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Abstract. The purpose of this paper is to present a variational formula
of Schléfli type for the volume of a spherically faced simplex in the Euclidean
space. It is described in terms of Cayley—Menger determinants and their dif-
ferentials involved with hypersphere arrangements. We derive it as a limit
of fundamental identities for hypergeometric integrals associated with hyper-
sphere arrangements obtained by the authors in the preceding article.

1. Introduction.

In Milnor’s expository article in [16], the following formula is stated:

For a geodesic polyhedron P" in the n-dimensional, spherical, FEuclidean or
Lobachevsky space of constant curvature K, the differential of the volume V,,(P") of
P™ is expressed as

KdV,(P") = Vi_o(F) dby,

n—1
F

where the right hand side is to be summed over all (n — 2)-dimensional faces, O is the
dihedral angle between the (n — 1)-dimensional faces which meet at F', and Vi (-) stands
for k-dimensional volume.

This classical formula originates in Schlafli’s work since the mid-19th century (see
[23], [24]). It is an interesting problem to extend its differential equality to more general
(not necessarily geodesic) figures in the space of constant curvature. Hypergeometric inte-
grals are intimately related to this problem. The first author has shown (see [3]) that the
volume formula for a pseudo-simplex with spherical faces in the (n + 1)-dimensional fun-
damental unit hypersphere can be deduced by limit procedure from a differential equality
satisfied by hypergeometric integrals associated with the corresponding arrangement of
n-dimensional hyperspheres. The classical Schléfli formula is its special case.

In this article, we give a new variational formula for the volume of a pseudo-simplex
with spherical faces in the Euclidean space. See Theorems 1 and 2. To derive it, we apply
the variational formula obtained in [7] which is involved in hypergeometric integrals asso-
ciated with hypersphere arrangements. This procedure can be done by regularization of
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integrals (the method of generalized functions), i.e., by taking the zero limit of exponents
for hypergeometric integrals (see [10]). A hypersphere arrangement in the n-dimensional
Euclidean space can be realized by the stereographic projection as the restriction to the
fundamental unit hypersphere of a hyperplane arrangement in the (n + 1)-dimensional
FEuclidean space. The theory of hypergeometric integrals associated with hypersphere ar-
rangements has been developed in this framework in terms of twisted rational de Rham
cohomology (see [5], [7]). It is described in terms of Cayley—Menger determinants.

In Theorem 20, we make a correction to some errors in the variation volume formula
in [3] which is an extension of the Schlafli formula (see (52) in this article) of a geodesic
simplex in the unit hypersphere (refer to [2], [3], [12], [13], [14], [21], [23], [24], [27];
also refer to [9], [21], [22] related to the Bellows conjecture).

ACKNOWLEDGEMENTS. The authors would like to appreciate a careful reading and
several valuable suggestions by the referee. According to these suggestions, Theorems 1
and 2 have been made more precise and clearer.

They also would like to appreciate a useful suggestion due to Masahiko Ito for
drawing the figures.

2. Main theorems.

Let A= {S1,...,Sn41} be an arrangement of (n — 1)-dimensional hyperspheres in
R", where S; has center O; and radius r;. Let N be the set of all non-empty subsets of
N :={1,...,n+1}. Each ordered sequence J = {ji,...,j,} with j, € N (1 <v < p)
defines a subset of N. By abuse of terminology, we may also say J belongs to N and
write J € N without any confusion. For each J = {ji,...,jp} € N, we define the
Cayley—Menger determinants by

o1 1 - 1
(1) 21 21 Lo o o
Pivin "7 Phi 2 2
B(0J) = . STl BOxJ) =1 i P, |
Jpd JpJ 2 2 2
o o 1 ij p.jpjl pjpjp

where pji; is the distance between O; and Oj. Their values are independent of the
ordering of ji,...,jp, and hence depend only on the unordered set J.
Suppose A satisfies the condition

(H1) (-=)VIB(OJ) >0, (=)VITIBO«J)>0 (JeN),
where |J] is the cardinality of .J. Refer to Section 5, Examples, Figure 1. Under (H1),
the following facts are known.
1. The complement to the hypersphere arrangement A,

X::R"\ Us;

JEN
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has 2"*! — 1 bounded components and a unique unbounded one. (This property is
a consequence from the following fact : A is the image of the standard stereographic
pr0Ject10n from the intersection of a central (n+ 1)-dimensional hyperplane arrangement
A= UJ eN H with the fundamental unit hypersphere Sy in R™! such that the center
of A, i.e., the common point N
[7] for more details.)

jen Hj lies in the inside of So. See the Introduction in
2. Let Ny be the set of all non-empty proper subsets of N. For each J € N, the
intersection

S]::mSj

JjeJ

is an (n — |J|)-dimensional sphere, where a 0-dimensional sphere is a set of two points.
Sy denotes the empty set by convention.

3. Foreach J € N, denote by D and D7} the intersections ey D; and ﬂJEJ
where D denotes the closure {f; < 0} of the inside of S; which is a Closed ball in R"
and D;T the closure {f; > 0} of the exterior part of S; respectively.

Let D be the closure of a bounded component of X. Then there exists a J € N
such that D can be represented as

D =Dj;NDY.,

where J¢ denotes the complement of J in N. Remark that in the case J =N, D = Dy
because of J¢ = .
For each K € N, the intersection

DSK = SKﬂD

is a non-empty connected subset of the boundary 9D, called an (n — |K|)-dimensional
face of D which is homeomorphic to an (n —|K|)-dimensional cell. If | K| = n, then DSk
consists of a single point, called a vertex of D.

4. Up to isometry, we can take a Euclidean coordinate system (z1,...,z,) on R"
such that

(a)  Opny1 is at the origin (zq,...,2,) = (0,...,0),

(b) the x,_j4+1-coordinate of O; is negative for every j =1,...,n,

(c) there exist constants ci,...,c;—1 such that S, _;1a  ,41 is the intersection of
Sp+1 with (n — j + 1)-dimensional plane z1 = ¢1,...,2j_1 = ¢j_1 forevery j =2,...,n
(see Section 2 for more details).

We consider an infinitesimal deformation of the arrangement A. To describe them,
we put

1 , 1 .
0; = —5dlogr}, J={j}; O = 5 dlogpj, J = {j,k}.
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To define 0 for |J| > 3, we introduce yet another Cayley—Menger determinant: for
an ordered subset (j1,...,Jp) C N,

0 1 1 s 1
2 2 2
0 ) ) 1 T i Ty,
* e 2 2 2
B< . ].2 jp) =1 Pioji Plaja " pj2jp
0 J1 Jg2 - Jp o S .
2 2 2
1 pjpjl pjpj2 o pjpjp

It does not depend on the ordering of jo, ..., jp.
For each J = {j1,...,jp} € N with p > 3, let

O*kql...kl
Okkql k

-
1y ok
0, = ( 2) > H R - dlog pi, 1,

(kl, . p)q 3

where the ordered p-tuple (k1,...,k,) runs over all permutations of jq,...,j, such that
k1 < ko.

We denote by vy the (n — |J|)-dimensional spherical volume of the face DS;. The
volume of a vertex is 1 by convention.

An exterior differential d 4 denotes the total differential corresponding to the infini-
tesimal deformation of the arrangement A.

Then we have the following.

THEOREM 1. Under (H1), the n-dimensional Euclidean volume v(D) for D =
D; N D}'c is given by

—1)I¥l %
(i) nlo(D)= - Z (n_|K)!(_1)|KﬁJ\/( 1)K-2F|1KBT(O K) o

KeNy

_ (,1)|JI

(=D)"*'B(ON)
on ’

while its variational version is given by

e —1)IEI+1 *
@ (= Didar(D) = = 3 (=KD (-1 s JENEDBOK) g
o [(=D)""1B(ON)
_(_1)\J| e

On. 2)

In particular, in the case where J = N, i.e., D = DJ;, the above formulae (i) and
(ii) reduce to the following:

i) nlo(D)== > (n—- |K|)1(_1>Kl\/<—1)'K‘2“KB(0*K) o

KeNy
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(—1)"* B(0ON)

b () ELBON), 3
—1)IK+1 *
(i) <n—1)!dAv(D)=—K§/(n—|f<|)!\/( ”K;If(o K) e 0
CUTBON) , "

2”
In place of (H1), we can also consider the following condition

(H2) (1) (=)VYIBOJ) >0, (-DYFIBOxJ)>0 (JeNy),
(i) (=D)"MB(ON)>0, (-1)""™B(0xN)<0 (J=N),
(iii) f; is positive on (o, ySk (j €N).
Here 9;N denotes the deletion of the element j from N.
In this case, Dy is empty. On the other hand, Dﬁ has two connected components
Dg\J{ and D;@', D;\J{ is bounded, while DX,+ is unbounded. The closure of every other
connected component of R™ — UJEN S; can be expressed as D = D; N D'J"C (J € Np) as

above. Refer to Section 5, Examples, Figure 2.
Under this circumstance, the following is valid.

THEOREM 2.  Under (H2), the volume v(D) for D = DY is given by

(i) nlv(D)=— Z (n— |K|)!\/(—1)IK|+1B(O*K) _— M’ )

|K] n
KeNy 2 2

while its variational version is given by

—1)IK[+1 *
() (n-1DldwD) = - 3 (n—|K|>!<—1>K\/ CUE DO R o

KeNy
-1+ B(0ON
4 (_1>n+1 ( ) o ( )9N~ (6)
3. Preliminaries.
1. Let n+ 1 real quadratic polynomials f; of n variables « = (z1,...,2,) in R":

fj(x) = Q(z) + Z2aju$u + ajo (1<j<n+1)

v=1

be given, where Q(z) denotes the quadratic form

and o, € R, aj0 € R.
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Let S; be the (n — 1)-dimensional hypersphere defined by f;(z) = 0. Denote by O;
the center of S, by r; the radius of S; and by pj the distance of O; and Oy,.
Then

n
2 2
T =050+ E Qs
v=1
n

P =D (@, —aw)”.

v=1

2. Let A= U;lill S; be the arrangement of hyperspheres consisting of n+ 1 hyper-
spheres S.
We define Cayley—Menger determinants associated with A.

DEFINITION 3. Denote by J and K the two ordered sequences of p indices J =
{1, dp}, K ={k1,...,kp,} € N. Cayley-Menger determinants associated with A are
given by the following system of determinants (see [8], [11], [15], [25]):

0 1 1 ... 1
2 2 2
0 i . 1 Pivky Pirks -+ Pjik,
. 2 2 2
B(O ill ii) = 1 phkl pj2k2 pJ-Z-kp ’
2 2 2
1 Pikr Piks = Pk,
1 7’12@1 Tiz .. T]%p
2 2 2
. ) L piiky Pike =+ Pk,
o Jp 2 2 2
B(O ki ... k;p) =11 Pisky Plaks - Plak, |
2 2 2
1 Piks Pioks == Pik,
0 rp TR . r%p
2 2 2 2
i . i Pikr Piiks -+ Phik,
VAR L 2 2 5 2
B(* ki ... kz> =\ Tz Pioky Piaka 0 Phaky |
2 2 2 2
ij p.jpkl pjpk)g e pjpk;p
0 1 1 1
1 7"12{1 7"%2 . Tl%p
0 j2 ce ] 2 2 2
B(O k1 ko ... kz = 1 pj"?kl pj%’“? pjz'kp )
2 2 2
L Pl Pigks o+ Pl
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0 1 1 1 1
10 rp rho. r,%p
2 2 2 2
(O * 1 ]p) ) Lordy Piiky Piiks = Phik,
= 2 2 2 2 .
0 x k1 ... kp L5, Phky Piaks o Pk,
2 2 2 2
1 ij pjpkl pjpk2 e pjpk’p

These determinants will be abbreviated to B(g I‘é), B(; I‘é), B(: I‘é),
B(y ol gzll,‘]{), B(y * ) respectively. Here ;,J denotes the deletion of the element j;
from the sequence J = {ji,...,j,}. When J = K, then B(g i), B(} 5), B(g x i) are
simply written by B(0.J), B(x J), B(0* J) respectively.

For example, B(0j) = —1, B(0jk) = 2p§k, B(0*j) = 27“32» and
B8 = 1+ gy — 222 22 2~ 202 2
B(0j k1) = pji + pji + pra = 205k P51 — 205kPke — 2051 Pia-
3. Assume the condition (#1). Put D := D; N DY}, for J € N:
D: f;<0 (jelJ), [f;=0 (j€J).

It is a non-empty spherically faced n-simplex, which will be called a pseudo n-simplex
in the sequel. The boundary of D counsists of the (n—p)-dimensional faces DSk = DNSk,
1 < p < n, where, for any K € N such that |K| = p, the intersection Sk = ﬂjeK S;
defines an (n — p)-dimensional sphere.

D is a conformal image by the stereographic projection of a spherical n-cell in Sy
surrounded by n + 1 pieces of intersections with the real hyperplanes H ;i (j € N) (see [4]
Section 4 and the Introduction in [7] for details).

The orientation of R™ and D is determined such that the standard n-form w is

positive:
w=dxi N Ndx, > 0.
In particular, for j € N, ﬂkeajN Sj. consists of two points denoted by {P;, P;}:
fe=0 (k€d;N) atP;and P

In the special case J = NN so that D = D}, there exists the unique point P; in 0D
such that

{P;} = ﬂ Sk NODyN (0Dy denotes the boundary of Dy).
ked; N

The other point P} is outside Dy. It holds that
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[fj]pj <0, [fj}PJ{ > 0.

4. By a change of coordinates via parallel displacement, we can take Euclidean

coordinates (x1,...,2,) such that O, coincides with the origin, i.e., ap11, =0 (1 <
v < n). Then
2 n+1 B(O N)
det”((aju)1<jwen) = (1) =57 >0,

the matrix (o, )1<j.v<n € GL(n,R). Due to the Iwasawa decomposition for GL(n,R),
by orthogonal transformation we can find new Euclidean coordinates (x1,...,z,) such
that the polynomials f; have the following expressions:

n+1l—j
fi(z) =Q(z) + Z 205z, +ajo (1<) <n), (7)
frr1(@) = Q@) + 10, (8)

here ojp+1—; > 0(1 < j < n) and that O; satisfies the condition:
Zn+41—j-coordinate of O; is negative for every j (1 < j <n).
We have the equalities

Hajn+1_j\/(1)”PB(Op...nn+1) A<p<n). o)

oan—p+1

LEMMA 4. For J € Ny (|J] < n—1), Sy is a sphere of dimension n — |J|. Its
radius vy equals

1 B(0*J)

=\ g

By the use of coordinates xj, S,_|jj42..nt1 Tepresent the spheres of dimension
n — |J| satisfying the following equalities:

e Sh1:Q(x) = 7’72L+17
n

. _ _ 2 _ .2
® Sno|J|42..n41 P T1L=Cly- s T J|—1 = C|J|—1, E TG =T 42t
J=|J]

with c1,...,¢ -1 being constants,

e Sy .41 two points Pp, P such that P, € Dy, P € Dy .

In the same way, for any j € N, SN consists of two points Pj,PJf such that
P;j € D ,Pj € D}.

5. Let A[Oq,...,Opy1] denote the n-dimensional linear simplex with the vertices
O1,...,0,41. Then the following holds true.
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LEMMA 5. Every P;j(1 < j < n 4+ 1) lies in the same side of the sim-

plex A[Oq,...,0n41] relative to the hyperplane including the (n — 1)-dimensional face
A[Ol, ey Oj*h Oj+1, ey OnJrl].

PROOF.  Since the statement is invariant under isometry, we have only to prove
that the x,-coordinate of P; is negative: z,(P;) < 0 with respect to the above coordi-
nates. Note that Py, P/ is symmetric with respect to the reflection z, — —x,. Since
that 2,(01) < 0, f1(P1) <0, f1(P{) > 0, we have the inequality between the distance:
dis(Py, 01) < dis(Pj,O1). This means P; lies in the lower side of the hyperplane z,, = 0
including the face A[Oa,...,Opy1]. O

Denote by A[Py, Py, ..., P,+1] and A[Pl, Py, ..., Py41] be the linear n-simplex with
faces supported by linear subspaces and the pseudo n-simplex with spherical faces both
with vertices P; respectively. The latter coincides with Dy as a set. This pseudo n-

simplex denoted by A[Pl, .« Pyy1] is uniquely determined by the sequence Py, ..., Pyy1.

Indeed, A[Pl, ..., Phy1] is the image by the stereographic projection of a spherical
n-simplex A in the fundamental unit hypersphere Sy c R™1. A is defined as follows.
Let jeN H j be a real central arrangement of hyperplanes in R"*! whose center is the

intersection ﬂjeN flj , ﬁj being defined by a linear function on R"*1 :
Hi: [i(&)=0 ((eR™).

The assumption (H1) means that the center is in the inside of Sy (see [4] Lemma 3.1
and [7] Lemma 3). Denote by ﬁf the closed half space in R"! divided by H; such
that the function fj is non-negative or non-positive on H Ji Then A is the intersection
of Sy with the cone Njen Hj_ whose summit (1) H; lies in the inside of Sy (refer
to the Introduction in [7]). A is non-empty. Hence A[Py, ..., Po41] is non-empty. Its
orientation depends on the ordering of P, ..., Ppi1.

By definition, the following properties are valid.

LEMMA 6. (i)
(—1)n(n+D/24v=1 gg A cdfy - Adfpin (1<v<n+1)

is positive or negative at P, or P).
(ii) The pseudo n-simpler A[Py, Ps,...,P,y1] has the sign of orientation
(=1)™=1D/2 such that

APy, Py,..., Puga] = (=1)"" =72 D
PrROOF. Indeed, we can show that

dfg VARERIVAN dfn+1 = 2”(—1)(’”71)(”72)/2 H QAjntl1—j5 Tn W. (10)

=2
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Seeing that =, < 0 at P; and that =, > 0 at P/, (i) holds true for v = 1. The same holds
true for every v by symmetry relative to isometry. Thus (i) is proved. The property (ii)

follows from the following fact. The orientation of A[Pl, .+, Pnt1] can then be identified
with the orientation of A which is opposite in sign to the ordered arrangement of signed
halfspaces (H, ..., H; ) in R"1. O

6. Denote by f; the product [];.; fj. The residues of the forms w/f; along S,
can be computed explicitly as follows.

PROPOSITION 7. For J = {j1,...,jp} € Ny, we have

Rese |2 || “
Sy - dfj, A+ Ndf, s,
(—1)p—D(p=2)/2

= \/(—1)P—12PB(O*J)WJ’ (I<p<n) (11)

where wy denote the standard spherical volume elements on S respectively such that

S (=) ra,day A - dz, - Adzy,

® Wnpt1 = =1 ) (12)
Tn+1
n—p+1 v—1 U
_ -1 ve1dry N dxpi, 1 Ndzy,
o @nppr s = vl DT Tt Ay Ny
7nn—p+2...n-‘,—1
(13)
® Wy . .nitl = :F]. at P1 or Pl/ﬂ (].4)
and that
1 BO0xn—p+2...n+1)
n— n = -5 ) 15
Tnopt2..ntl \/ 2 BO0n—p+2...n+1) (15)

wy are obtained respectively from wy,_p12.. . ny1 by permutations of elements in the set
of indices N.

PROOF. Because of symmetry, it is sufficient to prove (11) in the case where
J={n—-p+2,...,n+1}.
First prove (11) in the case of (12) and (13). Since

dfn*PJrZ JARERA dfn+1

=or(—)P= =22 T a0 Y ayday Ao Adxpoy Aday,  (16)

Jj=n—p+2 Jj=p
(9) (13) and (15) imply

dfn—p+2 JARERIAY dfn+1 A wn—p+2 ...n+1
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n Z’f_ an.)
—op(_1)(P—1)(p—2)/2 Qi (J;Pﬂ o
( ) H Jn=gt Tn—p4+2..n+1

Jj=n—p+2
_1)p—1 _
_ 2p(_1)(p—1>(p—2)/2\/( DP7 B0 ”2pp+ 2nFl) o G<p<n—1). (17)
Hence, along S it follows that
w© (_1)(p—1)(p—2)/2
:| = wnfp+2...n+1~
dfp—pr2 A+ Ndfp1]g,  /(=1)PH120BO0*n—p+2...n+1)

On the other hand, when p = n, in view of (9), (10) and z,, < 0 at P, and z,, > 0
at Pj respectively, we have the identity

= _T2...n+1<0 at Pl,
" ro .ne1 >0 at P

Hence, at P, and P,

dfa N+ Ndfnia :]F\/(—l)n+12nB(0*2 L n+1) (18)

w } (—1)(n=D(n=2)/2
respectively. O

NoTATION 1. For J € N, denote by F; the rational n-form and by Wy(J)w a
linear combination of Fi (K C J) as follows:

w
Fj=—,
T
0 % 8,J
Wo(J)w =—Y_ B(O Z aJ) Fa,7+B(0x.J)Fy.

veJ
Remark that F is also a linear combination of Wy (K)w (K C J, |[K| > 1).
The following Lemma can be proved by a direct calculation (see [7] Lemma 12).

LEMMA 8.

n41 d Ef\ df on (71)n(n71)/2+1
— V717 ...J... TL+1:
2y fi : fv : fot1 /(=1)"*t127 B(ON)

v=1
The following proposition gives the values of f; at the points P; and P]’. .

PROPOSITION 9.  The values of 1/ f; at P; and PJ{ are negative and positive respec-
tively. They are evaluated as

(=1)"*1/B(0*x9;N) BON) + B(

0 * @N)
1
[ij. B B(0*N)

0j ;N

<0, (20)
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(~1)"/B0* V) BON) + B(g j gf;)

Uj] P B B0+ N) > 0. (21)

Due to the product formula for resultant,

7, [5], = seem <

Proor. For simplicity, we may assume that j = 1. First notice that fi; # 0 at P;.
By taking the residues of both sides of (19) at P; (see [26]), we have from (18)

1:Res}:1%/\-~-/\dfn—Irl

f2 fn+1

_ 2n(_1)n(n71)/2+1 B (O * 81N> |:1:| |: o :|
- wl)nﬂanmN){ 01 o) TEONE] g e E T

—1)n+ 1
_ (=1 B(O * alN) + BO*N) {] . (22)
/B(0x0:N) B(ON) 01 N Jilp,
We can solve the equation (22) with respect to [1/f1]p, and gets the formula (20). (21)
can be deduced in a similar way. O

4. Proof of main theorems.

Main theorems are a consequence from some identities proved in [7] concerning
hypergeometric integrals defined on the m-dimensional complex affine space C™. The
proofs are given by “regularization procedure of integrals using generalized functions”
(refer to [10]).

Fix J = {j1,...,jpy € N such that |[J| = p > 1. Denote J° = N\J =
{Jp+1+---+Jn+1}. The bounded domain D = D N D}C contains the vertices Pj,,..., Pj,
and P;DH Yo ,P]’-n+1 so that D supports the pseudo n-simplex A[le N ijml ey
P; ] with the vertices Pj,,..., Pj,, P]{pﬂ,...,PJ’» Its orientation is determined as
follows.

n+1"
ﬁ[pjv . ,7pjp7p;p+l7 P )= — (=102 gon (] J°) D5 0 DY,

where sgn(J J¢) denotes the sign of the permutation {JJ¢} = {j1,...,jnt1} of the
sequence N = {1,2,...,n+ 1}.
For example, in the case n = 2 (see Section 5, Example, Figure 1),
A[P, P}, P})=—D; N D3, A[Py, Py, Pj]= Dy, N Dy,
A[Py, P/, Pj)= Dy N Df;,  A[Py, P3, Py)= —D3; N Dy,
APy, P, Pj) = —D5 N Dy, A[Py, Py, Pj] = Dy N DY

In D, in the neighborhood of DSk, it follows that f <0 for k € KNJ and f >0
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for k € K N J¢ from the definition.

Suppose that the system of exponents A = (A1,...,\,+1) are given such that all
Aj>(l

Let ®(z) be the multiplicative meromorphic function

- H fjAj'

JEN

For each J € N (1 < |J|), consider the integral of the absolute value |®(x)| over the

domain D = D7 N D}:
~ [ p@)p=.
D

where we take the branch of ®(x) such that ®(x) > 0 for z € D. There exists a twisted
n-cycle 3 such that

jx(go):/tb(x)gow.

Then the following proposition holds true (refer to [7]).

ProrosiTioN 10.  For each D = D} N D}'u, the following identity holds true:

Gt mnm= 3 (nw_Lliex / D) Wo (K

|K| 1
KeN K#0) [L21 Qct+n—v)

where the sum ranges over the family of all unordered non-empty sets K € N and Moo =
SN
On the other hand, the variation of 75 (1) is defined by

n+l n

dadn(1) =) > dajy— A (1).

j=1v=0 “JV

We want to give an explicit variation formula for 7, (1) with respect to the param-
eters rjz, pil. To do that, it is necessary to introduce the system of special one forms 6 ;
appearing in Section 2. We reproduce them here.

DEFINITION 11.  We define the following:
1
0; = —3 dlogr?—,
1
01 = 5 dlog pj,

1 .
9J=(—1)Pl Z 5 dlog B(0j k)
J.ked,j<k
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2B<0 *  MUy—1 ... M1 ] k)
p— .

Z H 0 py po—1 ..o 1 j k

H1seensflp—2 V=1 B(OHJV Hv=1 .- 'uljk)

, 2<p<nt1,|J]=p)
where 1, ..., up—2 ranges over the family of all ordered sequences consisting of p — 2
different elements of 0;0kJ.

Then we have the following (refer to [7]).

ProrosiTioN 12.  For each D = D N D}'C, we have

by
dadn()= Y Ujer A Ok /D |®(z)|Wo(K)w

K|-1
KeN,K#0 L (Ao + 0 =)

REMARK. Let ¢ (j € N) be the standard basis of the lattice Z"*! in C"*!, the
A-space. For each J € NV, the integral

1
" =g .0
S (Hjlej) Pyere

analytically depends on the parameters 77, p%, and \. Differential or difference linear
relations among J4,(1) (A € C"*1, n € Z""1) are called generally “contiguity relation”
among hypergeometric functions (see [5], [7]). The identities stated in Propositions 10
and 12 are particular cases of them.

Let v(D) be the volume of the domain D = D; N DJ.:

:/Dw,

Further, let vg = vi (D) (K € Np) be the volume of the (n — |K|)-dimensional face
DSk of D:

’UK:/ |’WK|
DSk

Theorem 1 is an immediate consequence of Propositions 10 and 12 tending A\; — 0
for all positive A;.

PROOF OF THEOREM 1. Since both identities (1) and (2) in Theorem 1 can be
proved in the same way, we only give a proof for the latter identity (2).
Proposition 12 shows

H]EK >\J T w©
L) = 3 o (S0 | 1@ o
H]GN
+Hu 1Ae +n =) / 22| Wo(N)w bx. %)
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Let us take the limit for A\; =7, 7 = 0(1 < j < n+ 1) on both sides of (23).
In the left hand side of (23), we have

lim daJ5(1) = dav(D).

In the right hand side of (23), remark that
li Fr =
im [T M [ @@)lota)Fi =
keK

provided L G K.

In the sum in the right hand side, first, fix j € J and take K = {j}. Seeing
that f; < 0in D, due to Proposition 7, the following equalities hold by the method of
generalized functions (see [10] Chapter III, 2):

hm)\/|<1> ) o) Wo(j) w—hmA/|¢> )o(a) B 1) F

T—0 7

= —B(0*7) Tng%)/\j/D@(:v)lw(fﬂ)@

B{0+7)
Sl ML (24)

Next, fix j € J¢ and take K = {j}. Seeing that f; > 0 in D, we have similarly

0*
lim \; / |D(x)| (x) Wo(j)w =) —=—> 7) / ©ls; |l (25)
70 55 naD

In the case where K = {j,k} € Jor K = {j,k} € J°, f; <0, fy <0or f; >0,
fr > 0in D. Hence,

w

Iifx

i A [ (8] (o) Woli )= = BO*78) im A [ [0(@)]ota)

= BOx b A [ 8] ele)

= B(0*jk) /DICI>(1?)|90(95) dfjA%dfk

—B(0*jk) |
_\/f/SmSmaD[ﬂSjk @il (26)

On the contrary, in the case where j € J k € J¢ or j € J°, k € J, we have

0* k)
hm Aj )\k/ |®(z)| (z) Wo(j k) w V J / i [Tkl (27)
S; ﬁSkﬁaD

In general, we have for K = {kq,...,ky} € No, p > 3,
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t TT 3 J, 0ol oto) Wo K)o = 50010 iy TT 35 [ @00l oto) i

= (oK)l T | 19@leta) 17

w

= (-)IEI B0+ K) / dfy, A Adfy.

SxNOD

el s ‘ .

e [(=DIKEI *
— _(_1)\KOJ |\/( 1) K ';llK-?(O K) /SKHBD [SO}S'K|WK‘ (28)

As for the last term of the rigt hand side of (23), when 7 — 0, the limit value is
divided into the ones at P; (j € J) or P} (j € J°).

We may assume that D is divided into (n + 1) domains D7 (j € N) such that D7
include some neighborhoods of P; (j € J) and P} (j € J¢) in D respectively:

D=J D;.
JEN
Then it follows that

JLCEEDS

JEN

| 1@i=.

First take and fix j € J. Consider the integral over D. Since f < 0 (k € J) and
fx >0 (k € J°) in the inside of D, and [fx]p, = 0(k € N,k # j) and [f;]p, <0,

1im —HkEN Ak T w

li et /D 1) Wo(N) ]
- (=1

™0 (n+1) [Z1 ((n + 1)z +v)

x(B(g ; gj%)JrB(O*N)[;J}P)
1 \/(—1)n+1 B(ON) J
(n+1)(n—1)! on ’

()
[dfl A Ndfj_1 Ndfjia /\"'/\dfn+1:|pj

in view of (20) and Proposition 7.

Next take and fix j € J¢ The limit of the integral over each D7 still has the same
value:

1m —HkEN Ak X w

lim e /D ()] Wo(N) ]
N (1t

0 (= 1) T=N((n + D2 +)
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(oft 5 33)monn 2] )

B 1 (-=1)"*1 B(ON)
(n+1)(n—1)!\/ 2n ’

w
{dﬁ Ao Ndfj—1 Ndfj /\"'/\dfn+1:|P]{

in view of (21) and Proposition 7. Namely, for all j € N,

n+1 /\
im —ak=L O T w
i S [0 T
- | 1" BON)
(n+1)(n— 1)!\/ 2n ' (29)

(24) to (29) imply (2).
(1) can be proved in the same way from Proposition 10. In this way, Theorem 1 has
been completely proved. O

We now assume the condition (H2) and go to the proof of Theorem 2.

SKETCH OF PROOF OF THEOREM 2. There are 2"*t! — 1 non-empty bounded
chambers as in the case of Theorem 1. Moreover Dy is empty and both P; and P;
are in the outside of S; (j € N). This property follows from the following fact: The cone
Njen H; together with its summit (), H; (j € N) in R™*! is in the outside of Sp.
D, is the image by the stereographic projection of the set which is by definition the in-
tersection of Sy with the cone N jen H ; - However this set is empty from the assumption
(H2).

When J € N,

DyNDy.: [;<0 (jeJ), [;20 (j€J)

are non-empty connected domains.

When J is empty, D; N ch = D]f, consists of two connected components Df{ and
DR DY is bounded and DRt is unbounded, and DY N DYt = 0. D)y is the support
of the pseudo n-simplex A[P, ..., P,;1] such that P; € Sp,n. The pseudo n-simplex
&[Pl, ..., Phy1] is the image by the stereographic projection of the spherical simplex A
in SO, which is determined as follows. The intersection of Sg with the cone HT

JEN ~7j
in R"! has two connected components in Sy. We take as A the connected component
disjoint with the source point of the stereographic projection (0,...,0,—1) in Sp.

The orientation of A[Py, ..., P,y1] is the same as Dy

D =Dy uD{:f;>0 (1<j<n+1),

AlPy,...,Pyi1] = DY

Sp;n consists of two points {P;, Pj} (see Section 5, Example, Figure 2 for 2-
dimensional case). Then
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1
i

1
> 0, [} >0
P; fi P

7, (5], = sam

because (—1)"*1 B(0x N) < 0. Under this circumstance, the proof of Theorem 2 can be
done almost in the same way as Theorem 1. We omit and leave a reader to prove it. [

and

Theorem 2 also follows from the identities in Theorem 1 by an analytic continuation
(i.e., by a Picard—Lefschetz transformation of twisted cycles around the locus: B(0xJ) =
0) of v(Dy) moving the parameters 77, p?k such that

B(0xN) — —B(0*N),
Dy) — (=1)"v(DY),

v —
v(Dy) — ()" (D).

REMARK. An elementary proof of Theorem 2 (i) (and therefore of Theorem 1 (i))
will be given in the Appendix.

5. Examples.
In the following, we give two simple examples of main theorems.

ExXAMPLE 1. In the n-dimensional Euclidean space, consider two hyperspheres
S1, S with the centers O1, Os and with radii 1, ro such that the distance between O,
and O; is equal to pia.

Assume S; NSy is a non-empty (n — 2)-dimensional sphere. S NS5 is contained in
the hyperplane L which intersects the segment 0102 at a point M.

The radius h of S; N Sy, the distance Oy M and O, M are expressed as

L _ Y/ -B0x12)

2p12

1 1
= r1sin 51/112 = rgsin §¢21a

021
B<O*1)

2p12

012
B<0*2)

2p12

1
OlM = T'1 COS 51#12 =

1
O M = ry cos 51/)21 =
such that

1 1
p12 = 11 COS 51#12 + 13 cos 51/}21,
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where 112, 121 satisfy 0 < 12 < m, 0 < 1h9; < 7.

Denote by Dj, the common domain (lens domain) surrounded by S1, Sa. S1 NSy is
an (n — 2)-dimensional sphere.

The volume v(Dj;) of D7, can be evaluated by an elementary calculus as follows:

v(Dy,) = v1 + v, (30)
where
1 1
v = Cp_or? / (1 —72)(n=D/2 g,
n—1 cos(912/2)
1 1
Vo = Cn,QT;l / (1 _7_2)(71—1)/2 dT,
n—1 cos(h21/2)

v1, U2 denote the volumes of the domains surrounded by S, L and S5, L respectively, and
C—2 denotes the volume of the (n — 2)-dimensional unit hypersphere:

2x(n—=1)/2
[((n—1)/2)°

The lower dimensional volumes of S1 NSy, S1 N 0D ,, S2 N 0D, equal respectively

Cn—2 =

U(Sl N SQ) = Cn_g hn72,

v L P12/2 )

v(S1NOD) = oy = Cn2 ry” /0 sin" " tdt, (31)
v V21/2

v(S2 NOD,) = s =Cn—2 Tg_l/o sin" 2 t dt. (32)

The integral in the right hand side can be expressed in the following expansion:

Yik/2 ) o . o ) n—3—2v
/ sin" 2 tdt = — Z cos % (n=3) (n-2v+1) <sin d)]k)
0

0<20<n—3 (n—2)---(n—2v) 2

o <1 — cos wjk)
+ b 27 ([ k= {12, (33)
ot

where 2C),_, or 27 CJ,_, equals /7 I'((n — 1)/2)/T'(n/2) according as n is odd or even.

REMARK. In the case where n is odd, dim S; N 0D, (j = 1,2) is even, (31)—(33)
are related with the generalized Gauss—Bonnet formula. Indeed, the second formula due
to Allendoerfer—Weil (see [1]) can be applied to v(S; NOD71,) or v(S2NID,). The above
formulae coincide with it.

The derivation of v(D7;) with respect to r1,73, p12 in (30) leads to the following
formula
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dv(D15) = v(S1NODR) dr1 + v(Se NID,) dre

1 —B(0x12
n_1 ’U(Sl ﬂSQ) #912

(34)

(34) is nothing else than a special case in the n dimensional space derived from (4)
for 7 — 0, after putting tobe Ay =Xy =7and \; =0 (3<j <n+1).

In particular, in the case where n = 2,3, the volumes v(Dj,) are simply written as

_ 1 . 1 .
e v(Dy,) = 3 13 (thra — singia) + 3 75 (Y21 —singpa)  (n=2), (35)
- 2 1 1 1
e v(Dp,) = 7rr§ (3 — Cos 51/112 + 3 cos® 5 1/112)
2 1 1 1
+ 777":23 (3 — €08 57//21 + 3 cos® 27,/121) (n=3), (36)

where 112,191 denote the angles at O, 02 respectively subtended by the diameter of
S1 N S3. Remark that

B(g x 1) +i/—B(0x12)
ei12/2

2
2p12711 ’
B(%* 2) 4i/BOx12)
. 012
/2 = .
2p12 72

In the case where n = 2,3, the formula (34) becomes

d
o dv(Dyy) = ri1adry + rother drg — /—B(0x 1 2) 4;127 (37)
12
_ mr r
o du(Dy) = —{r? — (r1 — pr2)?y dri + —2{r} — (r2 — pr12)?} drs
P12 P12
T B(0%12)dpyo, (38)

40%2

in view of the identity

1 1 0 * _] d?"j 0 ] k dpjk
Sdpy = ———{ B = 4 orpdr, — B
e s R U B Tt OB g B

for 7,k = 1,2 or 2,1 respectively.

EXAMPLE 2. Assume that n = 2.
Then Dj,4 is the pseudo-triangle A[P; P, Ps] with vertices Py = (&1,&2), Pa(m1,m2),
P;(¢1, (o) (see Figure 1), where
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B(o 2 3)

B 0 3 _ [-B(0%23)

v Ve &=\ 35079
013 013

771*B(013 B(023) { B(O * 3>B<0 9 3> VB( 0*13)3(0123)},
013 01 3

772*13(013 B(023) { B(o x 3 v/~B(0123) — B(o 5 3> B(0*13)},
0 012

“ = B012)V2B023) 23023{ (0 2>B<o 3 2) B(012) B(023)

+v/B(0123)B(0x12 }

G = 01 Q)JWJFB( ;) —B(O*IQ)}.

B(012) 123(023){ (0 * 2

Note that & < 0, g, < 0.
The area of A(O10303) is expressed by

1
1A(01050)| = 4 14, (40)
where ¢ denotes
1 & & 1
=11 N N2 :—5 —B(0123)<0.
1 G G

Denote by ¢; the angle of the triangle A(O10302) at the vertex O;. Then

B(g l; J.>+i ~“B(0123)
e“ﬂj J

2pjkpji

(4, k, 1 different indices). (41)

Denote by Pj, Pj, P4 the intersection points of S3 NS3, S3 N S1, S1 N Sz which are
different from Py, P», P; respectively. Also denote by 1 the angle at O; subtended by

the arc @ nS;.
Then Theorem 1 (i) shows

LEMMA 13.

v(D) = A(P,P3P,)
3
= |A(01050,)| = > |A(01030:) N Dj|+ > |A(010502) N Dy N D |,
j=1 1<j<k<3

(42)

where owing to (30)
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| (OlogOg)mD |— TJ(pJ,
|A(010302) n D; n D;| = = |D; n D;|
1
= Z (%k —sinyjy) + W’kj — sin ;).

Denote by 11, 12, ¥3 the angles at O; subtended by the sides PZF?,, ﬁg\ﬂ, E\Pg of

the pseudo triangle A(Pl, P3, P,) respectively such that the arc length s; of ]fkﬁ is equal
to

Sj = ’I“j ’lﬂj.

; are also related with 11, ¢; as follows:

1 1
Yy = §¢jk+§¢jl -
On the other hand, since ¢1 + @2 + 3 = 27,
1
1ttty =g Zi/)jk
J#k
=21 — 4P1P3P2 - ZP2P1P3 - 4P3P2P1.

This identity is a special case of the second Allendoerfer—Weil formula in the Euclidean
plane (see [1] Theorem II). Furthermore, from (42),

1 1
20(D) =101+ 7202+ 7505 — 5 > \/fB(o*jk)ij5\/—3(0123),
1<j<k<3

with v; = r;j¢;. This identity coincides with (3) in the two dimensional case.
Taking into consideration the identities (30), (31), (33) and the following equalities
(4, k, L are different indices of 1, 2, 3)

dB(0123) = -2 dp%. B (8 i é)

i<k
1 0 j k) dpji (0 j z) dpj }
= oy U -B +2ppd
- _3(0123){ (O Lk) pjk 0k 1) py | PHOPH

we get the formula

3
D)ZZTj’l/)jd’/’j Z\/ 0* k pjk
j=1

]<k‘

3
1 0 x j k) dpjr
-——{Y B ,
2 —B(0123){ (0 L g k) pjk
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Figure 1. B(0x123) > 0.

Figure 2. B(0x123) <0.
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which is nothing else than (4) for n = 2 in view of the identity

1 0 x 1 2\ dpi2 0 1 3\ dpi3
0103 =——=——=¢B —=+B -
e B(0123){ (0 31 2> P12 - (0 21 3) P13

0« 2 3 dpgg

B — .
" <0 L2 3> p23
6. Restriction to the unit hypersphere.

We assume further

for1(z) = Q(x) — 1,

i.e., Sp41 is the unit hypersphere with center O, 1 at the origin.
We may assume the linear functions

fi(@) = fi(z) - Qz) + 1 = Zujul“u +ujo (1<j<n)

v=1

are normalized such that the configuration matrix A" = (a;) (0 < j, k < n) of order n+1
consisting of

P i
ajo — aoj — UJO,
n

/
A = E UjpUky — UjoUKO,
v=1

satisfies ajy = —1, a;-j =1(1<j<n). We put further
f'rlz+1 =1-Q().
For the set of indices J = {j1,...,7p}, K = {k1,...,k,} C {0,1,...,n,n+ 1},
we denote by A/(IJ() the subdeterminant with the ji, ..., jp,th rows and the kq,...,kyth

columns. In particular, we abbreviate A’(i) by A’(J).

The family of the hyperplanes H; : fJ’(x) = 0 define the arrangement of hyperplanes
A’ = Uj_, H; which correspond to A = J;_, Sj, S; : fj(z) = 0, one-to-one.

The components of the matrix A" are described by the Cayley—Menger determinants

as follows:
07 n+1
B
, <O * n—|—1>

= , 43

0 /mB0xjn+1) (43)
0 x j nt+l

, _B(O * k n—l—l)

T /Bxjn+ 1) BOxknt1)
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Hj has the same intersection with S, 11 as the intersection S; N Sp41.
From now on, we shall assume the condition (#1).
(H1) can be rephrased in terms of the minors of A’ as follows:

(H1) A(0J) <0 (J Cdpy1N), A'(J)>0(1<|J],J Cypy1N).

Remark that it always holds: —A’(0J) > A’(J) > 0.
Since Sy, 41 is the unit hypersphere, we have the identity

B(0xn+1)=2, B0xjn+1)=-1,
so that
aj, = —B(0xjkn+1) = —cos(j, k),

where (j, k) denotes the angle subtended by S;, Sk in Sp41.
Let D = Dy, 4, be the (non-empty) real n-dimensional domain defined by

n+1
Dy wpr=()D;, D;:ff<0(CR") (1<j<n+1).
j=1

Then, for any J C O9p+1 N such that |J| = p,1 < p < n — 1, the intersection
Synt1 = Spr1 N njeJ S; defines an (n — p — 1)-dimensional sphere. In particular,
Mkeo,0,,,n Sk consists of two points.

The orientation of R™ and D is determined such that the standard n-form w is
positive:

w=dxi N ANdx, > 0.

We can define the standard volume form on S, 1 as

n
— w
Wnyl i= Z(—l)” T dry A---dxy - Adxy, = 2 [dfﬂrj
v=1 " Snt1

Let ®'(z) be the multiplicative function

@)= [ f@r (A eRs).

jE€On+1 N

We take the value of the many valued function ®'(z) such that ®'(z) > 0 at the infinity
in R™.

Denote the twisted rational de Rham (n — 1)-cohomology by H& ' (X, Q" (xS5)) and
its dual by H,,—1(X, L*), where £* denotes the dual local system on the complexification
X of the space S,11 — U e Sj associated with ®’. The covariant differentiation V is
given by

Vo = dp + dlog &' A .
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The corresponding integral can be expressed as the pairing
HY (X0 (58)) x Haea(X£7) 3 (90) — Ti(9) = [ @ (@)ple) @
3

for pww € Q" 1(x9) and a twisted (n — 1)-cycle 3.
The following has been proved in [3].

PROPOSITION 14.  HE H(X, Q" (xS)) is of dimension 2" and has a basis

Wn+1

Iy

where f; means the product HjeJ f]’ and J ranges over the family of all unordered subsets
of indices such that J C 0,11 N including the empty set ().

Fy =

From now on, we choose a twisted cycle (n — 1)-cycle 3 such that
[o@emn=[  @@Iemn (Gmm €2 68),
3 Do nt1
Fjy means @, 1, and we define
T = [ (@) pman
3

The derivation of the integral J(¢) with respect to the parameters a;k, ajy can be
expressed as

n

dA’j)\ Z jOa/ Z daﬂ‘?a / "7)‘< )

j=1 1<j,k<n
:/ VA’ @wn-l-l) (45)
where

Va(pwns1) = da (@ wns1) +darlog @ (2) A @ w1

In addition to the above basis, it is convenient to introduce the following basis which
we call “of second kind”:

DEFINITION 15.  We define the following:

0 0,J
A/

(1/ 5 J )

= FJ+Z

veJ

/
FaVJ.

In particular, F’ 0= F(A W41
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The differential one-forms defined below will play an essential role in the sequel.

DEFINITION 16.  We define the following:

0’ = da’y,
G, G
L= dad, — J K a)o — Ul da’;
PR A0k) R A0g) Y
General 0'; for |J| > 3 are defined by induction:
a (0 0, J
v oJ) ,
A/ 08 J o, J (3 S |J‘ S TL)

Denote Af)o — Z;lzl Aj and J = {jlv' .. 7.jp}? |J‘ =D
The following fact has been proved in [3].

ProposiTION 17.  The following variation formula holds:

)\.1...)\. A’(J)
VA/ F@ — J Jp (_1)p 9{] F;,J' (46)
ng 1<]1<Z<jp<n [ (- Ao —n+gq+1) A(0J)

(The formula (4.12) in [3] has an error. In the right hand side, the sign (—1)P should
be added as above to the original formula.)

For example,

1 1
.VA’(FQ/)) AIA( )9/ (F1+U,10F@) AQA( )92 (F2+G;20F@)

A A(12) y B
Moo A’(012) ‘9123F*,12 (n=2),

3 .
N A(GE)
o V(B ~ = D NdaloFL = D S g sy o Fron
j=1 1<j<k<3 =

AN, A'(123)
Moo +1) 123 A7(0123) " *123

(n = 3).

7. Analogue of Schlifli formula.

The variational formula for the volume of a spherically faced simplex in the unit
hypersphere was presented in [3]. In addition to the formulae stated in Theorems 1 and
2, Theorem 20 in this section makes a completely integrable system.

However, some formulae stated there have a few errors. In this section, we present
a correct version as in Theorem 20.

Let P; (1 <j < n) be the points in R™ such that
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{Pi}= () HeNSnp1.

keaj N
We can take the Euclidean coordinates z1,...,, such that the polynomials f; have
the following expressions:
n+1—j
fil@)= " wjw, +ujo (1<j<n). (47)
v=1

We assume for simplicity that wjn41-; = 2a;p41-; > 0 (1 < j < n) and that P;
satisfies Lemma 5.
We have the equalities

H Ujn—ji1 =/~ AOp+1...n) (1<p<n). (48)

Jj=p+1

The affine subspace (;_, ,,, H; contains the (n — p — 1)-dimensional sphere

n . .
Sp—pt+1..nnt1 = Njmp_ps1 95 N Sny1 with radius

\/ An—p+1...n)
Tn—p+l..nn+l =

S A(On—-p+1...n)

Denote by E[Pl, Py, ..., P,] be the pseudo (n — 1)-simplex in S, with spherical faces
with vertices P; such that their sign of orientation is (—1)"("~1/2. The support of

A[Py, Py, ..., P,] coincides with D = D7y ..
By definition, the following properties are valid.

LeMMA 18. (i)
df;, A+~ ANdf] >0

on D.
(i) The pseudo (n — 1)-simplex A[Py, Py, . .., P,] has the sign (—1)"("=D/2 of ori-
entation such that

A[Py, Py,...,P)) = (—1)"" /25 . nD.
PrOOF. Indeed, we can show that
dfy A Adf =TT ujn—jsr@ > 0. (49)
j=1
(ii) follows from Lemma 5. O

Let vy be the volume of the pseudo (n — 1)-simplex A[Pl, Py, ..., P,] defined by
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’UQ) = [ wn+1 > 0,
A[Py,Ps,...,P,]

where the orientation of K[Pl, P,, ..., P,] is chosen such that w41 should be positive
on it.

We are interested in the variation formula for vy, which can be expressed in terms
of the lower dimensional volumes of the faces of K[Pl, Py, ... Pl

Every face of the pseudo simplex is included in some Sy, 4+1. Sjnyt1 is defined as an
(n — p — 1)-dimensional sphere with radius

TIn4+1 = —A/(OJ)

We can consider the (n — p — 1)-dimensional volume v; (|J| = p) relative to the
corresponding standard volume form @’;, ,; on the (n — p — 1)-dimensional sphere:

— /
v= . sl
A[Py,Ps,...,P,]NS s

where
—p—1
|wfln+1| = Tﬁnfh | ng1] > 0.

The orientation of A[Pl, Py, ..., P,]N Sy is chosen such that =, ; should be positive:
@' 1 = @ 1ls 1@ 41| being the absolute value of @'}, .

When J = {n —p+1...n}, we can give an explicit expression for @;,_,.; ,; as
follows:

file)=0 (n—-p+1<j<n+1),

_ .2
LL']- - Tnprrl ..n+1»

where

n—ptl..ntl = AOn—p+1...n)

The standard volume form on S;,_p41 .. n1 is given by

n —
, B 1Vxl,d:rp+1/\~~dxl,~~~/\d:vn
wn—p+1...n+1 - § (7 )
v=p+1 Tn7p+1.‘.n+l
_ n—p—1
=Tp—p+1..n+1 @n—p+1..n+l, (50)

where
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n

Tnpitonit = O (=) & dépir A---dE, - N déy,
v=p+1

through the transformation
Ty =Tn—p+l..n+1 51/ (p +1 S 14 S TL),

such that 30 ., & = 1.
The following Lemma follows by definition of the residue formula.

LEMMA 19. For JJ={j1,....Jpt (1 <j1 <---<jp<n),
Wn+1 _ 1 =
df, nooNdf Ay T
G1 - dp

In particular,

n -1 n=j .
“ntl :—( ) (1<j<n),
dfyN-dfi-Adfy ], VA0
J
since [fi]p, at the point P; of Sa;a,,,n N D is negative.
Proor. To prove Lemma 19, we may assume that j; =n—p+1,...,5, =n and

f; are represented by the reduced form (47). A direct calculation and (48) show the
following identity

A1 = Q@) Adfy A Ndfy iy A Y (—1) aydappr A---day - Aday,

v=p+1
p n
:QHun,qu ( Z 1’,%) w
q=1 v=p+1

=2/-A(0n—p+1...n) rfkpﬂmnﬂ w.

Hence,
n —_—
dfi N Ndf_ g A Z (=) a,dzyiy A---da, - Aday,
v=p+1 Snt1
= \/7A/(0 n—p +1... n) r?z,—p—i-l ...n+1wn+1'

Namely,

. B ZZ:erl(—l)”x,,dpo A---dxy, - ANdxy,

wnprrl .n+1 —

Tn—p-&-l on+1
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Wn+1
=A(n-— 1...
VA (n—p+ n)[dM“'Adfé_pHL
n—p+1l...n+1

General volume forms w’; ,, ,; can be explicitly written by the use of suitable coor-
dinates transformed by isometry. O

The next theorem has been essentially stated in [3, Theorem 8], but has some
errors in the formulae (5.6) therein. Here we state a correct version, which follows from
Proposition 17.

THEOREM 20. For vy =v(Dy, ,,), we have

n—1 n—op—1)! , A(J
davy = — Z Z (—1)P ( (np2)!) / A/(O(J)) vy

p=11|J|=p
1 1
(-1 0, .. 51
where J ranges over the collection of unordered subsets of {1,2,...,n} and |J| = p.

In particular, if all a, = 0, then

0, =0, 0 =dd,

""'=0 for|J|>3.

Therefore, in the case of n > 2, (51) reduces to the well-known identity due to
Schlafli:

1 1
dpvg=—3 —— vy ddy. (52)
j;en_Q Ak "

For elementary proofs, refer to [13] and [16].
To prove this theorem, we need the following lemma equivalent to Proposition 9.

LEMMA 21.  We have the identity

1 H
f]/ Pj f] Pj
V=A(0;0, 1 1N) A(08, ;1 N) + A’ (9 0i0n41 NV )
J 8janJrl‘ZV <0
—A'(On41N) 7

so that

A8, N) A(Dpy1N)

(0 00,1 N
l1] j 0;0n1N V=A(0;0,11N) A(00r11N)
P,
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ProOOF OF THEOREM 20. Take A; such that all A\; = 7 > 0 in the formula (46).
Then (45) shows that

daVy = hm d g /
= hm/ VA/ wn+1)

=lim [ |®' ()| Var(wnit)-
™0 JA[P,...,P,]

In view of the formula (4.11) and the proof of Theorem 7 in [2], we have only to
check the following fact:

J Y A (0p41N) ﬂ( 1 )
wo [T,= L (Ao —n+q+1) A (00041 N) JonN

A/(O 8J3n+1N>

i 0;0p41 N 1 _1)n

JCoaN A(0j0n41N) J8;0,1N (n—2)Iy/—A'(01...n)

By the residue theorem, the left hand side reduces to n pieces of point measures at

P; and equals

. T A/(3n+1N)
lim J(F! A Ont1V )
710 Hz;ll(_'nﬂ— —n+q+1) ( ¢8n+1N) A(09,+1N)

J(F,
710 HZ_?( nt—n+q+1) ( ’6"“N) A'(00p41N)
,(O 8j8n+1N>
_zn: (=p ' J|1 n J 0;0n N A'(Ony1N) Wnt1
— n(n—2)! || f] , A (9p1N) A'(00p41N) df“...gf;...Adf{ N ’

On the other hand, we have

Wn+1 o (71)n+17j
N gf;’/\df{ » A’(ajanHN)'

Each term in the summand of the right hand side does not depend on j and is equal
to

’I’L(TL — 2)' A/(3n+1N) A/(aj8n+1 N)

) 00,08
T n(n—2) A9, N)

(—1)n-1 { /=A(0;0,11N) A (00,11 N) } 1
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Hence, the left hand side of (53) becomes

. " A (041 N) (=)™ 1
lim n—1 A 8+ N j(Fﬁi,anHN) = —9)I / ’
0 [[02) (—nm —n+q+1) A(00,41N) (n—2)! \/=A4'(08,11N)

In this way, we have proved Theorem 20. O

REMARK. In three dimensional case, i.e., for n = 3, D53 is a pseudo triangle
APy P, P; with circular arc sides. Theorem 20 shows the identity

A'(05 k)

Ay = Za ( Z  YAGK) VA (G k)
1

S . (54)

V-A(0123)

On the other hand, Gauss—Bonnet theorem shows the identity

vp = 2 ~ Zajovj > (7= (k). (55)

i<k

where (jk) denotes the angle of the triangle at P, ({j,k,[} : a permutation of {1,2,3})
such that

a;’k == COS<jk>a

and a, is the geodesic curvature of the arc 9D 53 N S;.

We can see by a direct calculation that the differential of (55) coincides with (54).
Gauss—Bonnet theorem was extended into a higher dimensional polyhedral domain by
Allendoerfer—Weil (see the second formula in [1]). However, in the case of a spherically
faced simplex, the formula (51) does not seem to generally coincide with the differential
of the identity due to Allendoerfer—Weil.

Appendix. Elementary proof of Theorem 2 (i).

Denote by P; (1 < j < n+ 1) the vertex points of the n-simplex D such that
P; € 0D}, N nkeajNSlr For the ordered set J = {j1,...,jp} € N such that j; > jo >

> Jp (|| =p)and J = {57 >--->jr_ 1}, A[O;, Pye] means the n-cell

AlOy, Pyl = A[O,,...,0;,,Pjs, ..., Py

Jp> Jn—p+1]

with the vertices Oj,,...,0;, and Pjs, ..., Pj._ .. Notice that K[Pj; . ,Pj;’_pﬂ} =
S; N DY is a pseudo (p — 1)-simplex with the faces S, N S; N Df (k € J°) in the
(n — p)-dimensional sphere S; = [);c;5;. As a set this cell consists of all segments
joining any point of (p — 1)-simplex A[Oj,,...,0;,] and the pseudo (n — p)-simplex
A[P]i«, Y T I

We have the cell decomposition of A[O,,41,...,02,01]:
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n ~
AlOni1,...,02,01] ==Y >~ A[Oy, Pyeley,
p=0 |J|=p

where €7 denotes (—1)2iesed . (—1)(n=p)(n—p+1)/2,
For example, in the case n = 2 (see Figure 2), this partition is simply represented
as

A[O3,04,01] = A[Ps, Py, P1] + A[Oy, Py, Ps] + A[Os, P3, Py] + A[Os, Py, Py
+ A[O3,02, Pi] + A[Os, 01, P3] + A[O1, 03, Py).

Hence we have the identity for their volumes

,U(A[On—i-la"wol]) = Z U(K[OJ7PJ°])3

JeEN,|J|<n

or equivalently,

v(A[Py]) = v(A[Ony1,...,01]) — > v(A[Oy, Pye)).
JEN,1<|J|<n

The identity stated in Theorem 2 (i) is a direct consequence of the following Lemma.

LEMMA 22.

n—p)! \/(_1)p+1 B(0*J)

o(R[0,, Pye]) = ¢ - o

vJ.

Proor. Without losing generality, we may assume that f; have the reduced form
(7), (8 and J={n+1,n,...,n—p+2}.
Oj(n—p+2<j<n+1)can be expressed as

Oj = (—Oéjl, sy TQGn—j+1, 0,,0) (ajn—j-i-l >O)

The pseudo (n — p)-simplex A[Pn_pH, ..., P1] with support Dy NS, is defined by
the equations for & = (&1,...,&,) :

[i©=0n—-p+2<j<n+1), fi(§)>0(1<k<n—p+1). (56)

The coordinates £; (1 < j < p—1) are uniquely determined by (56) and denoted by ;.
¢ ranges over the (n — p)-dimensional sphere

g = (71;"'7’7p*17§p7'~~;£n)
under the condition

@ =20 (I1<k<n-p+1),
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n+1

52 _ ,],,2
J — 'm—p4+2..n+1>
Jj=p

where 7,41 ... n—pt+2 denotes the radius of the hypersphere S;:

(-1)»B(0n—p+2...n+1)
Tn—p4+2..n+1 = 21)71

The n-pseudo simplex K[OHH, oo esOn_pt2,Po_pt1, ..., P1] consist of the union of
the p-simplex A[Op11,...,0n—pt2,&] with € € A[P_pi1,..., Pi]:

A[On-‘rla"'aOn—p+27Pn—p+l7"'7P1] = U A[On-‘rla"'aOn—p-‘rQag]'
EEA[Pp_pi1,-,Pi]

Namely, every point of A[On+1, oo esOn_pia, Po_pi1,. .., P1] is parametrized by the
expression:

J
x; = _Zykanfk+1,j +yy (1<ji<p-1),
k=1

ri=yo& (p<j<n)

such that y = (yo, ..., yp—1) ranges over the p-convex set
p—1
0piy; >00<j<p—1), Y y <1l
§=0
Hence, the volume of v(A[Oni1,...,On pio; Pupi1,---, P1]) is the mixed vol-

ume of the (p — 1)-simplex A[Op41,...,0n_pto] and the pseudo (n — p)-simplex
A[Pp_pt1,. .., P1]. In view of (9), (13) and (15),

U(A[OnJrl, ey On7p+27Pn7p+1; ey Pl])

:/~ |[dzi A+ Adap_1 Aday A+ A day,|
AlOn41,--:0n—pt2,Pn_pt1,...,P1]

p

<

n

—1
| j =Y / Yo "dyi A Ndyp—y Ndyo,
1 »
/~ Z(_l)u_pgudgp/\"'<d§u>"'/\d§”

APy _pi1,e,P1] v=p

_(n=p)! [(=1)P*'BO0*n—p+2...n+1)
Y 2p

Un—p+2...n+1,

since
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—p)!
/ Yo Tdyi Ao ANdyp—1 Adyo = M
5p n:
In this way, Lemma 22 has been proved in the case where J = {n+1,...,n—p+2}.

Therefore it also holds true for general J because of symmetry. O

Theorem 1 (i) can also be proved in a similar way.
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