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Abstract. In Berkes’ striking paper of the early 1990s, he presented
another limit theorem different from the central limit theorem for a lacunary
trigonometric series not satisfying Erdds’ lacunary condition. In this paper,
we upgrade his result to the limit theorem having high versatility, which we
would call Berkes’ limit theorem. By this limit theorem, it is explained in
a unified way that Fukuyama—Takahashi’s counterexample and Takahashi’s
counterexample are all convergent to limiting distributions of the same type
as Berkes.

Introduction.

When {n;}2, is a strictly increasing sequence of natural numbers, a se-
quence {v/2cos 27t} of random variables on the Lebesgue probability space
([0,1),B([0,1)),P) forms an orthonormal system of L?([0,1),5([0,1)),P), where
B([0,1)) is the Borel o-algebra over [0,1), and P is the Lebesgue measure restricted
to [0,1). So, for a real sequence {a;}2, with > :° a? = co, a sequence

N
1

P(t €[0,1); — Zai cos 2mn;t € )

AN i=1 N

of distributions on R is tight, where Ayx := 1/(1/2) Zl\il a?. Thus, as N — oo, some

sort of limit theorems are expected for (1/Ay) Zfil a; cos 2n;t. Among them, when
{n;} and {a;} satisfy Erdds’ lacunary condition (LC in this section only) or Takahashi’s
LC or Fukuyama—Takahashi’s LC which is a generalization of the preceding two LCs, the
central limit theorem (CLT)

N
1
P (t €[0,1); e E a; cos 2mn;t € ) — the standard normal distribution as N — oo
N 4
=1

holds ([2], [5], [6], [3]). Moreover, for this CLT, these LCs are best possible as well as
sufficient in the sense that Erdds [2], Takahashi [7], Fukuyama-Takahashi [3] constructed
a counterexample (CE in this section only) of {n;} and {a;} which does not satisfy their
LC and for which CLT fails, respectively.

However, they only asserted that their CE is not convergent to the standard normal
distribution, and mentioned nothing as to whether their CE is convergent or not. In
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addition, in the convergent case, they did not give any comment on another limit theorem.
Some eight years ago from [3], Berkes tried to correct this defect. In [1], he constructed
a CE which does not satisfy Erdés’ LC and for which the limiting distribution is not the
standard normal distribution, but another infinitely divisible distribution. Matsushita
[4], imitating a manner of [1], found that Fukuyama-Takahashi’s CE is convergent to a
limiting distribution of the same type as Berkes. He also remarked that for Takahashi’s
CE, similar limit theorem to the above holds.

From these circumstantial evidences, we were convinced that there must be a general
theory explaining three CEs above (i.e., Berkes’, Fukuyama—Takahashi’s and Takahashi’s
CE), and under this conviction, we investigated the argument and calculation of Berkes
[1] and Matsushita [4], extracted common things from these, and arrived at some condi-
tions for {n;} and {a;} having high versatility. In this paper, we show that Berkes type
of limit theorem holds for a good many {n;} and {a;} satisfying these conditions. Since
this limit theorem stems from pioneering paper [1] of Berkes, paying honor to him, let
us call this Berkes’ limit theorem.

In Section 1, Theorem and its corollary are presented. In Section 2, their proofs are
given. In Section 3, it is verified that our results are applicable to Berkes’, Fukuyama-—
Takahashi’s and Takahashi’s CE.

REMARK 1. Erdos’ CE is quite different from three other CEs. Unfortunately, this
CE is not within the scope of our results. For the present, we know nothing about the
limit theorem this CE satisfies.

The author would like to thank the referee for good advice which enabled him to
make proofs clear and considerably short.
1. Presentation of theorem.

Let jo € N, {I(j)}52,, a sequence of natural numbers and {c;}52, a positive se-
quence such that

I(j) > 00 asj— oo, (1)
B,, /oo asm — o0, (2)
By~ Bt asm — oo, (3)
B2

ﬁ%%e(&oo) as m — 00. (4)

Here

In the following, we fix these {I(j)}32;, and {c¢;}32; .
To state our theorem, we define the following;:
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DEFINITION 1 (cf. Berkes [1]). (i) We denote by A the Lebesgue measure on R.
Let A4 be the restriction of A to a Lebesgue measurable set A C R. Note that P = (g 1).
(ii) We define Fly, F_ : (0,00) — [0,00) by

sinx

FL(t) = A0,00) (33; > t), F_(t) = A0,00) (x; =< —t).
x
F. is continuous and non-increasing, Fiy(t) < 1/t ("t > 0), F+x =0 on [1,00), and

DEFINITION 2. (i) By a Lévy measure, we mean a measure v on R\ {0} satisfying
fR\{O} (z2 A1)v(dz) < co. We denote by fi, ., the infinitely divisible distribution on R
determined by triplet (m, v, ) € Rx [0, 00) x {Lévy measure}. That is, iy, »,, is the prob-
ability distribution on R whose characteristic function i, .., (§) = fR eV—1ét Hom, v, (dt) is
given as

1+1¢2

exp{ﬁm{ ngJr/ (e\/jlgtflf \/jlgt)u(dt)}.
R\{0}

(ii) For A > 0, we define v4 € {Lévy measure} and m4 € R by

1 Fo(t/2vVA F_(|t|/2vVA
valdt) i= - (10,0 (T2 g YA gy e g oy,
Am t |t]
t3
ma = — —— w4 (dt).
THEOREM.  Let b > 2 be an integer and {q(j)}52,, a sequence of natural numbers
such that
pat+1)—a(i) < 1(5) (Vj > jo), (6)
1 & 1j)
i B Z % G —am) O (7)
J=Jo

We define N; € 2N (5 > jo) by

Nj =

be@)  if b e 2N,
20909)  ifbe 2N — 1.

Then, for ¥S € B([0,1)) with P(S) > 0,

m 1)
1 e
P<B7n E ﬁ ZCOS 27TNJZt S ‘ S) — l},ml/c“o’,,l/a as m — OQ.
=1

Jj=Jjo

In other words,
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lim E[eﬁs(l/Bm)Z;”:jo(cj/l(j))Zi(:jf cos2mNjit | 5]

m—r o0

= exp{/ (e\/jlgt -1- \/jlft)l/l/a(dt)}, V¢ eR.
R\{0}

Here P( - S) and E[ - S] denote a conditional probability given S and a conditional
expectation given S, respectively. That is,

P(18) = g

In this paper, E stands for the expectation with respect to P.
As mentioned in Introduction, we restate Theorem in terms of {n;} and {a;}:

COROLLARY 1. By a partition of N as

o0

N=[L1Go)] + D (o) + -+ +1(7): 1jo) + -+ +1(5) +1(j + D],

J=jo
we define a strictly increasing sequence {n;}32, of natural numbers and a positive se-
quence {a;}32, by
Njot if 1 <i<1(jo),
n = Ny (i = (1Go) -+ +1() ) if L) + -+ +10) < i < Ujo) + -+~
UG HIG+1) (G = o),

Cjo . : .

- ifl1<i<l ,
1(jo) f (Jo)
Cit1
I(G+1)

if l(jo) + -+~ +10G) <i <I(jo) +---+1(G) +1[F+1) (= Jjo)-

Then, for VS € B([0,1)) with P(S) > 0,
1 N
P(ANZ% cos 2mnt € - ‘ s) 5t 0wy 08 N = 00,
i=1

where

@
Il
-

[N
KMZ
o

2. Proof of Theorem.

We begin with the following:
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A 1 2
Cram 1. (i) "}gnoo Bijorgjaé(m cj = NG

1 m 02. 2
(i) lim —- " (—j) =
PROOF. (1) For jo <mg<m,

— Imax ¢j — max ¢; max
B, jo<j<m I = B, jo<j<mgo J mo<j<m B

Letting m — oo yields by (2) that

1
limsup — max c¢; < sup ——
J
m—oo m Jo<j<m j>mo j

And, letting mo — oo yields by (4) that

li < lim G 2
imsup —— max c¢; < lim —=- = —.
m—soo Bm jo<j<m j—o0 Bj \/E

On the other hand, since

1 max c; Em
R > =,
B Jo<j<m Bm

letting m — oo yields that

. 1 . C 2
liminf — max ¢; > lim _ =,
m—oo Bm jo<j<m m—»o0 Bm \/a

which, together with the preceding, implies the convergence of (i).
(ii) First, by (5),

AN2 2 2 2 a 21
i i S« i)y (2 47)
B Z( ) B2 jo<i2m 1(j) = (32 JOE}%UZU)) moSiem B21(5)/)

where jo < mg < m. Letting m — oo yields that

1 3 \2 o1
lim sup — (—]) <2 sup % —.
B, Z: 1(5) j>mo B3 1(5)
And, letting mo — oo yields by (1) and (4) that

2
J

1 o=/ 7 \2 1
limsup — (—) <2 11 — =0. O
m—oo B;ln Jgj:o l(]) ( )

To prove Theorem, we define the following:

\&m

DEFINITION 3. Fix b € Z>2 and a sequence {q(j)}32;, of natural numbers satis-
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fying (6) and (7). We define sequences {X;}32; and {)?j}‘j‘;jo of random variables on
the Lebesgue probability space ([0,1),8([0,1)),P) by

1(7)

X;(t) := Zcos 27 N;lt, 9)

=1

1(4)

d® (¢
ZCOSQTI’N l( Z l)k()> (10)
a()<k<q(j+1)
Here

d®)(t) == [b*t] — b[b*" ], keN. (11)

Note that | X;(t)] < 1(j).

Since, by (6), {1} U {v2cos2rN;it;1 < 1 < 1(j),j > jo} form an orthonormal
system of L?([0,1),8([0,1)),P),

E[X;] =0, (12)
1G)
2] _
E[x}] = 2, (13)
m C: 2 1 m 02
E I x. = —J_ = B2, 14
[<ZU) j)} 2;lj) " (14
i=do i=jo
Also, by (10),
Xj is U(d(k); q(j) < k < q(j 4+ 1))-measurable. (15)
And the following holds:
LEMMA 1. |X;(t) — X;(t)| < 4w¢
’ J J = paG+D)—a()
ProoF. First note that
e d(k)(t)
t=) —— (t€0.1) (f (11)).
k=1
By substituting this into (9),
l(]) k t)
t) = Zcos27rle( Z >
=1 1<k<q(j) k>q(37)

1(5)

k>q@
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because N;/b* € N (1 < k < ¢(j)) by (8). By the inequality |cosu — cosv| < |u — v
(u,v € R),

- L) 4% (¢)
1 X5(t) = X;(0)| <D _2wN;l Y o
=1 k>q(j+1)
1 1()?
D = AT G =

< 27l(j)*N;
DEFINITION 4.  We define a sequence {B,,}°2, of sub o-algebras of B([0,1)) by
B, = U(d(k);l Skgn). (16)

Note that B,, * (i.e., B, C Bny1),

k-1 k

_ =1,...,b" 1
) k=L, (17)

B,, = the o-algebra generated by {
a(U Bn) = B([0,1)). (18)
n=1

CLAaM 2. For VS € UL, B, and V¢ € R,

m—r oo

lim ‘E{emmwm)zrm (e /1) Xs S} _ (ﬁ E[eﬁﬁ(l/Bm)(Cj/l(j))Xj])P(S)' —0.

J=jo
PRrROOF. Fix Y¢ € R. First note that

{d®)}22 | is, under P, a sequence of i.i.d. random variables. (19)

Let S € B,,. Clearly q(jo+n—1) > nby q(j +1) —q(j) > 1 and ¢(jo) > 1. Since, by

this, (15) and (19), 1s, X o+n—1, Xjo+n, - --» Xm are independent, it follows that
E|:e\/_715(1/Bm)Z;":j0+n71(cj/l(j))§j;S:| _ ( H E[emm/Bm)(cj/l(j)))?j])P(s),
j=jo+n—1
By virtue of this expression,
‘E[eﬁé(l/Bm)Z?_7‘0(Cj/l(j))Xj;S:| _ (H E[eﬁﬁ(l/Bm)(Cj/l(j))Xj])P(S)’

< I1(m) + Ia(m) + Is(m) + I4(m), i

where

L (m) E“eﬁﬁ(l/Bm)Z}"’:jo(cy'/l(j))xj_eﬁﬁ(l/Bm) ;"':jw,l(cj/z(jnxﬂ,

Ig(m) =E |:|e\/j]-£(1/Bm) ;n:jOJanl(Cj/l(j))Xj _ eﬁg(l/B'm) ;»n:j0+n71(6j/l(j))55]' ’]

b



124 S. TAKANOBU

m)=| [] B[eVTEEGANS] - [ B[V I B 00
J=jotn—1 j=jo+n—1

m)=| T BV T0/B0M00%] - T] Blev T/ B/ 100X] |
Jj=jo+n—1 J=Jjo

Since, by the inequalities |eV~1% —eV=1%| < |u—v| (u,v € R) and | Hle zif]_[le w;| <
Sz —wil (21, 2w, we € C owith [z Jwg] < 1),
G

nm. nm< Y Bldg %)<y X e

Jo<j<jo+n—1 M jo<j<jot+n—1

m m .
1 Cj > 1 l(])
12(m)7 I3(m) < 4 Z |§|Bm l(])EHXJ - X]H < 47T|§|Bm Z Cj paG+D—a(j)’
Jj=jo+n—1 J=Jo
the assertion of the claim follows immediately from (2) and (7). O

CLAIM 3. For "¢ € R,

lim ] BleV T60/Bne160)%] = exp{ / (VT8 1 — ST, /a(dt)},

J=jo
We simplify this claim:

m

LEMMA 2. For "¢ € R, lim

m— o0 4 -
J=Jo

2
B [e/ e/ B(es 100X 1] ‘ _o.

Proor. Fix £ € R. By (12), (13) and the inequality |e\/jlu —1—/~Tu| <u?/2
(v eR),

‘E{eﬁm/Bm)(cj/zu))xj _ 1} ' - ’E[eﬁsuwm)(q/z(j))xj 11— ,ﬁ_lgBLl(Lj)Xj}
m 1(Jj

. 2 2
<slie (35 - S

Squaring this, and then summing over jo < j < m, we have

m 2 2 m 2
3 [E[ev e o, 1H < (5)2% 3 (i)Q
i=do 47 By M)
which tends to 0 as m — oo from Claim 1(ii). O

Since, by this lemma,

max
Jo<j<m

E{ex/jlé(l/Bm)(Cj/l(j))Xj — 1] ‘
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o\ 1/2
E{eﬁé(l/Bm)(c_j/l(j))Xj _ 1} ) 0 asm — oo,

(s

Jj=Jo

we can take m(§) > jo such that

‘E{eﬁwwm)(q/zm)xi 1] ‘ < % jo <V <m, Ym > m(e).
Note that for z € C\ (—o0, —1],
142z =e?ef®) (20)
1
REI<1P (162 3) (21)

where R(z) = —22 fol s/(1+ zs)ds. Then, for each m > m(¢),

I1 E[eﬁsuwm)(q/zu»&}

Jj=Jo
= exp{ i E {eﬁm/Bm)(cj/z(j))Xj _ 1} } exp{ i R<E {6ﬁs<1/3m><cj/l<j>>xj _ 1} ) }
J=Jjo J=Jo

Since, by Lemma 2 and (21),

3 R(E [eﬁw/Bm)(cj/zu))Xj _ 1D 50 asm — oo,

Jj=Jjo

Claim 3 reduces to the following claim:

Cranv 4. lim 3 E[eﬁs<1/3m><cj/l<j)>xj _ 1}
m—roo

Jj=Jo

— / (eﬁff — 1= V=1&)v1)0(dt), EER.
R\{0}

In what follows, we show this claim.
Fix £ € R. First note that

eﬁ&? 1 =4 /_lg/OO (e\/?léc - 1= \/jlfc)lnzcdc
0
VT [T VT 1 (VT e e
0
2
+V—1en - %n2, nER.

By letting 1 = (1/Bm)(c; /1(7)) X},
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VEIE/ B ) (e [MXs — ] = \/—16/ (V718 — 1 = V=TEe) L B0 (e /1(3)) X, 2ede
0

Y *15/ (7Y — 1 = (= V=1E0)) L1 B, (e /1)) X, <—elle

4+ 4/= 577 . gi(i)%(?
()" 2BR\G)/)
Here, by noting that
1 ¢ 1 ¢ 1
77)(,’_773)( <7 _—
B 1) = B () S By = B 25

Jjo<j<m
the expression above is turned into

VIEQ/ B (e /1G) X5 _

(1/Bm manO§j§nL Cj
T3 / (Vi1

= V=1EE) L(1/B,0) (es /1(5)) Xy edE

(1/Bm) max;,<j<m Cj
VAT / (emVTree —
0

— (=V=1£0))1(1/B,.)(c; 1)) X, <—cde
1 Cj 52 1 Cj 2
Ve b X (i5)

8 LG Ve
m1(7)"7 2 BR\I(G)) T
Taking expectation, and then summing over jo < j < m yield by (12) and (13) that
m ) 52
>~ B[V TEB@ADN 1] = [ () + I; (m) + I (m) + I (m) = 3. (22)
J=jo
where
I3 (m)
(1/Bm) max;,<j<m Cj m .
— /g ’ (BVTTE — 1= (V1) D P(£X; > cBmM)dc,
2/Ve i=Jo K
I5 (m)
2/v/a m 10
- i\/_m/ (V71— 1 = (£VTg0) Y P (X, > cBm@)dc.
0 i=do €
m l . 2
Lea 3. | (5716~ 1 (2v/=1ge) D P(+X; = cBm(j_))‘ < % Ve >0
i=do i
Proor.

By Chebyshev’s inequality,

N e 1)
the left-hand side < 5«5202 Z P(’Xj| > CBm?)

Jj=Jjo
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RS X5 N\ _ €
<22 E ( J ) & O
2€ Z [ eBl(5) /¢ 2
J=Jo
CLamM 5. For0<"e<2/\/a,

m l . 1 F
lim E P(;I:Xj chm@) :E/ i(s)ds.

J=Jjo

Recognizing this claim as correct, we here give the proof of Claim 4:

PrOOF OF CLAIM 4. First we check the convergence of each term of the right-
hand side of (22).
Since, by Claim 1(i) and Lemma 3,

(1/Bm) max; <j<m Cj m .
/ s (ei\/—lic —1- (i\/—lfc)) Z P(in > cBml(j)>dc‘
2/Va j=do €

(2/ VAV (1) Bn) maxsy<j<m ¢5) - 1
< / 0 (ei\/jlﬁc —1— (iﬁgc)) Z P(:l:Xj > CBm@>
(2/\/5)/\((1/Bm)maxjo<j<m <j) J=jo N

’ max cj — ‘**)0 as m — 00,
Bm Jjo<j<m

it follows that I, f (m) — 0. Since, by Claim 5, Lemma 3 and the Lebesgue convergence
theorem,

2/a m :
/ (V716 1 (v Tee) 30 P(X, 2 o8, W) ae
0 J=Jo J

2/va -
— / (ei‘/jlgc —-1- (i\/—lfc))dcg/ ﬁds as m — 0o,
0 T Jeva/2

S

it follows that

2/\a 1
IE(m) — iﬁf/o (eFVTee 1 - (iﬁéc))dc% /WQ Fis(s) ds.

Thus, combining them, we obtain that
lim 3 E[ef—lfu/Bm)(cj/zu))Xj . 1}
m—o0
J=Jo
h —1&c a ! Fh(s)
= + > h\/ g VEIEe 1 py/T1Ec)de— 2 ds. (23)
™ S
he{+,— eva/2

Next, we compute the right-hand side above. To this end, note that
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1 1 1 1
F 1 1
/tdt/ ﬁdsg/tdt/ —ds == < o0,
0 t s 0 ¢ 82 2
1

1 ¢S] o]
/ (sFy(s) + sF_(s))ds = / Sds(/ 1(sinz)/a>sdT +/ 1—(sinm)/xzsd$)
0 0 0 0

1 0
= sds 1|(sinm)/z|>sdl‘
0 0 B

0o 1A|(sinz) /x| 1 00, Lt 2
:/ dx/ sds = 7/ (smx) dr = Z.

Then, by the change of variables t = (y/a/2)c,

the right-hand side of (23)

2 1 1 F
:—%+ > %/0 h\/flg(ehﬁ@—1—hﬁgt)dt/t "S(S)ds,

he{+,—}

where £2/4/a =: ¢ for simplicity. And, by Fubini’s theorem,

the last expression

:7§+ Z Z/Olm(ehﬁcslhﬁgs+§52>ds

s
he{+,—-}
52 CQa/l
S S W2 F F.
5 + 27 ), (sF4(s) 4+ sF_(s))ds
1
+ Z g/ (eh\/jlcs _ 1 _ h /_14-8) Fh(S)dS
he{r.—y " 70 5

_ VEIERVa)s _ e 2 o) % Fy(s) F_(s])
_/R\{O}(e 1£(2 1 ﬁgﬁs)ﬂ(l(o’l)(s) s +1(,170)(S) |S| )dS

because ¢ = £2/+/a. Finally, by the change of variables (2//a)s = t,
the last expression = / (eﬁgt —1—V=1&t)vy 0 (dt),
R\{0}
which shows the assertion of Claim 4. O

Proor orF CraiM 5. It is divided into 3 steps.

1° Fix 0 < f < 1. Set jn(f) := min{j € {jo,...,m};Bn/B; < 1/f} For m > 1,
Jm(f) > jo, Bm/Bj,. 5y £ 1/f < Bm/Bj,,(5)-1, and thus j,,(f) — oo as m — oo. Since
B /B > 1/f (jo <j <jm([f)),so P(+X; > B, /B;l(j)f) =P(0) =0, it is seen that

S p(x, i;:sz) - Y P(ex;> BB’;?z@)f). (24)

Jj=Jo Jm(f)<i<m

Set
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By, . . :
bm,jx = QFZ(J)fi L (jo<j<m). (25)
J
Note that ty j+ > 1 (Jm(f) < j < m) for m > 1 because tp, j + > 21(j)f £1 — oo as
Jj — oo. Since, by (9), X;(t) = sz cos 2mIN;t = g;(N,t), where g;(-) is periodic with
period 1, and since, by (8), N;/2 € N and the transformation [0,1) > ¢ — {nt} € [0, 1)
is measure preserving for each n € N,

— )
I (0,27)

1 sin(20(j) + 1)z
= %)\(0,2@ (i((J)) > tm,j,i)-

sinx

By Lemma 1 in Berkes [1], there exists ©,, ; + € [0,1] such that

2 1 tim. i O
the last expression = — Fi( m.j,+ (1 _ Zmagd )),

m2l(5)+1 20()+1 tfmi

so that

> P(x 2 SG))

J

Jm(f)<j<m
B ij_%;(f) 2l(j;+ 1Fi(2lt(77;§ji1<1_ (;)mj:» (26)
Here noting that for j,,(f) < j <m,
<L
‘BT QZmJi ’_25 +1‘ f¢1‘*ﬁ
‘%;f_ QZgijil(l_ (?Enj; ’ 7f_ 20(j ﬁl T ;+1 - 21(j?+

we obtain that for m > 1,

2 21(j§+1Fi<2zt(T;§jfl(1(;)mji>> > MHFi<?f)‘

J=m(f) ™ E 3=m (f)
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- 1 tmj+ Om j+ By,
Sj_jz(f) 2() + 1 F*(2l(j>j+ - )) ‘F*(ij)‘

m 1 f S v S 1’

J=jm (f) 325m(f)

Letting m — oo yields by the continuity of Fiy and (1) that

f<v<l,
lim sup ¢ [Fe(u) = Fe@)f; |y —o| < sup 3/(20(j) +1) ¢ =0

m—r o0
JZim(f)

Also

lim sup Z < 0.

m— o0

Jj= ]771(f)

For, if, for simplicity, we set

B2 ‘
xgm) =52 (Jo <j <m),
J
then
1=2m <™ <. < glm 1 < zm
—m m—1 Jm (f) f2 Jm (f)—=1°
(m) (m) 2 2
my _m) o Ti-1 % G 1 < <
T T2 T 25() ~ Brag) F1 o <d=m)
j—1 J J
so that
S 1 ~ Bl ) m
DS ES D A
J=jm (f) J=im(f)

B2
< (su ]) (m) xsl”)
< Pﬁ) C? ( L (f)—1 )

B? 1
<(su ]>( (m) —x(.m) +*—1)-
> Jijo C‘? ]771(f) ]nz(f) f2

Since, by (3),
B2
(m) (m)y _ ( J ) (m)
max T 7 — X = max — 1)
jm<f)§j§m( SR im(N<i<m\B3_, !

1 2
< = sup ( J —1)—>0 as m — 0o,

T s N B

1)

(27)

(29)

(31)
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it follows that

lim sup Z T S (sup B??) (% - 1)

m—oo . >
j= Jm(f) J=Jo

Therefore, by combining (28), (29) and (27),

. “ 1 tm j, @ j, £
lim Z : Fi< ’7.77 (1 m,J, >>
m—o0 2l 1 21 1 t?
ol S 200+ () + m.gi
m
1 B
- Y gt =e
21 1 B;
j:jm(f) (]) + !

which, together with (26), implies that

lim Zm: P(inzij:Z(j)f)—i Zm: M:lpi(%;f)’:

m—ro0
J=Jm (f) JZJWI(f)

2° For simplicity, set ¢4 (z) :== F4. (vZf) (2 >0). ¢4 : (0,00) — [0,00) is continuous.

First

S oLk (Bey
2 1 B;

-y L BB ()

- 1+ (1/21(4)) 2 B2 (m)
i=jm () +( /2Z(J)) Cj B] fﬂ]

B; ‘
S( sup —5) Z i(TJ)(énj_x;m))’

3>dm (f) €5 G=5m () j

1 -1 B? B:_1\?2
> (1+f> ( inf g)( inf ( j 1) >
2]2‘17171”‘(‘)()[(]) ]>]7n(f) C] ]Z.hn(f) B]
(") (m) (m)
< 3 T -,
J=im(f) Y

Next

m (m) 1/f2
@i( ) (m) (m) ()
Z x(nL) (xjfl - ) - /; dz

J=jm (f) J

ZL - et

J=Jm(f)+1




132 S. TAKANOBU

112 poq 2™ - ‘Pi(x('m)
+/( ( ( Jm(f)) o Soi(x))dx+/ -1 ]m(f))dx‘

) (m) 2 (m)
Fm () Zi ) z 1/f S
1 1 S U, v S 1/f27
< (F — 1) sup {“piu“) _ @iv(v) ‘lu—wv| < max (1;(.’2 _ x(_m))
Jm(f)<j<m > 7 J

(m) (m) o+ (u ) 1
Letting m — oo yields by (31) and the continuity of ¢ (-) that

m (m) 1/f?
. <Pt($j ) (m) (m) P+ ()
Jim 3T PR ) = [

i=im(f) T
This, together with (1), (3) and (4), implies that
m

) 1 B a [V
Jim >0 WHFi(ﬁf):4[

J=jm (f)

/Fi

3° First, by 1° and 2°,

L= Fi
n}gn@ZP(ﬂ:X >—z ds, 0<f<1. (32)
J=Jo

Fix 0 < Ve < 2/y/a. By (4), lim ¢Bj/c; = c¢y/a/2 € (0,1), so that for 0 < Ve <
j—o0
1

(eva/2) -1,

B,
= qiee) 2o st +€c§ <el<n +e)c§ (j > 51)
Then it is easily seen that
1 a B, . .
I(j) B B 1+EC§?Z(])’
mgy . j J
cB,,—~ = —l(j)c—_] ("j = j1)
K I K 1+ )cﬁ&l( )
9 B

From this, it follows that

- 1)
;0 P(+X; > cBmc—i>

> P(in > cBmli—]j)) +) P(in > CBm@)

. — . — C
Jo<i<i J i=i J
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< Y P(xx; =B, ) ZP(iXﬂ—1 {BB’;’O))

Jo<j<j1 Jj=jo

> Y P(#X,2 (1 4e)e \2[% (J))+ZP(inz(Hs)c@%Z(j)).

Jo<j<j1 J=jo

Here, since B,, — oo as m — 00,

. 1(4)
1 P(iX- > Bm—) —0,
A > P(EXs 2 eBn
Jo<j<ji
. Vva By,
Jim 3T P(EX > ( 1“)07? (0) =0,
Jo<j<j1

which, together with (32), implies that

. 1 F
lim sup E (in > CBm@) < g/ ﬂds,
0
(

m—oo Cj 1/(1+e))eva/2 S

m l . 1 F
timinf 3" P(£X, > c5,, 1) 29/ O

R = € (+e)eva/2 8
Finally, by letting € N\, 0, the assertion of Claim 5 follows. ]

PrROOF oF THEOREM. For simplicity, set
o(&) == exp{/ (e\/jlft —1- \/—1§t)ul/a(dt)}, £eR.
R\{0}

It suffices to verify that

lim E{emf(l/Bnl)Z}":jg (Cj/l(j))Xj;S} =P(9)p(€), €eR, SeB(0,1)).
m—r oo

First, the collection M of all sets S in B([0,1)) satisfying the above is a monotone
class over [0,1). Next, | J 2, B, is an algebra on [0,1) and generates 5([0,1)) (cf. (18)),
and is contained in M by Claims 2 and 3. Thus, by virtue of the monotone class theorem,
M = B([0,1)), which is the desired result. O

PROOF OF COROLLARY 1. For simplicity, set L(k) :=1(jo) + -+ 1(k) (k> jo).
First note that for m > jo,

L(Fo)+---+1(m) mo 1(5)
Z a; cos 2mn;t = Z ﬁ Zcos 27 N;lt, AQL(m) = B2.
i=1 J=jo =1

For YN > I(jo),

m=my >jo st. Lim) < N < L(m+1).
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Then, by the preceding remark,

m 1(5)

1 & 1 : 2 B
E{(AN;aicos%mit— B—m Z Z(CTJ_)ZCOSQWN]'H) ] = 2(1 — E)

J=jo =1
Here

Apm) < AN < Ap(m+1)
I I
Bm Bm+1
and thus 1 < Ayx/Bpy < Buy+1/Bmy- Since Nlim my = 0o, J\}im AN/Bm,y =1 by
—00 —00
(3). This implies that

1 N 1 my s 1(5) 2
lim E (— ajcos2mnt — —— » L cos27rN-lt) } =0.
N—o0 |: AN ; BmN j;) l(]) ; ’

Now let S € B([0,1)) with P(S) > 0. From the convergence above, it follows that

my 1)

N
AlN;aicosQﬂnit—B:lZZ(C;)ZCOSQWNJH%O inP(.|S) as N — oo,

N j=jo =1

On the other hand, Theorem tells us that

m 1(4)
1 X ¢
P(BN E ﬁ E cos 2mIN;lt € - ’ S) = fimy 0,001, 88 N = 00.
m i =1

j=Jo
Therefore (1/AN) Zf\;l a; cos 2mn;t is convergent in law to the same limit. O

3. Application examples of Theorem.

3.1. Berkes’ counterexample.
Fix A > 0. Let jo := [1/A] € N, and for j > jo set I(j) := |Aj] € N, q(j) :=
aj? +1 € N. Here a € N is taken so as to satisfy
47l (4)? 1 L
G- =37 U= o). (33)

And a strictly increasing sequence {n;}$2, of natural numbers is defined in such a way
that

D {le;lglgl(j)}: {ni;i:1,2,...}.

Jj=Jjo

Then
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oo - (Mgl 1
THEOREM 1 (cf. Berkes [1]). (i) hirglorolf\/;(nii - 1) e
(ii) ForvS € B([0,1)) with P(S) >0,

N
[ 2
P( Nzcos%mit € - } S) — ma0va 08N — 00.

PrOOF. We verify (ii) only. Since [(j) ~ Aj as j — oo, (1) is fine. Let ¢; = I(j).
Then

m ) m ) A ) )
2B, = > 1) =) (A4j+0(1)) = 5 (mm+1) = jo(jo — 1)) + O(m)
Jj=Jo J=jo
A,
~ —m° asm — 0o,
2
so (2) and (3) are fine. Since
B2, B2, (A/4)m? 1
= ~ =— asm — o9,

2 1(m)? (Am)? 4A

(4) holds with a = 1/A.
Since, by (33),

2000790 > 4l (5)227 = dr - 27 - 1(5) - 1(5) > 1(5),

J 1(j) 1 « 1(5)? 1 & 11
B, Z € 24GT0—a() B Z 24(j+1)—a(y) < B Z A 29
J=do 3=jo J=jo
< EN —0 —
< LB, as m — 0o,
(6) and (7) are fine. Thus, the assertion of (ii) follows from Corollary 1. O

3.2. Fukuyama—Takahashi’s counterexample.
Let {A(7)}52, be a positive sequence satisfying

lim (i) = oc, (34)
Jim. (A(i+1) = (@) =0, (35)
i /\(1')2 ~ . (36)
Note that by (36),
> OBt (37)
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For k € N, we define p(k) := max{jEN Z 1 1/A(i) < k}, where max ) := 0. By (37),
p(k) < oo. When {j € N;Y>7_ 1/A(i) < k} =, ie, 1/A(1) > k, p(k) = 0, and thus
k> 1/X(1) b p(k) > 1. For convenience, p(0) := 0. By definition, p(k) < p(k + 1)

(k > 0) and
p(k)+1

p(k) 1 1 a8
> 3 <k g ot (39

from which, it follows that klim p(k) = 0.
— 00
For k € Z>¢, we define I(k) := p(k+1) —p(k). Since, by (34), klim Ap(k)+1) =
et — 00

Fjo €N st. A1)

Then, for k& > jo,
p(k)+1 p(k)
1 1 1
= E — 4+ — _ <k+1
- G - + )+ < k+

by (38). By the definition of p(-), p(k) < p(k)+1 < p(k+1), and hence I(k) > 1 (k > jo).
Moreover, it is known by Fukuyama-Takahashi [3] that

I(k) > 00 ask — oo, (39)
Z ik = 0. (40)

DEFINITION 5.  We define a positive sequence {a;}$2; by

1 if 1<4<p(jo),

@i= 1| pGo) v LN .. . ‘ .
l(J)J 20 kgo(l + W) if p(j) <i<p(i+1) (> jo),

where [[72"0 (1+1/2I(k)) := 1 and {An}%_, b

ﬁ

i

REMARK 2. {42

1/21(7)) (5 = Jo)-

2 _ . 2 42
(J)}J © o satisfies that Ap(J) = p(jo)/2, Ap(j+1) = Ap(j)(l +
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PROOF.  Since, by definition, Ap(J y = Pj0)/2, ai = 1/1(jo)/p(jo)/2 (p(jo) < i <

p(jo)

2
p(Jo+1) Z @i Jr 2 Z @i
p(jo)<iSp(jo+1)
1 1
— A2 2 _ g2
= Apio) T Ql(jO)Ap(jo) = A20i0) (1 + Ql(jo))'

Next suppose that the recursion formula

1
2 _ 42
Api+1) = Ap(j) (1 + 21(j)) (41)
holds for jy < j < k. Then
p(k+1)
pk42) = Z R DR
p(k'+1)<i§p(k+2)

1 1
— A2 2 A2
= Aperny 21(k + 1)Ap<k+1> = Aprn) (1 * 21(k + 1))'

Thus, for j = k + 1, (41) holds. Therefore, {Ai(j)} satisfies the recursion formula (41)
for 5 > jo. O

DEFINITION 6.  After taking a strictly increasing sequence {q(j)}32;, of natural
numbers so as to satisfy

q(jo) = p(jo) + 1,
200+D=90) > 21(5) v (mApy1(7)%5%) (V5 = jo),

we define a strictly increasing sequence {n;}, of natural numbers by

{21’ if 1<4<p(jo),
‘ 2100 (i — p(j)) if p(j) <i<p(G+1) (G = jo)

THEOREM 2 (cf. Fukuyama-Takahashi [3], Matsushita [4]). (i) lim Ay = oo,

N—o0

lim sup A(i )A =1.

1—00 3

(ii) hmian(i)(% - 1) ~ 1.

71— 00 n;

(iii) For VS € B([0,1)) with P(S) > 0,

1
P(Azlaicos%mit €- ‘ S) = iy 4,00, a8 N — 00

PROOF. We show (iii) only.
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First, by (39), (1) is fine. Let ¢; = Ay (j > jo). Then, by (41),

m AQ() m
_ Py
Bn=,|>_% Z 261 ~ A) \/Ap<m+1> Al

J=Jjo J=J
. m 2 . m . m
(o) Ap<j+1> p(jo) 1 p(jo) 1
A2 = 1 >
s =5 1L 2 H( +21(j)>_ 2 221(3‘)’
j=jo ~p() Jj=jo Ji=jo
2
Aonrny _y, 1
et gy
Ap(m) 2l(m)’

By (40) and (39), it follows that B,, — oo,

— 1.

2 2 2 2 2 2
Bunir _ | Apomin/Apemin) = Ay [Apomin) | B _ Apomin  Apo)
B L= (A0 G0/ A1) I 1 s
Thus, (2), (3) and (4) with @ = 4 hold.

From the choice of {g(j)}52;, (cf. Definition 6), (6) is clear. As for (7), since

’H'L

LS, 1L _Aelt)
P ]2q ]+1) a(i) = B, 4— TAp(i)1(7)%5?

J=
(15021) 1 —0 —
— - | = as m o0,
T 2) By,

IN

(7) is fine.
Therefore, by Corollary 1, it holds that for VS € B([0,1)) with P(S) > 0,

N

1 ~ ~

P(ﬁ a; cos 2mn;t € - ‘ S) = Hmy 4,00, 88 N — 00, (42)
N =1

where

9a(io) ; if 1<i<1(jo),

n; = 2‘1(j+1)(i— (l(jo)+-~-+l(j>)) if l(jo) 1) < i < (o) +
SHIG) +HIG+D) (= do)s

A
P(Jo) if 1 S i S l(jO),

_ 1(j0)

a; = A
PR St (o) + -+ 1() < i < 1Go) 4 1) +1G+ 1) (> jo),
(G+1)

- 1 Y

N
Il
_
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Here note that 1(jo) +--- +1(j) = p(j + 1) — p(jo) (4 > jo) and that by the definition
of {a;}$2, (cf. Definition 5), a; = Ap;)/1(5) (p(j) <i<p(j+1), j>jo). Then

R { 24600 (i + p(jo) — p(jo)) if p(jo) <i+p(jo) <pljo+1),

n; = ,

20070 (i + p(jo) —p(j + 1)) if p(j+1) <i+pQo) <p(i+2) (> jo)

= Ni+p(jo)»

A .

SPU) i (o) < i+ pljo) < pljo + 1),
_ 1(jo)
a; = A

PG+ o o Ny , .
f 1 < 2 >
T p(j+1) <i+p(jo) <p(i+2) (> jo)
= Qitp(jo)>
so that
_ 1 N+p(jo)
2 __ 2 2
Av= |5 . ai= \/ AN (o) ~ Apiio)
i=p(jo)+1
N N+p(j0) N+p(jo) p(Jo)

Z&i cos 2Tt = Z a; cos 2mn;t = Z a; cos 2mn;t — Z a; cos 2mn;t.
i=1 i=p(jo)+1 i=1 i=1

Substituting these into (42) yields that

1 N p(jo)
P (22 (Z a; cos 2mn;t — Z a; Cos 27Tnit> € - S)
AN - Ap(jo) i=1 i=1

= fmy 4,000 B8 N — oo.

Finally, by noting that as N — oo,

1 p(jo)
, , 2 _ A2
W Z a; cos 2mn;t — 0, A% Ap(jo) An,
VN p(jo) =1
the preceding convergence becomes the convergence required of (iii). 0

3.3. Takahashi’s counterexample.
Fix ¢ > 0,0 < a <1/2. For j € N, let p(j) := |j/*] € N. Since

1
(G4 DY -t = Z (i + )97 for some 6 € (0,1)
a
>2(j+0) > 2j,

it is observed that
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Pl +1) = p0) =[G+ DY =31+ 50| = p() = (25 +3V) = 1Y) = 2,

so that p(j +1) —p(5) — 1 > 0. Let

1) = [P A g+ 1) - p) 1) €220, G

By the definition of p(-), it is seen that

PG _ (U
i =0
p(j +1) = p(j)

«
) 1 asj— oo, (43)

L /a1 0\ /-1 of(G+ DV} afjl/}

— a]( /o) <<1 + 7) e + /@t for some 6; € (0,1)
1

~ 7]-(1/(1)71 as j — 0. (44)
a

From these, it follows that

if 0<ac< !
) - i a< =,
lim @ = f(a) = ¢ 2

n 1
imee J 2/\(7) i o=
C

(45)

DN =

Set ko := min {j;1(j) > 1} € N. Since p(j +1) —p(j) —1 > 1 and

o
J >10 ) 516> e ey > /e
C

VLU’)
c

& 3V = [ e e 2 [ @ 2 [ & g = [[e/™)7],

it is observed that
1) > 1< [&C(”J > 16> [[e/*]7],
so that kg = [[c'/*]*]. Note that when 0 < ¢ < 1,
O<c/*<1= [/ =1=ko= Hcl/'ﬂﬂ =1;

when ¢ > 1,
> 1= [ >2= ko = Hcl/a]o‘-‘ > 291 > 2.

DEFINITION 7. We inductively define a strictly increasing sequence {n;}32; of
natural numbers:
(i) In the case when ¢ > 1.

Since ko > 2 by the preceding remark, p(ko) = Lké/aJ > |21/*] > |22] = 4. First
we define {n;}1<;<p(k,) Dy the following recursion formula:
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ny = ].,

ig = {ni(l n Z%) v 1J (1 <i<plko) —2).

Next, when {n;}1<i<p(;), where j > ko, is defined in advance, we define {n;},(;)<i<p(j+1)
in the following way:

| min{m EN: 2" > n,,(,m),l(1 n M)} it j = ko,
q(j) = min{m . n,,(j)_l(l N m) v (np(j_l)j?’)} if j> ko,
210) (i — p(j) + 1) if p(j) <i<p(j)+ 1),
T bl e

(ii) In the case when 0 < ¢ < 1.

Since ko = 1, I(j) > 1 (Yj = 1). Let ny = npqy = 1. When {n;}1<i<p(j),
where j > 1, is defined in advance, we define {n;},(;)<i<p(;+1) by the following recursion
formula:

np(i) (0 = p(5) + 1) if p(j) < i <p(i) +105),
o) e (U =5) 1] i G) < pG 1)~ p() — 1 and
=g Ll Pld) At p() +1(G) +1<i<p(j+1) -1,
2¢(7+1) if i =p(j+1),
where
q(] + ].) = mln{m S N, 2m > np(j+1)_1 (1 + m) \Y (TLP(])(] + 1)3)}

DEFINITION 8.  We define a positive sequence {a;}32; by
1if i€ Y [p(d),p() +1(5)] NN,
a; = j:kO
1 .
— otherwise

72

and {An}3_, by

N | =
KMZ
o

N
Il
-

THEOREM 3 (cf. Takahashi [7], Matsushita [4]). (i) Tit1 >1+ 2% (Vi >1).
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(i) {zal—l} ooANN\/ N”‘ as N — oo.

(iii) For 7S € B([0,1)) with P(S

N
1
P<AN Zai cos 2mn;t € - ‘ S> = Mgy Oy 08 N - co.
i=1

PROOF. We show (ii) and (iii).
The first part of (ii) is clear from the definition of {a;}. As for the second part of
(ii), first, set

2 if 0<e<l,
on:k‘o\/QZ

ko if ¢> 1.
For m > jo,
1
Apminy—1 — Apm) = 5Hm) + 5 > g
p(m)+l(m)<i<p(m+1)
1 1 & 1 & 1
2 2 .
Amin1=5 > @+ () +1)+5 Z B
1<i<p(jo) J=jo J=Jo p(j)+1(j)<i<p(j+1)
from which, it follows that
A2 7A2 :A2 7A2
p(m)g?vli}ﬁ(m+1)| pmr1)—1 ~ AN = A -1~ Apim)
1 1 1
p(m)+l(m)<i<p(m+1)
1<, . 1
‘Ap(m-f-l) - 5 (l(j) + 1)’ S 5 a;
Jj=jo 1<i<p(jo)
1 & 1
Gy Y h
J=Jo p(4)+1(3)<i<p(j+1)
Next it is verified that
1 m
5 ; (1G) +1) ~ @mQ as m — oo. (48)

Indeed, since e(j) = (I(5) + 1)/j — B(ar) = 0 as j — oo by (45),
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Bla) x~ . Bla) | 1 = ..
:‘QmZ ZJ_ o 20

J=Jo J=Jjo
Ble) (1 joljo—1) 1 .\ A 1 1
S o AT j0<;mf(j)]‘ + (e 267 (1 7)

— 0 as m — oo first and my — oo second.

Using (48) in (47) yields that A2 (mt1)— ~ (B(a)/4)m? as m — oo. By combining this
with (46), it is observed that
-
p(m)<N<P(Tn+1)

Al ma1)— 1
S’ﬁf S L) 1’ — R e e R

5 5 max
m m* p(m)<N<p(m+1)

NOW) for N > p(]O)a

Mm =mpy >jo st. p(m) <N <p(m+1).

Since lim mpy = oo, (43) implies that
N—o0

1/

p(my) ~my®, p(mN +1) ~ (mN + 1)1/a e

~mpy as N — oo,

«

and thus N ~ m}v as N — oo. On the other hand, since, by the preceding convergence,

Ay, B

s N 4
i 4 as N — oo, (49)

combining them, we have

An ~ @NQ as N — oo.

(iii) Take {I(j)+1}32;, as a sequence of natural numbers and {I(j)+1}32
sequence. By (45), ( ) 1s all right. Since, by (48),

1
B, = 5 ) +1) \/ m as m — 00, (50)

Jj=jo

j=j, @S & positive

(2) and (3) are fine. As for (4), since
By (B 1
(I(m) +1)?
(4) is all right with a = 1/8(«).

By the definition of {q(j)}32;, (cf. Definition 7),
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290) = ) < pgy1 < Mpite <o < NpG)G) < Mpen—1 < 270D,

I I I
91() .9 94(i) .3 219 (1(5) + 1)

0a(+1) - 2‘1(]’)(j +1)3.

From these, it follows that 29U+1=9) > [(j) + 1 and that

m

s , j I()+1\2 <& 1
jzj:(l(JH 2q(J+1) qg) z]: j+1 —(jsllf, j+1) Z;+1
—Jo =70 2 i=j
I(5)+1
g(sup L) log(m + 1),
i>jo J+1
so that
1 & 1(5) +1
FZ 72(”“) q(j)—>0 as m — oo.

Thus, (6) and (7) are all right.
Therefore, by Theorem, it holds that for .S € B([0,1)) with P(S) > 0,

m 1()+1
1
P(B Z Z cos 2w N;lt € - ‘ S) = Pms ey 0pga) @S M —> 00
m

j=jo 1=1
Here, since, by the definition of {n;}$2; and {a;}2; (cf. Definitions 7 and 8),

m 1(J)+1

i Z a; cos 2mn;t = Z Z cos 2w IN;lt,

J=Jo p(j)<i<p(4)+1(4) J=jo =1

the convergence above is rewritten as

< Z Z a; cos 2mn;t € - ‘ S) = Hmpa) 0wy @S M —> 00 (51)

™ j=jo p(5)<i<p(5)+1(5)

For N > p(jo), take m = my > jo such that p(m) < N < p(m + 1). Then

N
E [(AlN ; a; cos 2mn;t — — Z Z a; COS 27Tnit) 2}

™ j=jo p(5)<i<p(§)+(5)

< QE[(—Al Z a; cos 27rnit>2]

N N<i<p(m+1)

1
+2E{<A Z a; cos 2mn;t

N : .
1<i<p(jo)
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+ (ﬁ — Bim) i Z a; cos 2mn;t

J=Jo p(§)<i<p(3)+1(4)

AL zm: Z a; cos 27mit> ’

p(3)+1(5)<i<p(j+1)

[ —

2 A1 1 121 ‘

SO SR

J=Jo p(j)+1(j)<i<p(j+1)

G =D SIS

p(m)+l(m)<i<p(m+1)

1 1
MG TR SUD DI
N

J=jo p(§)+1(j)<i<p(j+1)

+2<Zv_gn>2n112;j;) (l(j)+1) (cf. (46))

—0 as N —oo (by (45), (48), (49) and (50)).

By the same reasoning as in the proof of Corollary 1, it follows that
1N
P(AN Zai cos 2mn;t € - ’ S) = Mimg),0vpa) B8 N — oo. O
i=1
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