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Abstract. We study the critical nonlinear Schrédinger equations
1
0w+ S Au = Mul?/™u,  (t,z) e RT x R”,

in space dimensions n > 4, where A € R. We prove the global in time existence
of solutions to the Cauchy problem under the assumption that the absolute
value of Fourier transform of the initial data is bounded below by a positive
constant. Also we prove the two side sharp time decay estimates of solutions
in the uniform norm.

1. Introduction and main results.

We consider the initial value problem for the following nonlinear Schrodinger equa-
tion

1
i0su + §Au = Mu|*>"u, (t,z) e R* xR",
u(0,z) = up(z), z€R"

(1.1)

in space dimensions n > 4, where A € R. In the case of 1 < n < 3, asymptotic behavior
of small amplitude solutions to (1.1) has been studied in [2], [5], [7], [8], [14] and etc.
The first breakthrough in asymptotic behavior of small solutions to (1.1) with n = 1 was
obtained in [14] by introducing the final state

ilel? /2t —i(m/4) 4= 1/2 j—iX| @ (x /1) logtﬁ <f§)

for given small final data %} . More precisely, existence of small solutions was shown in
the neighborhood of final state to define the map W, : uy € H*° N H*! — »(0) € L2,
where

H™* = {6 € L%|(1 - A)"*(1+ [22)*/26]p < oo).
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This result was extended in n = 2,3 in [5] by modifying the phase corrections. In
[2], the result concerning the regularity of solutions in [14] was improved as the map
W, ay € H¥° N H?! — «(0) € H*! N HY. On the other hand, the initial value
problem was treated in [7] and existence and uniqueness of the scattering data u_ was
shown for any small initial data ug € H* NH*?,n/2 < § < 1+ 2/n. Therefore the map
W=ty € HY NnHY — 4~ € L? is defined. This fact with the result of [2] means
that the map W_'W, : a5 € H>* N H?! — 4~ € L? is defined in the case of n = 1. In
[8], by using another final state such that

FeilEP /Dt (g) =N ) logt

the results mentioned in the above were improved as W ='W, : a7 € H* — 4= € H%",
where

Z<5<a<min{n,2,1+g}

which enables us to define the inverse operator of W__1W+. This inequality requires
n < 3. However as far as we know, there are no results in the case of n > 4 even if the
existence of W,. Our purpose in this paper is to show the sharp asymptotics and time
decay of solutions to (1.1) in the uniform norm for higher space dimensions n > 4. Our
second result below shows that existence of the map

Wit WP e L nH? = a7 € L N HAO, g <B<o< g +1.

By the factor e(i/2)‘5‘2, we shift ¢ = 0 to ¢ = 1, then we do not know existence of the
operator W~ 1W,..

Cubic nonlinear Klein—Gordon equation is considered as a relativistic version of cubic
nonlinear Schrodinger equation and asymptotic behavior of small solutions was studied
in [4], [9] and [10]. Recently, in [13] final state problem was solved for the nonlinearity
|u|u. However the Cauchy problem in higher space dimensions is still an open problem.
Thus scattering problem is not developed in the case of nonlinear Klein—Gordon equation
as compared with the case of nonlinear Schrédinger equation.

As in the proof of [7], we multiply both sides of (1.1) by FU(—t) to obtain

10 FU(—t)u = MTEFM (=) F Y FM (U (—t)u|? " FM (t)U(—t)u,

where U(t) is the Schrédinger evolution group, M(t) = eilel’/2t for ¢ #0,

(Deg)(x) = (Z,f)ln/zqﬁ(f)

is the dilation operator, F denotes the Fourier transformation, where we have used the
formulas U(t) = M (t)D; FM (t) and U(—t) = M(—t)F~*D;* M (—t). We decompose the

nonlinear term of the above equation into the main term

MY FU(—t)u)? ™ FU(—t)u
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and the remainder term R, then we have the ordinary differential equation
WO FU(—t)u = MY FU(=t)u|? " FU(—t)u + R.

The difficulty comes from the lack of regularity of the first term on the right-hand side
of the above equation. To avoid this difficulty, we consider the problem in the closed
subset of the function space satisfying the restriction |FU(—t)u| # 0. Therefore we do
not consider the problem in the space FU(—t)u € L, 1 < p < co. Previous works for
(1.1) were based on H* space for FU(—t)u, where s > n/2. Function spaces which do
not necessarily include L? were used in [12], [6].

We introduce some function spaces and notations. Let L> denote the usual Lebesgue
space with the norm ||¢||Le = ess.sup,cgn |¢(2)|. The homogeneous Sobolev space H™
is defined by

= {03 18llggn = 1(=2)"¢l|Lr < oo},

m > 0, where ||¢||f, = [z.|¢(x)["dx. Denote (t) = v/1+t2. For simplicity, we write
Hy' = H™. By B;,q we denote the homogeneous Besov space with semi-norm

1/q
161l =( J Z 10°(&, ||Lpdx) ,
P,q 0

<z
ly|< |6]=

where s = [s] +7, 0 < v < 1, ¢y(x) = ¢(z +y), 1 <p, ¢ < oo and [s] is the largest
integer less than s. Different positive constants might be denoted by the same letter C
if it does not cause any confusion.

To state our results, we use the function space

X = {us FU(—t — ) € C([0, 50); Y), Jullx < oo},
where Y = L* NH", n/2 < 0 < n/2+ 2 and
[[ullx =S [FU(=t = Du(@)||lLe + ( + 1) [[FU(=t = Du(t)|| g
with a small v satisfying (1/n)(c —n/2) > v > 0. We note here that the Holder class of
order 0 — n/2 is included in Y.

THEOREM 1.1.  We assume that the initial data satisfy

p .
Z < inf
2~ glean

()| < l[@l~ < p

and ||e(i/2)|5|2ﬂa||ﬁg < p? withn/2 < o <n/2+ 1. Then there exists a pg > 0 such that
the Cauchy problem (1.1) has a unique solution u € X for all 0 < p < pg. Moreover the
time decay estimate

1
- -n/2 < 4 < o <
Lo+ )7 < inf [u(t)] < )~ <

ol

p(t+1)""/?
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holds for all t > 0.

REMARK 1.1. Typical example of the data could be the following

() = e<—i/2>|€|2p(1 _ g)

since by a direct calculation

2
i 2~ 14
||e( /2)[€] Uo|| gy = Hp<1 _ @) H = Cp3 < p?
H(7

and

3 < inf i < wgllne < p.
p—p = Jof [uo(§)] < [luollL~ < o

THEOREM 1.2. Let u be the solution constructed in Theorem 1.1. Then there exists
a unique final state uy € L°NHP, n/2 < B <o <n/2+ 1, such that the asymptotics

u(t) o ei\m|2/2(t+1)—i(n7r/4) (t + 1)—n/Qe—iA|1ﬁ(z/(t+1))|2/n log(t-i-l)@( x )

t+1/|p~
<O(t+ 1)—n/2—(2/n)(6—v) (p> + p3/n+2)(2/n)+1 log(t + 1))
and
|(FU(—t = 1)u)(p) — e AT s
< C’p4/”+2(t + 1)(—1/2)(0—B)+7 log(t +1)
hold for all t > 0. Furthermore we have
£0 < int [T (O] < T o < ¢
5p7§€R” + = il = 50
where § € (0,(1/2)(c —n/2)), 0 <~y < (6 = B)/n.
To explain our results, we look for the solution of (1.1) in the form
u(t,z) = (i(t + 1)) /212D @) R(0) = p. (1.2)

By a direct calculation, h(t) satisfies the ordinary differential equation
i’ = At + 1) |n[*/"h.

We change the dependent variable h = re', r = |h|, w = argh, with 7(0) = p > 0,
w(0) = 0, then we have

ir' —rw' = At 4+ 1)/t

which gives us the ordinary differential equations
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and
w4+ At +1)"1r2" =0, w(0) =0.
The explicit solution is as follows
rt)=p, w(t)=—-\p*/"log(t+1).
Thus the solution of (1.1) in the form (1.2) is represented as
u(t, z) = p(i(t + 1))~/ 2ee /2000 exp(—ixp2/ log(t + 1)). (1.3)
This solution does not belong to L2. However we have
Ju(t,z)] = p(t + 1)
and
[e4(=t = Du(t)[lg- = 0.
Therefore our results contain the special solution (1.3).
2. Local existence.
In the next lemma we show the estimates of the remainder terms

Ry = [V(t+ 1) "V(t + 1)p — >,
Ry = (V*(t+1) = D)V(t + D))" V(t + 1),

where we denote ¢ = FU(—1—t)uand V(t+1) = FM(t+1)F L V*(t+1) = V(~t—1).

LEMMA 2.1. Assume that

ol O

2 .
—p < inf |o(t,&)] < |le)|lLe <

5 £ERn p

and ||¢(t)|| g < p* with n/2 < o < n/2+ 2. Then there exists a small p > 0 such that
the estimate

IRal|eee + || Rollpe < Cp*2/"(t+1)7°
is true for all t > 0, where § € (0,(1/2)(c —n/2).
ProoOF. By the Sobolev embedding inequality

[#llLe < lI¢llr < Cldllgo.nrz—v + | 9llgom/2+0)
= Cll@llgn/2—v + 0llggns2e)
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with small v > 0. Also we have

[(V({E+1) = Deollggnsz—
=[|FME+1) = DF 0l ggnso-n

<+ D)T2F T F  ollggnees = (01720l g amin,

for 0 < oy < 2. Similarly,

”(V(t +1) - 1)@||111n/2+v < (t + 1)_02/2||90H131n/2+u+02

for 0 < op < 2. We take n/2 4+ v + 09 = n/2 — v+ 01 = o, then we find

IV +1) = Dol
< OVt +1) = Dllggase— + ClV(E+1) = Dllggnsoss
<Ot +1)7ollge (2.1)

for all t > 0, with § € (0,(1/2)(c —n/2)),ifn/2 <o <n/2+2. Also we write

V(E+Dellue < flellue + 1(V(E+1) = Dl
<l +Ct+ 1)l (2.2)

Hence the first term is estimated as

IR llL= < CUIV(E+ Dglli2 + lellZ IVt + 1) — gl

<Ct+ 1) (el + ¢+ D7l ) " el
< C(t + 1)—6p2/n+2
ifn/2<o<n/2+2.
Let us consider the estimate of Ry. In the same way as above we have
IV +1) = DY+ D"V (E + Dl
< C+ D)W+ Dol V(E + Dellgo (2.3)

where § € (0,(1/2)(c —n/2)), n/2 < 0 < n/2+ 2. By a generalized Leibniz rule (see
Lemmas A1-A4 in the appendix of [11], also Lemma 2.2 in [3]) we have

vy, < Clullzon o]y + Clollze ulls,
foro>0,1/r=1/¢1 +1/r1 =1/ga+ 1/r2, 1 < @1, @2 < 00, 1 < 11, 19 < 0o. Hence
taking g1 = g2 = 00, ry = r9 = 2 we find

|||u|2/n 1/nal/n

ullr = llu ullgo

2/n 1+1/n n —1/n
< Cllullf ullge + Clull <™ (et g + 1177 lg)-

Let co=m+v,meN, ve|0,1). Welet 4 =1/n. By the Leibniz rule we find
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[leAr % <CZHU“ FO (00, 0) Ny
k=1

with pr = 1/n. We use the Gagliardo—Nirenberg interpolation inequality (see Theorem
2.44 in [1])

1—
lullgry < Cllullgz ™ llullg,

forl<gq,r<o0,0<a<s, s/p=(s—a)/qg+ a/r. In particular, choosing ¢ = oo,
r=20,s=1, we find

) 1—v v
el | < Cllulli= el
and taking ¢ = oo, r = 2, s = ¢, we have
1—
lullgey < Cllullg=7 llullg,”
for 0 < a < 0. Therefore we get
gy < Ol I ),

< Ol g = = e el

< Ol = ol Nl
Hence
=R (9 0)*
< r=k k—1 o1 n—k . "
< Ol e fullig, ullggrae o+ Cllw gy Nl lullgge

— k— _ — —k— k—
< Ol *flue Jullp=lullggr + Cllut = Ll 7 g full = [l g

Thus we obtain
/ / A —k—1
2 2/n+k+1
Nl ullggo < Ol "||uHHa+oZ|| 2/ (mfn|u|) .

We apply the above estimate with u = V(¢ + 1)p to get for n > 2

IVt + eVt + 1ello
< CIV(t+ Dl iRV (E+ Dl

k-1
#OD VG Dl (ng e D6l) I+ Dol
k=1

Our assumption says that

inf [V(t+1)g| > inf o] — Ct+ 1) T2Vt + 1) o
Juf V(E+ el > inf o] - C(t+1) IV + Dol
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2 1
> Zp—Ct+1)TVAem2 2 > —p,

5 3

Therefore by (2.2)
IV + D™ V(t + el
< Cp MVt + Dol = Cp* "y < Cp?mF2. (2.4)
Substitution of (2.4) into (2.3) yields
1Rs e < Cp*/mH2(t+1)7°

Lemma 2.1 is proved. O

To prove local existence we introduce the function space X7 such that
={v € C([0, T L* N C); |lvllx, < oo},
where

lollx, = oS (IFU(=t = Do)~ + [FU(t = Do(t)||go ),

with n/2 < o < n/2+ 2. We are now in a position to prove the local existence theorem.

LEMMA 2.2.  Assume that the initial data satisfy

p _
P < inf < w <
5 < nf [uo(€)] < lluollL= < p

and ||ei(1/2)|5|2ﬂ6||ﬂg < p? withn/2 < o <n/2+2. Then there exist a time T such that
the Cauchy problem (1.1) has a unique solution in Xt satisfying the estimates

2 6
Zp< inf inf ~1 < —t — )ullp~ < 2p.
50 S il il IFUC =D))< sup IFU(-t = Dulre < g

PROOF. Let us consider the linearized problem corresponding to the Cauchy prob-
lem (1.1)

1
10w + §Au =Mo", u(0,z) = uo(z), (2.5)
where v € X,
6 6 5
sup [|FU(—t = Do(t)|ue < 2o, sup [|FU(—t = Dv(b)llg- < 7
0<t<T 0<t<T

Consider the integral equation associated with (2.5)

o(t) = (0) — i/\/o FU(—7 — WFU(r + 1) F13(r)) dr,
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where
F(9) =6/, o(t) = FU(~t = Du(t), () = FU(~t = Lu(t).
Then using the factorization formulas

Ut + 1) F =Mt +1)Dy V(t + 1),
FU(—t—1) =V*(t+1)D 5 M(t +1),

with V(t +1) = FM(t+1)F L and V*(t + 1) = V(—t — 1) we get

o(t) = (0) — M/o (7 + 1) W (r + 1)F(V(r + 1)3(r) dr.

As in the estimate (2.4), we obtain
t
()l < e/ Gl +0P2/n+2/ (r+ 1) dr, (2.6)
0

since p(0) = FU(—1)ug = e(i/2)‘5|2ﬂ6(§). Hence we find there exists a time T'=T'(p) > 0
such that

; 2_—
sup ()l < €21 g g, + Cp*/ "2 log(T + 1)
0<t<T

2

< p” 4 Cp*" P log(T +1) < Zp°.

(S {R=

We also have by Lemma 2.1

t t
lp(t, )| < p+ Cp*/H! / (r+1)"'dr + sz/HQ/ (r+ 1)~ -/ e=n/2) g
0 0
<p+ Cp2/n+1 log(T—|— 1) + Cp2/n+2

and

1 t t
lo(t, &) > §P - sz/nJrl /0 (T4 1)71d7 — C’p2/”+2/0 (t+ 1)717(1/2)(0*"/2)617

1
> 50— Cp*MHlog(T + 1) — Cp*/ 2.

Hence, there exists a time T'= T'(p) > 0 such that

p-

(S {R=)

sup [|p(t) Lo < p+ Cp*/ " log(T +1) <
0<t<T

Therefore the mapping S defined by v = Sv transforms X into itself. Also the lower
bound

inf inf t >
odnf . nf, lo(t, &) >

(S8 V)

p
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is true. Let ¢; and 9 be solutions to the integral equations
. 2 t
@;(t) = e/ g5 — i)\/ (T+ 1)~V + D)F(V(r + 1)@ (7)) dr.
0
Then

P1(t) — pa(t)

t
- _M/ (1 4+ 1)EAC/MIV (L D) (FEWV(r + 1D)@i (1) — FOV(T + 1)@2(7))) dr.
0
Therefore as above, by Lemma 2.1, we find that

l1(8) = P2 llgre + 2 () — @2(t) |-
< Cp*™log(T + 1)([|81(t) = Ga(t)llgg + 151 (1) — () 1<)

which implies there exists a time T such that S is a contraction mapping in X. Lemma
2.2 is proved. 0

3. Proof of Theorem 1.1.

We prove Theorem 1.1 by showing a-priori estimates of the local solutions obtained
in Lemma 2.2. We now state our results.

LEMMA 3.1.  Assume that the assumptions of Theorem 1.1 hold. Also suppose that

_ 6
sup (1) (0l < 27
te[0,7]

for some T > 0, where v is small positive number satisfying 5p°/™ < v < (1/n)(c —n/2).
Then the estimate

2 6
—p < inf inf t7 < su t o < —
5[7 te[0,T] EER™ |<'0( §)| — te[O?F] H‘P( )HL 5[7

is true for sufficiently small p > 0, where ©(t) = FU(—t — 1)u(t).

PROOF. By the contrary we may assume that there exists a first time 7" > 0 such
that

inf inf
te[0,T] EER™

o(t.6) = 2

or

6
sup _[lo(t)llL~ = zp-
te[0,T]

We represent the solution of (1.1) in the form ¢(t) = FU(—t — u(t) = re™, r = |p|,
w = arg ¢, then applying the factorization formulas U (t+1)F 1t = M (t+1) Dy 1 V(t+1),
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FU(—t— 1) = V*(t+1)D, )\ M(t + 1), with V(t+1) = FM(t + 1)F* and V*(t + 1) =
V(—t —1), we find

or = q1(¢),
dyw = =\t + 1)~ 1r2/™ — go(2),

where

g1(t) = At + 1) " Im(e ™ (Ry + Ry)),
g2(t) PN+ 1)_1 Re(e_iw(Rl + Ry))

with the remainder terms

Ry = [V(t+ 1) "V(t + 1) — >,
Ry = (V*(t+1) = D)V(t + D)™ V(t + 1)e.

By Lemma 2.1, we have
g1 (8) |l < Cp2/m+2(¢ +1)7—01,
where § € (0,(1/2)(c —n/2)). Hence integrating equation dyr = g1 (t) we find

inf inf |o(t, &)= inf inf r(t)

te[0,T] EER™ te[0,T] EER™
> inf (7€)~ Cpm 2 +170 2 o> 2
and
sup [lp(O)lle~ < 1p < 2p.
t€[0,T) 10 5
This is a desired contradiction and the lemma is proved. 0

LEMMA 3.2.  Assume that the assumptions of Theorem 1.1 are true. Let the esti-
mates

ot o

2 ) )
-p < inf inf [t &) < sup [lo(t)|Le < Zp
te[0,7]

5" T tel0,T) £ER

hold for some T' > 0. Then the estimate

_ 6
sup (¢+1) o)l < 27
te(0,T]

is valid for sufficiently small p > 0 and 5p*/™ < ~, where p(t) = FU(—t — 1)u(t).

PrROOF. By the contrary we assume that there exists the first time 7" such that
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_ 6
sup (t+ 1) |lo(t)]lggo = 5p2~
t€[0,T]

We now turn to the integral equation
t
(1) = (0) - i)\/ (r 4+ 1)V (r + )E(V(r + Dp(r))dr.
0

As in estimate (2.4) we get

t
lelsr < 9O le +Cr" [ (74 1) ol dr
t
< e Ol + 0+ [ (4177 ar
0

1 6
<p’ (1 +p2/";(t+ 1)”) <z (t+1),
if 5p2/™ < ~. This is a desired contradiction, which completes the proof of the lemma. [

PrOOF OF THEOREM 1.1. By Lemmas 3.1 and 3.2 we have a priori estimates of
solutions in the space Xp. Therefore the global in time existence of small solutions
follows. The desired time decay of solutions can be obtained by factorization technique

[w(t)||Loe = [[De1V(E + 1)ep||Lee

< (t+ 1))l + Ot + 1) 7270 |pl| g
6 7
< Sp(t )T CPA ()T < p(t 4+ 1) T
and
mienﬂgn u(t)| = mienugn |DeraV(t+ 1)¢]
> -n/2 T _ —n/2—3§ .
2 (¢+1)7"" inf w(tﬂ,t)‘ C(t+1) [
2 1
> Spt+ 1) = Cp e+ 1) > 2l 1),
where ¢ € (0,(1/2)(c —n/2)). O

4. Proof of Theorem 1.2.
We have the existence of the final states in Theorem 1.2 by the lemma below. Denote

i t r —1 T 2/n -
y(t) =e A So (1) 7 He(m)[*/™d o(t).

LEMMA 4.1.  Let the initial data satisfy the assumptions of Theorem 1.1 and u be the
solution constructed in Theorem 1.1. Then there exists a unique final state y, € L°NH?
with n/2 < B < o — 27, 5p*/" <~ < (1/n)(c —n/2) such that
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y(t) = y4 |l < Cp*/ M2t + 1),
y(t) — Y llygs < Cp*™T2(t+ 1)/

for allt > 0, where § € (0,(1/2)(c — n/2)) and

1 7
Lo < nt 1w @) < sl < Ly

Proor. Multiplying both sides of (1.1) by FU(—t — 1) via the factorization for-
mulas we obtain

i0p(t) = At + 1) ()" o(t) + At + 1) (B + Ra), (4.1)
where (t) = FU(—t — 1)u and the remainder terms

Ry = [V(t+ )" V(t + 1) — >,
Ro = (V*(t+1) = D)|V(t + 1)p|>™V(t + 1)e.

We multiply both sides of (4.1) by e Jo DT () mdr

iy = A o DT el AT 1) LRy 4 Ry)
from which it follows that

t

6.6 =y, < P [ (74 DRy + ol dr
By Lemmas 3.1 and 3.2 we have
6
5

6
le@llLe < zp, Nl < 5P2(t+ O

for all t > 0, where 5%/ < v < (1/n)(c —n/2). As in the proof of Lemma 2.1, we get
¢
I(6) = y(s) e~ <€ [ (7 1) Ry + Bafdr
’ t
< Cp2/n+2/ (T+ 1)7176+'yd7_ < C¥p2/n+2('S + 1)76+A/
and

Iy (&) = y(s)llgze

t
< C/ (7 + 1) YRy + Ra|lggs dr

t
< sz/n+2/ (7 4 1)~ 1= WDE=B)+74r < 0 p2/n+2 (5 4 1)(~1/D =B+

for all t > s > 0. Hence there exists a unique limit y; € LN H” such that
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ly(t) = yy [l < Cp*/ ™2 (t+ 1)~
and
ly(t) = yillgs < Cp>MH2(t+ 1)1/
for all ¢ > 0. Since (2/5)p < |y(0,€)| < (6/5)p and
[y(0,8)] + |y+(€) = ¥(0,8)| = [y+(&)] = |y(0, )] — |y+(&) — y(0,8)],

we have the estimates

1 2
—p < 5/) — [ly+ — y(0)[|Lee

5
< inf
< dnf 1y (©)]

ol 3

6
<Myl < g+ Nyt = 50l < =p.
This completes of the proof of the lemma. O
The asymptotics of solutions in Theorem 1.2 follows from the lemma below.

LEMMA 4.2. Let u be the solution constructed in Theorem 1.1. Then there exists
a unique final state iy € L= NH? with n/2 < < 0 < n/2+ 2 such that the following
estimates

| w(t) — M(t + 1) Dy qage Mo " gt 1))

< Cp2(t + 1)—n/2—5+v + Cp(Z/n+2)(2/n)+l(t + 1)—n/2—(2/n)(5—v) log(t + 1)
and

1FU(—t — Dyu(t) — age N ol
< CpY/m 2 (4 1) YDA+ og(t 4 1)

hold for all t > 0. Furthermore we have

1 . _ 7
—p < inf < o < —
5P < iof @+ (&) < lusl> < <p,

where § € (0,(1/2)(c —n/2)), 0 <~ < (¢ — B)/n.
PROOF. We consider the asymptotics of
p(t) = FU(—t = Du(t) = MO ry ),

We put

w(t) :/O (T + )7 oM™ = |p()]*") dr
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then

W) -9 = [ (0 )~ 0 dr
— (lp(@)P/™ = le(s)[/") log(s + 1)
for 0 < s < 7 < t. Hence by Lemma 4.1
W (t) — W (s)||Lee
< C/:(T + 1) y(r) — g2 dr + Clly(t) — y(s) |70 log(s + 1)
< Cp/n+2)(2/n) /t(T + 1) @/mE= g,

+ Cp(Q/n+2)(2/n) (S + 1)(_2/71)(6_7) log(s —|— 1)
< CpRImEIEIM (5 1 1) og(s + 1)

and in the same way as in the proof of Lemma 2.1, we have by Lemma 4.1

() —W(s)|lge < C/St(T + 1)y ()P = )P | ggadr
+ Cllly()P™ = ly()]* ™ |ggs log(s + 1)
<cp*/mt /:(T + 1) My(r) — y(t) | gedr
+Cp*" My (r) — y(t) |l ggo log(s + 1)
< ot /t(T 1) 1=/ g

S

F Opt (5 4+ 1) YDA+ g (5 4 1)
< Cp*/mti(s +1)"YDE=BHY [og(s + 1).

Therefore there exists a unique ¥4 € L>* N H’ such that
19(8) — Wy flpe < Cp/mH D@/ (¢ 4 1)(=2/mC= 10g(s 4 1) (4.2)
and
19 () = W g < O (¢ 4+ 1)1+ gt 4 1), (4.3)
Since

w(t) = / (7 + 1) o(r) P/ dr — [ ()™ log(t + 1)

we have
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H [0 ot — 0P g+ 1) - v

LOO
< Cp@/mAD@/m) (4 4 1)(2/ME=N og(¢ 4 1)
and
t
| [0 eprmar = e onte 1) - v
H
< Cp* Lt 4+ 1)Y=+ Jog(t 4 1).
Hence
t
H/ (r+ 1) o ()P dr — ly [/ log(t + 1) — ¥y
0 Lee
< Op(2/n+2)(2/n)(t + 1)(72/71)(5*7) log(t + 1) (4.4)
and
t
| [ totmprndr = e oge-+ 1) - v
0 H
< Cp (4 1) YD=FHY Jog (¢ + 1). (4.5)
We have

. 2/n .
lip(t) — el 0B =y
_ ”671’)\ IJ(T+1)_1ILP(T)|2/ndTy(t) _ e*i,\\erP/n1og(t+1)7i)\\ll+y+”LOC
= |le=™ fJ<r+1>*1|w<r)|2/"dr(y(t) —yy)

—iXx [H(r+1) T 2/ng —iXy+ |2/ ™ log(t+1)—iAT
+ (em Mo (TN eI _ p=iXly+ | gD =MV e

< ly(t) =y |lLee

t
T CH [+ 0 e — P g 1)~
0

(A X
Loo

We apply Lemma 4.1 and (4.4) to the right hand side of the above to find
—i 2/n —i
lp(t) — e Al P oBUHD =AYy 1 o

< OpQ/"JrQ(t + 1)*(57w) + Op(2/n+2)(2/n)+l(t + 1)(72/n)(57w) log(t 4 1).

We let @3 = e~ P+y, € L N HP. Then we get

‘2/71

||<p(t) _ ’lﬁ_e_i)\‘ﬁ:' log(t+1)||LOo < C«p(2/n+2)(2/n)+1(t + 1)(—2/n)(5—'y) log(t + 1). (46)
Similarly, we have

lip(t) — e TR < Ot (g 4 1) CYDE D g (1 41). (4.7)
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This is the second estimates of the lemma. By the factorization formula u(t) = M (¢t +
1)Dy41V(t + 1) we obtain

w(t) — M(t + 1)Dyyq (Tye MEF " log(t41)y
= M(t + 1)Dt+1(V(t + ].) — 1)90 + M(t + ]_)DtJrl(sp(t) _ aefi)\‘ﬁ‘wn 10g(t+1))'
By (2.1) and (4.6) we find

lu(t) — M(t+ 1)Dt+1ﬁ4\_e*i)‘“ﬁr\2/" log(t+1) [

< Cp2(t+1)""/2= 0= 4 0p@/n+2@/m+1y 4 1)=n/2= /M= g (¢ 4 1)
which implies the first estimates of the lemma. 0
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