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Abstract. We study some limit theorems for the law of a generalized
one-dimensional diffusion weighted and normalized by a non-negative function
of the local time evaluated at a parametrized family of random times (which
we will call a clock). As the clock tends to infinity, we show that the initial
process converges towards a new penalized process, which generally depends
on the chosen clock. However, unlike with deterministic clocks, no specific
assumptions are needed on the resolvent of the diffusion. We then give a
path interpretation of these penalized processes via some universal o-finite
measures.

1. Introduction.

1.1. Penalizations.

The systematic studies of penalizations started in 2003 with the works of Roynette,
Vallois and Yor; see for instance [15], [14] for early papers, and [16] for a monograph
on this subject. The starting point of our study is the following classical penalization
result: if |B| is a standard reflected Brownian motion with local time at 0 denoted by L,
then, for any positive integrable function f and any bounded adapted (with respect to
the filtration of | B|) process (F}),

PIES(Le)] _ plp Me] _
v bee Pf(Ly)] _P{FtMJ = QIF (L.1)

where M is the classical Azéma—Yor martingale (see [1]):

+oo

Then, under the new penalized measure QQ, the random variable L, is finite and the
penalized process is seen to be transient. In fact, its paths may roughly be described
as the concatenation of a weighted reflected Brownian bridge and a three-dimensional
Bessel process; see [14].
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This classical example on the reflected Brownian motion was generalized to many
other processes: we may refer in particular to Debs [5] for random walks, Najnudel,
Roynette and Yor [10] for Markov chains and Bessel processes, Yano, Yano and Yor [20]
for stable processes, or Salminen and Vallois [17] and Profeta [11], [12] for linear diffu-
sions. In most of these papers, a (sometimes implicit but rather strong) condition is made
on the considered process, basically stating that a given quantity is regularly varying.
We shall give a short account of this classical setup at the end of this introduction.

In this paper, we shall focus on local time penalizations for generalized linear diffu-
sions, but without any assumption of regular variations. To do so, we shall replace the
constant time ¢’ by a clock T = Ty, i.e., a family of random times parametrized by A in
a directed set such that 7 = 7, tends to +oco a.s. We will deal, for example, with the
exponential clock T = e, = e/q, ¢ > 0 for an independent standard exponential random
variable e and with a parameter ¢ > 0 equipped with the decreasing direction; in fact,
e, — +oo a.s. as ¢ | 0. We shall study limits such as

im ]P[th(LT)]
7otoo Pf(Lr)]

(the limit here is taken along 7 = 7), with respect to the parameter A, and it can also be
understood in the sense of Moore-Smith convergence) and prove in particular that

i) no conditions are needed on the characteristics of the diffusion for the existence of
a limit,

ii) the limit depends, in general, of the chosen clock.

Examples of such results already appear in the literature, dealing with processes con-
ditioned to avoid 0, i.e. with the function f(u) = 1r,—¢3. We refer to Knight [8] for
Brownian motions, Chaumont and Doney [4] and Doney [4] for Lévy processes, and Yano
and Yano [19] for diffusions.

1.2. Notations.

We start with some notations which are borrowed from [19]. Let us consider a
generalized one-dimensional diffusion X (in the sense of Watanabe [18]) defined on an
interval I whose left boundary is 0, with scale function s(z) = z and speed measure
dm(z). We assume that the function m : [0, +00) — [0,400] is non-decreasing, right-
continuous, null at 0 and such that

strictly increasing on [0, ¢'),
m is ¢ flat and finite on [¢', ),

infinite on [¢, +00)

where 0 < ¢/ < /¢ < 400. The choice of the right boundary point of I will depend on m;
see Section 7 for a sum-up of the different situations (as well as some examples), or [19,
Section 2] for a detailed explanation. As for the left boundary point, we assume that 0
is regular-reflecting for X. This implies in particular that X admits a local time at 0,
which we shall denote (L, t > 0), normalized so that
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P, [/ eqtst} =ry(z,0), xzel, (1.2)
0

where r,(z,y) denotes the resolvent density of X with respect to dm(y) and where I’ is
defined in Section 7 (see also [19, Section 2]). From this formula, we easily obtain the
Laplace transform of the first hitting time of the level 0 by X:

74(z,0)

P, —qTo] —
[e™ 7] 74(0,0)

rel, (1.3)

where Ty = inf{t > 0: X; = 0}. The right-continuous inverse 7% = inf{t > 0: L; > u} of
L is, when considered under Py, a subordinator. We can compute its Laplace exponent
easily by using (1.2), as

P, [e—qvﬁ] — e "/H@  with H(q) := 14(0,0). (1.4)

Let ¢4 and 9, be the two classical eigenfunctions associated to X via the integral
equations, for z € [0,):

q(T) =1 id q(2)dm(z),

ou(e) =1+ [ dy i)

() :x—i-q/ dy Yq(z)dm(z). (1.5)
0 (0,9]

With these notations, the resolvent density of X is given by

(o) = raloa) = H@en()(0400) = 20 ), <z <y myel

We denote m(oo) := lim,_, 4o m(x), o := 1/m(oc0) and
hq(x) = 74(0,0) —74(0, z).

We finally define, following [19],

ho(e) = lim by () = = = 79 / " m(y)dy, (1.6)

and we call hg the normalized zero resolvent.

1.3. Main results.
We now outline the main results of the paper. For simplicity in this introduction,
we assume that ¢/ = £ = co and we take up the following three cases:

Boundary oo m(o0) f(l’oo) xdm(x)
(i) type-l-natural | = o0 | =00
(ii) type-2-natural | < oo | =00
(iii) entrance <oo | <00
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For instance, the Brownian motion reflected at 0 is an example of case (i), where 9 = 0
and ho(z) = .

Let F? = o(Xs : s < t) and F; = F2. Let £ denote the set of non-negative
functions f on [0,00) such that [;° f(u)du < co. For each choice of a clock 7 = 7\
parametrized by A and a function f € £1+, we shall find a positive function p(}), a
supermartingale N and a martingale M7 with respect to (F;) such that the following
convergences hold: for any ¢ > 0 and any bounded adapted process (F}), we have

PNPAFf(Lry)st <m] _—  Po[RN{] and  p(WPL[Ff(Lr,)] _—  Pi[FRM{].

T=T)\—>Q T=T)\—>Q

From these formulae we can obtain the penalization limits of the form

P, [F,f(L,):t < 7] N/ P.[Fif(L,)] M7
EN A Lo d e nyvom) e Ly,

which allow to construct new (sub-)probabilities. Note that Ntf and Mtf may differ
according to a particular choice of a clock.
We shall study such penalization limits with four different clocks as below.

1.3.1. The exponential clock (see Theorem 2.4).

Recall that e denotes a standard exponential random variable which is independent
of the considered diffusion X and e, = e/q with a parameter ¢ > 0. We may adopt
{eq : ¢ > 0} as a clock since e, — o0 a.s. as g J. 0.

Here we assume for notational simplicity that e is defined on the same probability
space as X; in particular, the expectations are taken on X and e, = e/q at the same
time. Note that e, is independent of o(|J, F;) because the filtration (F;) is generated
by X.

THEOREM 1.1. Let f € £1+ and x > 0. For any t > 0 and any bounded adapted
process (Fy),

H(Q)Pw [th(Leq);t < eq] ﬁ) Pm [FtNthO’f:| and H(q)Pm [th<Leq)] ﬁ Pw |:FtMthO7f:|
where the Py -supermartingale N'"T and the P, -martingale M"f are defined by
h e
NP = hoX0S(L+ [ ALt udu, 20 (1.7)
0
and
t
Mot = Njoo +7r0/ f(Ly)du, t>0. (1.8)
0
1.3.2. The hitting time clock (see Theorem 3.3).

For a € I, let T, = inf{t > 0 : X; = a} denote the first hitting time of a by X. We
may adopt {7y : @ > 0} as a clock since T, — oo a.s. as a — oo.
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THEOREM 1.2.  Assume that oo is natural. Let f € £1+ and x > 0. For anyt >0
and any bounded adapted process (Fy),

aP,[Ff(Lr, )it < Ty —> P, [FtM;vf} and aP,[F,f(Lr,)] — B {Fth’f}

aT+oo

where M7 is the P,-martingale defined by
+oo
0

(Here by the superscript s we mean the scale function s(x) = x.)

1.3.3. The inverse local time clock (see Theorems 4.5 and 4.7).
For a > 0, let (L¢,t > 0) denote the local time of X at level a, and define its
right-continuous inverse:

ne =inf{¢t > 0, L > u}.

We may adopt as a clock {n? : a > 0} for a fixed u > 0, since n% > T, — o0 a.s. as
a — 00.

THEOREM 1.3.  Assume that oo is natural. Let f € L}, 2 >0 and v > 0. For any
t > 0 and any bounded adapted process (Fy),

0Py [Ff(Lyg)it <] — B [Fth’f} and P, [Fif(Ly)] — P, [Fth’f}

aT+oo
where M7 is the Py -martingale defined above.

We obtain here the same penalization limit as that of Theorem 1.2. In spite of this
fact, the proofs of the two theorems are quite different; we know that n? ey w + 18
where 7% is the inverse local time at a of (an independent copy of) X started at a but
this fact cannot reduce Theorem 1.3 to Theorem 1.2.

We may also adopt as a clock {n% : u > 0} for a fixed a > 0, since n% — oo a.s. as

u — oo. For this clock we only consider the weights f(Lya) for f(u) = e 7"

THEOREM 1.4. Let x,a > 0 and B8 > 0. Fort > 0 and any bounded adapted
process (Fy),

DR, [Fre Pt <] — Bu[ M

and

efu/(+aB)p [[reFlug] o P, [F M
uT+oo

where MP* is the P,-martingale defined by
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1+ﬂ(Xt/\Cl)
1+ Ba

Mtﬂ’a = exp(—ﬁLt + b La> , t>0.

14 Ba *
1.4. Comparison among the penalized measures.
Let f € L’i. We denote by Q”0-f the probability measure such that for any ¢ > 0,

n[hmf
ho,f _ t
QLEO (A) - ]P)I llA M(})me

, AeF.

We also define Q%7 (resp. Q29) by replacing M"0:/ by M%7 (resp. M#); when we speak
of M*J or Q3 we always assume oo is natural. Let us compare these three measures.
We assume for simplicity that fooo f(u)du = 1 and we notice that M(’)I’f = N(;L’f =1 for
both h = hg and h = s.

When 79 = 0, we have hg = s and hence the processes M"0-f and M=/ agree,
which implies Q”0:/ = Q7. Therefore, in this specific situation, Theorems 1.1, 1.2
and 1.3 yield the same penalized process. This is for instance the case for the reflected
Brownian motion. When 7 > 0, i.e., 0 is positive recurrent, the two processes M"o-f and
M* 1 disagree; they can be considered to be different generalizations of the Azéma—Yor
martingales.

Let us focus on the laws of the total local time L.,. The aim of the penalization
procedure was to reduce the local time of the original process, so we shall check, for each
case, if the strength of the penalization was strong enough to make the total local time
of the penalized process finite. For simplicity we only consider the case x = 0. For u > 0,
from the optional stopping theorem,

Qb (Lo > ) = Bo [ M 11, 50] = Bo [ My 1 p s (110)
and then from the monotone convergence theorem,

od (Lo > u) = lim QPF (L, > u) = Py [th*f] . (1.11)

t— o0 M

By definition of M":f  since X0 =0 and since Lo = u,

Po [ Mg

0
M

+o0 n°
/ f(y)dy + mo Po[ f(Lr)dr] .

0
By the change of variables 7 = 70 and since Py[n0] = m(oo)u,

e

70 Py [ 0 f(Lndr] — m0 Py { / ' f(S)dnS} ~ (o) | * fs)ds.

We therefore deduce that

Qb (Loo € du) = f(u)du  (if mp = 0),
M0 (L = 00) = 1 (if mo > 0).
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In other words, when 7y = 0, we went from an original process spending an infinite
amount of time at 0 to a penalized process whose total local time at 0 is finite. A similar
analysis shows that:

57 (Lo € du) = f(u)du (in any case m9 = 0 or m > 0).

By the same argument as (1.10)—(1.11), we can obtain

0 B a
M;Aa] = exp(—pu) Py {@qo(l +5aLn3)] :

Then, by a direct adaptation of the proof of Lemma 4.1 and by analytic continuation,

we obtain

Py [exp()\Lfig)} = exp(1 /\u/\a) , A<1/a.

Hence we deduce that Qy*(Loe > u) =1 for all u > 0, from which we conclude that
Qy“(Loc =00) =1 (in any case mp = 0 or my > 0).
Finally, we see that the three cases we have studied provide three different behaviors:
(i) Q57 is a strong penalization: Q3 (Lo, < 00) = 1 whatever the case.
(ii) go’f is an intermediate penalization: ng’f(Loo < o0) =1 or 0 according to .
(iii) Q5" is a weak penalization: Qf*(Laso < 00) = 0 whatever the case.

1.5. The case of a constant clock.

One of the most interesting features of the previous theorems is their universality:
the results we obtain are the same for any diffusions, and no conditions are imposed on
their characteristics. Such universality is no longer true for constant clocks.

Assume for instance that the diffusion X is recurrent, with co a natural boundary.
Then, to get the convergence

Po[Fyf (Ler)]

Bl (Le)] oo

F, (1.12)

My
M(')S’f

like in the reflected Brownian case (with M*f given by (1.9)), one needs to add an extra
assumption. A sufficient condition is given by Salminen—Vallois [17], who require that

the (normalized) Lévy measure v of the subordinator 7" be subexponential. ~ (1.13)

It may be shown that (1.13) holds for instance if the function 1/(¢H(q)) is regularly
varying at ¢ — 01 with exponent in (0,1). We refer here to Profeta [11], where other
conditions are also discussed.
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If such extra assumptions are not fulfilled, then generally the martingale we obtained
is different and the asymptotics of P, [f(Ly )] depends on the function f (as in Theorem
1.4). We give below two examples.

(i) Take to simplify f(u) = 1{y—o}. Then, under Salminen—Vallois’ condition (1.13),

P.[Fi1 n] X
Pz(To > t') t,:oozl/((t”Jroo)) and W t:zo P, [thtl{TO>t}]

which is a special instance of (1.12). If we now consider an Ornstein—Uhlenbeck
process Z with parameter v > 0, for which their condition (1.13) on v does not
hold since for £ small enough

lim e*“v(z,+00) =0 (instead of +00),
xr—+00

then

N [ P [Filimy>e] Zy
P, (To >t)t/a<>02x € and P, (Ty > ') e P, | F; —¢ Limysey |

in which case the structure of the martingale is different.

(ii) Assume now that X is a Brownian motion reflected on [0,1] and take f(u) = e~ "
with a > 0. Then
P, le~lv] ~ ke Tt cos(rv2(1 — x))
t/—o00
where r is defined as the unique solution in (0,7/(2v/2)) of the equation a =
rv/2tan(rv/2), and & is an explicit constant. In this case, the asymptotics depend

on the chosen weight, i.e. on « here. This yields thus a martingale different from
(1.9)

P, [Fe~Lv] L p | g el cos (r\/i(l — Xt))
P, [e—aLu] t—soo " t cos (’I"\/i(l — ,73))

Such a result may be generalized to other reflected diffusions on [0, 1], under the
assumption that the analytic continuation of H(q) is smaller (at infinity) than a
negative power of |g| on a given strip on the complex plane, see Profeta [12].

1.6. Organization.

The remaining of this paper is organized as follows. The local time penalizations
are studied with an independent exponential clock in Section 2, then with a hitting time
clock in Section 3 and finally with inverse local time clocks in Section 4. In Section 5,
we discuss some features of the penalized processes, and give a path decomposition via
some universal o-finite measures. In Section 6, we characterize the limit measure for an
exponential weight, in which case the penalized process remains a generalized diffusion.
The final section, Section 7, is an appendix on our boundary classification, with some
examples.
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2. Local time penalization with an exponential clock.

The proof of Theorem 1.1 will be decomposed in three parts. We shall first study
the law of Le,_, then obtain some a.s. convergence results, and finally extend them to get
the £' convergence. Once the law of L, has been computed via the excursion theory,
the method consists in decomposing P.[f(Le,)|F:] according to {t < e,} or {t > ey},
and then studying both limits separately.

2.1. The law of L.
We start by computing P.[f(Le,)]-

LEMMA 2.1.  Let f be a non-negative measurable function. Let ¢ > 0 and x € I.
Then

Palf (e, )] = g { @0+ 50 [T . 2)

Proor. Using the excursion theory, we have, when starting the diffusion at 0:

>/, f<u>qe—qfdt]
Z f(u)e_‘mgf (1 — e—qTo(P(u)))]

where 10 denotes the inverse local time defined around (1.4), p the excursion point process
and Tp(p(s)) = n2 — nd_ the length of the excursion of p(s). Now, denoting by n the
1t6’s excursion measure, we have

Py {/000 f(Lt)qe_qtdt} =Py

:PO

n[l—e 1] = (2.2)

H(q)’

which follows from (1.4) and the formula 70 = >~ __ Ty (p(s)). Using the Master Formula

(see [13, p.475]), we further obtain:

s<u

Py UOOO f(Lt)qe_qtdt] =P, UOOO f(u)e—qnﬂdu] nfl—e %]

_ [~ —u/H@) g, . L
/0 f(u)e Ddu )

Here we used (1.4) and (2.2). The Markov property then yields the announced result for
any starting point = € I:

P, [ I f(Lt)qe‘”dt}

P, l f(Lt)qe_qtdt
0

Po[f(Le,)]

+ Py [e790] Py [ /0 h f(Lt)qe_qtdt}
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rq(z,0) rq(z,0) o Cw/H(q 1
:f(o){l_rq(070>}+rq(070> s O s

where we used (1.3) and the fact that L; = 0 for t < T. O

Letting ¢ | 0, we then deduce the following formulae in the transient and positive
recurrent cases. (Note that in the null recurrent case, the limit equals +00).

THEOREM 2.2. Let f be a mon-negative measurable function and let x € I. Then
the following assertions hold:

(i) If £ < o0, i.e., 0 is transient, then

Palf(] =  {of @+ (1-F) [T e twan}. (23
(ii) If mg > 0, i.e., 0 is positive recurrent, then

vl [ stzou] = Lo+ [T . (2.4

PROOF. (i) We first suppose that f is bounded and set g = sup{t : X; = 0}. We
see that, almost surely, f(Le,) = f(Lg) = f(Loo) for ¢ > 0 small enough. Thus

Po[f(Le,)] — Pu[f(Loo)]
g0
by the dominated convergence theorem (here we do not need continuity of f). Equation
(2.3) then follows by letting ¢ | 0 in (2.1). To remove the boundedness assumption, it
remains to apply Equation (2.3) with f A n and then let n — co.
(ii) We may rewrite (2.1) as

[ s g 558 [ omoron)

Equation (2.4) then follows by letting ¢ | 0 and applying the monotone convergence
theorem. 0

2.2. A.s. convergence for the exponential clock.
Recall that e, is independent of o(lJ, F3).

LEMMA 2.3. Let f € £1+ and x € I. For ¢ >0, set
th = H(Q)Px [f(Leq)l{t<eq}|]:tj| s Mtq = H(Q)Px [f(Leq)|]:t]

and set

N = ho(Xy) F(Le) + (1 - Xt) /Oo e "/ f(Ly + u)du, (2.5)
t ) Jo

Mtho,f — Ntho,f +A?0’f,
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t
Alod = ﬂo/ f(Ly)du (2.6)
0
(notice that (1.7) and (1.8) are the special cases for £ = £/ = oo of (2.5) and (2.6),
respectively). Then the following assertions hold:
(i) NZ — NI and M7 — M7 Py-a.s. asq | 0;
(ii) (N7 is a P,-supermartingale.

PRrROOF. In what follows in this section we sometimes write to simplify N;, M; and
A; for Ntho’f, Mth"’f and Ai“”f, respectively.

(i) Since (L;) is an additive functional and e, an exponential random variable, we
have

N = H(q)e " Px,[f(a+ Le,)l|,_;,

rq(Xh 0)

= eqt{hq(Xt) f(Ly) + T (0.0) /0 " /) f(Le + u)du}

where we have used Lemma 2.1 with f(a +-) € £1. It is now clear that N/ ? Ny,
a

P,-a.s. Since
Al == M} — N}
= H(Q)Pw[f(Leq)l{qut}‘}—t}

= qH(q) /O F(Ly)e™ " du,

we obtain A} — A; and M — My, P,-a.s.
ql0 ql0

(ii) Since for s < t we have 1ycey < l{sce,}, We easily see that (N{) is a PP,-
supermartingale. For s < ¢, we apply Fatou’s lemma to obtain

P, [N;|Fs] < liminf P, [NJ|Fs] < liminf N = Ny,
ql0 710

which shows that (N;) is a P,-supermartingale. O

2.3. L' convergence for the exponential clock.
THEOREM 2.4. Let fe L} andz €.

(i) For any finite stopping time T, there is the L1 convergence

Ni — Npotin £Y(P,).
ql0

Consequently, for any bounded adapted process (Fy), it holds that

lqlf& H(q)Px [FTf(Leq)§ T< 6,1} =P, [FTN¥O7f].
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(ii) Assume furthermore that

T
P, [/ f(Ly)du| < oo. (2.7)
0
Then, we have
M - Mo T i £Y(P,), (2.8)
q

and for any bounded adapted process (F}), it holds that

lim H(q)Po[Fr f(Le,)] = Bs[Fr Mz
ql0

(iii) Any bounded stopping time satisfies (2.7). In particular,

o] t
M = ho(X,) (L (—Xt) “u/F(Ly + u)du + L,)d
o)+ (1= ) [ e s s [

is a Py-martingale and the identity N'"0-f = Mho-f — Aho-f may be regarded as the
Doob—Meyer decomposition of the supermartingale Nho-f .

PROOF. (i) Observe first by Fatou’s lemma that

P,[N7] < liminf Py [Nyan] < Po[No] < oo.

n— oo

Let us compute NF.. We have

X7,0 o
N% = e_thq(XT)f(LT) + e—qTM / e—u/H(q)f(LT + u)du

Tq (07 O) 0
= (Dg + (g
We write similarly

NT = ho(XT)f(LT) + (1 — )(ET> /OO e*U/ff(LT + u)du
0

= (I) + (II).

Since (II)q < fooo f(uw)du, we may apply the dominated convergence theorem to obtain
(1), — (II) in LY(P,).

If mg = 0, then we have (I)q < XTf(LT) = ho(XT)f(LT) < Np. If mp > 0 and
¢’ is regular-reflecting, then we have hg(x) > cx with ¢ = ho(¢')/¢' > 0, since ho(z) is
concave. We now have (I), < Xrf(Lr) < ¢ tho(Xr)f(Lr) < ¢ 'Np. In both cases,
since P,[N7] < P, [No] < 0o, we may apply the dominated convergence theorem to obtain
Dy — (D) in LY(P,).

If 7y > 0 and ¢’ is either entrance or natural, we have (I); < X7 f(L7). Since we
see by (ii) of Lemma 2.3 that
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PalXrf(Lr)] < P [NGY) < PuNG Y] = 2/ (0) + (1 7) / e f(u)du < oo,

we may apply the dominated convergence theorem to obtain (I), — (I) in £!(P,). There-
fore we have obtained the former assertion. For the latter assertion, we have

H(q)Pm[FTf(Leq);T < eq] = Pw[FTN%] ﬁ ]P):E[FTNT]
(ii) To prove (2.8), it suffices to observe that by (2.7), we have fOT f(Ly)e  ™du —
fOT f(Ly)du in £'(P,). This shows that A% — Ar in £'(P,), which implies M} — Mrp

in L1(P,).
(iii) Since

7 /OOO Py Uot f(Lu)du] e At =P, [/OOO f(Ly)ge™ du| =P, [f(Le,)] < o0

and since t — P, [fg f(Ly)du] is increasing, we see that P, [fot f(Ly)du] < oo for all ¢ > 0.
Thus (2.8) holds for all constant times, which implies that M":/ is a martingale. [

REMARK 2.5. As mentioned in the Introduction, if ¢’ is type-1-natural, then the
identity (2.6) becomes

Mthmf = Xof(Ls) + /°° f(Ly + u)du,
0

which is nothing else but the Azéma—Yor martingale ([1]). In this sense we may regard the
identity (2.6) as a generalization of the Azéma—Yor martingale. Another generalization
will be given in Theorem 3.3.

REMARK 2.6. If we take f(u) = 1{,—oy, we have
M = ho(X0) 1z, 50y + m0(To A t).
In particular, from the identity P,[M*/] = P,[M]*/], we obtain
ho(z) = Py [ho(Xy); To > t] 4+ moPx[To A t],
which is nothing else but the first assertion of Theorem 6.4 of [19].

3. Local time penalization with a hitting time clock.

In this section we assume that £ (= ¢') is either entrance or natural. Since any point
in [0,¢) is accessible but ¢ is not, we have

P, (T, w0 asatl)=1.

We start by computing the law of Lt, using the formula (2.3) for the stopped process
at a. We then prove a.s. and L£! convergence results upon separating the cases {t < T,}
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and {t > T, } and using some estimates on the cumulative distribution function of 7T,.

3.1. A.s. convergence for hitting times clocks.
We start by computing the quantity P, [f(Lr,)].

LEMMA 3.1. Let f € L} and x € I. Then, for any a € I with z < a,

P,[f(Lr,)] = i{xf(o) -0 [ e‘“/“f(u)dU} . (3.1)

0

PrOOF. Let P¢ denote the law of X nr, under P,. Then we have

Po[f(Lr,)] = P [f (Loo)]-

Since {X,P2} is a diffusion process on [0, a] where a is a regular-absorbing boundary, we
may use (i) of Theorem 2.2 and obtain (3.1). O

LEMMA 3.2. Let f € £1+ andxz € 1. For any a € I with x < a, set
N = aPy[f(Lr,)lp<ry | 7). M = aPo[f(Lz,)| 7
and
M3 = X, f (L) + (1 - ‘?) /OOO eV f(Ly + u)du. (3.2)
Then the following assertions hold:
(i) Ng — M and ME — M3 Py-a.s. asat ¥t
(ii) (M) is a P,-supermartingale and is a local P,-martingale.
Proor. In what follows in this section we sometimes write to simplify M, for
M
(i) Since f(b+-) € L, we have, by Lemma 3.1,
N =aPx,[f(b+ Lr)ly—z, Lit<Tiy
- {th(Lt) + (1 — ?) /OOO e W (Ly + u)du} Liter,y-
Using that T, — oo as a T ¢, we then deduce that N} — M;, P,-a.s. Set
Af = M = Ni* = af (Lr,) i1, <1}

Since A¢ — 0, P,-a.s., we further obtain that M — M;, P,-a.s.

(ii) In the same way as (ii) of Lemma 2.3, we can see that (M;) is a P,-
supermartingale.

It is obvious that (M}) is a P,-martingale. Let {a,} be a sequence of I such that
an T 0. If we take o, = inf{t : Xy > a,}, we have A7 \, = af(Lr,)l{1, <o, nty = 0 for
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any a > an, so that we have M2 . — M, n; in L'(P;) as a 1 £. This shows that (M)
is a local P,-martingale. O

3.2. L' convergence for hitting times clocks.
THEOREM 3.3. Let f € L} andz € 1.

(i) For any finite stopping time T, there is the L1 convergence

N& pov; M2 i £ (P,). (3.3)
Consequently, for any bounded adapted process (Fy), it holds that

aP,[Frf(Ly,);T < T, 7 P, {FTM;J} '

(ii) Suppose furthermore that £ is natural. Then, for any f € E}r and for any bounded
stopping time T, we have

Mj — MzTin LY (P,) (3.4)

and for any bounded adapted process (Fy), it holds that

aPs[Fr(Lr,)] — Ps [FTM;’f } . (3.5)

In particular, M7 is a Py-martingale.
PROOF. We start with Point (i). We have

X > —u/a
Np = X7 f(L)l{rer,y + (1 - aT> / e f(Ly + u)du Yr<t,ys
0

Myp = Xpf(Ly) + <1 - XZ) /Oo eV (L + u)du.
0

Since N¢ < My and since

]P)m[MT} < limianP’m[MT/\n] < PI[MO] < 00,

n—oo

we may apply the dominated convergence theorem to obtain (3.3). The remaining asser-

tion is obvious.
To prove Point (ii), we shall rely on the following Lemma:

LEMMA 3.4.  Suppose that £ is natural. Then

aP. (T, <t) ? 0 forallt>D0. (3.6)

PROOF. If ¢ < oo, i.e., £ is type-3-natural, then (3.6) is obvious.
Suppose ¢ = co. Since the Laplace transform of 7T, may be written as a ratio of
eigenfunctions, we have
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#1(a)’

Going back to the integral equation (1.5) of ¢; and using that ¢ = oo is natural, we
deduce that

aPy (T, < t) < ae'Py [e ] = e’y () -

fr(a) =1+ /d or(y)dm(y) > /adx dm(y) — oo

(0,2] 0 (0,2] att

and, for a > 1,

Az [ an@) / &, (w)dy > &(1) /Mdmm / dy — oo.

atl
Thus, by the 'Hopital’s rule, we obtain a/¢1(a) — 0 as a T £ = oo which yields (3.6). O

We now come back to the proof of Point (ii) of Theorem 3.3. Suppose that f € £}
is bounded. Since A% — 0, P,-a.s. and since

PolAF] < allfloPu(Ta < T) —2 0,
a

we see that A% — 0 in £!(P,). Hence we obtain (3.4) and (3.5) in this special case.
We now see that P, [M; ] = P, [MS7], ie.,

P, [th(Lt) + (1 - )?) /OOO e f(Ly + u)du
= 2f(0) + (1 - %) /OOO e/ f(u)du (3.7)

holds for all £ > 0 and all bounded f € [,L By considering f A n, taking n — oo and
applying the monotone convergence theorem, we can drop the boundedness assumption
and obtain (3.7) for all t > 0 and all f € £1. By (ii) of Lemma 3.2, we see, for any
fe ﬁi, that (M; o ) is a P,-supermartingale with constant expectation, which turns out
to be a P,-martingale.

Let f € Ei_. Since (M, o ) is a P,-martingale, we may apply the optional stopping
theorem to see that

]P)z[A%’] = PI[XTQJC(LTQ); T, < T]
S Px[MTa;Ta S T]
=P, [M7;T, < T] — 0.
atl

Since A% — 0, P,-a.s., we see that A% — 0 in £1(P,). Hence we obtain (3.4) and (3.5)
in the general case. O

REMARK 3.5. Suppose ¢ is entrance. We claim that M = M%7/ is not a true
P,-martingale. Indeed, suppose M were a P,-martingale. On the one hand, we would
have
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P, [Myg] = Jim P [Mygoilgen] = Mo = af0)+ [ f)ar

On the other hand, since X0 =0 and £ = oo, we have
PMgl = [ S0 — 0,

which would be a contradiction. Note that in the special case f(u) = 1{,—0} and MtS’Jc =
Xi1y7,>¢) this result has already been obtained in Theorem 6.5 of [19] in other words:
s(x) = x is not invariant with respect to the stopped process.

4. Local time penalization with inverse local time clocks.

We recall that n¢ denotes the right-continuous inverse of (L{,t > 0):
ne =inf{¢t > 0, L > u}.

The proofs given in this Section follow the same pattern as before. The main in-
gredients are excursion theory away from a # 0 and some estimates on modified Bessel
functions.

4.1. Limit as a tends to infinity with u being fixed.
Suppose ¢’ (= £ = 00) is either entrance, type-1-natural or type-2-natural. We thus
have, for any « € I and any u > 0,

P.(ny <oo)=1 and ni >T, — o0,Py-as,;
a—r o0
in fact, the former is implied by

Pyle” %] — 1

q40
since r4(a, a) ﬁ) oo and
—qn21 _ —qT, 737¢q($) U
Pm[e a ]*]P)r[e ? }]P)a[e a }* ¢q(a) exp( rq(a, a)) . (41)

For v > 0, we denote by I, (z) the modified Bessel function of the first kind, which
may be represented as a series expansion formula (see e.g. [9], Equation (5.7.1) on
page 108) by

oo T v+2n
L) =% mé(ﬁnﬂ) 2> 0. (4.2)

n=0
We recall the asymptotic formulae (see e.g. [9], Section 5.16):

(x/2)¥ e”

I, () :v,IO T(l+v) I, (2) o oz
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LEMMA 4.1.  Let a € (0,00). Then the process {(Lya)u>0,Ps} is a compound
Poisson process with Laplace transform

%0 1
P,[ePlni] = exp{_“/o (1- e‘ﬁs)aze_s/ads} = e, (4.4)

For any u > 0 andfeﬁi,

Pulf(Lus)] = e/ £(0) / F(w)o2(v)dy, (4.5)

where

Puly) =e

~(uty)fa VY I (%/uy) .
a

a

PROOF. Let p*(v) denote the point process of excursions away from a and n® its
excursion measure. Since L increases only on the intervals (n%_,n%), we have

Ly = > (Lpg = Lns_) = > Lz, (p*(v).  (4.6)

v<u: p®(v)e{Ty<oo} v<u: p®(v)e{Ty<oo}

Since n*(Ty < T,) = 1/a < oo, the sum of (4.6) is a finite sum, and so we see that
{(Lya)u>0,Pa} is a compound Poisson process with Lévy measure

n®(Ly, € ds; Ty < Ty).
By the strong Markov property of n® (see, e.g., [3, Theorem II1.3.28]), we have
n*(Ly, > ;7o < Ty) = n*(Ty < 00)Po(Ly, > s) = §PO(LTQ > 5).
Let \Y = inf{v : p°(v) € {T, < oo}}. Then we have
Po(Lr, > s) = Po(Ty > 10) = Po(X) > 5) = e~*n"(Ta<20) = g=s/a,

Thus we obtain (4.4).
Let {S,} be a process with i.i.d. increments P(S, — S, 1 > s) = e~*/® such that
So = 0 and let N be a Poisson variable with mean u/a which is independent of {S,}.

Then we have L. law g ~, and hence
Palf(Lyg)] =P(N = 0)f(0) + Z P(N = n)P[f(5n)]
7ua 7uau/a y/a — ady
_ / f(0) + Z / / f(y = 1) e/ =

Thus, using (4.2), we obtain (4.5). O
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LEMMA 4.2. Foru>0,z,a€ 1l and f € £1+, it holds that

Py [f(Lya)] = x 2 apa[f(Ln;j)] + (1 - %>+ Pa[f(e1/q + Lye)] (4.7)
_ 2 B[ f(Lye)] + 2(1 - §)+ /Ooo F()72 (y)dy, (4.8)

where
2
pity) = ieny (2.
a

PrOOF. When a < x, we have P, [f(Lya)|] = Po[f(L1, + Lya 0 01,)] = Po[f(Lya)],
which proves identity (4.7).
Suppose z < a. Using Lemma 3.1, we have

Py [f(Lya)] = Po[f (L1, + Ly © 0r,)]

- gpa[f(an)] + 2(1 - 2) P, UOO e/ f (v + Lya)do| ,

0

which coincides with (4.7). Using the same notation as that of the proof of Lemma 4.1,

we obtain

P, [f(el/a + an)] = Z ]P)(N = n)P[f(Sn-‘rl)]
n=0

_ ;ew/a (ug?)" /O ) (y{j)ne*y/a%-

Thus, using (4.2), we obtain (4.8). O

By (4.3), there exists a constant C' such that

I(x) < Ca¥ for0<a <1,
I,(z) < Ce* foraz>1.
LemMMA 4.3.  Foranyu >0, a >0 and y > 0, it holds that

2Cu a
Puly) < =5 and py(y) <C. (4.9)

For any fixed u > 0 and y > 0, it holds that

Puly) — 1. (4.10)

a—r 00

PROOF. Using (4.3), we easily have (4.10).
If 2, /uy/a < 1, we have

2u a
Pu(y) < ¢ and pu(y) < C.
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If 2, /uy/a > 1, we have

pe(y) < Co~Watvi/a VY ;20

a
= b
“ a a?

F(y) < CoVIVDfa < ¢
Therefore we obtain (4.9). O
LEMMA 4.4. Let f € E}H x €Il andu>0. For any a € I, set

N ) |

u

M = aPy[f(Lya) | F] -

a
u

Then it holds that N** — M and M®" — M:T in probability with respect to P, as
a — oo, where M7 has been defined in (3.2).

PROOF. In what follows in this section we sometimes write to simplify M; for
My
(i) By the strong Markov property and by Lemma 4.2, we have, for a > X,

Nta,u =a ]P’Xt [f(b + anfc)]‘b:Lt 1{t<7]$} = (I)a + (II)av

c=LY{
where
1), = X, {e@”/“f(b) +/ flo+ y)pi_c(y)dy} oy He<nz}
0 c:L%
X o a
.= (1-%3) [" s+ nit ), tee
a 0 bth

c=LY}
Letting a — oo, we deduce from Lemma 4.3 that in probability with respect to P,

(D, ajo Xif(Ly),

(M, — ; f(Le +y)dy.

a—c0
We thus obtain N** — M;*/ in probability with respect to P,. Set
APY = MY = N = af(Lpe)lgna<ey-
Since A?™ — 0, we obtain M{** — M/ in probability with respect to P,. O
THEOREM 4.5. Let f€ L, 2 €1 and u> 0.
(i) For any finite stopping time T, there is the L' convergence

NE* — M3r in LY (P,).

a— o0
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Consequently, for any bounded adapted process (F), it holds that

Po[Frf(Lys); T < ny] o P [PrM37].

(ii) Assume furthermore that £’ (= ¢ = o) is either type-1-natural or type-2-natural.
Then, for any bounded stopping time T, we have

MY — M2 in £Y(P,) (4.11)
a—r o0

and, for any bounded adapted process (Fy), it holds that

Py [Frf(Lys)] — P, [FTM;’f } . (4.12)
a—r 00
ProoOF. (i) By the proof of Lemma 4.4 and by Lemma 4.3, we obtain, for a > 1,

Nt(I’USth(Lt)‘F(‘f‘C)/ f(Ly +y)d
<M +(2CU+0)/0 f(y)dy,

where the last quantity is integrable with respect to P,. Thus we obtain the desired
result by the dominated convergence theorem.

(ii) Observe that since (M, o ) is a P,-martingale, we may apply the optional stop-
ping theorem to obtain

Po[AT"] = Py [Xng f(Lyg )i, < T
]P) [Mnaﬂﬂ S T]
P,

[MT,T] <T] — 0.

a— o0

IN

Since A7" — 0, P,-a.s., we see that A7" — 0 in £!(P,). Hence we obtain (4.11) and
(4.12). O

4.2. Limit as u tends to infinity with a being fixed.
Suppose ¢’ (= £ = 00) is either entrance, type-l-natural or type-2-natural. We thus
have, for any z,a € I,

P.(ny <o0)=1 and ni — oo P-as.

uU—r 00

In fact, n2 increases to a limit n% which must be infinite P -a.s. by (4.1). For the clock
(T =n%, u > 0), we only consider the weights f(Lya) for f(u) = e " and f(u) = 1{u—o}.

LEMMA 4.6. Letz,a€l, >0 andt>0. Foru >0, set

Ntu,ﬁ,a _ e,Bu/(1+,8a)P$[ —BLya ] Mt“’ﬂ’“ — eﬂu/(l-&-ﬁa)pw[e—BL

and
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1+ﬂ(Xt/\Cl) B a
WG”(‘“t* 1+5aLt)~

Then it holds that N/*%* — MP™ and M""* — M, Py-a.s. as u — .

M =

Proor. By the strong Markov property and by Lemmas 4.1 and 4.2, we have, for
u large enough to have ng > ¢,

N — oPu/(1480) oy (BT, Py, {exp(—ﬁf?nz,c))}

c=L¢
1+ BX, B 1a
B {1“9“} HEET R A W e
= M)
Thus we obtain N** — M[** P -a.s. as u — co. Since

APPe = P — NP = P/ (PPl 0y

we have A% - 0, P,-a.s., and thus we obtain M"* — M/* P,-a.s. O
THEOREM 4.7. Let z,a € I and > 0. Then, for any t > 0, it holds that

NP — MPY and MPPY — MY in LM(P,).

U—r 00 U—r 00

Consequently, for any bounded adapted process (Fy), it holds that

lim o/ (+B0p [Fe Plnt.t < o] = lim P/ +PIP [FrePlni] = P, [F, M.

U—r 00 U— 00

It also holds that (M) is a Py-martingale.

PROOF. Let us first prove that P,[e“/?] < oo for all ¢ > 0 and ¢ > 0. Following
the same argument as in the proof of Lemma 2.1, we obtain

1 o0
P, {exp(cLZ )} = / e u/mala:@) qy,
! TQ(av a) 0

Since 14(a,a) — 0 as ¢ — oo, we may take ¢ > 0 large enough so that r4(a,a) < 1/c.
This shows that P[exp(cLg, )] < co. By the monotonicity, we see that P, [ecl?] < oo for
all £ > 0.

The fact that L{ admits exponential moments implies that M,gB e LY(P,) for all
t > 0. Thus, by the dominated convergence theorem, we see that Nt“’ﬂ’a =2 Mtﬁ’a in
LY(P,) for all t > 0.

We second note that, for g > 0,

P, (n <t) < P, [efqnif] < el'P, [efqnﬁ,] — olte—u/ra(a,a)

We may take ¢ > 0 large enough so that 74(a,a) < (1+ Sa)/B. Then we obtain
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1 B
P;L- Au,B,(l < ﬁu/(l+ﬂa)]}pw a <t) < qt _ _ 0
[A77 ] = e (i <1) < e exp rqe(a,a) 14 Ba Y S

Thus we obtain A»”* — 0 in £1(P,) for all ¢ > 0, which implies M*>* —s M

U— 00 U—» 00

in L1(P,) for all ¢ > 0. O
We conclude this section by looking at the weight 1{Ln$:0} = 1{pa<my}-
THEOREM 4.8. Letx,a € l. Foru>0 andt >0, set
N9 = WP (t < 0 < Ty | F)

M = VB (s < Ty | F)

Do,a:Xt/\a

Mt eL(‘l/al{t<T0}.

Then,

NSO — MY and MO — MO Pu-a.s. and in L(P,).

U—r 00 U— 00

Consequently, for any bounded adapted process (Fy), it holds that

lim e¥/9P,[Fy;t < n® < Ty| = lim WP, [Fy;n < To) = P [Fy M.

U— 00

It also holds that (M7 ™") is a P,-martingale.
PROOF. Letting 8 — oo, we see, from Lemma 4.6 and Theorem 4.7, that
Nyt = M Ly
and
AP = M = NP = e ey L g <

The remainder of the proof is the same as that of Theorem 4.7. g

5. Universal o-finite measures.

In this section we shall describe the law of some penalized processes using universal
o-finite measures. We deal with the transient and recurrent cases separately.

5.1. The transient case.
THEOREM 5.1.  Suppose £ < oo, i.e., 0 is transient. Let f € E}r and x € I. Lett
be a constant time and let F; be a bounded F;-measurable functional. Then

i Py [Fyf (Le, )it < eg] = ImPo[Fif (Le, )] = Pa[Fif (Lec)] (5.1)

If, in particular, £ is type-3-natural (see Section 7), then
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lim P [Fy f(Lr, )it < To] = Um Po[Fof (Lr, )] = PalFyf(Loo)] (5.2)

PrROOF. By Theorem 2.4, we see that (5.1) is equivalent to

where

M, = E{th(Lt) + (1 - )Zt) /000 e /O f (L + “)d“} '

On the other hand, we use (i) of Theorem 2.2 and obtain

Polf(Loo)|Fi] = Px, [f(a + Loo)llg=r, = M-

Thus we obtain (5.3).
Using Theorem 3.3 instead of Theorem 2.4, we can obtain (5.2) in the same way as
above. d

REMARK 5.2.  Observe that both penalizations yield the same measure Q,

f(Loo)

which is absolutely continuous with respect to P,.. This is not very surprising since the

Q:c = 'Pma

initial process spends little time at 0, hence the penalization by the local time at 0 has
no real impact on the measure P,.

5.2. The recurrent case.
Let ngug, denote the law of the bridge with duration u starting from = and ending at
y. Following [6], this measure can be characterized by

(X
P()(A) =P, [1/‘“““”} . AEF,0<t<u,
’ Pu(T,y)

where p,(z,y) denotes the transition density of the process X with respect to dm(y).
We have the conditioning formula:

P, [ / FudLu] = / P, [dL, P [F]
0 0

for all non-negative predictable processes (Fy), where we write symbolically (see It6—
McKean [7, p.183]):

P.[dL,] = pu(z,0)du.

We also have the last exit decomposition formula (see Biane—Yor [2]):

t
P, [F,; Ty < 1] = / PI[dLu](Pg?gon[f—ul) ()]
0
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for all non-negative F;-measurable functionals (F}), where e denotes the concatenation
operator and

n() =n(-N{t <Tp}).

For h = hgy (see (1.6)) or h = s (the scale function), let P? denote the law of the
h-transform:

Ph (At < ¢) = (1x)P lanfr<morh(Xe)] (2 >0),
PE(A;st < ¢) = n[lah(X,)]

for A € F; and where ¢ denotes the lifetime of the process. Note that, when h = hg or
h = s, the coordinate process under P never hits zero; see [19, Theorems 7.6 and 7.3].
We now define the o-finite measure

Ph = /O P, AL (IF’( 3.11»0) + h(z)Ph, (5.4)

THEOREM 5.3.  Suppose £ = oo, i.e., 0 is recurrent. Let f € E}F and x € I. Lett
be a constant time and let Fy; be a bounded Fi-measurable functional. Then

lim H(q)Po[Fof (Le, )it < eq] = Py°[Fuf (Lo)it < CJ.
ProOF. By Theorem 2.4, it suffices to show
PROIFS(Le)it < (] =Py [N (5.5)

Denote g = sup{t < ¢ : X; = 0}, where supf) = 0. Observe first that on the set
{0 =g <t <}, we have

Pho[Ff(Le);0=g <t < (] = ho(x)Pro[Fyf(Ly)it < (]
= PI[th(Lt)ho(Xt),t < To]

Next, on the set {0 < g <t < (}, we have

’

PRIRSL)D <g<t<d= [ BaL, ](P (0o BE) [Fuf (L)t <

/ ;u[)) i n) [Fy f(L¢)ho(X¢)]
th(Lt)h0<Xt) Ty < t.

Finally, on the set {t < g < (}, we have

Pl (st <g<dl = | T BLdL P f (L)
t
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=P, {Ft /t h f(Lu)dLu}

P, [Ft h f(u)du] .

Ly

Summing all three terms yields (5.5). O

THEOREM 5.4.  Suppose ' is either entrance, type-1-natural or type-2-natural. Let
fe E}r and x € I. Let t be a constant time and let Fy be a bounded JFi-measurable
functional. Then

lim aPy [Fof (Lr, )it < Tu] = P[Ff(Lo)st < (]

The proof is similar to that of Theorem 5.3, where we use Theorem 3.3 instead of
Theorem 2.4, so we omit it.

REMARK 5.5. Define, for h = hg or h = s, the penalized measures

N 1

QA< () =P, llAW (for A e F).
0

Looking at (5.4), we see that, under the assumptions of Theorems 5.3 or 5.4, the paths of
the coordinates processes under Q/ are essentially given, up to some killing time ¢, by
the concatenation of a weighted bridge of the original diffusion, and a process conditioned
not to hit 0. In particular, the penalized process is no longer recurrent, even if ( = oo,
i.e. if N™7 is a P,-martingale. Of course, in this case, the two probability measures Q"
and P, are singular.

6. Exponential weights.
Let us investigate the example where we take
flx)=e"" ¢>0.

In this specific case, the penalized process remains a generalized diffusion, which is not
the case with other functions f. The supermartingales N; = Nt’"”f and Ny = Mts’f,
which have been given by (2.5) and (3.2), respectively, may be represented at the same
time as

Ny = he(X;)e bt
where h = hy and s, respectively, and

ey 1—(z/0)
h¢(x) = h(x) + /0

Since (NV;) is a supermartingale, we may define the subprobability measure Q"¢ by
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he(Xy)
he(x)

Qle(Ast < () = Pl{ eth;A] for A€ F, and t > 0.

Then the process {X, (Q"¢),cr} is a diffusion on I whose local generator on (0,¢')

without killing part is given as (h¢)~1(d/dm)(d/ds)h¢. Thus the corresponding speed
measure and scale function are given as

dy
he(y)?

mh,c ) = c 2 m Sh,c ) = ‘
() /m,z]h(y) dm(y), () /

Denote p, = ¢q — g/ H(q) and

¢q + c_ e P
R I A (U

h,c __ 1c¢C
¢q =h (0) he q he !

Then we obtain (see Theorems 7.3 and 7.6 of [19]) that ¢ = ¢}-¢ (resp. p/) is a positive
increasing (resp. decreasing) solution to the differential equation

—29) o = qp (if h = hy), di ¢ =qp (ifh=7s)
(  d WO) g (if h = ho) ( d>

which satisfies the boundary condition

dghe
dsh,c

¢p(0)=1 and (0) =0 (resp. pl°(0) =1).

Note that we have used here the values

1 c

hO) = g o (hc)’(O):W.

h,c
x

THEOREM 6.1.  The resolvent operator for the diffusion {X, (QX°)zcr} is given as

I

Qx| [T oo = [r@anrmant ), a>o

where

H(q)
he(0)%(cH(q) +1)

ez, y) = ri(y,x) = ore(x)pl(y), wyel, x<y. (6.1

Consequently, 0 for {X, (Q"¢),er} is reqular-reflecting.

PROOF. Let ¢°(x) = ¢(x)h°(z). Then we have

P,

—

/ ethc(Xt)eCL*dt]
0

To o
=P, [/ e*Qt(pC(Xt)dt + [P’m[e*qTo]]PyO [/ e*qt(pc(Xt)echtdt
0 0
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. . s To(p(w)
= R (x) + Pyle™ )P | e 0u- / e "o (p(u),)dt
w 0

00 To
= Rgcpc(x) + P, [e"9T0] P, [/ ecuqngdu] n [/ eqtgoc(Xt)dtl
0 0

= Rgy° () + Pofe™ "]

Since P, [e~9T0] R ¢°(0) = Ryp(z) — R)p“(x), we obtain

1 . cH(q)
Ry () + CH(g) +1

Qe { /0 ) eWXt)dt} - hctx) { cH(q) +1

From this we obtain (6.1). O

Ryp(a)}.

REMARK 6.2. The boundary classification at ¢ is the same as that for the h-
transform of the stopped process; see Theorems 7.3 and 7.6 of [19].
7. Appendix: the boundary classification.

The following tables explain the boundary classification which we take from [19] and
the recurrence property of the corresponding diffusion to each class:

x=1" r I x=0
regular-reflecting ¢ <{=o00 [0,¢] =T positive recurrent
regular-elastic U'<l<oo [0,0] [0,£7U{f} transient
regular-absorbing ¢ ={¢<oo [0,¢) [0, transient
exit U=0<o0 [0,8) [0,4] transient
entrance U=0=00 [0,00) =T positive recurrent
type-1l-natural =0=00 [0,00) =T null recurrent
type-2-natural =0=00 [0,00) =T positive recurrent
type-3-natural U=¢<o0o [0,6) =T transient
| £=o00 | t<o0
m(o0) = oo || (1) 0 is null-recurrent (3) 0 is transient
o =0 [ == 0] [0 << o0
¢ is type-l-natural 0’ is regular-elastic
[0 =1 < o0
¢’ is regular-absorbing
exit

type-3-natural

m(o0) < oo || (2) 0 is positive recurrent | [impossible]

mo > 0 [0 < {= o0
¢ is regular-reflecting
[0/ = (= o]

?" is entrance

type-2-natural
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As the reader may not be familiar with our classification of boundaries, it may be
useful to give below some examples of computation of boundaries. Let X be a diffusion on
[0, 00) where 0 is the reflecting boundary and whose local generator on (0, 00) is given by

Lf= (" =b) = <L S p on Cu((0,00))

for some function b of the form b(x) = cx”~!, which we may call the power drift. Then

its scale change X = 3(X) is a diffusion with natural scale s(z) = x and with speed

measure dm(z) defined by m = m o s~ L.

(i) Let a be a constant and

=, 1, 2a-1, dd
Lf_Qf 2 f_dmd§f

on C.((0,00)),
where we may choose m(z) = 2/(2 — 2a)2?72* and 3(x) = 1/(2a)z?*. The corre-
sponding diffusion is called the reflecting Bessel process of index o. As we require

that 0 is regular-reflecting, we assume 0 < o < 1. If we take m = m 0 57!, then it
falls into the case (1) above.

(ii) Let ¢ and v be non-zero constants and
T 1 " v—1 g/
Lf:i(f —cvz" ' f) on C.((0,0)).

If v =1, then it is a Brownian motion with constant negative drift. If v = 2, then
it is an Ornstein—Uhlenbeck process. As we require that 0 is regular-reflecting, we
assume ¢ > 0 and v > 0. In this case we may choose

T

! cx¥ _ cy”

s =e“, sf/e dy
0

and
v x v
m =2, m= 2/ e~ Y dy.
0

In particular, we have m(oco) < co. Note that

J = ;/loo{s(x)—su)}dm(x) :/100 (/jecyudy) e’ dy
_ /1 ” ( /y wecx”dx> " dy.

{type—Q—natural if0<v <2
S

We shall prove that

entrance if 2 < v < c©

which is equivalent as saying that J = +oco (resp. J < +00), see [19].
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(1]
(2]
(3]
(4]

(5]

(6]

(7]

(8]
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If 1 <v <2, then

for some constant ¢/ > 0. Hence we have

o0

1 °° v
J > — 2t Vde — c’/ e dx = co.
cv Jq 1

For v > 0, we have

0o y o] . xl—u
/ e dr = —/ (e™ ) ——dy
Y Y cv

1—v]° e}
v T 1—v v
= —|e™* + e 7 Vdx.
cv cvJy

If 0 < v <1, then

1—v o]

oo
v v 1
/ e dr>e Y and J > — y' Vdy = oo.
Y cv cv

If v > 2, then

cv cv

[e'e] y y yl—u 1 [e'e]
/ e P dr<e ¥ Z— and J< —/ yl_”dy < 0.
y 1
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