J. L. Lions, Mathematical Analysis and Numerical Methods for Science and
Technology. Vol. 2. Functional and Variational Methods, Springer-Verlag, 1988.

G. Duvaut and J. L. Lions, Inequalities in Mechanics and Physics, Springer-Verlag, Berlin, 1976,
translated by C. W. John.

D. E. Edmunds and W. D. Evans, Spectral Theory and Differential Operators, Oxford Univ. Press,
1987.

Y. Egorov and V. Kondratiev, On Spectral Theory of Elliptic Operators, Birkhauser, 1996.

G. Griso, Asymptotic behavior of structures made of curved rods, Anal. App., 6 (2008), 11-22.
H. Irago and J. M. Viano, Second-order asymptotic approximation of flexural vibrations in elastic
rods, Math. Models Methods App. Sci., 8 (1998), 1343-1362.

H. Irago, N. Kerdid and J. M. Viafio, Analyse asymptotique des modes de hautes fréquences dans
les poutres minces, C. R. Acad. Sci. Paris Sér. I. Math., 326 (1998), 1255-1260.

N. Kerdid, Comportement asymptotique quand ’épaisseur tend vers zéro du probléme de valeurs
propres pour une poutre mince encastrée en élasticité linéaire, C. R. Acad. Sci. Paris Sér. I. Math.,
316 (1993), 755-758.


https://doi.org/10.1007/0-387-27649-1
https://doi.org/10.1051/m2an/2014007
https://doi.org/10.1051/m2an/2014007
https://doi.org/10.1051/m2an/2017047
https://doi.org/10.1051/m2an/2017047
https://doi.org/10.1016/0045-7825(81)90091-8
https://doi.org/10.1007/978-1-4612-2158-6
https://doi.org/10.1007/978-1-4612-2158-6
https://doi.org/10.1002/9783527617210
https://doi.org/10.1007/978-3-642-61566-5
https://doi.org/10.1007/978-3-642-66165-5
https://doi.org/10.1007/978-3-642-66165-5
https://doi.org/10.1093/oso/9780198812050.001.0001
https://doi.org/10.1093/oso/9780198812050.001.0001
https://doi.org/10.1007/978-3-0348-9029-8
https://doi.org/10.1142/S0219530508001031
https://doi.org/10.1142/S0218202598000639
https://doi.org/10.1016/S0764-4442(98)80238-3

154

(18]
(19]

20]

[21]
[22]
[23]

[24]
(25]

S. JiMBO and A. RODRIGUEZ MULET

N. Kerdid, Modélisation des vibrations d’une multi-structure formée de deux poures, C. R. Acad.
Sci. Paris Sér. I. Math., 321 (1995), 1641-1646.

A. E. H. Love, A Treatise on the Mathematical Theory of Elasticity, forth edition, Dover Publ.,
1944.

V. Maz’ya, S. Nazarov and B. Plamenevskij, Asymptotic Theory of Elliptic Boundary Value Prob-
lems in Singularly Perturbed Domains, vol. I, II, Oper. Theory Adv. Appl., 111, 112, Birkhauser,
2000.

S. A. Nazarov, Justification of the asymptotic theory of thin rods. Integral and pointwise estimates,
Problem. Mat. Anal., 17 (1997), 101-152.

S. A. Nazarov, Asymptotic Theory of Thin Plates and Rods: Dimension Reduction and Integral
Estimates, Nauchnaya Kniga, Novosibirsk, 2002.

S. A. Nazarov and A. S. Slutskii, One-dimensional equations of deformation of thin slightly curved
rods. Asymptotical analysis and justification, Izv. Math., 64 (2000), 531-562.

L. Schwartz, Théorie des Distributions, Hermann, 1966.

J. Tambaca, One-dimensional approximations of the eigenvalue problem of curved rods, Math.
Methods Appl. Sci., 24 (2001), 927-948.

Shuichi JIMBO Albert RODRIGUEZ MULET
Department of Mathematics Department of Mathematics
Hokkaido University Hokkaido University

Sapporo 060-0810, Japan Sapporo 060-0810, Japan

E-mail: jimbo@math.sci.hokudai.ac.jp E-mail: albertromu@math.sci.hokudai.ac.jp


https://doi.org/10.1007/978-3-0348-8434-1
https://doi.org/10.1007/978-3-0348-8434-1
https://doi.org/10.1007/978-3-0348-8432-7
https://doi.org/10.1007/978-3-0348-8432-7
https://doi.org/10.1007/BF02365044
https://doi.org/10.1070/IM2000v064n03ABEH000290
https://doi.org/10.1002/mma.249
https://doi.org/10.1002/mma.249

