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Abstract. In this paper, we try to compute Chow rings of versal com-
plete flag varieties corresponding to simple Lie groups, by using generalized

Rost motives. As applications, we give new proofs of Totaro’s results for the
torsion indexes of simple Lie groups except for spin groups.

1. Introduction.

Let G and T be a connected compact Lie group and its maximal torus. Let Gk

and Tk be a split reductive group and split maximal torus over a field k with ch(k) = 0,

corresponding to Lie groups G and T . Let Bk be a Borel subgroup containing Tk.

Moreover we take k such that there is a Gk-torsor Gk which is isomorphic to a versal

Gk-torsor (for the definition of a versal Gk-torsor, see Section 4 below or see [Ga-Me-Se],

[Ka1], [Me-Ne-Za], [To1]). Then X = Gk/Bk is thought as the most twisted complete

flag variety. (We say that such X is a generically twisted or a versal flag variety [Ka1],

[Me-Ne-Za].)

Let us fix a prime number p. In this paper, we study the p-localized Chow ring

CH∗(X)(p) = CH∗(X) ⊗ Z(p) and write it simply CH∗(X), through this paper. We

also use the notation CH∗(X)/p for CH∗(X) ⊗ Z/p. By Petrov–Semenov–Zainoulline

([Pe-Se-Za], [Se], [Se-Zh]), it is known that the p-localized motive M(X)(p) of X is

decomposed as

M(X)(p) = M(Gk/Bk)(p) ∼= ⊕iR(Gk)⊗ T⊗si

where T is the Tate motive and R(Gk) is some motive called generalized Rost motive.

(It is the original Rost motive ([Ro1], [Ro2], [Vo2], [Vo3]) when G is of type (I) as

explained below [Pe-Se-Za]).

Let BBk be the classifying space for Bk-bundles. (For an algebraic group Hk, we can

approximate the classifying space BHk by a colimit of algebraic varieties, and CH∗(BHk)

is defined as a limit of Chow rings of these varieties, for details see [Pe-Se], [To3].) Since

G → X = G/Bk is a Bk-bundle, we have the characteristic (classifying) map X → BBk.

Hence we have maps

CH∗(BBk)
char. map→ CH∗(X)

split surj.
↠ CH∗(R(Gk)).

Remark. In this paper, a map A → B (resp. A ∼= B) for rings A,B means a ring

map (resp. a ring isomorphism). However CH∗(R(Gk)) does not have a canonical ring
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structure. Hence a map A → CH∗(R(Gk))/p (resp. A ∼= CH∗(R(Gk))/p) means only

a (graded) additive map (resp. additive isomorphism) even if CH∗(R(Gk))/p has some

ring structure. For example, the above first map is a ring map but the second is not a

ring map.

From Karpenko [Ka1], and Merkurjev–Neshitov–Zainoulline [Me-Ne-Za], we know

that the first map is also surjective when Gk is a versal Gk-torsor. We study what

elements in CH∗(BBk) ∼= CH∗(BTk) (Subsection 2.4, page 21 in [To3]) generate

CH∗(R(Gk)).

For example, Petrov (Theorem 1 in [Pe]) computed CH∗(Y ) for the versal maximal

orthogonal Grassmannian Y corresponding to G = SO(2ℓ + 1), ℓ > 0. It is torsion free

and is isomorphic to CH∗(R(Gk)) (see Theorem 7.13 below). Hence the restriction map

CH∗(X) → CH∗(Gk/Bk) is injective. Thus we know the ring structure of CH∗(X)

from that of CH∗(Gk/Bk) ([Tod-Wa], [Vi]). These Petrov’s results can be very simply

written, when we consider the mod (2) Chow theories.

Theorem 1.1. Let (G, p) = (SO(2ℓ + 1), 2) and X = Gk/Bk be a versal flag

variety. Then there are isomorphisms

CH∗(R(Gk))/2 ∼= Z/2[c1, . . . , cℓ]/(c21, . . . , c2ℓ) = Λ(c1, . . . , cℓ),

CH∗(X)/2 ∼= S(t)/(2, c21, . . . , c
2
ℓ)

where ci = σi(t1, . . . , tℓ) is the i-th elementary symmetric function in

S(t) = CH∗(BBk) ∼= H∗(BT ) ∼= Z[t1, . . . , tℓ].

Remark. We have an isomorphism CH∗(X)/2 ∼= H∗(Sp(ℓ)/T ;Z/2) for the sym-

plectic group Sp(ℓ) (see Corollary 7.9).

We give a new proof of the above theorem, which can work for other groups such

that Chow rings CH∗(X) have p-torsion elements. The additive structures in the fol-

lowing theorem are known ([Ka-Me], [Me-Su], [Ya4]). However, the ring structure of

CH∗(X)/p was unknown except for (G, p) = (G2, 2) ([Ya3]).

Theorem 1.2. Let G be of type (I) and rank(G) = ℓ. Then 2p − 2 ≤ ℓ, and we

can take bi ∈ S(t) = CH∗(BBk) for 1 ≤ i ≤ ℓ such that there are isomorphisms

CH∗(R(Gk))/p ∼= Z/p{b1, . . . , b2p−2},
CH∗(X)/p ∼= S(t)/(p, bibj , bk|0 ≤ i, j ≤ 2p− 2 < k ≤ ℓ)

where Z/p{a, b, . . .} is the Z/p-free module generated by a, b, . . . . Moreover the ideal of

torsion elements in CH∗(X) is generated by b1, b3, . . . , b2p−3.

Here bi ∈ H∗(BT ) are transgression images in the spectral sequence induced from

the fibering G → G/T → BT . These bi are explicitly known ([Na], [Tod2], [Tod-Wa]),

for example, when (G, p) = (G2, 2), we can take b1 = t21 + t1t2 + t22 and b2 = t32 in

H∗(BT ) ∼= Z[t1, t2] with |ti| = 2 (Theorem 5.3 in [Ya3]).

To explain the transgression and type (I) groups, we recall how to computeH∗(G/T )

in algebraic topology. By Borel ([Bo], [Mi-Tod]), its mod(p) cohomology is (for p odd)
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H∗(G;Z/p) ∼= P (y)/p⊗ Λ(x1, . . . , xℓ), |xi| = odd

where P (y) is a truncated polynomial ring generated by even dimensional elements yi,

and Λ(x1, . . . , xℓ) is the Z/p exterior algebra generated by x1, . . . , xℓ. When p = 2, we

consider the graded ring grH∗(G;Z/2) which is isomorphic to the right hand side ring

above.

When G is simply connected and P (y) is generated by just one generator, we say

that G is of type (I). Except for (E7, p = 2) and (E8, p = 2, 3), all exceptional simple

Lie groups are of type (I) (see [Mi-Tod], [Pe-Se-Za]). The groups Spin(n), 7 ≤ n ≤ 10

are also of type (I). Note that in these cases, it is known rank(G) = ℓ ≥ 2p− 2.

We consider the fibering ([Mi-Ni], [Na], [Tod2]) G
π→ G/T

i→ BT and the induced

spectral sequence

E∗,∗′

2 = H∗(BT ;H∗′
(G;Z/p)) =⇒ H∗(G/T ;Z/p).

Here we can write H∗(BT ) ∼= S(t) = Z[t1, . . . , tℓ] with |ti| = 2.

It is well known that yi ∈ P (y) are permanent cycles (i.e., yi exist as nonzero

elements in E0,∗
∞ ) and that there is a regular sequence (b̄1, . . . , b̄ℓ) in H∗(BT )/(p) such

that d|xi|+1(xi) = b̄i ([Mi-Ni], [Tod2]). The element b̄i is called the transgression image

of xi. We know that G/T is a manifold such that H∗(G/T ) = Heven(G/T ) and H∗(G/T )

is torsion free. We also see that there is a filtration in H∗(G/T )(p) such that

grH∗(G/T )(p) ∼= P (y)⊗ S(t)/(b1, . . . , bℓ)

where bi ∈ S(t) with bi = b̄i mod (p). Here we note that we can take bi = 0 ∈
H∗(G/T )/p, since bi = 0 ∈ E∗,0

∞ in the spectral sequence.

The transgression images bi in Theorem 1.2 are just bi above. When (G, p) =

(SO(2ℓ+1), 2) we can take bi = ci. Hence b1, . . . , bℓ generate the kernel I(p) of the map

H∗(BT )/p ∼= S(t)/p → S(t)/(p, b1, . . . , bℓ) ⊂ H∗(G/T )/p

(it is also isomorphic to the kernel of CH∗(BBk)/p → CH∗(Gk/Bk)/p).

By giving the filtration on S(t) by bi, we can write

grS(t)/p ∼= A⊗ S(t)/(b1, . . . , bℓ) for A = Z/p[b1, . . . , bℓ].

In particular, we have maps A
iA→ CH∗(X)/p → CH∗(R(Gk))/p. We easily see that

iA(A) ⊃ CH∗(R(Gk))/p. In particular the above composition map is surjective. Suppose

that there are f1(b), . . . , fs(b) ∈ A such that CH∗(R(Gk))/p ∼= A/(f1(b), . . . , fs(b)).

Moreover if fi(b) = 0 also in CH∗(X)/p, then we have the isomorphism

CH∗(X)/p ∼= S(t)/(f1(b), . . . , fs(b)).

The first isomorphism of Theorem 1.1 (resp. Theorem 1.2 when ℓ = 2p − 2) can be

rewritten

CH∗(X)/2 ∼= S(t)/(I(2)[2]), (resp. CH∗(X)/p ∼= S(t)/(I(p)2))
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where I(2)[2] = Ideal(x2|x ∈ I(2)).

For other simple groups G, it seems that only few facts were known for

CH∗(R(Gk))/p when ∗ > 3. Hence we write down the fundamental facts here.

Theorem 1.3. Let (G, p) = (SO(2ℓ + 1), 2), (G′, p) = (Spin(2ℓ + 1), 2), and π :

G′ → G be the natural projection. Let c′i = π∗(ci). Then π∗ induces maps such that their

composition map is surjective

CH∗(R(Gk)/(2, c1) ∼= Λ(c2, . . . , cℓ)
π∗

→ CH∗(R(G′
k))/2 ↠ Z/2{1, c′2, . . . , c′ℓ̄}

where ℓ̄ = ℓ − 1 if ℓ = 2j for some j > 0, otherwise ℓ̄ = ℓ. Moreover c′2k − 2c2
k

1 , k > 0

are torsion elements in CH∗(X).

The right hand side module in the above map seems some fundamental parts

in CH∗(R(Gk))/2. For example, the groups Spin(7), Spin(9) are of type (I) and

CH∗(R(Gk))/2 ∼= Z/2{1, c′2, c′3}. However, the group Spin(11) is not of type (I).

Lemma 1.4. For (G′, p) = (Spin(11), 2), we have the surjection

CH∗(R(G′
k))/2 ↠ Z/2{1, c′2, c′3, c′4, c′5, c′2c′4, c81}.

Remark. Quite recently, Karpenko [Ka2] proved that the above surjection is an

isomorphism.

Theorem 1.5. Let (G, p) = (E7, 2), (E8, 2) or (E8, 3) so that ℓ = 7 for E7 and

ℓ = 8 for E8. Then we have the surjective map

CH∗(R(Gk))/p ↠ Z/p{1, b1, . . . , bℓ}.

Moreover for (G, p) = (E7, 2), (E8, 3), we have

(CH∗(R(Gk))/(Tor))⊗ Z/p ∼= Z/p{1, b2, . . . , bℓ, b2bℓ}

where Tor is the submodule of CH∗(R(Gk)) generated by torsion elements.

Note that the above bi ̸= 0 is not a trivial fact. Indeed for groups of type (I), we

see bi = 0 when 2p− 2 < i ≤ ℓ.

To see the above elements are nonzero, we mainly use the torsion index t(G)(p).

For dimR(G/T ) = 2d, the torsion index is defined as

t(G) = |H2d(G/T ;Z)/i∗H2d(BT ;Z)| for i : G/T → BT.

Let n(Gk) be the greatest common divisor of the degrees of all finite field extension k′

of k such that Gk becomes trivial over k′. Then by Grothendieck [Gr], it is known that

n(Gk) divides t(G). Moreover, when Gk is a versal Gk-torsor, we have n(Gk) = t(G)

([Ga-Me-Se], [To2]). Totaro determined ([To1], [To2]) torsion indexes for all simply

connected compact Lie groups G. For example, t(E8) = 26325.

For all exceptional simple groups G, we give another proofs of Totaro’s results by
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using arguments of the above transgression images bi (e.g., Lemma 11.11). However we

can not compute t(G) for G = Spin(2ℓ+ 1) by our arguments.

We also consider a field K of an extension of k such that R(Gk)|K is a direct

sum of the original Rost motives, and study the restriction map CH∗(R(Gk))/p →
CH∗(R(Gk)|K)/p (Theorems 7.12, 11.13, Propositions 10.8, 12.8). The first two theo-

rems relate to recent results by Smirnov–Vishik [Sm-Vi] and Semenov [Se] respectively.

The plan of this paper is the following. In Section 2, Section 3, we recall and

prepare the topological arguments for H∗(G/T ) and BP ∗(G/T ). In Section 4, we recall

the decomposition of the motive of a versal flag variety. In Section 5, we recall the

torsion index briefly. In Section 6, we study U(m), Sp(m) and PU(p) for each p. In

Section 7, Section 8 we study SO(m) and Spin(m) for p = 2. In Section 9, we study the

cases that G is of type (I). In Section 10, Section 11, Section 12, we study the cases

(G, p) = (E8, 3), (E8, 2) and (E7, 2) respectively.

The author thanks the referees for their kind comments and suggestions.

2. Lie groups G and the flag manifolds G/T .

Let G be a connected compact Lie group. By Borel ([Bo], [Mi-Tod]), its mod(p)

cohomology is (for p odd)

H∗(G;Z/p) ∼= P (y)/p⊗ Λ(x1, . . . , xℓ), ℓ = rank(G) (2.1)

with P (y) = Z(p)[y1, . . . , yk]/(y
pr1

1 , . . . , yp
rk

k )

where the degree |yi| of yi is even and |xj | is odd. When p = 2, a graded ring

grH∗(G;Z/2) is isomorphic to the right hand side ring, e.g., x2
j = yij for some yij .

In this paper, H∗(G;Z/2) means this grH∗(G;Z/2) so that (2.1) is satisfied also for

p = 2.

Let T be the maximal torus of G and BT be the classifying space of T . We consider

the fibering ([Mi-Ni], [Tod2]) G
π→ G/T

i→ BT and the induced spectral sequence

E∗,∗′

2 = H∗(BT ;H∗′
(G;Z/p)) =⇒ H∗(G/T ;Z/p).

The cohomology of the classifying space of the torus is given by H∗(BT ) ∼= S(t) =

Z[t1, . . . , tℓ] with |ti| = 2, where ti = pr∗i (c1) is the 1-st Chern class induced from

T = S1 × · · · × S1
pri→ S1 ⊂ U(1)

for the i-th projection pri. Note that ℓ = rank(G) is also the number of the odd degree

generators xi in H∗(G;Z/p).
It is well known that yi are permanent cycles (i.e., dr(yi) = 0 for r ≥ 2) and

that there is a regular sequence ([Mi-Ni], [Tod2]) (b̄1, . . . , b̄ℓ) in H∗(BT )/(p) such that

d|xi|+1(xi) = b̄i. Thus we get

E∗,∗′

∞
∼= grH∗(G/T ;Z/p) ∼= P (y)/p⊗ S(t)/(b̄1, . . . , b̄ℓ).

Moreover we know that G/T is a manifold such that H∗(G/T ) is torsion free, and
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hence

H∗(G/T )(p) ∼= Z(p)[y1, . . . , yk]⊗ S(t)/(f1, . . . , fk, b1, . . . , bℓ) (2.2)

where bi = b̄i mod (p) and fi = yp
ri

i mod (t1, . . . , tℓ).

Let BP ∗(−) be the Brown–Peterson theory with the coefficients ring BP ∗ ∼=
Z(p)[v1, v2, . . .], |vi| = −2(pi−1) ([Ha], [Ra]). Since H∗(G/T ) is torsion free, the Atiyah–

Hirzebruch spectral sequence collapses. Hence we also know

BP ∗(G/T ) ∼= BP ∗[y1, . . . , yk]⊗ S(t)/(f̃1, . . . , f̃k, b̃1, . . . , b̃ℓ) (2.3)

where b̃i = bi mod (BP<0) and f̃i = fi mod (BP<0).

Let Gk be the split reductive algebraic group corresponding to G, and Tk be the

split maximal torus corresponding to T . Let Bk be the Borel subgroup with Tk ⊂ Bk.

Note that Gk/Bk is cellular, and CH∗(Gk/Tk) ∼= CH∗(Gk/Bk), since the fiber of the

map Gk/Tk → Gk/Bk is a unipotent group. Hence we have

CH∗(Gk/Bk) ∼= H∗(G/T )(p), CH∗(BBk) ∼= H∗(BT )(p).

Let Ω∗(−) be the BP -version of the algebraic cobordism ([Le-Mo1], [Le-Mo2],

[Ya2], [Ya4])

Ω∗(X) = MGL2∗,∗(X)(p) ⊗MU∗
(p)

BP ∗, Ω∗(X)⊗BP∗ Z(p)
∼= CH∗(X)

where MGL∗,∗′
(X) is the algebraic cobordism theory defined by Voevodsky with

MGL2∗,∗(pt.) ∼= MU∗ the complex cobordism ring. There is a natural (realization)

map Ω∗(X) → BP ∗(X(C)). In particular, we have Ω∗(Gk/Bk) ∼= BP ∗(G/T ). Let

In = (p, v1, . . . , vn−1) and I∞ = (p, v1, . . .) be the (prime invariant) ideals in BP ∗. We

also note

Ω∗(Gk/Bk)/I∞ ∼= BP ∗(G/T )/I∞ ∼= H∗(G/T )/p.

3. The Brown-Peterson theory BP ∗(G/T ).

Recall that k(n)∗(X) is the connected Morava K-theory with the coefficients ring

k(n)∗ ∼= Z/p[vn] and ρ : k(n)∗(X) → H∗(X;Z/p) is the natural (Thom) map. Recall

that there is an exact sequence (Sullivan exact sequence [Ra], [Ya2])

· · · → k(n)∗+2(pn−1)(X)
vn→ k(n)∗(X)

ρ→ H∗(X;Z/p) δ→ · · ·

such that ρ · δ(x) = Qn(x). Here the Milnor Qi operation

Qi : H
∗(X;Z/p) → H∗+2pi−1(X;Z/p)

is defined by Q0 = β and Qi+1 = P pi

Qi −QiP
pi

for the Bockstein operation β and the

reduced power operation P j .

We consider the Serre spectral sequence
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E∗,∗′

2
∼= H∗(B;H∗′

(F ;Z/p)) =⇒ H∗(E;Z/p).

induced from the fibering F
i→ E

π→ B with H∗(B) ∼= Heven(B).

Lemma 3.1 (Lemma 4.3 in [Ya1]). In the spectral sequence E∗,∗′

r above, suppose

that there is x ∈ H∗(F ;Z/p) such that

(∗) y = Qn(x) ̸= 0 and b = d|x|+1(x) ̸= 0 ∈ E∗,0
|x|+1.

Moreover suppose that E
0,|x|
|x|+1

∼= Z/p{x} ∼= Z/p. Then there are y′ ∈ k(n)∗(E) and

b′ ∈ k(n)∗(B) such that i∗(y′) = y, ρ(b′) = b and that in k(n)∗(E),

(∗∗) vny
′ = λπ∗(b′) for λ ̸= 0 ∈ Z/p.

Conversely if (∗∗) holds in k(n)∗(E) for y = i∗(y′) ̸= 0 and b = ρ(b′) ̸= 0, then there is

x ∈ H∗(F ;Z/p) such that (∗) holds.

Proof. Let B′ = BT |b|−1 be the |b| − 1 dimensional skeleton of BT , and E′ =

π−1(B′). Consider the Serre spectral sequence

E∗,∗′

2
∼= H∗(B′;H∗′

(F ;Z/p)) =⇒ H∗(E′;Z/p).

Since dr(x) = b = 0 ∈ H∗(B′;Z/p), there is x′ ∈ H∗(E′;Z/p) such that i∗(x′) = x. Let

Qn(x
′) = y′ so that i∗y′ = y. Then y′ can be identified as δx′ ∈ k(n)∗(E′) from Qn = ρδ.

By the Sullivan exact sequence, we see vny
′ = 0 in k(n)∗(E′).

On the other hand, let B′′ = B|b|−1 ∪ eb and E′′ = π−1B′′ where eb is the normal

cell representing b. Then drx = b ̸= 0 ∈ H∗(B′′;Z/p). By the supposition in this

lemma, there does not exist x′′ ∈ H∗(E′′;Z/p) such that i∗(Qnx
′′) = y, that is, for each

y′′ ∈ H∗(E′′;Z/p) with π∗y′′ = y, we see vny
′′ ̸= 0 ∈ k(n)∗(E′′).

For j : E′ ⊂ E′′, we can take an element y′′ with j∗(y′′) = y′ by the following reason.

Consider the long exact sequence

· · · → H∗(E′′;Z/p) j∗→ H∗(E′;Z/p) ∂→ H∗(E′′/E′;Z/p) → · · ·

Since x′ does not exist in H∗(E′′;Z/p), we see ∂(x′) ̸= 0. Hence ∂(x′) = b from

H |b|(E′′/E′;Z/p) ∼= Z/p{b}. So we see

∂(y′) = ∂(Qn(x
′)) = Qn(b) = 0,

since b ∈ H∗(B). Hence y′ ∈ Im(j∗).

Hence vny
′ = vnj

∗(y′′) = 0 ∈ k(n)∗(E′) but vny
′′ ̸= 0 ∈ k(n)∗(E′′). By dimensional

reason, vny
′′ = λb for λ ̸= 0 ∈ Z/p.

Conversely, suppose that vny
′ = π∗(b′) ̸= 0 in k(n)∗(E). Then vny

′ = 0 in k(n)∗(E′)

and there is x̃ ∈ H∗(E′;Z/p) with Qnx̃ = y′. Then for i∗(y′) = y and i∗(x̃) = x, we see

Qn(x) = y. But x̃ does not exist in H∗(E′′;Z/p). Hence d|x|+1(x) = λb for λ ̸= 0 ∈ Z/p,
by dimensional reason. □
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Remark (Remark 4.8 in [Ya1]). The above lemma also holds when k(0)∗(X) =

H∗(X;Z(p)) and v0 = p. This fact is well known (Lemma 2.1 in [Tod2]).

Corollary 3.2. In the spectral sequence converging to H∗(G/T ;Z/p), let b ̸= 0

be the transgression image of x, i.e., d|x|+1(x) = b. Then we have the relation in

BP ∗(G/T )/I2∞ such that

b =
∑
i=0

viy(i)

where y(i) ∈ H∗(G/T ;Z/p) with π∗y(i) = Qix.

Proof. Since b = 0 ∈ H∗(G/T ;Z/p), in BP ∗(G/T )/I2∞, we can write

b = py(0) + v1y(1) + v2y(2) + · · · .

If Qi(x) = y(i)′ ̸= 0, then b = viy(i)
′ and take y(i) = y(i)′. If Qi(x) = 0, then b = 0

mod (v2i ) in k(i)∗(G/T ). Otherwise b = viy(i)
′ with y(i)′ ̸= 0 in H∗(G/T ;Z/p) by

Sullivan exact sequence. Then Qi(x) = y(i)′ from the converse of the preceding lemma.

This is a contradiction. So let y(i) = 0 when Qi(x) = 0. □

Let G be a simply connected Lie group such that H∗(G) has p-torsion. Then it is

known ([Mi-Tod]) that H∗(G) has just (not higher) p-torsion in H∗(G)(p). It is also

known that there is m ≥ 1 with

(∗) P pi

(yi) = yi+1 for 1 ≤ i ≤ m− 1, and P pm

(ym) = 0.

(Here suffix i is changed adequately from that defined in the preceding section (2.1).

Note m = 1 for type (I) groups.) Moreover |x1| = 3 and P 1(x1) = −x2, and β(x2) = y1.

We can also take xi+1 such that

(∗∗) Qi(x1) = yi, Q0(xi+1) = yi.

Therefore from the preceding corollary, in BP ∗(G/T )/I2∞, we have

b1 = v1y(1) + · · ·+ vmy(m)

with π∗(y(i)) = yi. We will study the above equation in more details.

Here we recall the Quillen (Landweber–Novikov) operation ([Ha], [Ra]). For a

sequence α = (a1, a2, . . .), ai ≥ 0 with |α| =
∑

i 2(p
i−1)ai, we have the Quillen operation

rα : BP ∗(X) → BP ∗+|α|(X) such that

(1) ρ(rα(x)) = χPα(ρ(x)) for ρ : BP ∗(X) → H∗(X;Z/p),

where χ is the anti-automorphism in the Steenrod algebra,

(2) rα(xy) =
∑

α=α′+α′′

rα′(x)rα′′(y) Cartan formula,
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(3) rα(vn) =

{
vi mod (I2∞) if α = pi∆n−i = (0, . . . , 0,

n−i

pi , 0, . . . , 0).

0 mod (I2∞) otherwise.

We also note that Ω∗(X) has the same operation rα satisfying (2), (3) and (1) for

ρ : Ω∗(X) → CH∗(X)/p and the reduced power operation Pα on CH∗(X)/p =

H2∗,∗(X;Z/p) defined by Voevodsky.

Lemma 3.3. If |α| < 2(pi − pi−1), then rα acts on BP ∗(X)/(I2∞, vi, . . .).

Proof. Here note |vi−1| − |vi| = 2(pi − pi−1). In this case, we have rα(vs) ∈ I2∞
for all s ≥ i. □

Let h∗(−) be a mod(p) cohomology theory (e.g., H∗(−;Z/p), k(n)∗(−)). The prod-

uct G×G → G induces the map

µ : G×G/T → G/T.

Here note h∗(G×G/T ) ∼= h∗(G)⊗h∗h∗(G/T ), since h∗(G/T ) is h∗-free. For x ∈ h∗(G/T ),

we say that x is primitive ([Mi-Ni], [Mi-Tod]) if

µ∗(x) = π∗(x)⊗ 1 + 1⊗ x where π : G → G/T.

It is immediate that if x is primitive, then so is rα(x). Of course b ∈ BP ∗(BT )

are primitive but byi are not, in general. We can take y1 as a primitive element (adding

elements if necessary) in BP ∗(G/T ).

Lemma 3.4. Let G be a simply connected Lie group satisfying (∗). Let y1 be a

primitive element in BP ∗(G/T ), and define yi+1 = rpi∆1
(yi). Then we have

v1y1 + v2y2 + · · ·+ vmym = b1 mod (I2∞).

Proof. Note that vny(n) = b1 ∈ k(n)∗(G/T ) is primitive. We prove yn = y(n)

mod (I2∞). Let us write

y(n) = yn +
∑

yt

with y ∈ P (y), t ∈ S(t), |t| ≥ 2.

We will prove t = 0. Consider the Atiyah–Hirzebruch spectral sequence

E∗,∗′

2
∼= H∗(G; k(n)∗

′
) =⇒ k(n)∗(G).

The first non-zero differential is d2pn−1(x) = vnQn(x). Since |y| ≤ |yn| − 2 = 2pn, we see

that y is vn-torsion free in k(n)∗(G). This means if t ̸= 0, then

vny ⊗ t ̸= 0

in k(n)∗(G)⊗k∗(n) k(n)
∗(G/T ). Therefore t = 0 since yn and vny(n) are primitive. □
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Applying r∆1 to the equation in Lemma 3.4, we have

Lemma 3.5. In BP ∗(G/T )/(I2∞), we have

py1 + v1P
1(y1) + v2P

1(y2) + · · ·+ vmP 1(ym) = P 1(b1) = b2.

4. Versal flag varieties.

Recall that Gk is a nontrivial Gk-torsor. We can construct a twisted form of Gk/Bk

by

(Gk ×Gk/Bk)/Gk
∼= Gk/Bk.

We will study the twisted flag variety X = Gk/Bk.

Let P ⊃ T be a parabolic subgroup of G. Petrov, Semenov and Zainoulline de-

veloped the theory of decompositions of motives M(Gk/Pk). They develop the theory

of generically split varieties. We say that L is a splitting field of a variety of X if

M(X|L) is isomorphic to a direct sum of twisted Tate motives T⊗i and the restriction

map iL : M(X) → M(X|L) is isomorphic after tensoring Q. A smooth scheme X is said

to be generically split over k if its function field L = k(X) is a splitting field. Note that

(the complete flag) X = Gk/Bk is always generically split, i.e., X|L is cellular.

Theorem 4.1 (Theorem 3.7 in [Pe-Se-Za]). Let Qk ⊂ Pk be parabolic subgroups

of Gk which are generically split over k. Then there is a decomposition of motive

M(G/Qk) ∼= M(Gk/Pk)⊗H∗(P/Q).

By extending the arguments by Vishik [Vi] for quadrics to that for flag varieties,

Petrov, Semenov and Zainoulline define the J-invariant of Gk. Recall the expression in

Section 2

(∗) H∗(G;Z/p) ∼= Z/p[y1, . . . , ys]/(yp
r1

1 , . . . , yp
rs

s )⊗ Λ(x1, . . . , xℓ).

Roughly speaking (for the accurate definition, see [Pe-Se-Za]), the J-invariant is defined

as Jp(Gk) = (j1, . . . , js) if ji is the minimal integer such that

yp
ji

i ∈ Im(resCH) mod (y1, . . . , yi−1, t1, . . . , tℓ)

for resCH : CH∗(Gk/Bk) → CH∗(Gk/Bk). Here we take |y1| ≤ |y2| ≤ · · · in (∗). Hence

0 ≤ ji ≤ ri and Jp(Gk) = (0, . . . , 0) if and only if Gk splits by an extension of the index

coprime to p. One of the main results in [Pe-Se-Za] is

Theorem 4.2 (Theorem 5.13 in [Pe-Se-Za] and Theorem 4.3 in [Se-Zh]). Let Gk

be a Gk-torsor over k, X = Gk/Bk and Jp(Gk) = (j1, . . . , js). Then there is a p-localized

motive R(Gk) such that

M(X)(p) ∼= ⊕uR(Gk)⊗ T⊗u.

Here T⊗u are Tate motives with CH∗(⊕uT⊗u)/p ∼= P ′(y)⊗ S(t)/(b) where
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P ′(y) = Z/p[yp
j1

1 , . . . , yp
js

s ]/(yp
r1

1 , . . . , yp
rs

s ) ⊂ P (y)/p,

S(t)/(b) = S(t)/(b1, . . . , bℓ).

The mod (p) Chow group of R̄(Gk) = R(Gk)⊗ k̄ is given by

CH∗(R̄(Gk))/p ∼= Z/p[y1, . . . , ys]/(yp
j1

1 , . . . , yp
js

s ).

Hence we have CH∗(X̄)/p ∼= CH∗(R̄(Gk))⊗ P ′(y)⊗ S(t)/(b) and

CH∗(X)/p ∼= CH∗(R(Gk))⊗ P ′(y)⊗ S(t)/(b).

Let Pk be a special parabolic subgroup of Gk (i.e., any extension is split, e.g., Bk).

Let us consider an embedding of Gk into the general linear group GLN for some N . This

makes GLN a Gk-torsor over the quotient variety S = GLN/Gk. We define F to be the

function field k(S) and define the versal Gk-torsor E to be the Gk-torsor over F given

by the generic fiber of GLN → S. (For details, see [Ga-Me-Se], [Ka1], [Me-Ne-Za],

[To2].)

E −−−−→ GLNy y
Spec(k(S)) −−−−→ S = GLN/Gk

The corresponding flag variety E/Pk is called generically twisted or versal flag variety,

which is considered as the most complicated twisted flag variety (for given Gk, Pk). It

is known that the Chow ring CH∗(E/Pk) is not dependent to the choice of generic

Gk-torsors E (Remark 2.3 in [Ka1]).

Karpenko [Ka1] proved the following theorem for CH∗(X). Merkurjev–Neshitov–

Zainoulline [Me-Ne-Za] also stated this theorem.

Theorem 4.3 (Karpenko Lemma 2.1 in [Ka1], [Me-Ne-Za]). Let h∗(X) be an

oriented cohomology theory (e.g., CH∗(X), Ω∗(X)). Let Pk be a parabolic subgroup of

Gk and Gk/Pk be a versal flag variety. Then the natural map h∗(BPk) → h∗(Gk/Pk) is

surjective.

Corollary 4.4. The Chow ring CH∗(Gk/Bk) is generated by elements ti in S(t).

In particular, for each x ∈ CH∗(Gk/Bk), the element psx is represented by elements in

S(t) for a sufficient large s.

Proof. For some extension F/k of order aps with a coprime to p (i.e., (a, p) = 1),

the Gk-torsor Gk splits. Hence psyi ∈ Im(resCH : CH∗(Gk/Bk) → CH∗(Gk/Bk)), which

is written by elements in S(t) by the above Karpenko theorem. □

Corollary 4.5. If Gk is versal, then J(Gk) = (r1, . . . , rs), i.e., ri = ji.

Proof. If ji < ri, then 0 ̸= yp
ji

i ∈ res(CH∗(X) → CH∗(Gk/Bk)), which is

in the image from S(t) by the preceding theorem. This induces a contradiction since
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CH∗(Gk/Tk;Z/p) ∼= P (y)/p⊗ S(t)/(b) and 0 ̸= yp
ji

i ∈ P (y)/p. □

Here we recall the (original) Rost motive Ra (we write it by Rn) defined from a

nonzero pure symbol a in the mod(p) Milnor K-theory KM
n+1(k)/p. When J(Gk) = (1)

(and G is simply connected), we know R(Gk) ∼= R2 from [Pe-Se-Za]. We write R̄n =

Rn ⊗ k̄. The Rost motive Rn is defined as a non-split motive but split over a field of

degree ap with (a, p) = 1, and for |y| = 2bn = 2(pn − 1)/(p− 1)

CH∗(R̄n) ∼= Z[y]/(yp), Ω∗(R̄n) ∼= BP ∗[y]/(yp).

Theorem 4.6 ([Me-Su], [Vi-Ya], [Ya4]). Let Rn be the (original) Rost motive

defined by Rost and Voevodsky ([Ro1], [Ro2], [Vo2], [Vo3]). Then the restriction resΩ :

Ω∗(Rn) → Ω∗(R̄n) is injective. Recall In = (p, . . . , vn−1) ⊂ BP ∗. The restriction image

Im(resΩ) is isomorphic to

BP ∗{1} ⊕ In ⊗ Z(p)[y]
+/(yp)

∼= BP ∗{1, vjyi | 0 ≤ j ≤ n− 1, 1 ≤ i ≤ p− 1} ⊂ BP ∗[y]/(yp).

Hence writing vjy
i = cj(y

i), |cj(yi)| = 2ibn − 2(pj − 1), we have

CH∗(Rn)/p ∼= Z/p{1, cj(yi) | 0 ≤ j ≤ n− 1, 1 ≤ i ≤ p− 1}.

Example. In particular, we have isomorphisms

CH∗(R1)/p ∼= Z/p{1, c0(y), . . . , c0(yp−1)},
CH∗(R2)/p ∼= Z/p{1, c0(y), c1(y), . . . , c0(yp−1), c1(y

p−1)}.

5. Torsion index.

Let dimR(G/T ) = 2d. Then the torsion index is defined as

t(G) = |H2d(G/T ;Z)/i∗H2d(BT ;Z)|

for i : G/T → BT . Let n(Gk) be the greatest common divisor of the degrees of all

finite field extension k′ of k such that Gk becomes trivial over k′. Then by Grothendieck

[Gr], it is known that n(Gk) divides t(G). Moreover, there is a Gk-torsor GF over some

extension field F of k such that n(GF ) = t(G) (in fact, this holds for each versal Gk-

torsor [Ka1], [Me-Ne-Za], [To2]). Note that t(G1 × G2) = t(G1) · t(G2). It is well

known that if H∗(G) has a p-torsion, then p divides the torsion index t(G). Torsion

indexes for simply connected compact Lie groups are completely determined by Totaro

[To1], [To2]. For example, t(E8) = 26325.

Hereafter in this paper, we assume that Gk is a versal Gk-torsor and X = Gk/Bk

is the versal flag variety. Recall that

grH∗(G/T ;Z/p) ∼= P (y)/p⊗ S(t)/(b)
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where S(t)/(b) = S(t)/(b1, . . . , bℓ), P (y)/p ∼= Z/p[y1, . . . , ys]/(yp
r1

1 , . . . , yp
rs

s ). Recall

Corollary 4.5, and then we see J(Gk) = (r1, . . . , rs), e.g., y
pri−1

i ̸∈ S(t).

Giving the filtration on S(t) by bi, we have the isomorphism

grS(t)/p ∼= Z/p[b1, . . . , bℓ]⊗ S(t)/(b1, . . . , bℓ).

Let us write for N > 0

AN = Z/p{bi1 · · · bik | |bi1 |+ · · ·+ |bik | ≤ N} ⊂ grS(t).

Of course H∗(G/T ) = 0 for ∗ > 2d = dimR(G/T ), so we have a map

grS(t)/p → A2d ⊗ S(t)/(b) → grCH∗(X)/p.

Lemma 5.1. The composition map is a surjection

A2d → CH∗(X)/p
pr
↠ CH∗(R(Gk))/p.

Proof. Recall the decompositionM(X)(p) ∼= ⊕iR(Gk)⊗Tsi . Since the restriction

map resCH : CH∗(Tsi)/p → CH∗(T̄si)/p is an isomorphism, we have

CH∗(⊕iTsi)/p ∼= CH∗(⊕iT̄si)/p

∼= CH∗(Gk/Tk)/(p, P (y)+) ∼= S(t)/(p, b).

Thus we can write CH∗(Tsi) ∼= Z(p){ui} for some ui ̸= 0 ∈ S(t)/(p, b). Hence CH∗(X)/p

is generated by elements which are product b · u in CH∗(X)/p for b ∈ CH∗(R(Gk)) ⊂
CH∗(X)/p and u ∈ S(t)/(p, b). Note bu ̸= 0 if b ̸= 0 in CH∗(X)/p.

On the other hand, since CH∗(X) is versal and generated by images from S(t),

which is generated by b′u for b′ ∈ Im(Ad → CH∗(X)/p). When si ̸= 0 (i.e., |u| ≥ 2), we

see pr(b′u) = 0 for the projection pr : CH∗(X)/p → CH∗(R(Gk))/p. Hence we have the

lemma. □

From the arguments in the proof of preceding lemma, we have

Corollary 5.2. If b ∈ Ker(pr), then we can write b =
∑

b′u′ with b′ ∈ A2d,

0 ̸= u′ ∈ S(t)/(p, b), and |u′| > 0.

Corollary 5.3. If bi ̸= 0 in CH∗(X)/p, then so in CH∗(R(Gk))/p.

Proof. Let pr(bi) = 0. Then bi =
∑

b′u′ for |u′| > 0, and hence b′ ∈
Ideal(b1, . . . , bi−1). This contradicts (b1, . . . , bℓ) being regular. □

Let us write

ytop = Πs
i=1y

pri−1
i (resp. ttop)

the generator of the highest degree in P (y) (resp. S(t)/(b)) so that f = ytopttop is the

fundamental class in H2d(G/T ).
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Lemma 5.4. The following map is surjective

AN ↠ CH∗(R(Gk))/p where N = |ytop|.

Proof. In the preceding lemma, AN ⊗u for |u| > 0 maps zero in CH∗(R(Gk))/p.

Since each element in S(t) is written by an element in AN ⊗ S(t)/(b), we have the

corollary. □

Remark. In Section 7 in [Pe-Se], Petrov and Semenov show

CH∗(BBk)/p ∼= CH∗
Gk

(Gk/Bk)/p ∼= ⊕CH∗
Gk

(Rp,Gk
(Gk))/p

where CH∗
Gk

(−) is the Gk-equivariant Chow ring and Rp,Gk
(Gk) is the Gk-equivariant

generalized Rost motive. Hence we have

CH∗
Gk

(Rp,Gk
(Gk))/p ∼= A∞ = Z/p[b1, . . . , bℓ].

Now we consider the torsion index.

Lemma 5.5. Let b̃ = bi1 · · · bik in S(t) such that in H∗(G/T )(p)

b̃ = ps
(
ytop +

∑
yt
)
, |t| > 0

for some y ∈ P (y) and t ∈ S(t). Then the torsion index t(G)(p) ≤ ps.

Proof. Suppose ps < t(G)(p). We can assume t(G) = ps+1 multiplying pi if

necessary. Since tttop = 0 ∈ S(t)/(b), we see

tttop ∈ Ideal(b1, . . . , bℓ) ⊂ Ideal(p).

Therefore ps
∑

ytttop ∈ Ideal(ps+1). So it is in S(t), by Karpenko’s theorem. Hence

psytopttop ∈ S(t). So t(G) ≤ ps and this is a contradiction. □

Corollary 5.6. In the preceding lemma, assume ps = t(G)(p). Then for each

subset (i′1, . . . , i
′
k′) ⊂ (i1, . . . , ik), the element b′i′1

· · · b′ik′ ̸= 0 ∈ CH∗(X)/p.

Proof. Let us write I ′ = (i′1, . . . , i
′
k′) ⊂ I = (i1, . . . , ik), I

′ ∪ I ′′ = I, and bI =

bi1 · · · bik . It is immediate bI′ ̸= 0 ∈ CH∗(X)/p since bI = bI′bI′′ ̸= 0 ∈ CH∗(X)/p. □

From the above corollary, when t(G)(p) is big enough and there is b̃ in the preceding

lemma, we can find many nonzero elements in CH∗(X)/p whose restriction images are

zero in CH∗(X̄)/p.

6. The groups GL(n), Sp(n) and PU(p).

Some results in this section are known. However we write them down since results

and arguments are used in other sections. We consider the Lie group G = U(ℓ) at first.

Note that its cohomology has no torsion. Recall that
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H∗(U(ℓ)) ∼= Λ(x1, . . . , xℓ) with |xi| = 2i− 1.

So P (y)/p ∼= Z/p, and CH∗(R(Gk)/p ∼= CH∗(R̄(Gk))/p ∼= Z/p, that is, there is no

twisted form of Gk/Bk. Moreover CH∗(X)/p ∼= S(t)/(p, b1, . . . , bℓ) for d|xi|+1(xi) = bi.

It is well known that we can take bi = ci the i-th elementary symmetric function on

S(t) ∼= Z[t1, . . . , tℓ].

Proposition 6.1. Let G = U(ℓ) (i.e., Gk = GLℓ ) and p is a prime number. Let

X = Gk/Bk. Then

CH∗(X)/p ∼= S(t)/(p, c1, . . . , cℓ)

where ci is the Chern class in H∗(BT ) ∼= S(t) by the map T ⊂ U(ℓ).

Proof. We consider the fibering G/T → BT → BG. The composition of the

induced maps H∗(BG) → H∗(BT ) → H∗(G/T ) is zero. The first map induces the

isomorphism

H∗(BG) ∼= H∗(BT )WG(T ) ∼= Z[c1, . . . , cℓ].

Thus (b1, . . . , bℓ) ⊃ (c1, . . . , cℓ). By dimensional reason, we have the proposition. □

Next consider in the case G′ = Sp(ℓ) and recall that

H∗(Sp(ℓ)) ∼= Λ(x′
1, . . . , x

′
ℓ) with |x′

i| = 4i− 1.

So P (y)′/p ∼= Z/p, and there is no twisted form ofG′
k/Bk. Moreover we have d|x′

i|+1(x
′
i) =

pi the Pontryagin class. Hence we have

Proposition 6.2. Let G′ = Sp(ℓ) and X ′ = G′
k/Bk. Then for each prime number

p, we have

CH∗(X ′)/p ∼= S(t)/(p, p1, . . . , pℓ).

In particular, when p = 2, we have CH∗(X ′)/2 ∼= S(t)/(2, c21, . . . , c
2
ℓ).

Now we consider in the case (G, p) = (PU(p), p), which has p-torsion in cohomology,

but it is not simply connected. Its mod (p) cohomology is

H∗(G;Z/p) ∼= Z/p[y]/(yp)⊗ Λ(x1, . . . , xp−1) |y| = 2, |xi| = 2i− 1.

So P (y)/p ∼= Z/p[y]/(yp) with |y| = 2. This fact is given by the fibering U(p) →
PU(p) → BS1 and the induced spectral sequence

E∗,∗′

2
∼= H∗(BS1;H∗′

(U(p);Z/p)) =⇒ H∗(PU(p);Z/p).

Here we use that H∗(BS1;Z/p) ∼= Z/p[y] and d2pxp = yp.
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Since G is not simply connected, G is not of type (I) while P (y) is generated by only

one y. (However CH∗(X)/p quite resembles that of type (I). Compare Theorem 6.5 and

Theorem 9.4 below.)

We consider the map U(p−1) → U(p) → PU(p) where the maximal tori of U(p−1)

and PU(p) are isomorphic, i.e., TU(p−1)
∼= TPU(p). By using the map U(p−1) → PU(p),

we know d2i(xi) = ci. Hence we have

grH∗(G/T ;Z/p) ∼= Z/p[y]/(yp)⊗ S(t)/(c1, . . . , cp−1).

Lemma 6.3. Let X split over a field k′ over k of index pt · a for (a, p) = 1. Then

for all y ∈ CH∗(X̄), we see pty ∈ Im(resCH).

Proof. Using the fact that res⊗Q is isomorphic, there is s such that psy = res(x)

for some x ∈ CH∗(X). Then for the trace map tr, we see

psres · tr(y) = res · tr · res(x) = res(aptx) = aps+t(y).

Since CH∗(X̄) is torsion free, we have res · tr(a−1y) = pty. □

Lemma 6.4. We have pyi = ci ∈ H∗(G/T )(p).

Proof. By induction on i, we will prove pyi = ci. It is known from [Pe-Se-Za]

that R(Gk) ∼= R1 (note Gk is versal). From the preceding lemma, py ∈ Im(resCH).

By Karpenko’s theorem, pyi is represented by elements in CH∗(BT ). Since pyi ∈
Ideal(c1, . . . , ci), we can write, for t(j) ∈ S(t), λ ∈ Z,

pyi =
∑
j<i

cjt(j) + λci.

If λ = 0 ∈ Z/p, we see pyi =
∑

pyjt(j) by inductive assumption, and this is a contradic-

tion, since CH∗(X̄) is p-torsion free. □

Theorem 6.5. Let G = PU(p) and X = Gk/Bk. Then there are isomorphisms

CH∗(R(Gk))/p ∼= CH∗(R1)/p ∼= Z/p{1, c1, . . . , cp−1},
CH∗(X)/p ∼= S(t)/(p, cicj |1 ≤ i, j ≤ p− 1).

Proof. From [Pe-Se-Za], recall R(Gk) ∼= R1. Hence the second isomorphism

follows from pyi = ci and (Example of) Theorem 4.6,

CH∗(R1)/p ∼= Z/p{1, py, . . . , pyp−1}.

From the main theorem of [Pe-Se-Za], we have the additive isomorphism

CH∗(X)/p ∼= Z/p{1, py, . . . , pyp−1} ⊗ S(t)/(b)

where bi = ci. Note cicj = p2yi+j = pci+j in Ω∗(X̄). Since resΩ : Ω∗(X) → Ω∗(X̄) is

injective, we see cicj = 0 ∈ CH∗(X)/p.
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Of course we have an additive isomorphism

S(t)/(p, cicj) ∼= Z/p{1, c1, . . . , cp−1} ⊗ S(t)/(c1, . . . , cp−1).

Moreover we have a surjective ring map S(t)/(p, cicj) ↠ CH∗(X)/p. From the additive

isomorphism, its kernel is zero, which induces the ring isomorphism of the theorem. □

Since CH∗(X) is torsion free, we also get the above theorem by considering the

restriction map CH∗(X) → CH∗(X̄).

We note here the following lemma for a (general) split algebraic group Gk and a

Gk-torsor Gk.

Lemma 6.6. The composition of the following maps is zero for ∗ > 0

CH∗(BGk)/p → CH∗(BBk)/p → CH∗(Gk/Bk)/p.

Proof. Take U (e.g., GLN for a large N) such that U/Gk approximates the

classifying space BGk [To3]. Namely, we can take Gk = f∗U for the classifying map

f : Gk/Gk → U/Gk. Hence we have the following commutative diagram

Gk/Bk −−−−→ U/Bky y
Spec(k) ∼= Gk/Gk −−−−→ U/Gk

where U/Bk (resp. U/Gk) approximates BBk (resp. BGk). Since CH∗(Spec(k))/p = 0

for ∗ > 0, we have the lemma. □

7. The orthogonal group SO(m) and p = 2.

We consider the orthogonal groups G = SO(m) and p = 2 in this section. The mod

2-cohomology is written as (see for example [Mi-Tod], [Ni])

grH∗(SO(m);Z/2) ∼= Λ(x1, x2, . . . , xm−1)

where |xi| = i, and the multiplications are given by x2
s = x2s. We write y2(odd) = x2

odd.

Hence we can write

H∗(SO(m);Z/2) ∼= P (y)⊗ Λ(x1, x3, . . . , xm̄),

with P (y) = ⊗s
i=0Z/2[y4i+2]/(y

2ri
4i+2), grP (y) ∼= Λ(x2, x4, . . . , xm′)

for adequate integers m̄,m′, s, ri. For ease of argument, at first, we only consider the

case m = 2ℓ+ 1 so that

H∗(G;Z/2) ∼= P (y)⊗ Λ(x1, x3, . . . , x2ℓ−1)

grP (y)/2 ∼= Λ(y2, . . . , y2ℓ),

letting y2i = x2i hence y4i = y22i. Here the suffix means its degree in this section.
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The Steenrod operation is given as Sqk(xi) =
(
i
k

)
(xi+k). The Qi-operations are

given by Nishimoto [Ni]

Qnx2i−1 = y2i−2n+1−2, Qny2i = 0.

Considering the maps U(ℓ) → SO(2ℓ) → SO(2ℓ+1), we see that bi = ci mod (2) for

the transgression d2i(x2i−1) = bi and ci which is the i-th elementary symmetric function

on S(t), from Proposition 6.1 in the preceding section. Moreover we see Q0(x2i−1) = y2i
in H∗(G;Z/2). From Lemma 3.1 or Corollary 3.2, we have

2y2i = ci mod (4)

in H∗(G/T ). Indeed, the cohomology H∗(G/T ) is computed completely by Toda–

Watanabe [Tod-Wa].

Theorem 7.1 ([Tod-Wa]). There are y2i ∈ H∗(G/T ) for 1 ≤ i ≤ ℓ such that

π∗(y2i) = y2i for π : G → G/T , and that we have an isomorphism

H∗(G/T ) ∼= Z[ti, y2i]/(ci − 2y2i, J2i)

where J2i = 1/4(
∑2i

j=0(−1)jcjc2i−j) = y4i −
∑

0<j<2i(−1)jy2jy4i−2j letting y2j = 0 for

j > ℓ.

By using Nishimoto’s result for Qi-operation, from Corollary 3.2, we have

Corollary 7.2. In BP ∗(G/T )/I2∞, we have

ci = 2y2i +
∑
n≥1

vny(2i+ 2n+1 − 2)

for some y(j) with π∗(y(i)) = yi.

It is known by Marlin and Merkurjev (see [To2] for details) that the torsion index

of SO(2ℓ+ 1) (and SO(2ℓ+ 2)) is 2ℓ. Here we give an another proof.

Theorem 7.3. t(G) = t(SO(2ℓ+ 1)) = 2ℓ.

Proof. We consider in H∗(G/T )

c1 · · · cℓ = (2y2)(2y4) · · · (2y2ℓ) = 2ℓytop

where ytop = y2 · · · y2ℓ. Hence t(G) ≤ 2ℓ.

Conversely, let 2ℓ−1ytop = t in S(t). Then t = 0 ∈ H∗(G/T ;Z/2) and hence t is in

the ideal (c1, . . . , cℓ) in S(t). So we can write t =
∑

cit(i). Then we have

2ℓ−1ytop = 2
∑

y2it(i)

which implies 2ℓ−2ytop =
∑

y2it(i) since H∗(G/T ) has no torsion.

Continue this argument. Then we have a relation ytop =
∑

yt with t ∈ S(t) where
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the number of y2s in each monomial in y is less or equal to ℓ − 1, while the number for

ytop is ℓ. This is a contradiction. □

Let W = WSO(2ℓ+1)(T ) be the Weyl group. Then W ∼= S±
ℓ is generated by permu-

tations and change of signs so that |S±
ℓ | = 2ℓℓ!. Hence we have

H∗(BT )W ∼= Z(2)[p1, . . . , pℓ] ⊂ H∗(BT ) ∼= Z(2)[t1, . . . , tℓ], |ti| = 2

where the Pontryagin class pi is defined by Πi(1 + t2i ) =
∑

i pi. Consider the maps

η : T
η1

⊂ U(ℓ)→SO(2ℓ+ 1)
η2→ U(2ℓ+ 1).

Then c2i(η) = pi ∈ CH∗(BT )W which is also the image of c2i(η2) in CH∗(BSO(2ℓ+1)).

On the other hand, pi = ci(η1)
2 mod (2), where ci(η1) = σi is the elementary

symmetric function in S(t). Now we consider a versal torsor Gk and the versal flag

X = Gk/Bk. From Lemma 6.6, the composition of the following maps

CH∗(BGk)/2 → CH∗(BBk)/2 → CH∗(X)/2

is zero for ∗ > 0, we get ci(η1)
2 = σ2

i = 0 in CH∗(X)/2.

This fact is also seen directly from considering the natural inclusion SO(2ℓ+ 1) →
Sp(2ℓ+ 1) and Proposition 6.2.

Lemma 7.4. We have c2i = 0 in CH∗(X)/2.

Lemma 7.5. There is an additive injection

Z/2[c1, . . . , cℓ]/(c21, . . . , c2ℓ) = Λ(c1, . . . , cℓ) ⊂ CH∗(R(Gk))/2.

Proof. At first we note that c1 · · · cℓ ̸= 0 in CH∗(X)/2. Otherwise, it is rep-

resented by 2S(t) since CH∗(X) is generated by elements from S(t). It means that

2ℓ−1ytop = 1/2(c1 · · · cℓ) ∈ S(t). Hence t(G) < 2ℓ and it is a contradiction.

For I = (i1, . . . , ik) ⊂ (1, . . . , ℓ), let cI = ci1 · · · cik and yI = y2i1 · · · y2ik and |I| = k.

Suppose cI ∈ Ker(pr) for pr : CH∗(X)/2 → CH∗(R(Gk))/2. Then from Corollary 5.2, we

can write

cI =
∑
J

cJu(J)

with u(J) ∈ S(t) and |u(J)| > 0 for some J , since cI is not zero in CH∗(X)/2.

Then we have 2|I|yI =
∑

J 2|J|yju(j). Since H∗(G/T ) has no 2-torsion, dividing

by min(2|I|, 2|J|), we have a contradiction since H∗(G/T ;Z/2) ∼= P (y)⊗ S(t)/(b). Thus

cI ̸= 0 in also CH∗(R(Gk))/2. □

Theorem 7.6. Let (G, p) = (SO(2ℓ + 1), 2) and X = Gk/Bk. Then there are

isomorphisms

CH∗(X)/2 ∼= S(t)/(2, c21, . . . , c
2
ℓ), CH∗(R(Gk))/2 ∼= Λ(c1, . . . , cℓ).
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Proof. We have the additive and surjective map

gr(S(t)/(2, c21, . . . , c
2
ℓ))

∼= Λ(c1, . . . , cℓ)⊗ S(t)/(c1, . . . , cℓ)

↠ CH∗(X)/2 ∼= CH∗(R(Gk))⊗ S(t)/(2, c1, . . . , cℓ).

Therefore we see CH∗(R(Gk))/2 ∼= Λ(c1, . . . , cℓ) from the preceding lemma. From

Lemma 7.4, we have the ring homomorphism

S(t)/(2, c21, . . . , c
2
ℓ) → CH∗(X)/2,

which induces the ring isomorphism from the additive isomorphism. □

Corollary 7.7. In the above theorem, CH∗(X) is torsion free.

Proof. Let us write ΛZ(a1, . . . , am) = Z{ai1 · · · ais |1 ≤ i1 < · · · < is ≤ m}. We

consider the restriction maps

CH∗(R(Gk)) ∼= ΛZ(c1, . . . , cℓ)/J
(1)−−−−→ CH∗(R̄(Gk)) ∼= ΛZ(y2, . . . , y2ℓ)

(2)

y (3)

yinj.

CH∗(X)
(4)−−−−→ CH∗(X̄).

for some module J . The map (1) (and (4)) is given by ci 7→ 2y2i, and since the last map

(4) is a ring map, we see that (4)(2) maps ci1 · · · cis 7→ 2syi1 · · · yis , which is injective.

Hence the first map (1) is (additively) injective and J = 0. Thus CH∗(R(Gk)) is torsion

free, and so is CH∗(X) from the theorem by Petrov, Semenov and Zainoulline such that

M(X)(2) ∼= ⊕iR(Gk)⊗ Ti⊗. □

Remark. The above lemmas, theorem and corollary are also given from a result

by Petrov (Theorem 1 in [Pe], see also Theorem 7.13 below).

Corollary 7.8. Let (G′, p) = (SO(2ℓ), 2) and X ′ = G′
k/Bk so that G′ ⊂ G =

SO(2ℓ+ 1). Then t(G′) = 2ℓ−1, and

CH∗(R(G′
k))/2

∼= CH∗(R(Gk))/(2, cℓ) ∼= Λ(c1, . . . , cℓ−1),

CH∗(X ′)/2 ∼= CH∗(X)/(2, cℓ) ∼= S(t)/(2, c21, . . . , c
2
ℓ−1, cℓ).

Proof. This corollary is easily shown from H∗(G′;Z/2) ∼= H∗(G;Z/2)/(y2ℓ).
For example, grP (y)′ ∼= Λ(y2, . . . , y2ℓ−2) and t(G′) = 2ℓ−1. □

From Proposition 6.2 and Theorem 7.6, we note

Corollary 7.9. Let G′′ = Sp(2ℓ+ 1) and X ′′ = G′′
k/B

′′
k . Then the natural maps

G → G′′ ⊃ Sp(ℓ) induce the isomorphisms

CH∗(X)/2 ∼= CH∗(X ′′)/(2, ti|i > ℓ) ∼= H∗(Sp(ℓ)/T ;Z/2).
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We now study CH∗(X|K)/2 for some interesting extension K over k. Let K be an

extension of k such that X does not split over K but splits over an extension over K of

degree 2a, (a, 2) = 1. Suppose that

(∗) y2i ∈ ResK, for 1 ≤ i ≤ ℓ− 1

where ResK = Im(res : CH∗(X|K)/2 → CH∗(X̄)/2). We want to consider the case

y2ℓ ̸∈ ResK.

Lemma 7.10. Suppose (∗) and ℓ ̸= 2n − 1 for n > 0. Then y2ℓ ∈ ResK.

Proof. We see that if ℓ ̸= 2n − 1, then each y2ℓ is a target of the Steenrod

operation Sq2k. Recall Sq2k(y2i) =
(
i
k

)
y2(i+k). It is well known that if i =

∑
is2

s and

k =
∑

ks2
s for is, ks = 0 or 1, then (in mod (2))(

i

k

)
=

(
im
km

)
· · ·

(
is
ks

)
· · ·

(
i0
k0

)
.

Note that if i = 2n − 1, then all is = 1 (for s < n). Otherwise there is s such that is = 1

but is−1 = 0. Take k = 2s−1 and i′ = i− 2s−1. Then i′ + k = i and(
i′

k

)
=

(
im = 1

0

)
· · ·

(
i′s = 0

ks = 0

)(
1

1

)
· · ·

(
i0
0

)
= 1.

This means Sq2k(y2i′) = y2i if i ̸= 2n − 1. □

Lemma 7.11. Suppose (∗) and ℓ = 2n − 1. Then elements py2ℓ, v1y2ℓ, . . . , vn−1y2ℓ
are all in Im(resΩ) where resΩ : Ω∗(X)/2 → Ω∗(X̄)/2.

Proof. From Corollary 7.2, we see

cℓ−2j+1 = 2y(2(ℓ− 2j + 20)) + v1y(2(ℓ− 2j + 21)) + · · ·+ vj(y(2ℓ))

= vj(y2ℓ) mod (y2, y4, . . . , y2ℓ−2).

Hence we have resΩ(cℓ−(2j−1)) = vj(y2ℓ) mod (y2, y4, . . . , y2ℓ−2). □

Thus we have

Theorem 7.12. Suppose (∗) and ℓ = 2n − 1. Then

CH∗(R(Gk)|K)/2 ∼= Λ(y2, . . . , y2ℓ−2)⊗ CH∗(Rn)/2,

with CH∗(Rn)/2 ∼= Z/2{1, c0(y2ℓ), . . . , cn−1(y2ℓ)} ∼= Z/2{1, py2ℓ, . . . , vn−1y2ℓ}. More-

over we have

resKk (CH∗(R(Gk))/2) ∼= CH∗(Rn)/2 ⊂ CH∗(R(Gk)|K)/2.

The restriction maps are given cj 7→ cs(y2ℓ) = vsy2ℓ if j = ℓ − (ps − 1), and cj 7→ 0

otherwise.
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At last of this section, we consider the case X(C) = G/P with

G = SO(2ℓ+ 1) and P = U(ℓ).

Let us write this X by Y , i.e., Y = Gk/Pk. From the fibering SO(2ℓ + 1) → Y (C) →
BU(ℓ), we have the spectral sequence

E∗,∗′

2
∼= H∗(SO(2ℓ+ 1);Z/2)⊗H∗′

(BU(ℓ))

∼= P (y)⊗ Λ(x1, . . . , x2ℓ−1)⊗ Z/2[c1, . . . , cℓ] =⇒ H∗(Y (C);Z/2).

Here the differential is given as d2i(x2i−1) = ci. Hence

CH∗(Ȳ ;Z/2) ∼= H∗(Y (C);Z/2) ∼= P (y)/2.

This case is studied by Vishik [Vi] and Petrov [Pe] as maximal orthogonal (or quadratic)

grassmannian. (see Theorem 5.1 in [Vi]). From Theorem 7.6, we have

Theorem 7.13 ([Pe], [Vi]). Let G = SO(2ℓ + 1) and Gk be a versal Gk-torsor.

Let Y = Gk/U(ℓ)k. Then

CH∗(Y )/2 ∼= CH∗(R(Gk))/2 ∼= Λ(c1, . . . , cℓ).

Remark. Petrov computes the integral Chow ring for more general situations

[Pe]. From the above theorem, we note that CH∗(R(Gk))/2 has the ring structure in

this case.

In [Vi], Vishik originally defined the J-invariant J(q) of a quadratic form q which

corresponds to the quadratic grassmannian (see Definition 5.11, Corollary 5.10 in [Vi])

by

J(q) = {ik|y2ik ∈ ResCH} ⊂ {0, . . . , ℓ}.

Let I be the fundamental ideal of the Witt ring W (k) so that grW (k) = ⊕nI
n/In+1 ∼=

KM
∗ (k)/2 where KM

∗ (k) is the Milnor K-theory of k. Smirnov and Vishik (Proposi-

tion 3.2.31 in [Sm-Vi]) prove that

q ∈ In if and only if {0, . . . , 2n−1 − 2} ⊂ J(q).

Hence the condition (∗) in Theorem 7.12 is equivalent to q ∈ In for the quadratic form q

corresponding to Y |K . We also note that G = Spin(m) cases correspond to q ∈ I3 from

1, y2, y4 ∈ ResCH (see (8.1) below). This fact is of course, well known.

8. The spin group Spin(2ℓ + 1) and p = 2.

Throughout this section, let p = 2, G = SO(2ℓ + 1) and G′ = Spin(2ℓ + 1). By

definition, we have the 2 covering π : G′ → G. It is well known that π∗ : H∗(G/T ) ∼=
H∗(G′/T ′) where T ′ is a maximal torus of G′. However the twisted flag varieties are not

isomorphic.

Let 2t ≤ ℓ < 2t+1, i.e., t = [ log2 ℓ ]. The mod 2 cohomology is
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H∗(G′;Z/2) ∼= H∗(G;Z/2)/(x1, y2)⊗ Λ(z)

∼= P (y)′ ⊗ Λ(x3, x5, . . . , x2ℓ−1)⊗ Λ(z), |z| = 2t+2 − 1

where P (y) ∼= Z/2[y2]/(y2
t+1

2 )⊗P (y)′. (Here the element z is defined by d2t+2(z) = y2
t+1

2

for 0 ̸= y2 ∈ H2(BZ/2;Z/2) in the spectral sequence induced from the fibering G′ →
G → BZ/2.) Hence

grP (y)′ ∼= ⊗2i ̸=2jΛ(y2i) ∼= Λ(y6, y10, y12, . . . , y2ℓ̄) (8.1)

where ℓ̄ = ℓ − 1 if ℓ = 2j , and ℓ̄ = ℓ otherwise. The Qi operation for z is given by

Nishimoto [Ni]

Q0(z) =
∑

i+j=2t+1,i<j

y2iy2j , Qn(z) =
∑

i+j=2t+1+2n+1−2,i<j

y2iy2j

for n ≥ 1.

We know that

grH∗(G/T )/2 ∼= P (y)′ ⊗ Z[y2]/(y2
t+1

2 )⊗ S(t)/(2, c1, c2, . . . , cℓ)

grH∗(G′/T ′)/2 ∼= P (y)′ ⊗ S(t′)/(2, c′2, . . . , c
′
ℓ, c

2t+1

1 ).

Here c′i = π∗(ci) and d2t+2(z) = c2
t+1

1 in the spectral sequence converging H∗(G′/T ′).

These are additively isomorphic. In particular, we have

Lemma 8.1. The element π∗(y2) = c1 ∈ S(t′) and π∗(tj) = c1 + tj for 1 ≤ j ≤ ℓ.

Take k such that Gk is a versal Gk-torsor so that G′
k is also a versal G′

k-torsor. Let

us write X = Gk/Bk and X ′ = G′
k/B

′
k. Then

CH∗(R̄(G′
k))/2

∼= P (y)′/2, and CH∗(R̄(Gk))/2 ∼= P (y)/2.

Theorem 8.2. Let (G, p) = (SO(2ℓ + 1), 2), (G′, p) = (Spin(2ℓ + 1), 2), and π :

G′ → G be the natural projection. Let c′i = π∗(ci). Then π∗ induces maps such that their

composition map is surjective

CH∗(R(Gk))/(2, c1) ∼= Λ(c2, . . . , cℓ)
π∗

→ CH∗(R(G′
k))/2 ↠ Z/2{1, c′2, . . . , c′ℓ̄}

where ℓ̄ = ℓ− 1 if ℓ = 2j for some j > 0, otherwise ℓ̄ = ℓ.

Proof. From Corollary 5.3, we only need to show c′i ̸= 0 in Ω∗(G′
k/T

′
k)/(I∞ ·

Im(resΩ)). In fact, when i ̸= 2j , in H∗(G′/T ′)/4, we have

2y2i = c′j ∈ S(t)

which is nonzero in BP ∗(G/T )/(I∞ ·Im(resΩ)). Because y2i ∈ P (y)′ and y2i ̸∈ Im(resCH)

from Lemma 4.5 since X is a versal flag variety.

When i = 2j , we note y2i = y2j ∈ S(t′), in fact y2j ̸∈ P (y)′. But in BP ∗(G′/T ′)/I2∞,
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we have

2y2i + v1(y(2i+ 2)) + · · ·+ vn(y(2i+ 2n+1 − 2)) + · · · = c′i ∈ BP ∗(BT ′).

When i+ 1 ≤ ℓ, this element is nonzero in BP ∗(G/T )/I∞ · Im(resΩ) because

c′i = v1(y(2i+ 2)) ̸= 0 ∈ k(1)∗(G/T )/(v1 · Im(resk(1)))

where resk(1) : k(1)∗(X ′) → k(1)∗(X̄). Otherwise y(2i + 2) ∈ Im(resCH), and this is

a contradiction since y2j+2 ̸∈ Im(resCH), which follows from y2j+2 ∈ P (y)′ and Corol-

lary 4.5.

When 2j = ℓ, we note

CH∗(R̄(G′
k))/2

∼= CH∗(R̄(G′′
k))/2 for G′′ = Spin(2ℓ− 1),

in fact y2ℓ = y2j ̸∈ CH∗(R̄(G′
k)). From a theorem by Vishik–Zainoulline (Corollary 6 in

[Vi-Za]), we get CH∗(R(G′
k))/2

∼= CH∗(R(G′′
k))/2. Hence we can take c′ℓ = 0. □

Corollary 8.3. The elements c′′2j = c′2j − c2
j

1 , j > 0 are torsion elements in

CH∗(X)(2).

Proof. Note that resΩ(c
′′
2j) ∈ BP<0 · Ω∗(X̄), and resCH(c

′′
2j) = 0 ∈ CH∗(X̄). It is

well known that resCH ⊗Q is isomorphic. Hence c′′2j must be torsion. □

Example. Let G = SO(7) and G′ = Spin(7), i.e., ℓ = 3. Their cohomologies are

H∗(G;Z/2) ∼= Z/2[y2, y6]/(y42 , y26)⊗ Λ(x1, x3, x5),

H∗(G′;Z/2) ∼= Z/2[y6]/(y26)⊗ Λ(x3, x5, z7).

The cohomologies of flag manifolds are

H∗(G/T ;Z/2) ∼= Z/2[y2, y6]/(y42 , y26)⊗ S(t)/(c1, c2, c3),

H∗(G′/T ′;Z/2) ∼= Z/2[y6]/(y26)⊗ S(t)/(c′2, c
′
3, c

4
1).

These cohomologies are isomorphic by π∗(y2) = c1. The torsion indexes are t(G) = 23

and t(G′) = 2. The Chow rings of versal flag varieties are

CH∗(X)/2 ∼= S(t)/(2, c21, c
2
2, c

2
3), CH∗(R(Gk))/2 ∼= Λ(c1, c2, c3),

CH∗(X ′)/2 ∼= S(t)/(2, (c′2)
2, c′2c

′
3, (c

′
3)

2, c41), CH∗(R(G′
k))/2

∼= Z/2{1, c′2, c′3}.

Here π∗(ti) = c1+ti so that π
∗(c1) = 0 mod (2). For the third and the last isomorphisms,

see Corollary 9.5 below. In fact G′ is a group of type (I).

Lemma 8.4 (Marlin’s bound). The torsion index t(G′) divides 2ℓ−[log2 ℓ]−1.

Proof. It follows from

Πi ̸=2jci = Πi ̸=2j (2y2i) = 2ℓ−t−1y′top
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where y′top is the generator of top degree elements in P (y)′. □

The exact value of t(G′) is determined by Totaro, namely t(G′) = ℓ−[log2(
(
ℓ+1
2

)
+1)]

or that expression plus 1. (It is known t(Spin(2ℓ+ 1)) = t(Spin(2ℓ+ 2))).

Marlin’s bound fails first for Spin(11). This fact was first found by using a property

of 12-dimensional quadratic forms [To2]. However we show it using the Q0-operation.

Lemma 8.5. For (G′, p) = (Spin(11), 2), we have t(G′) = 2 and the surjection

CH∗(R(G′
k))/2 ↠ Z/2{1, c′2, c′3, c′4, c′5, c′2c′4, c81}.

Proof. Recall the cohomology

H∗(G′;Z/2) ∼= Z/2[y6, y10]/(y26 , y210)⊗ Λ(x3, x5, x7, x9, z15).

By Nishimoto, we know Q0(z15) = y6y10. It implies 2y6y10 = d16(z15) = c81. Since y
′
top =

y6y10, we have t(G′) = 2. (Note that c81 ̸= 0 ∈ CH∗(R(G))/2, otherwise t(G′) = 1.)

We will show c′2c
′
4 ̸= 0 ∈ CH∗(X)/2. The elements c′2, c

′
3, c

′
4 in CH∗(R(G′

k))/2

correspond to v1y6, 2y6, v1y10 in Ω∗(R̄(G′
k)) respectively. In particular c′2c

′
4 corresponds

to v21y6y10. If c′2c
′
4 = 0 ∈ CH∗(R(G′

k))/2, then v1y6y10 must be in ResΩ. This means

v1y6y10 = b′′ for some b′′ ∈ BP ∗(BT ′). However there is no x ∈ H13(G′;Z/2) such that

Q1(x) = y6y10 with d12(x) = b′′. □

Remark. Quite recently, Karpenko ([Ka2]) showed that the above surjection is

an isomorphism.

In most cases, from the result of Totaro, we see Πi̸=2jc
′
i = 0. However from [To2]

when ℓ = 8, we know that 2ℓ−[log2(ℓ)]−1 = 24 = t(Spin(17)). (Note y16 − 2y6y10 ∈ S(t)

but y16 ̸∈ S(t) when ℓ = 8.) Hence we have

Lemma 8.6. Let ℓ ≥ 8 and G′ = Spin(2ℓ+ 1), and X ′ = G′
k/B

′
k. Then we have

c′3c
′
5c

′
6c

′
7, c′3c

′
4c

′
6c

′
7 ̸= 0 ∈ CH∗(X ′)/2.

Proof. When ℓ = 8, we see that elements

c′3c
′
5c

′
6c

′
7 = 24y6y10y12y14 = 24y′top and c′3c

′
4c

′
6c

′
7 = 23v1y

′
top

are BP ∗-module generators in BP ∗(G/T )/(I∞ · Im(resΩ)). Hence these elements are

nonzero in CH∗(X ′)/2 for ℓ = 8. We get cases ℓ ≥ 8 from the map Spin(17) → Spin(2ℓ+

1). □

9. The exceptional group E8 and p = 5.

In this section, we consider the case (G, p) = (E8, 5). The similar arguments also

hold for (G, p) = (G2, 2), (F4, 3). The mod (5) cohomology of G = E8 ([Mi-Tod]) is

given by

Theorem 9.1. The mod (5) cohomology H∗(E8;Z/5) is isomorphic to
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Z/5[y12]/(y512)⊗ Λ(z3, z11, z15, z23, z27, z35, z39, z47)

where suffix means its degree. The cohomology operations are given

β(z11) = y12, β(z23) = y212, β(z35) = y312, β(z47) = y412,

P 1z3 = z11, P 1z15 = z23, P 1z27 = z35, P 1z39 = z47.

We use the notation such that y = y12 and x1 = z3, . . . , x8 = z47 as used in Section 2.

Hence we can rewrite the cohomology as

H∗(G;Z/p) ∼= Z/p[y]/(yp)⊗ Λ(x1, . . . , x2p−2)

for (G, p) = (E8, 5). The above isomorphism also holds for (G, p) = (G2, 2), (F4, 3).

So hereafter in this section, we assume (G, p) is one of (G2, 2), (F4, 3) or (E8, 5). The

cohomology operations are given as

β : x2i 7→ yi, P 1 : x2i−1 7→ x2i for 1 ≤ i ≤ p− 1.

Hence the Qi operations are given

Q1(x2i−1) = Q0(x2i) = yi for 1 ≤ i ≤ p− 1.

Therefore we have the following lemma, by using Lemma 3.1 or Corollary 3.2.

Lemma 9.2. In BP ∗(G/T )/I2∞, we have

pyi = b2i mod (b2, b4, . . . , b2i−2),

v1y
i = b2i−1 mod (b1, b2, . . . , b2i−2).

Proof. First note that Q0x2i = yi and dr(x2i) = b2i. From Corollary 3.2, there

is y(2i) ∈ BP ∗(G/T )/I2∞ such that py(2i) = b2i and π∗(y(2i)) = yi, that is

y(2i) = yi +
∑
j<i

yjt(j)

where t(j) ∈ S(t) |t(j)| ≥ 2. By induction on i, we get the first equation.

From Q1(x2i−1) = yi and dr′(x2i−1) = b2i−1, there is y(2i−1) such that v1y(2i−1) =

b2i−1 and π∗(y(2i− 1)) = yi. Hence we get the second equation similarly. □

The fundamental class is written yp−1ttop ∈ H∗(G/T ), i.e., ytop = yp−1. Since

pyp−1 = b2p−2 ∈ S(t), we see t(G)(p) = p.

By Petrov–Semenov–Zainoulline, it is known when G is one of (G2, 2), (F4, 3) or

(E8, 5), the motive R(Gk) in Theorem 4.2 is just the original Rost motive R2 defined

by Rost and Voevodsky. (Recall Theorem 4.6.) The restriction resΩ|R : Ω∗(R(Gk)) →
Ω∗(R̄(Gk)) is injective. Hence the following restriction is also injective

resΩ : Ω∗(X) → Ω∗(X̄) ∼= BP ∗(G/T ).
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Corollary 9.3. We see

CH∗(R2)/p ∼= CH∗(R(Gk))/p ∼= Z/p{1, b1, . . . , b2p−2}.

In particular, bs ̸= 0 ∈ CH∗(X)/p. Moreover for 1 ≤ s, r ≤ 2p − 2, we see bsbr = 0 in

CH∗(X)/p.

Proof. Recall Corollary 5.3. We will prove b1 ̸= 0 ∈ CH∗(X). Other cases are

proved similarly. Note b1 = v1y ∈ Ω∗(X̄). If b1 ∈ BP<0 · Im(resΩ), then y ∈ Im(resΩ)

and this is a contradiction. So b1 ̸= 0 in

CH∗(X) ∼= Ω∗(X)/(BP<0 · Ω∗(X)) ∼= Im(resΩ)/(BP<0 · Im(resΩ)).

For the last isomorphism, we used the injectivity of resΩ. We prove b21 = 0 ∈
CH∗(X). We see

b21 = (v1y)
2 = v21y

2 = v1b3 ∈ BP ∗(G/T ).

This element is contained in BP<0 · Im(resΩ). Hence b21 is zero in CH∗(X) as above.

The other cases can be proved similarly. □

Theorem 9.4. Let (G, p) = (G2, 2), (F4, 3) or (E8, 5), and let X = Gk/Tk. Then

there is an isomorphism

CH∗(X)/p ∼= S(t)/(p, bibj |1 ≤ i, j ≤ 2p− 2).

Proof. From the preceding corollary we have the surjection

S(t)/(p, bibj) → CH∗(X)/p.

On the other hand, it is immediate that there is an additive isomorphism

S(t)/(p, bibj) ∼= Z/p{1, b1, . . . , b2p−2} ⊗ S(t)/(p, b).

There is an injection from the above right hand side module into Ω∗(X̄)/(BP<0 ·
Im(resΩ)). Hence we have the theorem. □

Example. Let G = F4 and p = 3. We note G′′ = Spin(9) ⊂ G and

H∗(BG′′)/3 ∼= H∗(BT ′′)W
′′
/3 ∼= Z/3[p1, . . . , p4]

for the Pontryagin classes pi [Tod1]. So H∗(G′′/T ′′)/3 ∼= S(t)/(3, p1, . . . , p4). By using

the induced map from G′′ ⊂ G, we can see bi = pi in CH∗(X)/3. Hence

CH∗(X)/3 ∼= S(t)/(3, pipj |0 ≤ i, j ≤ 4).

Let G′ be of type (I). Then it is well known ([Mi-Tod]) that there is a nat-

ural embedding i : G ⊂ G′ where (G, p) = (G2, 2), (F4, 3) or (E8, 5) such that

i∗ : H∗(G′;Z/p) → H∗(G;Z/p) is surjective. Moreover the polynomial rings P (y) and
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P (y)′ are isomorphic by this map i∗. This means CH∗(R̄(Gk)) ∼= CH∗(R̄(G′
k)). This

fact implies

CH∗(R(Gk)) ∼= CH∗(R(G′
k))

from a theorem by Vishik and Zainoulline (Corollary 6 in [Vi-Za]). Thus we have

Corollary 9.5. Let G′ be of type (I). Then there are isomorphisms

CH∗(R(G′
k))/p

∼= Z/p{1, b1, . . . , b2p−2},
CH∗(X ′)/p ∼= S(t)/(p, bibj , bk|1 ≤ i, j ≤ 2p− 2, 2p− 1 ≤ k ≤ ℓ).

Proof. We only need to show that for 2p − 1 ≤ k, we can take bk such that

bk = 0 ∈ CH∗(X ′)/p. Since bk = 0 in BP ∗(G/T )/I∞ ∼= H∗(G/T )/p, in BP ∗(G/T )/I2∞,

we can write

bk =
∑

pyit(i) +
∑

v1y
it(i)′

where t(i), t(i)′ ∈ BP ∗⊗S(t). Take new bk by bk−
∑

b2it(i)−
∑

b2i−1t(i)
′. Then bk = 0

in BP ∗(G/T )/I2∞. □

Example. Recall the case (G′, p) = (Spin(7), 2) and (G, p) = (G2, 2). Then we

can take b1 = c′2, b2 = c′3, and b3 = c41, in fact

CH∗(X ′)/2 ∼= S(t)/((c′2)
2, c′2c

′
3, (c

′
3)

2, c41), CH∗(X)/2 ∼= CH∗(X ′)/(c1).

10. The case G = E8 and p = 3.

In this section, we study the case (G, p) = (E8, p = 3). The cohomology H∗(E8;Z/3)
is isomorphic to ([Mi-Tod])

Z/3[y8, y20]/(y38 , y320)⊗ Λ(z3, z7, z15, z19, z27, z35, z39, z47).

Here the suffix means its degree, e.g., |zi| = i. By Kono–Mimura [Ko-Mi] the actions of

cohomology operations are also known.

Theorem 10.1 ([Ko-Mi]). We have P 3y8 = y20, and

β : z7 7→ y8, z15 7→ y28 , z19 7→ y20, z27 7→ y8y20,

z35 7→ y28y20, z39 7→ y220, z47 7→ y8y
2
20,

P 1 : z3 7→ z7, z15 7→ z19, z35 7→ z39,

P 3 : z7 7→ z19, z15 7→ z27 7→ −z39, z35 7→ z47.

We use notations y = y8, y
′ = y20, and x1 = z3, . . . , x8 = z47. Then we can rewrite

the isomorphisms

H∗(G;Z/3) ∼= Z/3[y, y′ ]/(y3, (y′)3)⊗ Λ(x1, . . . , x8).
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grH∗(G/T ;Z/3) ∼= Z/3[y, y′ ]/(y3, (y′)3)⊗ S(t)/(b1, . . . , b8).

From Lemma 3.4, we have

Corollary 10.2. We can take b1 ∈ BP ∗(BT ) such that in BP ∗(G/T )/I2∞,

v1y + v2y
′ = b1.

From the preceding theorem, we know that all yi(y′)j except for (i, j) = (2, 2) are

β-image. Hence we have

Corollary 10.3. For all nonzero monomials u ∈ P (y)/3 except for (yy′)2, it

holds 3u ∈ S(t). That is, for 2 ≤ k = i + 3j + 1 ≤ 8, 0 ≤ i ≤ 2, we can take in

H∗(G/T )/(32)

bk = bi+3j+1 = 3yi(y′)j .

Lemma 10.4. Let (G, p) = (E8, 3) and X = Gk/Tk. In BP ∗(X), there are bi ∈ S(t)

such that bi ̸= 0 ∈ CH∗(X)/3 and in BP ∗(G/T )/I2∞

bk = bi+3j+1 =


v1y + v2y

′ if k = 1

3yi(y′)j if 0 ≤ i ≤ 1, 2 ≤ k

3y2(y′)j + v1(y
′)j+1 if i = 2.

Proof. Applying r∆1 to the equation v1y + v2y
′ = b1 in BP ∗(X)/I2∞, we have

3y + v1r∆1(y) + v2r∆1(y
′) = r∆1(b1).

Note P 1(y), P 1(y′) ∈ S(t)/3 in H∗(G/T ;Z/3) since they are primitive. Hence

v1r∆1(y), v2r∆1(y
′) ∈ BP ∗ ⊗ S(t) mod (I2∞). So we have 3y = b2 in BP ∗(G/T )/I2∞.

Applying r3∆1 to the equation 3y = b2 ∈ BP ∗(X)/I2∞, we have 3y′ = r3∆1(b2), which is

written by b3.

Next we study the element 3y2 in BP ∗(X)/I2∞. Since 3y2 = b3 in H∗(X)/(9), we

have in BP ∗(X)/I2∞

3y2 + v1(a1) + v2(a2) = b3.

We can take a1 = y′ by using Q1(x3) = y′ and the relation v1y+v2y
′ = b1. (For example,

when a1 = y′ + yb, we use v1yb = −v2y
′b.) Since v2a2 is primitive in k(2)∗(G/T )/(I2∞)

(Recall the proof of Lemma 3.4), we can take a2 = 0. Otherwise if a2 =
∑

yi(y′)jb, for

i = 1, 2, then

v2y
i ⊗ (y′)jb ̸= 0 ∈ k(2)∗(G)⊗k(2)∗ k(2)∗(G/T ).

Hence we get 3y2 + v1y
′ = b3 in BP ∗(X)/I2∞.

Applying r3∆1 and r6∆1 to the above equation, we have the formulas for yy′ and (y′)2.

Here we used that r3∆1(y) = y′, and rn∆1(y
′) ∈ BP ∗(BT )/(I2∞) since it is primitive.

Similar arguments work for the element y2y′, and we can get the formula for y(y′)2. □
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Corollary 10.5. The torsion index t(E8)(3) = 32.

Proof. The fundamental class f (localized at 3) is given by f = ytopt = y2(y′)2t

for t = ttop ∈ S(t). Since b2b8 = (3y)(3y(y′)2) = 32ytop ∈ S(t), we see t(E8)(3) = 3 or 32.

Suppose t(E8)(3) = 3, namely, 3y2(y′)2 = b′ ∈ S(t). From Lemma 3.1, this implies

that there is x ∈ H∗(G;Z/3) such that Q0(x) = y2(y′)2 and dr(x) = b′. But such x does

not exist from Theorem 10.2. □

Recall that AN = Z/3{bi1 · · · bis ||bi1 |+ · · ·+ |bis | ≤ N}. From Lemma 5.4, we have

the surjection AM ⊗ S(t)/(b) ↠ CH∗(X)/3 for M = |(yy′)2| = 56.

Theorem 10.6. Let (G, p) = (E8, 3) and Gk is a versal Gk-torsor. Then we have

surjective maps

A56 ↠ CH∗(R(Gk))/3 ↠ Z/3{1, b1, . . . , b8, b1b6, b1b8, b2b8},

Proof. Since t(E8)(3) = 32 and X is a versal flag variety, we see 3(yy′)2f ̸∈ resCH.

It follows 3(yy′)2 ̸∈ resCH. Therefore 9(yy′)2, 3v1(yy
′)2, 3v2(yy

′)2 are BP ∗-module

generators in ResΩ = Im(resΩ). Since the restriction resΩ is written as

(b2b8) 7→ 9(yy′)2, (b1b8) 7→ 3v1(yy
′)2, (b1b6) 7→ 3v2(yy

′)2,

we have the theorem. □

Corollary 10.7. Let Tor ⊂ CH∗(R(Gk)) be the module of torsion elements.

Then we have the isomorphism

(CH∗(R(Gk))/Tor)⊗ Z/3 ∼= Z/3{1, b2, . . . , b8, b2b8}.

Proof. Let us write by bi = py(i) for i ≥ 2. Let y(i)y(j) ̸= y2(y′)2. Then there

is k such that y(i)y(j) = y(k). Hence bibj = 3bk in CH∗(X̄). So bibj − 3bk is a torsion

element because resCH ⊗Q is isomorphic. □

We recall that there is an embedding F4 ⊂ E8. Let K/k be a field extension of

degree 3a with (3, a) = 1 such that the flag variety X|K = (Gk/Tk)|K is still twisted but

X|K′ is split for an extension K ′/K of degree 3a′ with (3, a′) = 1. Note P 3y = y′ and if

y ∈ resK̄K, then so is y′. Since X|K is twisted, we see y′ ∈ resK̄K but y is not. Hence the

J-invariants are

J(GK) = (1, 0) but J(Gk) = (1, 1).

(See also 4.1.3 in [Pe-Se-Za], [Se] for E8, 1 ≥ j1 ≥ j2).

We know that the generalized Rost motive for F4 and p = 3 is just the original Rost

motive R2. Hence the natural map i : F4 → E8 induces the isomorphism of Chow groups

over K̄ of R2 and R(GK). By Vishik–Zainoulline ([Vi-Za]), we have the isomorphism

CH∗(R2)/3 ∼= CH∗(R(GK))/3.
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Proposition 10.8. Let us write the restriction map resKk

CH∗(R(Gk))/3 → CH∗(R(Gk)|K)/3 ∼= CH∗(R2)⊗ Z/3[y′ ]/((y′)3).

Then we have Im(resKk ) ∼= Z/3{1, b1, b2, b3, b5, b6, b8}.

Proof. This proposition is proved by considering the restriction on Ω∗(X̄). For

example, b8 = 3y(y′)2 ̸= 0 in CH∗(X|K)/3, but b2b8 = 3 · (3y)(y′)2 = 0. In particular,

we use the fact that b4 = 3y′, b7 = 3(y′)2 are in Ker(resKk ). □

11. The case G = E8 and p = 2.

In this section, we consider the case (G, p) = (E8, 2). The mod (2) cohomology

H∗(E8;Z/2) is given [Mi-Tod] as

Z/2[z3, z5, z9, x15]/(z
16
3 , z85 , z

4
9 , z

4
15)⊗ Λ(z17, z23, z27, z29).

Here we consider a graded algebra grH∗(E8;Z/2) identifying y2i = z2i for i = 3, 5, 9, 15.

Theorem 11.1. The cohomology grH∗(E8;Z/2) is given

Z/2[y6, y10, y18, y30]/(y86 , y410, y218, y230)⊗ Λ(z3, z5, z9, z15, z17, z23, z27, z29).

Let us write y1 = y6, . . . , y4 = y30 and x1 = z3, x2 = z5, . . . , x8 = z29. For ease of

argument, let x4 = z17 and x5 = z15. Hence we can write

grH∗(E8;Z/2) ∼= Z/2[y1, y2, y3, y4]/(y81 , y42 , y23 , y24)⊗ Λ(x1, . . . , x8).

Lemma 11.2. The cohomology operations acts as

x1 = z3
Sq2−−−−→ x2 = z5

Sq4−−−−→ x3 = z9
Sq8−−−−→ x4 = z17

x5 = z15
Sq8−−−−→ x6 = z23

Sq4−−−−→ x7 = z27
Sq2−−−−→ x8 = z29

x5 = z15
Sq2−−−−→ x4 = z17.

The Bockstein acts Sq1(xi+1) = yi for 1 ≤ i ≤ 3, Sq1(x8) = y4 and

Sq1 : x5 = z15 7→ y1y2, x6 = z23 7→ y1y3 + y41 , x7 = z27 7→ y2y3.

Then we see from Lemma 3.4

Corollary 11.3. In BP ∗(X)/I2∞, we can take y1 such that for r2∆1(y1) = y2
and r4∆1(y2) = y3, we have for b1 ∈ BP ∗(BT )

v1y1 + v2y2 + v3y3 = b1.

From Lemma 3.1 and the Sq1 action in Lemma 11.2, it is immediate that

Lemma 11.4. Let (G, p) = (E8, 2) and X = Gk/Tk. In H∗(X)/(4), there are
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bi ∈ S(t) such that

bi =


2y(1) (resp. 2y(2), 2y(3)) if k = 2 (resp. k = 3, 4)

2y(1, 2) (resp. 2y(1, 3), 2y(2, 3)) if k = 5 (resp. k = 6, 7)

2y(4) if k = 8,

where π∗y(i) = yi, π
∗y(i, j) = yiyj for the map π : G → G/T .

We will study bi by using the Quillen operation rα. In particular recall ρrα(x) =

χPα(ρ(x)) for ρ : BP ∗(X) → H∗(X;Z/2). The anti-automorphism χ is defined by

χ(Sq0) = Sq0,
∑
i

Sqiχ(Sqn−i) = 0 for n > 0.

For example, (when Sq1 = 0) χ(P i) = P i for i = 1, 2 and χ(P 3) = P 2P 1, (P 3 = P 1P 2),

and χ(P 4) = P 4 + P 2P 2.

Lemma 11.5. In BP ∗(X)/I2∞, we have

bi =


2y1 + v2(y

2
1) + v3(y

2
2) if i = 2

2y2 + v1(y
2
1) + v3(y

4
1) if i = 3

2y3 + v1(y
2
2) if i = 4.

Proof. Applying the operation r∆1 to the equation v1y1 + v2y2 + v3y3 = b1, we

get

2y1 + v1r∆1(y1) + v2r∆1(y2) + v3r∆1(y3) = r∆1(b1).

Recall that P 1(yi) are primitive in H∗(G/T ;Z/2). In fact, by Kono–Ishitoya, we know

(Theorem 5.9 in [Ko-Is2])

P 1(y1) ∈ S(t), P 1(y2) = y21 , P 1(y3) = y22 .

Thus we have 2y1 + v2(y
2
1) + v3(y

2
2) = b2. (Note also Q2(x2) = y21 , Q3(x2) = y22 .)

Applying r2∆1 to this formula, we have

b3 = 2y2 + v1(y
2
1) + v2(r∆1(y1)

2) + v3(r∆1(y2)
2)

= 2y2 + v1(y
2
1) + v3(y

4
1).

Applying r4∆1 , we have b4 = 2y3 + v1y
2
2 where we used P 2(y1) = y2. □

From Lemma 3.1, we see that

b5 = 2y(1, 2) = 2(y1y2 + λy21b
′)

where λ ∈ Z/2, b, b′ ∈ S(t). However, stronger results are known by Nakagawa [Na] and

Totaro [To1].
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Lemma 11.6 ([Na], [To1]). In H∗(G/T )/4, we see 2y1y2 ∈ S(t). Indeed, in the

notation in [To1] d8 = 1/9d24 − 2/3g3g5 where g3 = y1, g5 = y2 and di ∈ S(t).

Lemma 11.7. In BP ∗(G/T )/(I2∞), we have, for some b′, b′′ ∈ S(t)

b5 = 2y1y2 + v1(y3) + v2(y2b
′ + y22b

′′) + v3(y4).

Proof. From the preceding lemma, we can write in BP ∗(G/T )/(v3, I
2
∞),

b5 = 2y1y2 + v1(a1) + v2(a2) + v3(a3).

We may assume that a1 does not contain y1 by using the relation b1 = v1y1 + · · · . Note

that in k(i)∗(G/T )/I2∞, each viai is primitive. Since y2 is not in Q1-image in H∗(G;Z/2),
we see y2 is v1-torsion free in k(1)∗(G). So if a1 contains y2, then v1a1 is not primitive

in k(1)∗(G), which is a contradiction. (E.g., if a1 = y2y, then µ∗(v1a1) = v1y2⊗y+ · · · .)
So a1 contains only y3, indeed Q1x5 = y3 implies a1 = y3.

For a2, we know that y1, y3 are not v2-torsion. Therefore a2 only contains y2, that

is,

a2 = y2b
′ + y22b

′′ mod (y22) for b′, b′′ ∈ S(t).

By the primitivity in k(3)∗(G/T ), the element a3 only contains y3, y4. We know Q3(x5) =

y4. If a3 = v1(y4 + y3b
′′), then let new y4 be the element y4 + y3b

′′. Thus we have the

result. □

Lemma 11.8. In BP ∗(G/T )/(I2∞, v2, v3), we have

b6 = 2(y1y3 + y41 + y21b
′′′) for b′′′ ∈ S(t).

Proof. We apply r4∆1 on b5. By Cartan formula, we see

r4∆1(y1y2) =
∑
i

ri∆1(y1)r(4−i)∆1
(y2).

Here r3∆1 = χ(P 3) = P 2P 1 mod (2). Hence we have with mod (2)

r3∆1(y1)r∆1(y2) = P 2P 1(y1)P
1(y2) = by21 ,

r2∆1(y1)r2∆1(y2) = y2b
′′, and 2y2b

′′ ∈ S(t),

r∆1(y1)r3∆(y2) = b′′b′′′ ∈ S(t), and y1r4∆1(y2) = y1y3.

Hence r4∆1(y1y2) = y1y3 + by21 mod (BP ∗ ⊗ S(t)).

Next consider

r4∆1(v1y3) = 2r3∆(y3) + v1(r4∆1(y3)).

Here with mod (2) we see

r3∆(y3) = P 2P 1(y3) = P 2(y22) = y41 .
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We also see r4∆1(y3) = P 4y3 ∈ S(t) from the primitivity in H∗(G/T ;Z/2).
At last we can see

r4∆1v2(b
′y2 + b′′y22) = v1r2∆1(b

′y2 + b′′y22) = 0 mod (v2).

Because if it contains v1y2 or v1y
2
2 , then it is not primitive in k(1)∗(G/T ), and this is a

contradiction. If it contains v1y1, then it is in Ideal(v2) by the relation b1. Thus we have

the result (with mod (v2, v3)) of this lemma. □

Similarly considering r2∆(b6) and Q1x7 = y4, we have

Lemma 11.9. In BP ∗(G/T )/(I2∞, v2, v3), we have b7 = 2(y2y3+by21 +b′y22)+v1y4.

Remark. For the preceding two lemmas, Totaro gets stronger and explicit results

with mod (v1, v2, . . .). Totaro (Lemma 4.4 in [To1]) shows in H∗(G/T )(2)

d26 − 25/81d34 + 2(15g9g3 + 1/3g43 − 5/3g5d7 − 125/9g5g3d4) + 22(−23/3g23d6) = 0

where g3 = y1, g5 = y2, g9 = y3 and di ∈ S(t). This implies 2(y1y3+y41) ∈ S(t). Therefore

we can take b′′′ = 0 in Lemma 11.8. Totaro also gives explicit formula d7, d8 in H∗(G/T ).

In particular, in Lemma 4.4 in [To1], he shows b = b′ = 0 in the above lemma.

At last, from β(x8) = y4, we note

Lemma 11.10. In H∗(G/T )/4, we see 2y4 = b8.

Now we study the torsion index. Recall

ytop = Π4
i=1y

2ri−1
i = y71y

3
2y3y4 ∈ P (y)

and ttop are top degree elements in P (y) and S(t)/(b) so that f = ytopttop for the

fundamental class f of H∗(G/T )(2).

Lemma 11.11 (Totaro [To1]). We have t(E8)(2) = 26.

Proof. We consider the element

b̃ = b35b6b4b8 = 26(y1y2)
3(y1y3 + y41 + y21b

′′)(y3)(y4).

Here using y23 = b′ ∈ S(t) mod (2), we have

(y1y3 + y41 + y21b
′′)y3 = y41y3 + (y1b

′ + y21b
′′)y3.

Hence we can write

b̃ = 26
(
ytop +

∑
yt
)

for |t| > 0.

From Lemma 5.5, we see t(E8)(2) ≤ 26.

Suppose t(E8)(2) ≤ 25, that is, 25f = 25ytopttop ∈ S(t). Then 25f must be in the

ideal I = (b1, . . . , b8), and we can write for bi = 2y(i) (note y(1) = 0, and y(i) is not a
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monomial, in general)

(∗) 25f =
∑

bit(i) = 2
∑

y(i)t(i) for t(i) ∈ S(t).

Since H∗(G/T ) has no torsion, we have 24f =
∑

y(i)t(i).

Let us rewrite s =
∑

y(i)t(i) =
∑

I y
It(I) for a monomial yI = yi11 · · · yi44 ∈ P (y) for

I = (i1, . . . , i4), and t(I) ∈ S(t). Then s ∈ Ideal(2) implies each t(I) ∈ Ideal(b1, . . . , b8) ⊂
S(t), since H∗(G/T )/2 ∼= P (y) ⊗ S(t)/(b). Continue this argument, and then we have,

in H∗(G/T ),

(∗∗) f =
∑

yIt(I).

Consider this equation in H∗(G/T )/2, and we see f =
∑

yIt(I), that is yI = ytop and

t(I) = ttop.

To get (∗∗) from (∗), we change bi to 2y(i) at most five times.

Let us write by ♯y(s) the number of yi’s in s, namely, the largest number of (i1 +

· · ·+ i4) for monomials yI in s =
∑

yIt(I). For example,

♯y(ytop) = ♯y(y
7
1y

3
2y3y4) = 7 + 3 + 1 + 1 = 12.

On the other hand, we note that ♯y(y(j)) is 1 or 2 except for

♯y(y(6)) = ♯y((y1y3 + y41 + y21b)) = 4.

We easily see that y(6) appears as y(i) just one time in the process (∗) to (∗∗). We also

see that y(i) = y(8) just one time for the existence of y4. Hence

♯y(y(i1) · · · y(i5)) ≤ 2× 3 + 4 + 1 = 11.

This is a contradiction. Thus t(E8)2 ≥ 26. □

Lemma 11.12. Let (i1, . . . , ik) ⊂ (4, 5, 5, 5, 6, 8). Then b̃ = bi1 · · · bik ̸= 0 in

CH∗(X)/2 since b35b4b6b8 ̸= 0.

Let K be an extension of k such that X does not split over K but splits over an

extension over K of degree 2a, (2, a) = 1. Suppose that

(∗) y1, y2, y3 ∈ ResK, but y4 ̸∈ ResK

where ResK = Im(res : CH∗(X|K)/2 → CH(X̄)/2). (Compare the above condition (∗)
with the condition (∗) in Section 7.) That is, J(GK) = (0, 0, 0, 1) and such K exists (see

[Pe-Se-Za], [Se]). Then we have the following theorem by arguments similar to those to

get Theorem 7.12. (The motive R(Gk)|K in the theorem is an example of motives given

in Lemma 8.4 in [Se].)

Theorem 11.13. There is an isomorphism

CH∗(R(Gk)|K)/2 ∼= Z/2[y1, y2, y3]/(y81 , y42 , y23)⊗ CH∗(R4)/2,
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where CH∗(R4)/2 ∼= Z/2{1, 2y4, v1y4, v2y4, v3y4}. We have

ResKk (CH∗(R(Gk))/2) ∼= CH∗(R4)/2 ⊂ CH∗(R(Gk)|K)/2.

The restriction map is given as bj 7→ v8−jy4 if 5 ≤ j ≤ 8, and bj 7→ 0 if 1 ≤ j ≤ 4.

12. The exceptional group E7 and p = 2.

The mod (2) cohomology of E7 is given

H∗(E7;Z/2) ∼= H∗(E8;Z/2)/(z43 , z45 , z215, z29).

We use the notations in the preceding sections.

Theorem 12.1. We have an isomorphism

grH∗(E7;Z/2) ∼= Z/2[y1, y2, y3]/(y21 , y22 , y23)⊗ Λ(x1, . . . , x7),

where i∗(yj) = yj for 1 ≤ j ≤ 3 and i∗(xi) = xi for 1 ≤ i ≤ 7 and i∗(y4) = i∗(x8) = 0

for the natural embedding i : E7 ⊂ E8.

Corollary 12.2. In BP ∗(X)/I2∞, we can take y1 such that for r2∆1(y1) = y2
and r4∆1(y2) = y3, it holds v1y1 + v2y2 + v3y3 = b1 for b1 ∈ BP ∗(BT ).

From Lemma 3.1 and the Sq1 action in Lemma 11.2, it is immediate.

Lemma 12.3. Let (G, p) = (E7, 2). In H∗(G/T )/(4), for all monomials u ∈
P (y)/2, except for ytop = y1y2y3, the elements 2u are written as elements in H∗(BT ).

Namely, in H∗(G/T )/(4), there are bi ∈ S(t) such that

bk =

{
2y1 (resp. 2y2, 2y3) if k = 2 (resp. k = 3, 4)

2y1y2 (resp. 2y1y3, 2y2y3) if k = 5 (resp. k = 6, 7).

From Lemma 11.5, it is immediate.

Lemma 12.4. In BP ∗(X)/I2∞, we have 2y1 = b2, 2y2 = b3, 2y3 = b4.

Lemma 12.5. We have t(E7)(2) = 22.

Proof. We get the result from b2b7 = (2y1)(2y2y3) = 22ytop. □

Corollary 12.6. There are surjective maps

A34 ↠ CH∗(R(Gk))/2 ↠ Z/2{1, b1, . . . , b7, b1b5, b1b6, b1b7, b2b7}.

Proof. Note that |y1y2y3| = 34. In Ω∗(X̄), we see

b1b5 = 2v3ytop, b1b6 = 2v2ytop, b1b7 = 2v1ytop.
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These elements are Ω∗-module generators in Im(res
k̄
k(Ω

∗(X) → Ω∗(X̄)) because

2y1y2y3 ̸∈ Im(res
k̄
k) from the fact t(Gk) = 22. □

By the arguments similar to Corollary 10.7, we have

Corollary 12.7. Let Tor ⊂ CH∗(R(G)) be the module of torsion elements. Then

we have an isomorphism

CH∗(R(Gk))/(2,Tor) ∼= Z/2{1, b2, . . . , b7, b2b7}.

Let us write G′ = E8 and G′′ = G2 so that G′′ ⊂ G = E7 ⊂ G′. Take fields

k ⊂ K ⊂ K ′ such that

(∗∗) y21 , y
2
2 , y4 ∈ ResK, y1, y2, y3 ̸∈ ResK,

(∗ ∗ ∗) y21 , y2, y3, y4 ∈ ResK′ , y1 ̸∈ ResK′ .

Then the following proposition is almost immediate

Proposition 12.8. Suppose (∗∗) and (∗ ∗ ∗). We have isomorphisms,

CH∗(R(G′
k)|K)/2 ∼= Z/2[y21 , y22 , y4]/(y81 , y42 , y24)⊗ CH∗(R(GK))/2,

the restriction is given by bi 7→ bi for 1 ≤ i ≤ 7 and b8 7→ 0, and

CH∗(R(GK)|K′)/2 ∼= Z/2[y2, y3]/(y22 , y23)⊗ CH∗(R2)/2,

the restriction is given by bi 7→ bi for i = 1, 2, and bi 7→ 0 for 3 ≤ i ≤ 7.
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Sci. Éc. Norm. Supér. (4), 41 (2008), 1023–1053.

[Ra] D. Ravenel, Complex Cobordism and Stable Homotopy Groups of Spheres, Pure Appl.

Math., 121, Academic Press, 1986.

[Ro1] M. Rost, Some new results on Chowgroups of quadrics, preprint (1990).

[Ro2] M. Rost, On the basic correspondence of a splitting variety, preprint (2006).

[Se] N. Semenov, Motivic construction of cohomological invariants, Comment. Math. Helv., 91

(2016), 163–202.

[Se-Zh] N. Semenov and M. Zhykhovich, Integral motives, relative Krull–Schumidt principle, and

Maranda-type theorems, Math. Ann., 363 (2015), 61–75.

[Sm-Vi] A. Smirnov and A. Vishik, Subtle characteristic classes, arXiv:1401.6661v1 [math.AG]

(2014).

[Tod1] H. Toda, Cohomology mod (3) of the classifying space BF4 of the exceptional group F4,

J. Math. Kyoto Univ., 13 (1973), 97–115.

[Tod2] H. Toda, On the cohomology ring of some homogeneous spaces, J. Math. Kyoto Univ., 15

(1975), 185–199.

[Tod-Wa] H. Toda and T. Watanabe, The integral cohomology ring of F4/T and E4/T , J. Math.

Kyoto Univ., 14 (1974), 257–286.

[To1] B. Totaro, The torsion index of E8 and other groups, Duke Math. J., 129 (2005), 219–248.

[To2] B. Totaro, The torsion index of the spin groups, Duke Math. J., 129 (2005), 249–290.

[To3] B. Totaro, Group Cohomology and Algebraic Cycles, Cambridge Tracts in Math., 204,

Cambridge Univ. Press, 2014.

[Vi] A. Vishik, On the Chow groups of quadratic Grassmannians, Doc. Math., 10 (2005), 111–

130.

[Vi-Ya] A. Vishik and N. Yagita, Algebraic cobordisms of a Pfister quadric, J. London Math. Soc.,

76 (2007), 586–604.

[Vi-Za] A. Vishik and K. Zainoulline, Motivic splitting lemma, Doc. Math., 13 (2008), 81–96.

[Vo1] V. Voevodsky, The Milnor conjecture, www.math.uiuc.edu/K-theory/0170, (1996).

[Vo2] V. Voevodsky, Motivic cohomology with Z/2-coefficients, Publ. Math. Inst. Hautes Études

Sci., 98 (2003), 59–104.

[Vo3] V. Voevodsky, On motivic cohomology with Z/l-coefficients, Ann. of Math., 174 (2011),

https://doi.org/10.1112/plms/s3-35.2.345
https://doi.org/10.1016/S0764-4442(01)01832-8
https://doi.org/10.1016/S0764-4442(01)01832-8
https://doi.org/10.1016/S0764-4442(01)01833-X
https://doi.org/10.1016/S0764-4442(01)01833-X
https://doi.org/10.1112/S0010437X14008057
https://doi.org/10.1016/j.jpaa.2010.02.006
https://doi.org/10.1090/conm/293
https://doi.org/10.1090/conm/293
https://doi.org/10.3792/pjaa.86.64
https://doi.org/10.3792/pjaa.86.64
https://doi.org/10.2969/jmsj/05320383
https://doi.org/10.2969/jmsj/05320383
https://doi.org/10.1007/s10958-017-3317-4
https://doi.org/10.1007/s10958-017-3317-4
https://doi.org/10.1112/jlms.12040
https://doi.org/10.1112/jlms.12040
https://doi.org/10.24033/asens.2088
https://doi.org/10.24033/asens.2088
https://doi.org/10.4171/CMH/382
https://doi.org/10.4171/CMH/382
https://doi.org/10.1007/s00208-014-1158-8
https://doi.org/10.1215/kjm/1250523438
https://doi.org/10.1215/kjm/1250523124
https://doi.org/10.1215/kjm/1250523124
https://doi.org/10.1215/kjm/1250523239
https://doi.org/10.1215/kjm/1250523239
https://doi.org/10.1215/S0012-7094-05-12922-2
https://doi.org/10.1215/S0012-7094-05-12923-4
https://doi.org/10.1017/CBO9781139059480
https://doi.org/10.1017/CBO9781139059480
https://doi.org/10.1112/jlms/jdm056
https://doi.org/10.1112/jlms/jdm056
https://doi.org/10.1007/s10240-003-0010-6
https://doi.org/10.1007/s10240-003-0010-6
https://doi.org/10.4007/annals.2011.174.1.11


39

Chow rings of flag varieties 39

401–438.

[Ya1] N. Yagita, Algebraic cobordism of simply connected Lie groups, Math. Proc. Cambridge

Philos. Soc., 139 (2005), 243–260.

[Ya2] N. Yagita, Applications of Atiyah–Hirzebruch spectral sequence for motivic cobordism,

Proc. London Math. Soc., 90 (2005), 783–816.

[Ya3] N. Yagita, Note on Chow rings of nontrivial G-torsors over a field, Kodai Math. J., 34

(2011), 446–463.

[Ya4] N. Yagita, Algebraic BP -theory and norm varieties, Hokkaido Math. J., 41 (2012), 275–

316.

Nobuaki Yagita

Faculty of Education

Ibaraki University

Mito, Ibaraki, Japan

E-mail: nobuaki.yagita.math@vc.ibaraki.ac.jp

https://doi.org/10.4007/annals.2011.174.1.11
https://doi.org/10.4007/annals.2011.174.1.11
https://doi.org/10.4007/annals.2011.174.1.11
https://doi.org/10.1017/S0305004105008510
https://doi.org/10.1017/S0305004105008510
https://doi.org/10.1112/S0024611504015084
https://doi.org/10.2996/kmj/1320935552
https://doi.org/10.2996/kmj/1320935552
https://doi.org/10.14492/hokmj/1340714416
https://doi.org/10.14492/hokmj/1340714416

