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Abstract. For a two-sided sequence of compact linear operators acting
on a Banach space, we consider the notion of spectrum defined in terms of the
existence of exponential dichotomies under homotheties of the dynamics. This
can be seen as a natural generalization of the spectrum of a matrix—the set of
its eigenvalues. We give a characterization of all possible spectra and explicit
examples of sequences for which the spectrum takes a form not occurring in
finite-dimensional spaces. We also consider the case of a one-sided sequence
of compact linear operators.

1. Introduction.

We study a notion of spectrum for a nonautonomous dynamics inspired on a corre-
sponding notion introduced by Sacker and Sell in [9] in a finite-dimensional space. This
can be seen as a generalization of the spectrum of a matrix (the set of its eigenvalues).
More precisely, let (A4,,)mez be a sequence of invertible d x d matrices and consider the
dynamics

Tmtl = AmZm, mEZ.

For a constant sequence A4,, = A, a number a € R is of the form a = —log|u| for some
eigenvalue p of A if and only if the constant sequence (e~*A),,cz admits an exponential
dichotomy. For an arbitrary sequence of matrices, an appropriate notion of spectrum
was introduction by Aulbach and Siegmund in [1] (following work in [11] in the case
of continuous time) by declaring that a is in the spectrum if the sequence (e=*4,,)mez
admits an exponential dichotomy. For related work we refer the reader to [2], [3], [8],
[10], [12].

We consider a corresponding notion in an infinite-dimensional setting. Namely, given
a sequence (A, )mez of compact linear operators acting on a Banach space, we define its
spectrum as the set ¥ of all a € R such that the sequence (e~*A,,)mez does not admit
an exponential dichotomy. We emphasize that in the notion of an exponential dichotomy
we only assume the dynamics to be invertible along the unstable direction.

Our main result describes all possible types of spectra and how they relate to certain
natural invariant subspaces (see Theorem 3). In particular, we show that each trajectory
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has lower and upper Lyapunov exponents inside the same connected component of the
spectrum. We note that this mimics the behavior in the multiplicative ergodic theorem
in the particular case of Lyapunov regular trajectories, which is the typical behavior for
example in all mechanical systems on a compact energy hypersurface.

Moreover, we provide examples of sequences for which the spectrum takes a form
that does not occur in finite-dimensional spaces. More precisely, we provide explicit
examples of sequences of compact linear operators acting on the Hilbert space of L?
functions on the circle with the induced Lebesgue measure for which the spectrum is of
the form

S =laj b5 or == Jlay, bj] U (=00, ],
Jj=1 j=1
for some numbers

by > a1 >by>ax>b3>az3>---,

respectively, with lim,,_, o @y, = —00 or lim,,_, 40 @y = b > —00.
Finally, we consider briefly the case of a one-sided sequence of compact linear oper-
ators and we describe corresponding notions and results.

2. Spectrum on the line.

2.1. Exponential dichotomies.
Let (Ay,)nez be a sequence of compact linear operators acting on a Banach space
X = (X, |I]). For each m > n, let

Amf An7 ’
1 m>n (1)

Id, m=n.

A(m,n) = {
We say that (Ay,)nez admits an exponential dichotomy if:
1. there exist projections P,,: X — X for n € Z satisfying
AP, = P,14A, (2)
for n € Z such that each map
A,|Ker P,: Ker P, — Ker P, (3)

is invertible;

2. there exist constants D, A > 0 such that
| A(m, n)P,|| < De MN™™™)  for m >n (4)
and

| A(m, n)Qy|| < De =™ for m < n, (5)
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where @, = Id — P, and
A(m,n) = (A(n,m)|Ker P,,)”" : Ker P, — Ker P,, (6)
for m < n.

The sets Im P,, and Im @Q,, are called, respectively, the stable and unstable spaces of the
exponential dichotomy. The following result shows in particular that they are uniquely
determined.

PRrROPOSITION 1. For eachn € Z,

ImP, = {v € X : sup||A(m,n)v| < +oo}

m>n

and Im @, consists of allv € X for which there exists a sequence (T, )m<n C X such that
Tp =V, Ty = A 1Tm—1 for m < n and sup,, <, [|Tm| < +oo. Moreover, dimIm @Q,, <
+o00 forn € Z.

PROOF. By (4) we have

sup || A(m, n)v|| < 400 (7)
m>n

for v € Im P,,. Conversely, if (7) holds for some v € X, then it follows from (4) that

sup || A(m,n)Qnv| < +o0. (8)
m>n

By (5), for m > n we have
1Quo]| < Dem =™l A(m, n)Qnv]|,

that is,
1
D
Whenever @, v # 0, we obtain

A Qo] < [|A(m, n)Quvl.

sup || A(m,n)Qnv| = 400,
m>n
which contradicts to (8). Hence, @nv =0 and so v € Im P,.
Now take v € Im@, and consider the sequence z,, = A(m,n)v for m < n.
Clearly, xz, = v and z,, = Ap_1Tm—1 for m < n. Moreover, it follows from (5) that
SUpP,, <, ||Tm || < +oc. Conversely, one can show that there is no v € X \ Im @,, for which

there exists a sequence (Z,,)m<n C X with the properties in the proposition. Indeed, it
follows from (2) and (4) that

| Provll = | A(n, m) Prnam || < De—”"—m)meH
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for m < n. Hence, if P,v # 0, then sup,, <, ||| = +oc.
It remains to show that the unstable spaces are finite-dimensional. Let

B, = {U elm@, : ||v]| < 1}
and take n € N such that e*” > D. We claim that B,, C A(n,0)By. For each v € B,,,
there exists x € Im Qg such that v = A(n,0)z. If ||z|| > 1, then it follows from (5) that

1 n
1< 5eMlall < A, 0)] = [|v]],

which contradicts to the assumption that |[v|| < 1. Hence |z|] < 1 and so B, C
A(n,0)By. Since By is bounded and .A(n,0) is compact, the set A(n,0)By is relatively
compact and so B, is compact. This shows that Im @Q,, is finite-dimensional. On the
other hand, it follows from (2) that the dimensions dim Im Q,,, are independent of m € Z.
This completes the proof of the proposition. O

2.2. Spectrum.

The spectrum of a sequence (Ay)nez of compact linear operators is the set 3 of
all numbers a € R such that the sequence (e~ ®A,,),ecz does not admit an exponential
dichotomy. For each a € R and n € Z, let

Sa(n) = {v € X : sup (e_“(m_")HA(m,n)vH) < —l—oo}

m>n

and let U, (n) be the set of all vectors v € X for which there exists a sequence (Zm )m<n C
X such that =, = v, ,, = Ap_1Zm_1 for m < n and

sup (e—a(m—n)”xm”) < 400.

m<n

We note that if a < b, then
Sa(n) C Sp(n) and Uy(n) C Uy(n)
for n € Z. By Proposition 1, if a € R\ X, then
X =85,(n)®Uy(n) forneZ
and the projections P, and @,, associated to the sequence (e~ %A, )nez satisly
ImP, =S,(n) and Im@Q, =U,(n).

Moreover, by (2), for each a € R\ X, the numbers dim S, (n) and dim U,(n) are indepen-
dent of n. We shall simply denote them by dim S, and dim U,.

PROPOSITION 2.  The following statements hold:

1. The set ¥ is closed. Moreover, for each a € R\ X we have S,(n) = Sp(n) and
Uu(n) = Up(n) for alln € Z and all b in some open neighborhood of a.
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2. Take a1,a9 € R\ 3 with ay < ag. Then [a1,a2] NE # 0 if and only if dimU,, >
dim U,, .

3. For each ¢ ¢ X3, the set XN [¢, +00) consists of finitely many closed intervals.

PROOF. Given a € R\ X, there exist projections P, for n € Z satisfying (2) and
a constant A > 0 such that

||e_“(m_")A(m,n)Pn|| < De~Mm=n)
for m > n and
le= "= A(m, 1)@y || < De~ A=)
for m < n. Therefore, for each b € R,
&0 A(m, m) P, | < De~ (= m=n)
for m > n and
e A, m) @y < Dem e

for m < n. Therefore, b € R\ 3 whenever |a — b] < A and it follows from Proposition 1
that Sp(n) = Se(n) and Up(n) = U, (n) for n € Z.

For statement 2, assume that [a1,as] N X # §. If dimU,, = dim U,,, then Uy, (n) =
Ua,(n) and Sy, (n) = Sa,(n) for n € Z. By Proposition 1, there exist projections P, for
n € Z and constants A1, Ao > 0 such that for ¢ = 1,2 we have

le= "= A(m, ) Po|| < Dye™ "= for m > n )
and

e~ =) A(m, n)Qnl| < Die ™) for m < n. (10)
For each a € [ay, az3], by (9),

le= "= A(m, n) P, || < D1e 1" for m > n
and similarly, by (10),

e~ =™ A(m, n)Qy]| < Dye 2™ for m < n.

Taking A = min{\;, A2} and D = max{ Dy, Dy}, we conclude that [a1,as] C R\ X, which
contradicts to the initial assumption. Therefore, dimU,, = dimU,,. For the converse,
assume that dim U,, > dimU,, and let

b=inf{a € R\ X :dimU, = dimU,, }.

Since dim U,, > dimU,,, it follows from statement 1 that a1 < b < as. We claim that
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b € X. Otherwise, either dim U, = dimU,, or dim U, # dimU,,. In the first case, by
statement 1 there exists ¢ > 0 such that dim Uy = dimU,, and ' € R\X for &/ € (b—e, b].
This contradicts to the definition of b. In the second case, by statement 1 there exists
¢ > 0 such that dim Uy # dimU,, and b’ € R\ X for b’ € [b,b+¢). Again this contradicts
to the definition of b. Hence, b € ¥ and [a1,a2] N # 0.

For statement 3, we proceed by contradiction. Write dim U, = d and assume that
¥N[e, +00) contains at least d+2 disjoint closed intervals I; = [a;, 5;], fori =1,...,d+2,
where

a; <P <ag < By < <agra < Paye < +00.
Fori=1,...,d+ 1, take ¢; € (8;, a;+1). It follows from statement 2 that

d>dimU; >dimU. > --->dimU

Cd+1)

which is impossible. This completes the proof of the proposition. O

3. Structure of the spectrum.

Our main result describes all possible forms of the spectrum for a sequence of com-
pact linear operators acting on a Banach space.

THEOREM 3. Let (An)nez be a sequence of compact linear operators for which the
spectrum is neither () nor R.

1. One of the following alternatives holds:

(a) X=1 UUi’ﬁ[an,bn], where Iy = [a1,b1] or I; = [ay,4+00), for some numbers
b12a1>b22a2>-~>bk2ak; (11)

by X=1LU Uk;;[an,bn] U (=00, by, where I} = [a1,b1] or I; = [a1,+0), for

n
some numbers a,, and by, as in (11);

(c) ¥ =LUU,Zslan,by), where I = [a1,b1] or Iy = [a1,+00), for some numbers
bi>a1>by>ay>bg>a3> - (12)

and with lim,,_, 1+ o a, = —00;
(d) =1 UUs san, by] U (=00, bs], where It = [a1,b1] or I = [a1,+00), for
some numbers a, and b, as in (12) and with bee 1= limy, s 4 o0 Gy, > —00.

2. Let (c)k be a finite or infinite sequence of numbers such that ¢, € (bgi1,ar) for
each k. For eachn € Z and v € S, (n) N U, (n) \ {0}, we have

1 1
lim inf — log|[A(m, n)v]|, li — log|lA(m, C [ans1, brsil.
lim inf = log[lA(m, n)oll, limsup = log|[A(m, n)vll| C [ax41, bisa]

Moreover, there exists a sequence (Tm)m<n C X such that z, = v, T, =
Ay 1Tm_1 form <n and
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| . 1
lim inf — log||z ||, lim sup — log||zm ||| C [@k+1, bk+1]-

——oom m——oo M

PRrROOF. We first show that X has one of the forms in alternatives (a)—(d). Assume
first that ¥ is not given by alternatives (a)—(b) and take ¢; ¢ ¥. By statement 3
of Proposition 2, the set ¥ N (¢1, +00) consists of finitely many disjoint closed intervals
I, ..., Ir. Wenote that XN (—o00, ¢1) # 0, since otherwise we would have ¥ = I} U- - -UI,
which contradicts to our assumption. Now we observe that there exists ¢, < ¢; such that
ca ¢ ¥ and (co,c1) NE # 0. Indeed, otherwise we would have (—o0,¢1) NE = (—o0, a]
for some a < ¢; and thus,

Y= (—o0,a]Ul - Ul

which again contradicts to our assumption. Proceeding inductively, we obtain a decreas-
ing sequence (¢, )nen such that ¢, ¢ ¥ and (cpy1,¢,) N X # @ for each n € N. Now
there are two possibilities: either lim,, , . ¢, = —00 or lim, . ¢, = by for some
bso € R. In the first case, it follows from statement 2 of Proposition 2 that X is given by
alternative (c). In the second case, it follows from statement 3 of Proposition 2 that

(000, To0)NE =11 U U [@n, by,
n=2

where I} = [a1,b1] or I} = [a1,+00), for some sequences (a,)nen and (by)nen as in (12)
with boo = lim,,, 0 an,. Again by statement 3 of Proposition 2, we have (—00,bs] C X
and so X is given by alternative (d). This concludes the proof of statement 1.

For statement 2, we first note that it follows easily from statement 2 of Proposition 2
that the subspaces

Ex(n) = Se, (n) N Uy, (n)

are independent of the choice of numbers c. Since ¢ ¢ 3, the sequence (e™* A, )nez
admits an exponential dichotomy and so there exist projections P, for n € Z satisfy-
ing (2)—(3) and constants A, D > 0 such that

[ A(m, n)P,|| < Delx=Nm=m) for m > n (13)
and
| A(m, n)Qy|| < De” AFer)m=m) for 1y <,

where @, = Id — P,. By Proposition 1, we have Im P, = S,, (n) for n € Z. Hence,
v € E;(n) belongs to Im P,, and it follows from (13) that

1
lim sup — log||A(m, n)v|| < ¢ — A < ck.
m—+oo M

Letting cx \ bx+1, we obtain
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1
lim sup — log|| A(m, n)v|| < bgy1.
m

m——+oo

Similarly, since ¢xy1 ¢ X, the sequence (e “+1 A, ),ez admits an exponential dichotomy
and so there exist projections P, for n € Z satisfying (2)—(3) and constants p, D > 0
such that

[ A(m,n)P.|| < Delck+1=mm=n) for m >
and
| A(m, n)Q., || < De~rewr)(n=m)  for m < p, (14)

where @Q;, = Id — P;. By Proposition 1, we have ImQ;, = U, ., (n) for n € Z. Hence,
v € E;(n) belongs to Im Q/, and it follows from (14) that

]| < De=WHertD)m=m)|| A(m n)o|  for m > n.

Thus,

1
lim inf — log||A(m,n)v|| > @+ cp1 > crt

m——+00

and letting cgy1 " agy1,

1
1 oo
liminf — logl|A(m, n)ol| > axi

The last statement in the theorem can be proved similarly. O

4. Examples.

Now we provide explicit examples of sequences (A, )ncz for which the spectrum %
is given by the last two alternatives in Theorem 3 (the other alternatives already occur
in finite-dimensional spaces).

Let S' = {\ € C: |\| = 1} and consider the space X = L?(S!) with respect to the
induced Lebesgue measure on S'. We recall that X is a Banach space when equipped
with the norm induced by the scalar product

@)= [ 2 dz

already identifying functions that are equal Lebesgue-almost everywhere. Moreover, for
each K € L%(S! x S1), the operator A: X — X defined by

(ANE) = [ Kw)fw) du (15)

is compact (see [4]). For example, one can take K(z,w) = k(z/w), with k € X. We
also consider the orthonormal basis {e, : n € Z} of X, where e,(z) = 2", for z € S!
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and n € Z. Each function k € X can be written in the form & = Znez k,e, for some

numbers k, € R. Moreover, one can easily verify that Ae, = 2nk,e, for each n € Z,
taking K (z,w) = k(z/w).

EXAMPLE 1. Take numbers a,, and b,, as in (12) with lim,, . a, = —00. We
consider the linear operators A, B: X — X such that

Ael = e¥e]

I a )
i ; and DBe; =e"¢;

for ¢ > 0, writing e, = eq, €5,_1 = e, and e, = e_,, for n € N. Both A and B are of
the form in (15) taking, respectively,

oo

1 1 1
k _ bo E bzn—1,m ban
(2) 27re + 27 —~ <e te on
and
1 I o 1
k _ ag § { A2n—1 ,M azn )
(2) 271'6 * 2m = <6 e z”)

Now we consider the sequence of compact linear operators

A, = A, n>0,
B, n<O.

For each a € R and ¢ > 0, we have

e~ M=) A(m, n)e; = C;(m,n)e}

79

where
e(bi—a)(m—n)7 m,n > O7
Ci(m,n) = e(bifa)m*(aifa)n7 m>0,n <0, (16)
e(aifa)(mfn)’ m,n < 0.

Take a > b,. For each z € X, we have

| A(m, n)z||? ZC (m,n)?|(z, ;)|
Since a; < b; < by, we have C;(m,n) < e(br=a)(m=n) and thus,
|A(m, n)a||* < ==y Tl e 2 = 202,

=0

This shows that
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| A(m, n)z|| < e @Dz for m > n

and so (e7 %A, )nez admits an exponential dichotomy with projections P, = Id.
Now take a € (b;,a;_1) for some j > 2. Let P, be the projection given by P,
fo1rz<j—1andPnez—eZ for i > j — 1. For each x € X and m > n, we have

| A(m,n)P,z|* = Z Ci(m,n)?|(z, e})|? < e2bima)m=n)| 22

and thus,
[A(m, n) Pz < =@t (m=m) )

Similarly, for each x € X and m < n, we have
lA(m, n)Que|? = ZO m,n)?|(w, ef)[? < ot mmn) )2

and thus,

lA(m, n)Qne|| < e~ (@t == g,

6

=0

This shows that the sequence (e7%A,,)nez admits an exponential dichotomy. Therefore,

2 c Uiz lag, byl

In order to show that ¥ = U;’il [a;, b;], assume that [a;, b;]\ ¥ is nonempty for some

j € N and take a € [aj,b;] \ ¥. Then the sequence (e~ *A,)nez admits an exponential
dichotomy say with projections P,,. Let Y be the subspace of X generated by e} and
let B, be the restriction of A, to Y. Clearly, the sequence (e ®B,)ncz admits an
exponential dichotomy, say with projections P/. Moreover, either P! = Id or P/ = 0,

but both alternatives are impossible in view of (16).

ExaMPLE 2. Now take numbers a,, and b,, as in (12) with lim,, 1 an = boo >

—o00. We consider the sequence of compact linear operators (A4, )nez such that
boo b; i9—In|
e n >0, e’ /(1412 , n>0 .
Apel = ; - and Ape; = /( ‘ ) =7

e, n<0 e® /(1 +i27I"), n <o,

For each a € R and i > 0, we have
67“(m7")A(m,n)e; = C;(m,n)e},

where

elboo—a)(m—n) m,n > 0,
Co(m,n) = { elbo—am+an—n® ) > (5 <,

2 2
e—am+an—n +m , m,n < 0
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and
e(bfa)(m*n)/l‘[?:n(l + 3271kl m,n >0,
Ci(m,n) = S elimaym=(ai=a)n /T (1 4 432=IFD - m >0,n <0,
elaima)(m=n) JTT" (1 4 427 IKI), m,n <0

for i > 1. Notice that 1 + 527"l > 1. One can proceed as in the previous example
to show that for a > by, the sequence (e"*A,,)necz admits an exponential dichotomy
with projections P, = Id. Now take a € (bj,a;—1). For i > j and m > n, we have
Ci(m,n) < elbi=)(m=n) _GQimilarly, for 1 <4 < j and m < n, we have

o]

C;(m,n) < el M=) max (1 + 427171y,
1<i<j
p=—00
Proceeding as in the previous example, one can show that the sequence (e7%A,)nez
admits an exponential dichotomy, with projections P, given by Ppe; =0 for 1 <i < j
and P,e, = e, otherwise. By statement 3 of Proposition 2, we also have (—00, bs] C 2.
Hence,

o0

2 C (Jlay,b;] U (=00, bo)-

j=1

Moreover, one can proceed as in the previous example to show that in fact
o0
S = (Jla;, b;] U (—00, bo)-
j=1

5. Spectrum on the half-line.

5.1. Preliminaries.

Let (A,)nen be a sequence of compact linear operators acting on a Banach space X.
For each m > n we define A(m,n) as in (1). We say that (A, ),en admits an ezxponential
dichotomy if there exist projections P, for n € N satisfying (2)—(3) and there exist
constants D, A > 0 such that (4)-(6) hold with m,n € N.

The following result can be obtained repeating the first part of the proof of Propo-
sition 1. It shows that the images of the projections P, are uniquely determined.

PROPOSITION 4.  For each n € N, we have

ImP, = {U € X : sup [|A(m, n)v|| < +OO}'

m>n

On the other hand, the images of the projections @,, are not uniquely determined,
in contrast to what happens in the line.

PROPOSITION 5.  Assume that the sequence (Ap)men admits an exponential di-
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chotomy with respect to projections P,,. Moreover, let P/, for m € N, be projections
such that

P A(m,n) = A(m,n)P,, for m,n € N
and
Ap|Ker P} : Ker P, — Ker P, 4

is invertible. Then (An)men admits an exponential dichotomy with respect to the pro-
jections P! if and only if Im P, = Im P/, for n € N.

ProoF. 1If (4,,)men admits an exponential dichotomy with respect to the projec-

tions P;,, then it follows from Proposition 4 that

Im P, = {v € X : sup||A(m,n)v| < —I—oo} =ImP,.

m>n
Now assume that Im P,, = Im P/,. Then
P,P. =P and P.P,=P,.
In particular,

Pn_P/:Pn(Pn_Pr/z):(Pn_Prll>Qn

n

and it follows from (4) and (5) that

IA(n, D)(Pr = P)vll = [|A(n, 1) Py (P — Pl)ol|

< De " V||(Py — Pl)o]
A De” " |[(PL — P)Quv|
e*De™"|| Py — P{|| - [|Quv]|
= *De "||PL — P{[| - [ A(1,m) A(m, 1)Quv]|
= *De”"||PL — P{|| - | A(1,m)QmA(m, o]
< eADPe M Py — Pl - [ A(m, 1)o]

IN

for m,n € N and v € X. Since

A(n,m)(Py, — Pp,) = A(n, m)(Py — Pp,)Qm
= (Po = Pp)A(n,m)Q
= (Py = Pp)A(n, 1)Q1A(L,m)Qn,
= A(n, 1)(Py — P))Q1A(1,m)Qp
= A(n, 1)(Py — P))A(L,m)Qm,

we obtain
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1A, m) B0l < | A(n, m) Pl + | A(n, m) (P — Pp)ol|
= [lA(n, m) Prol| + [[A(n, 1) (P = P)AL m)Qm||
< DeAm=m) [y 1 A3 Na=m) | Py — Pl o]
= De 0 |
for n > m and some constant D’ > 0. Similarly, letting @], = Id — P}, we obtain
1A, m)Q7, 0l < A, m)Qumul| + | A(n, m) (P — Py )ol|
= A, m)Quul| + A, D)(Pr = P)A(1, m)Qmo||
< DA [y]| 1 A3 Nm=m) | Py — || o]

_ D/e—A(m—n) HUH

for n < m. This shows that the sequence (A,,)men admits an exponential dichotomy
with respect to the projections P),. O

The following proposition is a crucial step of this part.

PROPOSITION 6.  Assume that the sequence (Apm)men admits an exponential di-
chotomy with respect to projections Py, and P! . Then

dimIm@,, = dimImQ), < 400, m € N.
Proor. By Proposition 5, we have
X=ImP,®ImQ, =ImP, ®ImQ,
and all complements of Im P,, have the same dimension. 0

In view this proposition we will denote by d, the unstable dimension of the sequence
(e7 %A, )men when it admits an exponential dichotomy.

5.2. Spectrum.

Given a sequence (A4,,)men of compact linear operators, its spectrum is the set 3 of
all numbers a € R such that the sequence (e~*A,,)men does not admit an exponential
dichotomy.

For each a € R and n € N, let

Sa(n) = {v € X : sup (e*“(mfn)HA(m,n)vH) < —|—oo}.

m>n

Clearly, S,(n) is a linear space and if a < b, then S, (n) C Sp(n).
The following result can be obtained repeating the proof of Proposition 2 with
dim U,, replaced by d,,.

PROPOSITION 7.  The following statements hold:
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1. The set ¥ is closed. Moreover, for each a € R\ ¥ we have S,(n) = Sy(n) for all
n € N and all b in some open neighborhood of a.
2. Take ay,a9 € R\ X with a1 < ay. Then [a1,a2]) N X # O if and only if do, > da,-
3. For each ¢ ¢ X, the set XN [c, +00) consists of finitely many closed intervals.

The following is our main theorem for the half-line. It describes all possible forms
of the spectrum for a sequence of compact linear operators.

THEOREM 8. Let (Ap)nen be a sequence of compact linear operators for which the
spectrum is neither 0 nor R.

1. Property 1 of Theorem 3 holds.
2. Let (ck)x be a finite or infinite sequence of numbers such that cp € (bgy1,ax) for

each k. For each n € N and v € S, (n), we have

1
lim sup — log||A(m,n)v|| < bri1.
m—+oco T

PrOOF. The proof of statement 1 is the same as in the proof of Theorem 3. For
the second statement, since ¢ ¢ X, the sequence (e~ “* A, )nen admits an exponential
dichotomy and so there exist projections P, for n € N satisfying (2)—(3) and constants
A, D > 0 such that

[ A(m, n)P,|| < Del==NMm=m) for m > n (17)
and
JA(m, n)Qn || < De=PFe)(=m) for m < p,

where @,, = Id — P,. By Proposition 7, the space S, (n) is independent of the choice of
¢, and Im P, = S,, (n) for n € N. Hence, for v € S,, (n), it follows from (17) that

1
lim sup - log|lA(m,n)v|| < ¢ — A < ¢

m——+oo

and letting ¢ \, b1,

1
lim sup — log||A(m, n)v|| < briq.
m—+4oo M

This completes the proof of the theorem. O

6. The case of continuous time.

In this section we consider briefly the case of continuous time and we describe cor-
responding results to those in the former sections.

Let X be a Banach space. We recall that a family T'(¢, s) for t,s € R with ¢t > s of
bounded linear operators acting on X is called an evolution family if:
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1. T(t,t) =1d for t € R;
2. T(t,s) =T(t,r)T(r,s) for t > r > s.
We say that T'(¢,s) admits an ezponential dichotomy if:
1. there exist projections P(t): X — X for ¢ € R satisfying
P(t)T(t,s) =T(t,s)P(s)
for ¢t > s such that each map
T(t,s)| Ker P(s): Ker P(s) — Ker P(t)
is invertible;
2. there exist constants D, A > 0 such that
|T(t,s)P(s)|| < De %) fort > s
and
|T(t, s)Q(s)|| < De = for ¢ < s,
where Q(s) = Id — P(s) and
T(t,s) = (T(s,t)| Ker P(t))"" : Ker P(s) — Ker P(t)
for t < s.

The spectrum of an evolution family T'(¢, s) is the set ¥ of all numbers a € R such that
the evolution family

Ta(t,s) = e =T (¢ s)

does not admit an exponential dichotomy:.
One can easily adapt the arguments in the proof of Theorem 3 to establish the
following result.

THEOREM 9. Let T(t,s) be an evolution family for which the spectrum is neither
() nor R. If there exists p > 0 such that T(t,s) is compact whenever t > s + p, then
property 1 of Theorem 3 holds.

The compactness assumption holds in particular for the evolution families associated
to some linear delay equations with p > 0 (see [5]) and some linear parabolic partial
differential equations with p = 0 (see [6]). It is also straightforward to establish a version
of Theorem 9 for evolution families on the half-line.

Now we consider the particular class of evolution families with bounded growth and
we show how one can use directly the results for discrete time to obtain corresponding
results for this class. More precisely, we obtain the particular case of Theorem 9 for this
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class with a very simple proof applying Theorem 3, instead of having the need to adapt
all arguments in its proof.

THEOREM 10. Let T'(¢,s) be an evolution family with the property that there exist
K,c > 0 such that

|T(t,s)] < Kect=s) fort > s. (18)

If there exists p > 0 such that T(t,s) is compact whenever t > s + p, then one of the
following alternatives hold:

1. ¥ =0

2. K [an,bn], for some numbers a, and byas in (11);

r=U
3. X = Ukill [an, bp] U (=00, bg], for some numbers a,, and b, as in (11);
=U

o ilan, by], for some numbers a,, and by, as in (12) and with lim,_, 4o a, =

Uo2 [an, bp] U (=00, bso), for some numbers a, and b, as in (12) and with

Z =
boo = limy, 5400 @y > —00.

PrOOF. We first recall that for an evolution family satisfying (18) the following
properties are equivalent (see [7, Theorem 1.3]):

1. T'(t,s) admits an exponential dichotomy;

2. taking o > p, the sequence (A, )necz with
A, =T(an,a(n —1)), forneZ,
admits an exponential dichotomy.

Hence, ¥ coincides with the spectrum of the sequence (A,,),ez. Moreover, in view of the
compactness assumption for T'(¢, s) and since o > p, each operator A, is compact. The
desired conclusion follows now readily from Theorem 3 since it follows from (18) that
Y C (—o0, . O
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