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Abstract. The @Q-polynomial is an invariant of the isotopy type of an
unoriented link defined by Brandt, Lickorish, Millett, and Ho around 1985. It
is shown that there exist infinitely many prime knots and links with trivial
Q-polynomial, and so the @Q-polynomial does not detect trivial links.

1. Introduction.

“Does there exist a non-trivial knot indistinguishable from the trivial knot by the
@-polynomial?” It has been an open problem for 30 years since Brandt, Lickorish, Millett
[2] and Ho [6] introduced the @-polynomial as an isotopy invariant for unoriented knots
and links. In this paper, we give an affirmative answer. Furthermore, we reveal there
exist infinitely many prime knots and links with trivial Q-polynomial; in this paper a
polynomial invariant for a u-component link is ¢rivial if the polynomial is identical with
that of the trivial y-component link.

For a classical knot or link, there are several well-known polynomial invariants; the
Alexander polynomial [1] is the most classical one whose geometric background is the
infinite cyclic covering of a knot complement, and can be generalized to a p-variable
Alexander polynomial for a p-component link. The Conway polynomial [3] is a version
of the Alexander polynomial defined by the skein relation. The Jones polynomial [7] was
discovered by Jones in 1984 using the braid theory, and soon after it was generalized
to the HOMFLY polynomial [5], [19], [23], which is also specialized to the Alexander
polynomial. On the other hand, considering an unoriented skein relation, around 1985
the @-polynomial for unoriented knots and links was discovered by Brandt, Lickorish
and Millett, which was independently found out by Ho around the same time. Then
Kauffman generalized this to the Kauffman polynomial [12], which is also specialized to
the Jones polynomial. See Figure 1, where an arrow indicates that one invariant produces
another by means of a substitution of variables (cf. Figure 4 in [17]). In general, the
Alexander, Jones and Q-polynomials have different topological features from one another.
Two knots sharing one of three polynomials can be usually distinguished by the others
unless they have a specific relation like mutants.

The existence of nontrivial knots or links with trivial Alexander polynomials, and
the existence of nontrivial links (not a knot) with trivial Jones polynomials are known.
The Alexander polynomial was defined in 1928. It is rather easy to construct an example
of a nontrivial knot with trivial polynomial, e.g., the untwisted Whitehead double. In
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Alexander = Conway ‘

Figure 1. Relationships between five polynomials.

particular, the Kinoshita—Terasaka knot [14] and the Conway knot [3] are such examples
with minimal crossing number. The Jones polynomial was discovered in 1985, and in 2001
Thistlethwaite [26] announced the existence of 2- and 3-component nontrivial links with
trivial Jones polynomial by computer enumeration of links. Then, Eliahou, Kauffman
and Thistlethwaite [4] constructed infinite families of links with trivial polynomials by
a discovery of a pair of local moves which preserve the Jones polynomial. However, the
problem of existence of a nontrivial knot with trivial Jones polynomial is still open. If
the volume conjecture is true, then it turns out that any non-trivial knot has non-trivial
Jones polynomial. Also, for the HOMFLY and Kauffman polynomials there are no known
examples of links with trivial polynomials. However, Kanenobu [8] constructed infinitely
many knots with the same Jones and HOMFLY polynomials.

The Q-polynomial Q(L;z) € Z[z*!] for an unoriented link L is an invariant of
isotopy type of L, which is defined by the following recursive formulas:

(Q1) For the trivial knot Uy, Q(Uy;x) =1,

(Q2) For a skein quadruple (L, L_, Lo, L) which denotes four links that are identical
except near one point where they are as in Figure 2,

Q(L4;2) + Q(L—;x) = 2(Q(Lo; ) + Q(Loo; T))-

ARARAR

Figure 2. A skein quadruple.

Then, by simple calculation, we see that the Q-polynomial Q(U,;z) for the trivial
p-component link U, is (22~ — 1)#~ %

The following is a conclusion on the problem mentioned at the beginning of the
paper.

THEOREM 1.1.  There exist non-trivial knots with trivial Q-polynomial.

ProOF. We give explicit examples. The knots 16,,389841 and 16,,49177s illustrated
in Figure 3 have trivial Q-polynomial. (|
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Figure 3. Knots with trivial @-polynomial.

Here the notation for the two knots above follows the Hoste-Thistlethwaite table of
prime knots with up to 16 crossings.

The fact on the @Q-polynomial in the proof of Theorem 1.1 is ensured by computa-
tions using two distinct tools, which are the program written by Morrison [21] in the
Mathematica package “KnotTheory” and the software “KNOT” by Kodama [15], and
hand calculation.

REMARK 1.2. Only the two knots above have trivial @-polynomial among prime
knots with up to 16 crossings. It is verified by examining non-alternating prime knots
with up to 16 crossings using the Mathematica package “KnotTheory”, because it is
shown by Kidwell [13] and Miyauchi [20] that the degree of the @Q-polynomial of an
alternating knot is determined by its minimum crossing number.

Computing other classical polynomial invariants of the two knots above, we obtain
a notable table.

Table 1. Triviality of polynomials.

Knot  16n389s41 165491778
Q trivial trivial
Conway non-trivial trivial

Jones  non-trivial non-trivial

Table 1 tells that the knot 16,491778 has trivial Conway polynomial. Since the
Jones polynomial of each knot is non-trivial, its HOMFLY and Kauffman polynomials
are non-trivial.

Since, for any connected sum L1#Ls of links Ly and Lo, the @Q-polynomial (resp. the
Conway polynomial) of Li#Ls is equal to the product of @-polynomials (resp. Conway
polynomials) of L; and Lo [1], [2], by the unique factorization theorem [25], a composite
link obtained from a given link and any number of copies of the knot 16,491778 brings
the following.
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COROLLARY 1.3.  For any link L, there exist infinitely many mutually distinct links
with the same Conway and the same Q-polynomial as L.

Corollary 1.3 implies that the @-polynomial dose not detect trivial links.
The purpose of this paper is to prove the following theorem.

THEOREM 1.4.  For each positive integer u, there exist infinitely many mutually
distinct prime p-component links with trivial Conway and Q-polynomials.

The proof is given by Theorems 2.5 and 2.6 which indicate that the specific knots
and links introduced in the next section have the four features which are triviality of
the two polynomials, mutually distinction between the links and primeness of the links.
The theorems are completed by arguments and results on these features described in
Section 3 and the following.

REMARK 1.5.  As for prime links with the same Q-polynomial, Kanenobu [9] con-
structed arbitrarily many prime knots with the same @-polynomial. Furthermore, he
[10] constructed arbitrarily many 2-bridge knots and links with the same HOFMLY and
Kauffman polynomials.

There is an interesting and important problem originating in Theorem 1.1.

PROBLEM 1.6. Find a reason why the knots 16,,380841 and 16,,491778 have trivial
@-polynomial.

The author has no result on Problem 1.6 at this writing.

The rest of the paper subsequent to this section is devoted to the precise proof of
Theorem 1.4 and organized as follows. In Section 2, a family of links is created for the
proof of Theorem 1.4. Sections 3 and 4 explain that such links have trivial )-polynomial
and Conway polynomials, respectively. In Sections 5 and 6, it is shown that the links are
mutually distinct and prime, respectively.

2. Knots and links for Theorem 1.4.

In this section, we introduce the links with u, 4 > 1, components which are obtained
from two specific tangles by a tangle sum and make two assertions on such links for
proving Theorem 1.4.

A tangle T is a pair (B,t) of a 3-ball B and a (possibly disconnected) proper 1-
submanifold ¢ with 9t # (. T is said to be a 2-string tangle if T' (¢, to be precise) consists
of two arcs and some circle components. Each of 0t is called an endpoint of T. The
numerator (resp. denominator) of a 2-string tangle T' denoted by N(T') (resp. D(T)) is
a link obtained from T' by connecting the four endpoints of T" by two arcs outside 1" as
in the left (resp. right) figure of Figure 4.

We denote tangles as in Figure 5 by E,,n € Z,Ey, and E/m,,m € Z — {0},
respectively. The tangle E,, is a 2-string tangle with |n| half-twists as drawn in Figure 5,
right-handed for positive n and left-handed for negative n; Figure 5 shows the right-
handed twist. In particular, Ey means horizontal parallel strings without crossings. We
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Figure 4. The numerator and the denominator.

denote by E /., the tangle obtained from E,, by switching all crossings after rotating
E,, through angle /2 in the clockwise direction around an axis perpendicular to the
projection plane. So, Ey/,, has the twists depicted in Figure 5 if m is positive, otherwise
it has opposite twists.

R

Figure 5. Trivial tangles.

Let T and S be 2-string tangles. We define addition of tangles 7" and S by connecting
endpoints of T" and S as in Figure 6 and denote it by T'+ S. We also define vertical
addition of tangles T and S by connecting endpoints of 7" and S as in Figure 7 and
denote it by T % S.

sioic

Figure 6. Addition of tangles. Figure 7. Vertical addition of tangles.

For positive integers m and n, let H(m,n) be the tangle E;,_,,, + F; /,, as in Figure 8.
We denote by R(m) the tangle H(m, m+ 1)« H(m + 1, m) which is the vertical addition
of tangles H(m,m + 1) and H(m + 1,m). It is easy to see that there exists a mutation
p with respect to R(m) such that p(R(m)) = R(m).

Let W be the tangle as in Figure 9. Then, we have the following remark which is a
key factor to obtain knots and links with trivial @Q-polynomial.
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Figure 8. The tangle H(m,n).

REMARK 2.1.  The numerator and denominator of W, N(W) and D(W), are the
trivial 2-component link and the knot 16,,49177s8, respectively.

Figure 9. The tangle W.

For a positive integer m, we denote the knot N(R(m) + W) by K,,.

EXAMPLE 2.2. Figure 10 displays a diagram of the knot Ky = N(R(2) + W).

1
)

C J
=

Figure 10. Ky = N(R(2) + W).

ol

For an integer p > 2, we denote by S(u;m) the tangle H(2m,2m) * (x,_2H(2,2)),
which is the vertical addition of H(2m,2m) and (u —2) copies of H(2,2). We also define
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the link N(S(u;m) + W) by L(um)-

EXAMPLE 2.3.  Figure 11 demonstrates a diagram of the link L39) = N(S(3;2) +

XN

|
]
it
\

Figure 11.  L(s.0) = N(S(3;2) + W).

I
G

M

Next, we orient the knot K, and the link L.

An oriented 2-string tangle T is called properly oriented if each arc of T' is oriented
as in Figure 12. If T is properly oriented, then we suppose that the links N(T") and D(T")
have the orientations induced from 7.

Figure 12. A properly oriented 2-string tangle.

REMARK 2.4. If two tangles T and S are properly oriented, then each of tangles
T+ S and T * S is also properly oriented.

The tangle R(m) is a 2-string tangle without circle components, and one of the
strings of R(m) connects the two endpoints on the left side of the tangle and the other
connects the two endpoints on the right side. Thus, we can orient R(m) such that it
becomes properly oriented. We can also orient the tangle W as it is properly oriented.
From the two properly oriented tangles R(m) and W, we can obtain the oriented knot
K, = N(R(m)+ W).

The tangle H(m,n) = Ey/_p, + Eyi/n,m,n € N, can be oriented as follows:

(1) H(m,n) is properly oriented,

(2) Each of Ey,_,, and E, is oriented so that two strings of the tangle have parallel
orientations.
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Then, the tangle S(u;m),m € N, becomes a property oriented one. From the two
properly oriented tangles S(u;m) and W, we can obtain the oriented link L(,.,) =
N(S(p;m) +W).

So, if necessary, we suppose that K, and L, are oriented as mentioned above.

THEOREM 2.5. The knots K,,,m € N, satisfy the following:
Q(Km;z) = QUi 2) =1,
( my R ) = V(Ul; Z) =1

1)
)
3) K, is prime,
) K

(
(2
(
(4 m and K, are distinct if m # n,

where V(L; z) denotes the Conway polynomial of a link L mentioned in Section 1 and
defined precisely in Section 4.

PrOOF. The proof is accomplished by Corollaries 3.8, 4.2, 5.16 and 6.8. g

THEOREM 2.6.  The links L(,m), it > 2,m > 1, satisfy the following:
1) Q(Lgumyiz) = Q(Uusa) = (2271 = 1)r~ 1,
V(L(umy; 2) = V(Upus; 2) = 0,

Proor. The proof is completed by Corollaries 3.9, 4.2, 5.19, 5.20 and 6.8. g

It is easy to see that Theorems 2.5 and 2.6 imply Theorem 1.4. The corollaries which
yields Theorems 2.5 and 2.6 are given in the following sections.

3. Trivial Q-polynomial.

In this section, we show that K, and L ,.,,) defined in the previous section have triv-
ial @-polynomial. First, we examine the Q-polynomial of a link obtained from two tangles
by a tangle sum. Next, we apply a result to creation of links with trivial -polynomial.
For the sake of argument, we prepare Proposition 3.2 which reveals characteristics of the
@-polynomial.

Let 3; be the trefoil knot in the table of Rolfsen [24]. We define a polynomial
ru(z) € Z[z*] for p € N as follows:

(1) ri(z) = QBu;2) — QUi 2) = 2(z + 2)(x — 1),
(2) rp(z) =2t Fr(z) if p > 2.

LEmMA 3.1.  For an integer p with p > 1,

2Q(Uy;7) = 20Q(Uy—152) + ru(2)(2 — 2)" 2 = 0.
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ProoF.  Since Q(Uy,;z) = Q(Uz;z)*~! and r1(z) = 2(2* + z — 2), we obtain

2Q(U,;7) = 20Q(Uy—152) = 2(Q(Uz; )"~ — 2Q(Us; )" 2)
= 2(Q(Us; z) — 2)Q(Us; )"~
=2(227' =1 - 2)Q(Uy; )" 2
= o () (a2 - )
= —ru(@)(2 - x)" 2
This completes the proof. O

For a link L, we denote the number of components of L by pu(L).

PrOPOSITION 3.2.  Let L be a link. Then,
Q(Liz) = QUyry;z)  (mod ryry()).
Furthermore, @(L;J;) € Z[z], where

O(L:x) = Q(L;x) — Q(UH(L);»T).
T (%)

PrROOF. The proof is by induction on (¢(L),ch(L)), where ¢(L) is the number of
the crossings of a diagram of L and ch(L) is the number of crossing changes needed to
obtain the trivial link with the same component as L. The pairs (¢(L), ch(L)) are ordered
lexicographically. If (¢(L),ch(L)) = (m,0),m > 0, then the claim is true. Suppose that
(¢(L),ch(L)) = (m,n),1 < n < m. Then, there exists an n-tuple (c1,ca,...,c,) of
crossings ci, ¢z, . . ., ¢, of L such that U,y is obtained from L by changing all crossings
of the n-tuple. We choose any crossing from the n-tuple and denote it by c. We denote
by S.L the link obtained from L by switching ¢ and also denote by Z.L (resp. I.L) the
link obtained from L by applying O-splice (resp. co-splice) at ¢, where 0-splice (resp.
oo-splice) means an operation obtaining Lo (resp. L) from L, as in Figure 2. Then,
we have

Q(L;z)+ Q(ScLyx) = 2(Q(Z.L; ) + Q(I.L; x)).

Since a skein quadruple (Li,L_,Lg,Ls) can be regarded as a skein quadruple
(L_,L4, Lo, Lg), we may assume that pu(L) # pu(Z.L). Hence, we have two cases ac-
cording to the numbers (L) and p(Z.L).

First, we consider the case u(L) < wu(Z.L). Then, pu(L) = u(S.L) = p(l.L) =
w(Z.L) — 1. Since the three pairs (¢(S.L),ch(S.L)), (¢(Z.L),ch(Z.L)) and (c(I.L),
ch(I.L)) are less than the pair (¢(L),ch(L)), by inductive hypothesis, we have
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and

QZeL;w) = QU413 7) + s (1)Q(Ze L ),
where p = p(L) and @(SCL;:E),@(ICL;w),Q(ZCL;x) € Z[z]. Hence,

QLix) = ~Q(S.Ls ) + 2(Q(ZeLi @) + QL L))
~QUyiz) = ru(2)Q(S.Li z)
+ a:( Upi1; %) + 11 (20)Q(Ze Ly ) + Q(Uys ) + 7, (2) QLo Ly ) )
={-QUu2) + ﬂf(Q(U;m’ z) + QU x))}
= 1u(@)Q(SeLi @) + wry1 (2)Q(ZeLi ) + wry(2)Q(I L z)
= Qs x) + ru(@)(~Q(ScLiw) + Q(ZeLs w) +2Q(IL; v)).
Since —@(SCL; x) + @(ZCL;x) +x (I L; x) € Zx], the claim is true.
Next, we consider the case u(L) > u(Z.L). Note that u(L) > 1. It is clear that
w(L) = p(S.L) = w(Z.L) + 1 = p(I.L) + 1. Since inductive hypothesis gives
Q(SeLix) = QUy; ) + ru(2)Q(SeLs ),
QZL;2) = QUu-132) + 1 (2)Q(Ze L @),

and

QUL ) = QUy-152) + 101 (1) Qe L ),
where = p(L) and Q(S.L; z), Q(I.L; ), Q(Z.L; x) € Z[z], we obtain

QL) = —Q(ScL; z) + 2(Q(ZcLi w) + Q(I.L; )
= —QUy;2) — 7 (2)Q(Se L; )
+2(2Q(U-1:7) + 11 (2)Q(ZeLs ) + 11 (2)Q(LLs 7))
= {-QUy;2) + 22Q(Up—1; 7)}
+ru(@){~Q(SeL; ) + 2*(Q(Z. L v) + QL L; x))}.

Since —Q(U,;z) + 22Q(Uy—1;2) = QU x) + rp(x)(2 — z)»~2 by Lemma 3.1, the last
expression is equal to

QUps ) + ru(2){—Q(ScL; x) + 2*(Q(ZcL; ) + QI Li ) + (2 — )" 2},

Since —Q(S.L;z) + 22(Q(Z.L; x) + QI L; x)) + (2 — )2 € Z[z] for pu > 1, the proof
is complete. O

We call the polynomial @(L; x) the core Q-polynomial of L. Since the Q-polynomial
is an invariant for a link, the core Q-polynomial Q(L;x) is also an invariant for a link. If
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L has trivial Q-polynomial, then the core Q-polynomial of L vanishes by the definition.
A close look at the proof of Proposition 3.2 makes the following clear.

COROLLARY 3.3.  The core Q-polynomial @(L; x) for an unoriented link L is given
by the following recursive formulas:

(Q1) For the trivial knot Uy, Q(Uy;z) =0,

(Q2) For a skein quadruple (L, L_, Ly, Loo) with p(Ly) # p(Lo),

~

Q(Ly;2) + QL

{@ Lo; +~”CQ( ;) if w(Ly) < p(Lo),
22(Q(Lo; 2) + Q(Loci @) + (2 — 2) =2 if (L) > p(Lo).

From the proof of Proposition 3.2, we find that two formulas (@1) and (@2) hold.
To prove the corollary, it is enough to show that the core @-polynomial can be com-
puted by the two formulas only. It can be easily accomplished by induction on the pair
(c(L),ch(L)). We omit the details here.

Let L(T), L(Ey), L(E~) and L(E_1) be four links identical outside a ball and inside
are 2-string tangles T', Ey, Fo, and E_1, respectively. Then, linear skein theory (cf. [18])
gives a unique triple (eq(T;z), 0o (T;x),e—1(T;x)) of Laurent polynomials in x for the
tangle T so that

Q(L(T);z) = eo(T; ) Q(L(Ep); x)
+ eoo(T;2)Q(L(Ex ); ) + e—1(T; 2)Q(L(E-1); ). (3.1)

The polynomials eg(T'; ), eao (T'; ) and e_1 (T'; x) are essentially determined by the tangle
T only. We call the triple (eq(T;x), e (T; ), e—1(T; 2)) the coordinates of T on the Q-
polynomial with respect to basic tangles Fy, Eo, and E_;.

Let M; and M, be 3 x 3 matrices whose entries are in Z[x*!] defined by

271 -1 1 1 -2z z? 2
1 2271 -1 1 and | 22 —2z 22 |, respectively.
1 1 207t —1 z? 2 -2z

LEMMA 3.4. Let T be a 2-string tangle and a triple (eo(T; ), eo(T; ), e—1(T; x))
of polynomials the coordinates of T on the Q-polynomial with respect to basic tangles
Fo,Es and E_y. Then,

Wi\ QN (T);)
eo(T;x) | = mMz Q(D(T); x)
e_1(T;x) ! Q(N(T + E1); )

Proor. Considering N(T'), D(T) and N(T + E_;) as L(T') in Equation (3.1), we
have
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Q(N(T); z) QUz; ) Q(Uys ) Q(Urs x) eo(T; )
Q(D(T);z) = | Q(Us;2) Q(Uz; ) Q(Uy; ) eco (T )
Q(N(T + Ey);x) QUi 2) Q(Uys ) Q(Uas )/ \e—1(T;x)

Since MaM; = ri(x)I3, where I,,n € N, denotes the identity matrix of size n, we

have
eo(T; x) Q(N(T);x)
r1(z) | e (Ti2) | = My Q(D(T); x) ,
e_1(T;z) Q(N(T + Ey);x)

completing the proof. O
For a matrix X, we denote its transpose by tX.

ProposITION 3.5.  Let S and T be 2-string tangles. Suppose that T has no circle
components. Then,

YQN(S)a) QN(T);z)
QIN(S +T);) = QD(S);) Al QDT)yx) | +B],
QIN(S + E_1);2) QIN(T + Ey); 2)

where the pair (A, B) of matrices is as follows:

-2 22 z? 1
(1) If w(N(T)) = 2, then (A,B) = (( x —2x a? ) , (O)),
r 2 -2 0
-2z x a2 0
(2) If u(D(T)) =2, then (A, B) = (( z? =2 22 ) , (1) ) ,
2?2 x =2 0
—2r 2% =z 0
(3) If u(N(T + Eq)) =2, then (A, B) = (( 2 -2z x ) ) (0)) .
z? z? =2 1

PROOF. We prove the first case only because the others can be proved similarly.
Put C(T) = t(eo(T; z) eoo(T;x) e—1(T;x)). Considering decomposition of T' by Equa-
tion (3.1), we have

QN(S +T); ) = eo(Ts
+e_1

=eo(T;x

+e_q

QN(S + Eo); ) + exo(T; 2)Q(N(S + Eoo); )
T;x)Q(N(S+ E-1); 7)

QN(5); 2) + eco (T 2)Q(D(S); )
T;2)Q(N(S + E-1);7)

N — /S —
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= (QIN(8);2) Q(D(S); 2) QIN(S + E_1);2)) C(T).

Thus, we only have to calculate C'(T') by using Lemma 3.4.
Since u(N(T)) = 2, we find that u(D(T)) = u(N(T + E1)) = 1. Using Proposi-
tion 3.2, we obtain

QN(T); ) eTIQN(T);)r(z) + (2071 = 1)
Q(D(T); x) = R Q(D(T);z)ri(x) +1
QN(T + En); x) QIN(T + Er);m)ri(z) +1
27100 Q(N(T); z) 2071 — 1
=r(z) [ 0 10 QD(T):z) |+ 1
0 01) \Q(N(T + Ey); z) 1
Since
7100 -2 2 22 2071 —1 1
My 0 10 = z —22 22 and M, 1 =ri(x) (0],
0 01 r 2? -2 1 0
Lemma 3.4 gives the claim. U

For a tangle T, we denote by T the mirror image of T with respect to projection
plane, that is the tangle obtained from T' by switching all crossings in 7.

A mutation p with respect to a tangle T is one of the rotations of 7/180° about
one of its three principal axes and we denote by p(T) the tangle obtained from T by a
mutation p with respect to T

For a link L, L! denotes the mirror image of L in a usual sense.

THEOREM 3.6. Let R and T be 2-string tangles. Suppose that R and T satisfy the
following:

(1) There exists a mutation p with respect to R such that p(R) = R,
(2) N(T) is a 2-component link with trivial Q-polynomial,
(3) D(T) is a knot with trivial Q-polynomial.
Then,
QIN(R+T);2) = QN (R); 2)

PrOOF. Since D(T) is a knot, T" has no circle components. Since N(T') has two
components, Proposition 3.5 gives

" QIN(R);2) QN(T); ) 1
QIN(R+T);z) = Q(D(R);z) M| QDT)yiz) | +(0]],
Q(N(R+ E_y);2) QIN(T+ E);x))  \O

where
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—2 22 2?2
M=z =2z 22 .
x z2 =2

Since Q(N(T);x) = Q(Uz;z) and Q(D(T);z) = Q(Uy;x) by the assumption, we
have Q(N(T); z) = @( D(T);x) = 0 and thus,

QIN(R+T);2) = Q(N(R); ) +2QN(T + Er); 2)
X {z(Q(N(R);z) + Q(D(R); z)) = 2Q(N (R + E_1);x)}.
We show that z(Q(N(R);x) + Q(D(R);x)) — 2Q(N(R+ E_1);x) = 0. Since the
tangle p(R + Ej) is either the tangle E; + R or the tangle R + Ey, and N(E; + R) and

N(R+ E;) are ambient isotopic, three links N (p(R+ E1)), N(R+ E1) and N(R+ E_1)!
are ambient isotopic and

QIN(R+ Er);z) = Q(N(p(R+ Er));w) = Q(N(R + E_1)l2)
=Q(N(R+ E_1);7),

because the @)-polynomial dose not distinguish a link from its mirror image. Hence, by
the skein relation (Q2),

2Q(N(R+ E_1);2) — 2(Q(N(R); ) + Q(D(R); x))
=Q(N(R+ Er);z) + QIN(R+ E_1);7)
—2(Q(N(R+ Eo);z) + Q(N(R+ Ex); x))
=0.

This completes the proof. O

REMARK 3.7. From an observation on the proof of Theorem 3.6, we may replace
the condition (1) on the tangle R with the condition Q(N(R+E1);z) = Q(N(R+E_1); x)
on the @-polynomial.

Now we create links with trivial @Q-polynomial. We consider the tangles
R(m), S(u, m) and W defined in Section 2. We already mentioned that there exists
a mutation p with respect to R(m) such that p(R(m)) = R(m). Remark 2.1 gives
QINW);z) = Q(Uz; x) and Q(D(W);z) = Q(Uy;x). Since N(R(m)) is the trivial knot,
we have Q(N(R(m));x) = 1. Then, applying Theorem 3.6, we obtain the following.

COROLLARY 3.8. Q(K,,;z) =1.

It is obvious that there exists a mutation p with respect to S(u;m) such that
p(S(u;m)) = S(u;m). Since N(S(u;m)) is the trivial p-component link, we obtain
Q(S(u;m);x) = Q(U,; x) and the following.

COROLLARY 3.9.  Q(L(um);x) = Q(Uy; x).
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4. Trivial Conway polynomial.

In this section, we show that K, and L ,.y,) have trivial Conway polynomial.
The Conway polynomial V(L;z) € Z[z] of an oriented link L is an invariant of the
isotopy type of L, which is defined by the following formulas:

(C1) V(Ui;2) =1,
(C2) V(Ly;2) = V(L-;z) = 2V(Lo; 2),

where L, L_ and Lg are three links that are identical except near one point where they
are as in Figure 13. We call (L4, L_, Ly) a skein triple.

A XC

Figure 13. A skein triple.

There is a well known formula on the Conway polynomial.

ProposITION 4.1 ([3], [11]). Let T and S be properly oriented 2-string tangles.
Then,

V(N(T +5);2) = V(N(T); 2)V(D(S); 2) + V(D(T); 2) V(N (S5); ).
Using Proposition 4.1, we have the following.
COROLLARY 4.2. Let m and p be integers with m > 1 and p > 2.
(1) V(Ep;z) =1,
(2) V(L(umy;2) = 0.

PrOOF.  First, we prove that V(K,,; z) = 1. Since K, is defined by N(R(m)+ W)
and N(R(m)) is trivial, Proposition 4.1 gives

V(Km;z) = V(D(W); z) + V(D(R(m)); 2) V(N (W); 2).

The claim is verified by the facts V(D(W);z) = 1 and V(N(W);z) = 0 derived from
Remark 2.1.

Next, we show that V(L,;m);2) = 0. Since L,y is defined by N(S(u;m) + W)
and N(S(u;m)) is the trivial y-component link, Proposition 4.1 gives

V(Luimy; 2) = V(D(S(p;m)); 2) V(N (W); 2).

Since V(N (W); z) = 0, we have the claim. O
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Here, we mention a fact on the Jones polynomial of the link L,.p,).

REMARK 4.3.  The Jones polynomial of the link L,.,,) does not depend on the
orientations of components of the link because the linking number of any 2-component
sublink of the link is zero.

5. Classification of links.

In this section, we classify the knots K,,,m > 1, and the links L), p > 2,m > 1,
by using the HOMFLY polynomial.

The HOMFLY polynomial P(L;v,z) € Z[vT!, 2%!] of an oriented link L is an in-
variant of the isotopy type of L, which is defined by the following formulas:

(P1) P(Uy;v,2) =1,
(P2) For a skein triple (L4, L_, Lg),
v IP(Ly;v,2) —vP(L_;v,2) = 2zP(Lo;v, 2).

ExamMpLE 5.1. The HOMFLY polynomial of the knot K5 introduced in Exam-
ple 2.2 is given below.

P(Ka;v,2)
= (=20 + 7% =2 - 12072 4+ 1207 + 3070 — Tv ™8 + 20710)
+ 22 (=5t + 1807 — 9 — 32072 + 3207 + 9070 — 18 ™% + 507 10)
+ 24 (=40 + 170 =10 — 31072 + 31w~ + 10070 — 17078 + 407 10)
+ 28 (vt + T2 =5 - 13072 + 1307 + 507 % — 7o 8 40 710)
+ 28(

v —1—20"2 4207 4070 —¢78).

Let G be a 2 x 2 matrix whose entries are in Z[v*!, 2*!] defined by

(_P(Ulg;v,z) _P(U12§U’Z)) .

Lickorish and Millett show the following formula on the HOMFLY polynomial for
the numerator of addition of two tangles.

PROPOSITION 5.2 ([19]). Let T and S be properly oriented 2-string tangles. Then,
(1 P(Us0, 2 P(N(T + 8);v, 2)

= (P(N(S);v,2) P(D(S);v,2)) G (i%gggjz: 3) '

We have the following on the HOMFLY polynomial for the denominator of vertical
addition of two tangles.
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PROPOSITION 5.3.  Let T and S be properly oriented 2-string tangles. Then, the
links D(T % S) and N(T + S) are mutant each other, which, in particular, implies

P(D(T *S);v,2z) = P(N(T + S);v, 2).

PROOF. Let p(S) be the tangle obtained from S by the mutation which rotates S
through angle 7/180° around an axis perpendicular to the projection plane. Then, the
links D(T % S) and D(T # p(S)) are mutant each other. Since the link D(T x p(5)) is
equivalent to the link N (7 + S), we have the result. O

REMARK 5.4. Since the link N(T % S) is a connected sum N(T)§N(S) of links
N(T) and N(S), it is clear that P(N(T % S);v,z) = P(N(T); v, z)P(N(S);v, 2).

We denote by T'(2,n) the torus link of type (2,n) whose diagram is represented by
D(E4,_,). Suppose that T'(2,n) is oriented such that two strings of the tangle E;,_,
have parallel orientations. Then, T'(2,n) has |n| positive (resp. negative) crossings if
n > 0 (resp. n < 0). We also suppose that the tangle H(m,n), m,n € N, is oriented as
introduced in Section 2.

LEMMA 5.5.  For positive integers m and n,
(1) P(N(H(m,n));v,2) = P(T(2,m —n);v,2),
(2) P(D(H(m,n));v,z) = P(T(2,m);v,z)P(T(2,—n);v,z).

PROOF. By the definition of H(m,n), we have N(H(m,n)) = N(E1/_p, + E1 /).
The link N(Ey/_,, + Ey/,) is equivalent to D(E}/(n—n)) which denotes T'(2,m — n).
Hence, we obtain the first equality. It is easy to see that D(H(m,n)) is equivalent to
D(E/—m)iD(E /) which denotes T'(2, m)§T (2, —n). Thus, we have the second equality.

O

The HOMFLY polynomial for D(R(m)) can be represented as follows.
LEMMA 5.6.  For a positive integer m,

(1 = P(Uz;v,2)*)P(D(R(m)); v, 2)
= P(T(2,m);v,2)P(T(2,—(m+ 1));v, 2)
+ P(T(2,—m);v,z2)P(T(2,m + 1);v, z)

m—+1
— P(Us; v, 2) (1 + 11 P(T(Q,k);v,z)P(T(Q,k);v,z)) .
k=m

PrROOF. Recall that R(m) = H(m,m + 1) * H(m + 1,m). Since it is shown by
Lemma 5.5 that P(N(H (m,m+1));v,z) = P(N(H(m+1,m));v, z) = 1, Propositions 5.2
and 5.3 give

(1 - P(Us;0,2)*)P(D(R(m)); v, 2)
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t(P(N(H(m +1,m));v, z)) . (P(N(H(m,m 1), z))
P(D(H(m +1,m));v,z2) P(D(H(m,m+1));v,2)

' 1 . 1
P(D(H(m+1,m));v,z2) P(D(H(m,m+1));v,2) /)"
Applying Lemma 5.5 to the last expression of the equality above, we have the lemma. [
REMARK 5.7.  Since N(R(m)) is trivial, it is clear that P(N(R(m));v,z) = 1.

Here, we introduce a terminology for a Laurent polynomial in two variables v and
z. A two variable polynomial g(v, z) € Z[v*!, 2*1] can be written as

9(v,2) = g;(v)7,
JEZ

where g;(v) € Z[v*1] and g;(v) = 0 except a finite number of j. The mazimal degree of
g(v, z) in z denoted by maxdeg, g(v, z) is defined by

0 if g(v,2) =0,

maxdeg, g(v,z) =
8- 9(v.2) {max{j;gj(v) # 0} otherwise.

ExAMPLE 5.8. The HOMFLY polynomial for the knot K5 is given in Example 5.1.
The polynomials P;(K>»; v) vanish except j = 0, 2,4, 6,8, and so maxdeg, P(K»;v,z) = 8.

LEMMA 5.9.  For an integer n, maxdeg, P(T(2,n);v,2) = |n| — 1.

PROOF.  Since P(T(2,0);v,2) = (v=! —v)z7}, the claim is true for the case n = 0.
If n < 0, then we have P(T(2,n);v,z) = P(T(2,|n|); —v~1, 2z) because T'(2,n) is the
mirror image of T'(2,|n|). It follows that

maxdeg, P(T(2,n);v,z) = maxdeg, P(T(2,|n|); —v"', 2)
= maxdeg, P(T(2,|n|);v, 2).
Hence, it is sufficient to show the case where n is positive. We prove by induction on
the number n. If n < 4, then the claim is verified by direct calculation. Suppose that

n > 4. Combining skein relations for three skein triples (T'(2,n),T(2,n —2),T(2,n— 1)),
(T(2,n—1),T(2,n—3),T(2,n —2)) and (T'(2,n —2),T(2,n —4),T(2,n — 3)), we have

P(T(2,n);v,2) = v*(22 + 2)P(T(2,n — 2);v,2) —v*P(T(2,n — 4);v, 2).

Since maxdeg, P(T(2,n — 2);v,z) = n — 3 and maxdeg, P(T'(2,n — 4);v,2) = n —5
by inductive hypothesis, it is easy to see that maxdeg, P(T(2,n);v,z) = n — 1. This
completes the proof. O

REMARK 5.10.  P(T(2,n);v,z) does not vanish because P(L;v,v~! —v) =1 [19]
for a link L.

We easily obtain the following by Lemmas 5.5 and 5.9 and Remark 5.10.
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LEMMA 5.11.  For positive integers m and n, maxdeg, P(D(H(m,n));v,z) = m+
n— 2.

LEMMA 5.12.  Let m be an integer with m > 1. Then,
maxdeg, P(D(R(m));v, z) = 4m — 3.
ProOOF. By Lemma 5.9 and Remark 5.10, we have

maxdeg, (P(T(2,m);v,z)P(T(2,—(m +1));v,2))
= maxdeg, P(T(2,m);v, z) + maxdeg, P(T(2,—(m + 1));v, z)
=2m — 1,

maxdeg, (P(T(2,m+ 1);v,2)P(T(2,—m);v, z))
= maxdeg, P(T'(2,m + 1);v, z) + maxdeg, P(T(2,—m); v, z)
=2m —1,

and

m—+1
max deg, <H P(T(27k);v,z)P(T(2,—k);v,z))
k=m
=4m — 2.
Since 4m — 3 > 2m — 1 for m > 1, by Lemma 5.6, we obtain

max deg, P(D(R(m));v, z) = maxdeg, ((1 — P(Us;v,2)*)P(D(R(m));v, z))
=4m — 3,

completing the proof. O
LEMMA 5.13.  Let W be the tangle depicted in Figure 9. Then,
maxdeg, P(D(W);v,z) = 4.
PrRoOOF. By Remark 2.1, D(W) is the knot 16,,49177s. Since
P(DW);v,2) = (v? =202 + 204 4070 —¢78)
+ 220 =2 -3v 2+ 3v 4276 —¢7F)
+ 2 (-1 —v 2ot 4079,
the lemma is true. g

Now we are ready to classify the knots K,,,,m > 1.

PROPOSITION 5.14.  For a positive integer m, maxdeg, P(K,,;v,z) = 4m.
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PrROOF. If m =1, then we see that K,, = N(R(m) + W) is equivalent to D(W).
The claim is verified by Lemma 5.13. Suppose that m > 1. By Proposition 5.2 and
Remarks 2.1 and 5.7, we have

(1= P(Uz;v,2)*)P(Kypm;v, 2)
= P(D(W);v,z) + P(D(R(m));v, z) P(Ug; v, 2)
— P(Ua;v, 2) (P(Us; v, 2) + P(D(R(m)); v, 2) P(D(W); v, 2)) .

By Lemmas 5.12 and 5.13 and the equality max deg, P(Us;v, z) = —1, we see that
max deg, P(K,,; v, 2)
= maxdeg, ((1— P(Us;v, 2)2)P(omi v, 2)
= maxdeg, (P(Uz;v, 2) P(D(R(m)); v, ) P(D(W); v, 2))
=—-14{4m—-3)+4=4m. O

EXAMPLE 5.15.  Proposition 5.14 claims maxdeg, P(Ko;v,z) = 8. It is confirmed
by Example 5.8.

The following is an immediate consequence of Proposition 5.14.

COROLLARY 5.16. Let m and n be positive integers. If m # n, then the knot K,,
is distinct from the knot K,,.

Next, we classify the links Ly, 4 > 1,m > 1. Since S(2;m) = H(2m,2m), the
following is easily obtained from Lemma 5.11.

LEMMA 5.17.  For a positive integer m, max deg, P(D(S(2;m));v, z) = 4m — 2.
PROPOSITION 5.18.  For a positive integer m, maxdeg, P(L(2;m);v,2) = 4m + 1.

PROOF. Lemma 5.5 implies P(N(S(2;m));v,z) = P(Us;v, 2z). Since N(W) is the
trivial 2-component link, we obtain P(N(W);v, z) = P(Us;v,z). These equalities and
Proposition 5.2 provide

(1 = P(Us;v,2)%)P(L2,m); v, 2)
= P(Ug;v,2) (P(D(W);v,2) + P(D(S(2;m)); v, 2))
- P(UQa U,Z) (P(UQa v, 2)2 + P(D(S(va))7va Z)P(D(W),’U, Z)) .
By Lemmas 5.13 and 5.17 and the equality max deg, P(Us;v,z) = —1, we obtain
max deg, P(L2;m); v, 2)
= maXdEgz ((1 - P(UQ;Uv Z)Q)P(L(Q;m); v, Z))

= maxdeg, (P(Uz; v, 2) P(D(S(2;m)); 0, 2)P(D(W); v, 2))
= 1+ (4m—2)+4=4m+1. O
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COROLLARY 5.19.  Let m and n be positive integers. If m # n, then the two links
L2;m) and L2,y are distinct.

The link L), # > 3, has three types of 2-component sublinks which are Ly,
L(2;1) and the trivial 2-component link. Since Proposition 5.18 shows that L) and
L 2,1y are distinct if m > 1, the following comes from Corollary 5.19.

COROLLARY 5.20. Let m,n and p be integers with m,n > 1 and p > 3. If m # n,

then the two links L,;my and L are distinct.

Hin)

6. Primeness.

In this section, we discuss the primeness of the knot K, and the link L.
A tangle T = (B,t), which is not the trivial 1-string tangle, is prime if it has the
following properties:

(1) any 2-sphere in B which intersects ¢ in two point transversely bounds a 3-ball in
B which intersects t in a trivial arc,

(2) any proper disk in B does not split ¢ in B,

(3) any proper disk in B which intersects ¢ transversely in a single point divides T into
two tangles, at least one of which is the trivial 1-string tangle.

These properties are called locally trivial, non-split and indivisible in numerical order.
Nakanishi [22] shows the following on the primeness of a 2-string tangle.

PROPOSITION 6.1.  Any locally trivial non-split tangle, the number of whose arcs
18 at most two, is a prime tangle.

By Proposition 6.1, to prove that a 2-string tangle is prime, we only have to check
that the tangle has such two properties.

LEMMA 6.2.  For a positive integer m, the tangle H(2m,2m) is prime.

PrROOF. The tangle H(2m,2m) consists of two arcs and a circle component K
which is the trivial knot. Suppose that H(2m,2m) is split. Then, there exists a properly
embedded disk in the tangle so that K and at least one of two arcs can be separated by
the disk. It follows that the link D(H (2m, 2m)) should have a split sublink which includes
K. However, sublinks of D(H(2m,2m)) including K are T'(2,2m) and T(2,—2m) only.
Each of them is non-split. This is a contradiction. Hence, H(2m, 2m) is non-split. Next,
we show that H(2m,2m) is locally trivial. There exists no 2-sphere in the tangle which
bounds a 3-ball containing a knotted arc by the triviality of the arcs and K. If there is a
2-sphere in the tangle which bounds a 3-ball containing K, then we have an arc outside
the ball because the sphere intersects the tangle in two points. It follows that the link
D(H (2m,2m)) should have a split sublink which includes K. It leads to a contradiction
as stated above. O
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LEMMA 6.3.  For an integer m with m > 1, the tangles H(m, m+1) and H(m+1,m)
are prime.

PRrROOF. We only prove the primeness of the tangle H(m, m+ 1) for the case where
m is even because we can give the proofs for the remaining cases in a similar manner.
H(m,m + 1) consists of two arcs. One is a trivial arc and the other is a knotted arc to
which the torus knot of type (2, —(m + 1)) is connected. Suppose that H(m,m + 1) is
split. Then, there exists a properly embedded disk in the tangle so that the trivial arc
and the knotted arc can be separated by the disk. Since the knotted arc is contained
in one of the two 3-balls obtained by dividing the tangle by the disk, it should persist
as a factor of any link created by gluing a tangle to H(m,m + 1). However, the link
N(H(m,m + 1)) is the trivial knot, which does not have a non-trivial torus knot as a
factor. This is a contradiction. Hence, H(m,m + 1) is non-split. Next, we show that
H(m,m + 1) is locally trivial. If there exists a 2-sphere in the tangle which bounds a
3-ball containing a knotted arc, then the knotted arc should be of the torus knot of type
(2, —(m+1)) and persist as a factor of any link created by gluing a tangle to H(m, m+1).
It leads to a contradiction as stated above. Hence, H(m, m + 1) is locally trivial. O

LEMMA 6.4. The tangle W presented in Figure 9 is prime.

ProOF. The tangle W consists of two trivial arcs. It implies that there exists
no 2-sphere in the tangle which bounds a 3-ball containing a knotted arc. Hence, W is
locally trivial. Next, we show that W is non-split. If the arcs are split, then W should be
a trivial 2-string tangle. Since any sum of two trivial 2-string tangles is a 2-bridge knot
or link, D(W) must be a 2-bridge knot, in particular, an alternating knot. But, D(W)
is the knot 16,,49177s, which is non-alternating. This is a contradiction. O

THEOREM 6.5 ([16], [22]). Let (C,v) be a tangle and D be a disk properly embedded
in C such that D divides (C,v) into two tangles (A,s) and (B,t). We assume the
following.

(1) The numbers of points in (0A — D)Nwv, (0B — D)Nwv and D Nwv are all greater
than or equal to 2,

(2) (A4,s) is prime,
(3) (B,t) is prime.
Then, (C,v) is prime.

Theorem 6.5 implies that the vertical addition of two prime 2-string tangles is a
prime tangle.

COROLLARY 6.6. Let m and p be integers with m > 1 and p > 2.
(1) The tangle R(m) is prime if m > 1.

(2) The tangle S(u;m) is prime.
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PROOF. We begin with the proof of the case (1). Recall that R(m) is defined
by H(m,m + 1) * H(m + 1,m). Since H(m,m + 1) and H(m + 1,m) are prime by
Lemma 6.3, Theorem 6.5 ensures the primeness of R(m). Next, we prove the case (2).
The proof is by induction on the number y. Since S(2;m) is the tangle H(2m,2m) by
the definition of S(u; m), Lemma 6.2 shows that S(2;m) is prime. Suppose that pu > 2.
S(p;m) can be regarded as S(u — 1;m) « H(2,2). Since S(u — 1;m) and H(2,2) are
prime by inductive hypothesis and Lemma 6.2 respectively, it follows from Theorem 6.5
that S(u;m) is prime. This completes the proof. O

A link L is locally trivial if any 2-sphere in S3 which intersects L transversally in
two points bounds a 3-ball intersecting L in a trivial arc. A link is prime if it is locally
trivial, non-split and non-trivial.

The following is an important result on the primeness of a link obtained by gluing
two tangles.

THEOREM 6.7 ([16], [22]). A link obtained from two prime tangles by any tangle
sum is prime.

Since the tangle R(1) is a trivial 2-string tangle, K1 = N(R(1) + W) represents the
knot D(W) = 16,,491778, which is prime. By Lemma 6.4, Corollary 6.6 and Theorem 6.7,
we easily obtain the following.

COROLLARY 6.8. Let m and p be integers with m > 1 and p > 2. Then, the links
Ky, and L,m) are prime.
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