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Abstract. We prove that the Kobayashi pseudo distance of a closed
subvariety X of an abelian variety A is a true distance outside the special set
Sp(X) of X, where Sp(X) is the union of all positive dimensional translated
abelian subvarieties of A which are contained in X. More strongly, we prove
that a closed subvariety X of an abelian variety is taut modulo Sp(X); Every
sequence fp : D — X of holomorphic mappings from the unit disc D admits
a subsequence which converges locally uniformly, unless the image frn(K) of a
fixed compact set K of D eventually gets arbitrarily close to Sp(X) as n gets
larger. These generalize a classical theorem on algebraic degeneracy of entire
curves in irregular varieties.

1. Introduction.

Let X be a complex space. In this paper, by complex space, we mean a reduced and
irreducible complex space, unless otherwise specified. Let A C X be a closed subset. We
say that X is Kobayashi hyperbolic modulo A if the Kobayashi pseudo distance dx of X
satisfies dx (p, q) > 0 for every pair of distinct points p,q € X not both contained in A.
When A is an empty set, this definition reduces to the usual definition of Kobayashi hy-
perbolicity. We say that a complex projective variety X is pseudo Kobayashi hyperbolic
if there exists a proper Zariski closed subset Z ; X such that X is Kobayashi hyperbolic
modulo Z. It is conjectured that a projective variety X is pseudo Kobayashi hyperbolic
if X is of general type (cf. [19, 7.4.13], [21, p.180]). We discuss this problem when X is
a closed subvariety of an abelian variety. We first state a corollary of our main theorem.

COROLLARY 1.1.  Let X be a closed subvariety of an abelian variety. Assume that
X is of general type. Then X is pseudo Kobayashi hyperbolic.

To make the statement more precise, we introduce the special set. Let X be a closed
subvariety of an abelian variety A. We define the special set Sp(X) of X by

Sp(X) ={z € X; 3B C A, an abelian variety s.t. dim(B) >0 and x + B C X}.

Then fundamental facts due to Ueno [32, Theorem 10.9] and Kawamata [15, Theorem 4]
are the followings:
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e (Ueno) If X is not of general type, then Sp(X) = X.

e (Kawamata) If X is of general type, then Sp(X) is a Zariski closed subset of X and
Sp(X) # X.

We remark that Sp(X) is an empty set if X is Kobayashi hyperbolic. This follows from
the vanishing dg = 0 of the Kobayashi pseudo distances dg of abelian varieties B and
the distance decreasing property of Kobayashi pseudo distances. We refer the readers to
[21, p.36] and [7, p.119] for another, but equivalent definition of the special set, which
works for general projective varieties.

We state our main theorem.

THEOREM 1.2. Let X be a closed subvariety of an abelian variety. Then X 1is
Kobayashi hyperbolic modulo Sp(X).

By Kawamata’s theorem above, Corollary 1.1 immediately follows from Theorem
1.2. By Ueno’s theorem above, Theorem 1.2 is trivial when X is not of general type,
because X is always Kobayashi hyperbolic modulo X itself. We may generalize our
theorem to the case of closed complex subspaces of complex tori (cf. Corollary 11.3).
However, this generalization is not essential, because a closed complex subspace X of a
complex torus is actually a closed subvariety of an abelian variety, provided that X is of
general type (cf. Lemma 11.1).

We remark that Sp(X) is the minimum closed subset of X that can be taken in the
statement of Theorem 1.2; If a closed subvariety X of an abelian variety is Kobayashi hy-
perbolic modulo some closed subset A C X, then A necessarily contains Sp(X). Indeed,
suppose x € Sp(X). We take a positive dimensional abelian variety B C A such that
x+ B C X, and a point b € B with b # 0. By dg = 0, the distance decreasing property
yields dx (z,x 4+ b) = 0. This shows € A (and = + b € A), and hence Sp(X) C A.

As a consequence of this observation, we get a converse of Corollary 1.1.

COROLLARY 1.3. A closed subvariety of an abelian variety is of general type if and
only if it is pseudo Kobayashi hyperbolic.

Indeed, if a closed subvariety X of an abelian variety is not of general type, then
Sp(X) = X by Ueno’s theorem above. Hence X is not Kobayashi hyperbolic modulo Z
for any proper Zariski closed subset Z ; X because of the minimality of Sp(X). Thus
X is not pseudo Kobayashi hyperbolic.

Theorem 1.2 is a generalization of a theorem of Green [9], who proved that a closed
subvariety X of an abelian variety is Kobayashi hyperbolic, if Sp(X) is empty. His
proof is based on Brody’s criterion of compact Kobayashi hyperbolic spaces: A compact
complex space V' is Kobayashi hyperbolic if there is no entire curve C — V with bounded
derivatives. Here an entire curve C — V is a non-constant holomorphic map from the
complex plane C. Thus the proof is reduced to show the non-existence of an entire curve
C — X with bounded derivatives under the assumption Sp(X) = (). However unlike the
case of Kobayashi hyperbolicity, no criterion is known for pseudo Kobayashi hyperbolicity
in terms of entire curves. This is a major difference between the problem of Kobayashi
hyperbolicity and that of pseudo Kobayashi hyperbolicity (cf. [34]).
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Our proof of Theorem 1.2 is based on a stronger result. To state it, we introduce
another terminology called tautness (cf. [19, Chapter 5]). Let X be a complex space. Let
Hol(DD, X) be the set of all holomorphic mappings from the unit disc D = {z € C; |z| < 1}
to X. Let A C X be a closed subset. We say that X is taut modulo A if for each sequence
{fn}52, in Hol(D, X), we have one of the followings: (1) {f,}52; has a subsequence
which converges locally uniformly to some f € Hol(ID, X), or (2) for each compact subset
K C D and each compact subset L C X \ A, there exists an integer ng such that
fn(K)N L =0 for all n > ng. We have the following theorem of Kiernan and Kobayashi
(cf. [16, Theorem 1], [19, 5.1.3]): If X is taut modulo A, then X is Kobayashi hyperbolic
modulo A. (We remark that the converse of this does not hold. See Example 2.2.) Hence
Theorem 1.2 immediately follows from the following theorem.

THEOREM 1.4. Let X be a closed subvariety of an abelian variety. Then X is taut
modulo Sp(X).

According to a geometric interpretation due to [16], a variant of Theorem 1.4 for a
closed subvariety of an algebraic torus, instead of an abelian variety, includes a classical
theorem of Bloch [1], supplemented by Cartan [5] (cf. [20, Chapter VIII]). This will
be achieved by generalizing Theorem 1.4 to the logarithmic case, namely the case of
subvarieties of semi-abelian varieties.

As an application of Corollary 1.1, we prove a generalization of the theorem of Bloch—
Ochiai. For a compact complex manifold X, the irregularity ¢(X) of X is defined by
q(X) = dim H°(X, Q%). The statement of the Bloch-Ochiai theorem is the following: If
X is a projective manifold such that ¢(X) > dim(X), then no entire curve f : C — X has
Zariski dense image in X . This statement was first claimed by Bloch [2] with incomplete
proof in 1920’s. Then it was proved by Ochiai [29] and Kawamata [15]. A generalization
to the logarithmic case was proved by Noguchi [25]. See also [10], [17], [22], [27]. For
the detailed discussion of this theorem including its history, we refer the readers to [28,
Section 4.8]. We generalize the Bloch-Ochiai theorem as follows.

COROLLARY 1.5.  Let X be a compact Kdhler manifold such that ¢(X) > dim X.
Then for every x € X, the set E, = {y € X; dx(z,y) = 0} is contained in a proper
analytic subset of X.

The implication of the Bloch—Ochiai theorem from Corollary 1.5 is as follows. Let
f: C — X be an entire curve into a projective manifold X with ¢(X) > dim X. We have
dx(f(0), f(2)) = 0 for all z € C. This follows from the vanishing dc = 0 of Kobayashi
pseudo distance dc of the complex plane C. Hence f(C) C Ey (). Thus by Corollary 1.5,
f(C) is contained in a proper analytic (hence algebraic) subset of X.

The outline of this paper is as follows. In Section 2, we derive Theorem 1.4 from
a Schottky—Landau type estimate (cf. Theorem 2.1) for holomorphic maps f : D — X
from the unit disc D to a closed subvariety X of an abelian variety.

The most of the paper (Sections 3 to 10) is devoted to the proof of Theorem 2.1. An
important issue in the proof of Theorem 2.1 is to formulate an appropriate proposition
(cf. Proposition 2.3), from which we can derive Theorem 2.1, and for which we can adapt
induction. In Sections 3-8, we prove Proposition 2.3. More detailed outline of the proof
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of Proposition 2.3 is discussed at the end of Section 2. In Sections 9 and 10, we derive
Theorem 2.1 from Proposition 2.3.

In Section 11, we generalize our results to the case of complex subspaces of complex
tori, and prove Corollary 1.5.

REMARK 1.6. In this paper, an algebraic variety (or simply a variety) is an integral,
separated scheme of finite type over the complex number field C (cf., e.g., [12, p.105]).
In particular, every variety is reduced, irreducible and non-empty (cf. [12, Chapter II,
Proposition 3.1]). Every variety has a canonically associated complex space structure
(cf. [12, p.439], [30, Section 2]).

2. A Schottky—Landau type estimate.

Let M be a complex manifold, and let wys be a smooth, positive (1,1)-form on M.
For v € TM, we denote by |v|,,, the norm of v defined by the Hermitian metric on M
associated to wy;. When A is an abelian variety, we equip A with a positive (1, 1)-form
w4 which is invariant under the translation of A. We call this w a positive invariant
(1,1)-form. A positive invariant (1,1)-form wy4 is expressed as

wa = %(dzl Ndz + -+ dzg A dZ) (2.1)

for some basis dz1,...,dz, € ['(4,Q4), where n = dim A. A crucial consequence of
this presentation (2.1) is that, for every holomorphic map f : D — A, the function
log|f'(2)|w, is subharmonic on D. For s > 0, we set D(s) = {z € C;|z| < s}: hence,
D(1) = D.

THEOREM 2.1. Let X be a closed subvariety of an abelian variety A. Assume that
X is of general type. Let wa be a positive invariant (1,1)-form on A. Let U C X be
an open neighborhood of Sp(X) and let 0 < s < 1. Then there exists a positive constant
¢ > 0 such that for every f € Hol(D, X) with f(D(s)) ¢ U, we have |f'(0)|w, < c.

DERIVATION OF THEOREM 1.4 FROM THEOREM 2.1. We remark that Theorem
1.4 is obvious if X is not of general type. Indeed, in this case, Sp(X) = X, but X is
always taut modulo X itself. Hence in the following, we assume that X is of general
type.

Let {f,} be a sequence in Hol(D, X'). Assume that there exist a compact set K C D
and an open set U C X with Sp(X) C U such that f,(K) ¢ U for arbitrarily large n.
By taking a subsequence if necessary, we may assume that f,(K) ¢ U for all n. Let
0 < o < 1. We shall show that the sequence {f,} is equi-continuous on D(o). For each
w € D(o), let Qp : D — D be a conformal automorphism such that Q,,(0) = w. Let
s € (0,1) be a constant such that Q,'(K) C D(s) for all w € D(c). Then

fnoQu(D(s)) ¢ U

for all n and all w € D(o). Hence by Theorem 2.1, there exists a positive constant ¢ > 0
such that
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[(fr 0 Qu) (0)|ws < ¢
for all n and all w € D(o). Hence

0 Qu) O _ e
|Q:,(0)] T 1-o?
for all » and all w € D(o). This shows that the sequence {f,} is equi-continuous on

D(c). By the Arzela—Ascoli theorem, the sequence { f,,} is normal. Thus we have proved
that X is taut modulo Sp(X). O

|f7/z(w)|wA =

We remark that Theorem 1.4 conversely implies Theorem 2.1. Indeed suppose con-
trary, that there exists a sequence {f,} in Hol(D, X') such that f,(D(s)) ¢ U for all n,
but |f}(0)|,, — oo as n — oco. Then Theorem 1.4 implies that the sequence {f,} is
normal. Hence after taking a subsequence, the sequence { f,,} converges locally uniformly
to a holomorphic map f : D — X. Hence |f/(0)|,, — |f'(0)]w, as n — oco. This is a
contradiction.

The following is a counter example for the converse of the theorem of Kiernan and
Kobayashi.

ExamMpPLE 2.2. Let X be a closed subvariety of an abelian variety such that
Sp(X) = 0. Assume that d = dimX > 2. Let p : X — X be the blow-up of X
along a smooth point * € X. Set A = p~!(z). Then, according to the theorem of
Green (or Theorem 1.2), it is easy to see that X is Kobayashi hyperbolic modulo A.
However, X is not taut modulo A. Indeed, let (y1,--.,94) € D? be a local coordinate
around z € X such that the origin of D¢ corresponds to z. Let f, : D — X be de-
fined by fn(z) = (#,1/2n,0,...,0). Then the sequence {f,} converges locally uniformly
to f(z) = (z,0,...,0). However, if we denote by fn : D — X the lift of f,, we have
|/(0)] = oo as n — oo. In particular, any subsequence of the sequence {f,} does not
converge locally uniformly to the lift f € Hol(D, X ) of f. This shows that X is not taut
modulo A.

This example shows that the procedure of blowing-up may cause a delicate problem
when we consider the norm of the derivatives of holomorphic maps. In the proof of
Theorem 2.1, we need to take several blowing-ups. These actually cause main technical
issues in the proof.

Now we introduce the main proposition (cf. Proposition 2.3) in the proof of The-
orem 2.1. Although the statement of this proposition is rather complicated, it states a
Nevanlinna theoretic version of Theorem 2.1 in relative setting for a family X € A x S
of closed subvarieties of an abelian variety A over a smooth projective variety S.

For a positive dimensional abelian variety A, we denote by X(A) the set of all
proper abelian subvarieties of A including the trivial one {0} C A. Hence we remark
that A ¢ X(A) and {0} € X(A).

CONVENTIONS. Let V; and V5 be algebraic varieties and let f € Hol(D, V; x Va).
Then we denote by fy, € Hol(D,V;) and fy, € Hol(D, V5) the compositions with f and
the first projection p; : V3 x Vo — V; and the second projection po : Vi x Vo — Vh,
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respectively. If wy, and wy, are (1,1)-forms on V; and Vi, respectively, then we set
Wy xVy = pikwvl +p;wV2'

ProPOSITION 2.3.  Let A be a positive dimensional abelian variety and let S be
a smooth projective variety. Let X C A x S be a closed subscheme such that for every
y €S, the fiber Xy over y satisfies X, g A. Then there exists a non-empty finite subset
A C Z(A) with the following property: Let wa be a positive invariant (1,1)-form on A,
and let ws be a smooth, positive (1,1)-form on S. For each B € ¥(A), let wa,p be a
positive invariant (1,1)-form on A/B and wp : A — A/B be the quotient map. Let
0<s<1,e>0andd > 0. Then there exist positive constants ¢y, co, c3 such that, for
every f € Hol(D, X), the estimate

min /dt/ (wpo fa)'wa/s §5/ dt fZWA+Cl/ dt fiws
BeA s D(t) s D(t) s D(¢)

+ {0 /Qﬂl g 1 d@} +
comax < 0, O ~— 7 = C3
0 |f/(sew)|wA><s 27

holds for all v € (s,1) outside some exceptional set E C (s,1) with the linear measure
|E| < §.

Here Hol(ID, X) is the set of all holomorphic mappings D — X, where X is consid-
ered as a possibly non-reduced and reducible complex space. Hence Hol(D, X) = {f €
Hol(D, A x S); f(D) C supp X}. In the statement of Proposition 2.3, we only need to
consider the support of X. However we consider the scheme structure of X for the sake
of convenience in the proof.

The outline of the proof of Proposition 2.3 is as follows. The proof is done by
transfinite induction with respect to the maximum Hilbert polynomial attached to the
family X — S. In Section 3, we prove an algebro-geometric lemma (cf. Lemma 3.1),
which states that this maximum Hilbert polynomial reduces by blowing-up the base space
S by a closed subscheme 7 C S. Here the support of 7 is the locus T' C .S over which the
Hilbert polynomials are maximum. At first glance, this process works well to complete
the transfinite induction for the proof of Proposition 2.3, but this is not the case; If the
image fs(D) is very close to T, we can not get the desired estimate for f: D — A x S
using the induction hypothesis for the lift D — A x BlyS of f (cf. Example 2.2). Here
Bl+S is the blow-up of S along 7. To handle this problem, we consider Demailly jet
space A x S, of A x S with sufficiently high order v, which has a property described in
Lemma 4.2 (cf. Section 4). By the tautological inequality (cf. Section 5), we may reduce
the estimate of Proposition 2.3 for holomorphic maps f : D — A x S to that of their
jet lifts fi,) : D — A x Sp,;. We consider the jet space X, C A x S}, of X as a family
of closed subschemes of A over S|,;. By Lemma 3.1 mentioned above, we may reduce
the maximum Hilbert polynomial after blowing-up Sy, by Tj,; C S[,; with a prescribed
closed subscheme structure 7. Here Tj,) C S, is the locus over which the Hilbert
polynomials are maximum. Now we need to consider the two cases according to whether
or not the image (f[))s,,(ID(r)) is almost contained in a neighborhood of 7},). Here the
terminology almost is introduced in Section 6. If this is the case, then without using the
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induction hypothesis, the desired estimate follows from the geometric conclusion about
the Demailly jet spaces (cf. Lemma 4.4) and an application of Vitali covering theorem
(cf. Section 7). Next if (fj,))s,,,(ID(r)) is not almost contained in the neighborhood of
T7,), we apply the induction hypothesis. In this case, the main issue is to get the estimate
for fi,) : D — A x Sp,) from the estimate obtained by the induction hypothesis for the
lift D — A x BlyS},) of f},;. This is done by applying the Bloch-Cartan estimate (cf.
Lemma 6.1).

3. Hilbert polynomial and blowing-up.

Let S be a variety (cf. Remark 1.6). Let X C P™ x S be a closed subscheme and
let p: X — S be the composite of the closed immersion X — P" x S and the second
projection P x S — S. Let £ be a relatively very ample invertible sheaf on X which
is obtained by the pull-back of Opn (1) by the composite of X < P™ x S and the first
projection P x S — P". For s € S, let Xy C P" be the fiber over s, and Ls be the
restriction of £ on X;. We denote by Py, the Hilbert polynomial of X with respect to
L. Hence for m > 1, we have

Px_(m) = dim H°(X,, £L5™).

Then the set {Px, }ses is finite (cf. [31, p.201, Step 2]). Since S # @, the set {Px, }ses
is non-empty.

Let P be the set of all numerical polynomials which appear as Hilbert polynomials
of closed subschemes of the projective space P™. Then P is an ordered set by P < P»
if and only if Pj(m) < Py(m) for all large integers m. This order is a total order. We
may take the maximum element Py, from the non-empty, finite set {Px_}scs C P with
respect to this order. We set

(3.1)

o [(s€8 P =Pu} X A0,
v if X = 0.

We remark that 7' C p(X).

LEMMA 3.1. (1) T is a Zariski closed subset of S.

(2) Assume T # S. Then there exists a closed subscheme T C S such that supp T =
T with the following property: Let o : BlyrS — S be the blow-up along T, let X c
P x Bl-S be the scheme-theoretic closure of p~1(S—T) in X xgBlyS C P* x BlrS. Let
D X - Bl+S be the composite of the closed immersion X < P x Bl+S and the second
projection P™ x BlyS — BlyS. Then, for everyt € BITS such that «(t) € T, the closed
immersion X; — X, a(t) 18 not an isomorphism, where X, is the fiber of p : X = BlyS
over t € Bl+S.

(3) Assume T # S and X # 0. Let p: X — BI1S be the object described in the
previous assertion. Set P = maxsepl,s{Px, } and P = maxses{Px,}. Then P<P.

REMARK 3.2. Assume that S is smooth. Then in the assertion (2), we may take
T C S so that S = BlyS is also smooth. Indeed, if S is not smooth, we replace S by a
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smooth model S — S which is isomorphic outside the support of o*7T.

PrROOF. When X = (), our assertions (1) and (2) are trivial. In the following, we
assume X # ().

We first prove (1). By [31, p.201, Step 3], there exists N7 > 0 such that for every
s € S and every m > Np, the natural morphism

(pLP™) ® C(s) — T'(X,, LE™) (3.2)
is an isomorphism, and
HY (X, £5™) = {0}

for all j > 0. Hence Px_(m) = dim{(p.L®™) @ C(s)} for every s € S and every m > Nj.
Replacing N7 by a lager integer if necessary, we may assume, moreover, that Px_(m) <
Prax(m) for every s € S—T and every m > Nj. The function s — dim{(p.L®M)®C(s)}
is upper semicontinuous and the locus where the value of this function is greater than or
equal to Ppax(N1) is exactly equal to T. Hence T is Zariski closed. This shows (1).

Next we prove (2). We apply the stratification defined by p,L£®™ ([31, Theorem
4.2.7]). For m > Nj, we obtain a closed subscheme 7,, C S such that supp7T,, = T
with the following property: If ¢ : V — S is a scheme morphism, the sheaf ¢*(p,L®™) is
locally free of rank Pyax(m) if and only if ¢ factors through 7,,. We set T =, .~ n, Tm-
By the Noetherian property, 7 is well-defined closed subscheme of S with supp 7 = T.

We shall show that 7 satisfies the property of (2). Let a : S — S be the blow-up
along 7. Set X =X xgSandlet p: X — S be the projection. Let L be the pull-back
of £L by X — X. Then £ is a relatively very ample invertible sheaf. Let a*7 be the
pull-back of 7 by a. Then o*T C S is a Cartier divisor.

We construct a closed subscheme 7 C S in a similar manner as the construction of
T C S above. We take Ny > Nj such that the natural morphism

(B+L®™) @ C(s) — D(X,, £LE™) (3.3)

is an isomorphism for every m > N and every s € S. Replacing N by a lager integer if
necessary, we may assume, moreover, that the natural map

o (P LE™) — P LO™ (3.4)

is an isomorphism for every m > Ny (cf. [31, Proposition 4.2.4]). For m > N», we obtain
a closed subscheme 7,, C S such that supp Ton = supp o7 with the following property:
If g : V — S is a scheme morphism, the sheaf ¢* (5, L&) is locally free of rank Py .y (m) if
and only if ¢ factors through 7,,. We set T = ﬂmz Na T Then T is a closed subscheme
such that supp 7 = supp o* 7.

We shall show T = a*7T to conclude that 7 C § is a Cartier divisor. Let ¢ : «*T — S
be the closed immersion. Then awo q : o*T — S factors through 7,, for every m > Nj.
Hence (a0 q)*(p.£L®™) is locally free of rank Pax(m) for every m > Ny. For m > Na,
(3.4) yields (a o q)*(p.L2™) = ¢*(p.L®™). Hence ¢*(p.LZ™) is locally free of rank
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Prax(m) for every m > Ns. Hence ¢ factors through T, C S for every m > Ns. This
shows o*T C T. ) . )

Next we shall show 7 C o*7T. Let v : T — S be the closed immersion. Set
X5 =X xgT and let p; : X3 — T be the projection. Let L3 be the pull back of £
on X+.

T

X+ X X
e b
T S S

P [}
There exists a positive integer N3 > N5 such that the natural map
(B LE™) > (pp) L2

is an isomorphism for every m > N3 (cf. [31, Proposition 4.2.4]). Hence (pi-)*ﬁ;@im is
locally free for every m > N3. Hence by [31, Proposition 4.2.1], p7 : X5 — T is flat.
Now we look at the natural map

(o) p LO™ — (p:r)*ﬁgim. (3.5)
Then in view of (3.2), the natural map
(P7)«LE" ® C(s) = T((X7)s, (LF)T™) (3.6)

is surjective for every m > N; and s € T. We apply the theorem of cohomology and
base change to conclude that (3.6) is an isomorphism for every m > N; and s € T (cf.
[12, Chapter III, Theorem 12.11 (a)]), and (pf)*ﬁ?im is locally free of rank Ppax(m) for
every m > Ny (cf. [12, Chapter III, Theorem 12.11 (b)]). By the isomorphisms (3.2) and
(3.6), the natural map

(a0 0)"p.LE™ & Cls) — (p7) LE™ © T(s)

induced by (3.5) is an isomorphism for every m > N; and s € T. Since (pi-)*E?im is
locally free, Nakayama’s lemma yields that (3.5) is an isomorphism for every m > Nj.
Hence (a0 ))*p, LO™ is locally free of rank Pyay(m) for every m > Ny. This shows that
o : T — S factors through 7. Hence 7 C o*7. We have proved T = o*T.

We take ¢ € supp 7. Then for m > N», we have an exact sequence on a Zariski open
neighborhood U,, of t,

O%dn Gy e 5 L3™ 5 0 (3.7)
such that the induced

Bem ~ ARm
0%m @ C(t) — p.LE™ © C(t) (3.8)
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is an isomorphism. We take a positive integer [ such that T = 7~'N2 Nn---N 7~'N2+l. We
take an affine open neighborhood U of ¢ such that U C U, for m = Na,..., Ny +1. We
may assume that 7 NU is defined by the ideal o - O5(U) C Og(U) for some o € Og(U).
Since S is a variety (cf. [12, Chapter II, Proposition 7.16]) and suppT # S, we have
o # 0 as elements of Og(U). Let G, be expressed by the matrix (gf]m)) We denote

by I, C Og(U) the ideal generated by all gl(]m), where 1 < i < e, and 1 < j < d,,.
Then I, is the ideal associated to the closed subscheme ’7~“m NU C U. Hence we have
In, + -4 Iny41 = 0 - Og(U). We may write ggn) = ahg»") by hg;n) € Og(U). Since

O35 (U) is an integral domain, there exists ul(;-n) € O5(U) such that

S =1

Hence there exists hgf;,/) such that hv(:,?,/)(t) # 0. Let 7 € D(U,p,L£®™) be the image
of (h%@,’)’ . ,hg’:g,) under (3.7). Then o7 = 0, but 7|, # 0, where we consider 7|; €
I'(X;, £2™) under the isomorphisms (3.3) and (3.8). Let

V(r) = p'(U) (3.9)

be a closed subscheme defined by 7 = 0, where 7 € I'(p~1(U), £~®m/). Since o is a unit
on U — supp T, the immersion (3.9) is an isomorphism over U — supp 7. Hence we have
X Ny Y (U) € V(7). Here we remark that X N p~1(U) is the scheme theoretic closure
of p~Y(U — supp 7~') in p~1(U), because the scheme theoretic closure of a Noetherian
scheme commutes with restriction to open subset. On the other hand, by 7| # 0, we
have V(7); & X,;. Hence we have

Xt - V(T)t g Xt = Xa(t)-

This completes the proof of Lemma 3.1 (2). (Compare with the proof of [14, Theorem
1.14].)
Before going to prove (3), we prepare another lemma.

LEMMA 3.3. Let Y C PN be a closed subscheme and let Z C'Y be a closed sub-
scheme. Then Pz < Py, where Py and Py are the Hilbert polynomials of Y and Z,
respectively. If, moreover, the closed immersion Z — Y is not an isomorphism, then
Pz < Py.

ProoF OF LEMMA 3.3. Let Z C Oy be the ideal sheaf of Z C Y. Then we have
the following short exact sequence

0—7Z-— 0y — 0z —0.
By HY(Y,Z(m)) = 0 for m > 1, this sequence yields
0 — LY, Z(m)) — IT'(Y,0y(m)) — T'(Y,0z(m)) — 0

for m > 1. By Py(m) = dimI'(Y, Oy (m)) and Pz(m) = dimI'(Y, Oz(m)) for m > 1,
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we get
Py (m) = Pz(m) + dimT(Y,Z(m))

for m > 1. Thus Pz < Py.
Now assume moreover Z # Y. Then Z # 0. Since Z(m) is generated by its global
sections for m > 1, we get I'(Y,Z(m)) # {0} for m > 1. Hence Pz < Py. O

Now we return to the proof of Lemma 3.1 (3). We take t € Bly-S such that Py = P.
The proof is divided in the two cases whether a(t) € T or not. If a(t) € T, then by Lemma
3.1 (2), we have X; S Xa(t)- Thus by Lemma 3.3, we have P = Py < Px,, =P If
a(t) ¢ T, then the assumption X # () yields Px,_, < P. Hence P= Py, < Px,, <P

In both cases, P < P. This completes the proof of Lemma 3.1 (3). O

4. Demailly jet spaces.

We introduce Demailly jet spaces (cf. [6]). Let M be a positive dimensional smooth
algebraic variety. Let V' C T'M be an algebraic vector subbundle, whose bundle rank
is positive. Set M = P(V). Let 7 : M — M be the projection. We define a vector
subbundle V' C TM as follows: For every point (z,[v]) € M associated with a vector
v eV, \ {0}, we set

‘7(9:,[1)]) ={{e T(w,[v])M; 7 (§) € Cu}.

Let f : D — M be a non-constant holomorphic map. We say that f is tangent to V'
if f'(2) € Vy( for all z € D. If f is tangent to V, we may define fj;) : D — M by
fu(2) = (f(2),[f'(2)]). Then fy; is tangent to V.

Let Z C M be a closed subscheme. We define a closed subscheme Z C M as follows.
Let W C M be an affine open set where ZNW is defined by ¢4, ..., ¢; C T'(W, Ow ). Then
we define the closed subscheme Z N W C 7 Y W) by ¢1,...,¢1,dé1|v,- .., dd|y. Then

this definition of m does not depend on the choice of generators ¢, ..., ¢;, so well
defined over W. In general, we cover M by open affines {I;} and make closed subschemes
ZNW; C 7= 1(W;). Then we glue these subschemes and define the subscheme ZCM.

We inductively define the Demailly jet space M} together with a vector subbundle
Vi, C T M, by

(Mo, Vo) = (M, TM), (Mg, Vi) = (My_1, Vic_1).

For a non-constant holomorphic map f : D — M, we define fj : D — M}, inductively
by fioy = f and fir) = (fjr—1)p)- For a closed subscheme Z C M, we define a closed

subscheme Z;, C My inductively by Zy = Z and Z, = Zz/_l Then for each non-constant
J € Hol(D, Z), we have fj,; € Hol(D, Zy,) for all k£ > 0.

Now let A be a non-trivial abelian variety, let .S be a smooth projective variety, and
let M = A xS. We denote by Lie(A4) the tangent space to A at the identity point 0 € A.
Let T'S x Lie(A) — S be the composite of the first projection T'S x Lie(A) — T'S and
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the natural projection T'S — S. We then consider T'S x Lie(A) — S as a vector bundle
of rank dim M over S. Then TM = ¢*(T'S x Lie(A)), where ¢ : M — S is the second
projection.

LEMMA 4.1.  For each k > 0, there exist a smooth projective variety Sy and a
vector subbundle VJ C T'Spy x Lie(A) such that My = A x Sy and Vy, = q,*;VkT c TMjy,
where qy : My — Sk is the second projection.

PrRoOOF. We prove by induction on & > 0. Our assertion is valid for £ = 0, where
Sjg) = S and VOT = TS x Lie(A). For the induction step, suppose our assertion is valid

for k — 1. We set S = P(Vqu)- Then S} is a smooth projective variety. We have
My, = P(‘]Z—l(vlj—l)) = My X Sle—1] S[k] =Ax S[k]'

Next let 7 : Sjy) — Spg—1] be the projection. We have a vector bundle map (7, idpic(a)) :
T'Sp) x Lie(A) — T'Sj—1) x Lie(A). We define V,j C TS x Lie(A) as follows. For each
(z, [v]) € Sp), where z € Sy_1) and v € VJ_l \ {0}, we set

(Vi) o)) = {6 € T Sy x Lie(A); (o, idiea))(€) € C - v}
Then we have g V,j = V. O

Let Ty, /S © T, be the relative tangent bundle with respect to the second pro-
jection qi, : My, — Sp). We define Mp C My, by

Mg ={z € Myg; (Vi NTh,ys,,)x # {0}

We set Sy = qi(My). Then S, C Spy) and MY = A x 55,
We claim that

Sy = S x P(Lie(A)) (4.1)

for all £ > 1. We prove this. For k > 1, let m : My — Mjy_1 be the projection. Let
(z,[v]) € My, where x € My and v € (Vy—1), with v # 0. Let (mg)« : (T M) (z,[0]) —
(T'Mj—1), be the induced map. Then we have (Vi) ) = ((76)«)”*(Cv). The map
()« induces an isomorphism (T, /s,) (x,w]) = (Thy_y /5,y )e- Hence (). induces
an isomorphism

(Ve 0 T 550 (. ol) — (C0) O (T, /8y ) (4.2)

This shows that (z,[v]) € M if and only if 2 € M_; and v € (Vi1 N Tasy_, /51 )a-
Hence we have

Mlg = P((Vk—l n TIVIk—l/S[k_1])|M,g,1)'

We first check (4.1) for k& = 1. We have M} = P(Txyg/5) = A x S x P(Lie(A)).
This shows (4.1) for k = 1. Next we assume that (4.1) is true for k, where k > 1.
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Then by (4.2), the restriction (Vi N Tz, /s,,,)mp is a rank one vector bundle. Hence
Mg =P((Vik N T, ss,) | mp) = M. Thus (4.1) also holds for k + 1. By the induction,
we have proved (4.1).

For v € Lie(A)—{0}, let ¢, : C — A be a one parameter subgroup such that ¢ (0) =
v. For (a,s) € A x S, let ¢, (4,5 : C— A x S be defined by ¢, (4.5)(2) = (a + pu(2), s).
Then we have

(#0,(a,9)) ] (2) = (a+ @u(2), 8, [v]) € A X Sp. (4.3)

Now let X C A x S be a closed subscheme. Let py : X — S be the composite of
the closed immersion X, < A x S and the second projection A x Sp; — Spy. We fix
some projective embedding A C P". We define a Zariski closed subset T}y C S as in
(3.1) from the projective morphism py, : X3, — Sp. Then Tiy C pr(Xx).

LEMMA 4.2.  Assume that X # A for all s € S and that Xj, C A x Sy is non-
empty for all k > 0. Then there exists a positive integer v > 0 with the following property:
Let T be a connected component of T}, such that TOSE’V] # (). Then there exists a proper
abelian subvariety B G A such that T N S, € 8 x P(Lie(B)).

REMARK 4.3. The proof shows that there exists an integer vy > 0 such that all
integers v > vy satisfy the property of Lemma 4.2.

PROOF OF LEMMA 4.2.

Step 1: We first find v in the statement. The restrictions of the projection maps
7y © My — My_1 induce isomorphisms M7 — M?_,. We consider supp(Xy N Mp) as
Zariski closed subsets of MY = A x S x P(Lie(A)), which form a nested sequence

A x S x P(Lie(A)) D supp(X; N M7) D supp(Xe N M3) D supp(XsNMg)D---.
By the Noetherian property, there exists an integer v such that
supp(X, N M) = supp(Xy41 N M7, 1) = supp(Xpqp2 N M o) = .

We fix this v.

Step 2: For v € Lie(A) — {0}, let B, C A be the Zariski closure of ¢,(C), where
@y : C = A is the one parameter subgroup. Then B, is a positive dimensional abelian
subvariety of A. Let (s, [v]) € py(X,) N Sf,; C 5 x P(Lie(A)). We claim that
B, C St(suppp, 1 ((s,[v]))), (4.4)

where St(supp p;, *((s,[v]))) is the stabilizer of suppp, 1((s,[v])) C A. Indeed, suppose
a € suppp;, t((s,[v])). Then (a,s) € X C Ax S. By (4.3), the definition of v yields that
(©v,(a,s))k](0) = (a, s, [v]) € X for all k> 0. By Taylor series, we have ¢, (4.5 (C) C X.
Hence a + B, C X,. Now for arbitrary € a + B,, we have ¢, (, ,(C) C X. This
shows (@y,(2,5))1)(0) = (2,5, [v]) € X,. Hence x € suppp;'((s,[v])). Thus we have
a+ B, Csuppp, ((s, [v])) for all a € suppp, ' ((s, [v])). This shows (4.4).

Step 3: We consider a general situation. Let ¥ be a variety (cf. Remark 1.6) and let
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Z C A x X be a non-empty, closed subscheme such that the projection v : Z — X is flat.
Then the dimension of Z, is independent of s € ¥ (cf. [12, III, Corollary 9.10]). We set
this dimension d. For each s € X, let (Z5)’ be the union of all d-dimensional irreducible
components of supp Zs. Then (Z,)' is a Zariski closed subset of A. Let St°((Z,)") be
the connected component of St((Zs)") which contains the identity element 0 € A. Then
St°((Z,)') is a (possibly trivial) abelian subvariety of A. We prove the following

Cramm.  St((Z,)') is independent of s € X.

When dim ¥ = 0, this claim is trivial. In the following, we assume dim > > 0.
We fix sy € ¥ arbitrary. Let D = St°((Z,,)"). We show that D = St°((Z,)’) for all
s € ¥. By taking a chain of irreducible curves connecting so and s (cf. [24, p.56]) and
considering the normalizations of these curves, we may assume that ¥ is a smooth curve.
Thus dim Z = d + 1.

It is sufficient to show that D C St°((Z,)) for all s € ¥. Let Yj,...,Y: be the
irreducible components of supp Z. We assume that dimY; = d+ 1 for 1 < j <[ and
dimY; < d+1forl+1 < j < k. Let (Y}), be the fiber of the restriction map 1|y, : Y; — ¥
over s € .. Since ¢ : Z — 3 is flat, we have ¢(Y;) = ¥ for every 1 < j < k (cf. [12, III,
Proposition 9.7]). Hence for every 1 < j < k and s € X, all irreducible components of
(Y;)s have the same dimension dimY; — 1. Thus for every s € £, we have

D C St°((Zs)") <= D c St°(supp(Yj)s) for all 1 < j < 1.

Now we fix 1 < j <[, and prove D C St°(supp(Y;)s) for all s € X. Indeed otherwise,
denoting by W; C (A/D) x X the image of Y; under the projection A x ¥ — (A/D) x X,
we have

dimW; +dim D > dimY; =d + 1.
On the other hand, denoting by ¢; : W; — ¥ the induced map, we have
dim ¢} ' (so) = dim(Y}),, — dim D = d — dim D.
Hence we have
dimW; — 1> d — dim D = dim ¢; ' (so).

This contradicts to dim (b;l(so) =dimW; — 1. Thus D C St°(supp(Y;)s) for all s € .
Hence D C St°((Z,)’) for all s € X This conclude the proof of the claim.

Step 4: We return to the proof of our lemma. Let T be a connected component
of Tj,) such that T'N 5S¢, # (. Let T" be an irreducible component of T. Then T” is
irreducible and reduced, and hence a variety. Let (p,)r : (X,)r» — T’ be the base
change of p, : X, — S|,;. By the construction of 7},), the Hilbert polynomials of the
fibers of (p,)r: are all the same. Hence (p, )7 is flat (cf. [12, III, Theorem 9.9]). Note
that (X, )7+ # 0, for X,, # (). By the claim above, St°(((X,);)’) is independent of t € T".
Since T is connected, St°(((X,);)") is independent of t € T. We denote this abelian
subvariety by B. Then by the assumption that X, # A for all s € S and X, # 0, we



Pseudo Kobayashi hyperbolicity 273

have ((X,):)' # Aand ((X,):) # @ forallt € T. Thus B # A. Now let (s, [v]) € NS,
Then by (4.4), we have

B, € St2(supp((X,,) (s,07))) € St((X0) (s10p))') = B-

Hence [v] € P(Lie(B)), thus (s, [v]) € SxP(Lie(B)). This shows NS}, C §xP(Lie(B)),
which completes the proof of Lemma 4.2. O

We discuss a consequence of Lemma 4.2, which is needed in the proof of Proposition
2.3. For v € T(A x Sy,)), we denote by va € T'A (resp. vs,, € T'S,)) the image of v
under the induced map T'(A x Sp,)) — T'A (resp. T(A x Sp)) — T'Sp)-

LEMMA 4.4. Let X C A x S be the same as in Lemma 4.2 and let v > 0 be a
positive integer which satisfies the property described in Lemma 4.2. Let T be a connected
component of Tj,) C S}, Then there exists B € %(A) with the following property: Let
€ > 0. Let wa be a positive invariant (1,1)-form on A and let wsy,; be a smooth positive
(1,1)-form on Sp,). Let wayp be a positive invariant (1,1)-form on A/B. Then there
exist an open subset U C Sp,) with T C U and a positive constant p > 0 such that

(@B)el(@) )R, < el)al2, + ol (45)

forallz € Ax U and all v, € (V). C To(A x Spy)), where (wp). : TA — T(A/B) is
the map induced from the quotient map wp : A — A/B.

PROOF.  For each open set W € S| \S[‘L], there exists a positive constant vy > 0
such that

|(U(a,s))A|wA < ’YW‘(U(a,s))S[,,] ‘UJS[V]

for all (a,s) € A x W and all v, 5) € (Vu)(a,s) C T(a,s)(A X Sp7). This follows from the
fact that the composition of the natural maps

(VD)(a,s) — T(a,s) (A X S[l/]) — TS(S[V])

is injective for all (a,s) € A x (S \ Sf,)). Hence if T'N 57, = (), we take B = {0} and
U C Sy such that T'C U and U € S} \Sf’y].

We assume that 7'N Sf,; # 0. By Lemma 4.2, there exists B € X(A) such that
Tnsp C S x P(Lie B). We claim that there exists an open subset U; C Sp,; with
S x P(Lie B) C U; such that

(@B)u((v2) )3, < €|vx\i“s[y = e(|(va) ali, + I(va)s, IisM) (4.6)

]

for all z € A x Uy and all v, € (V,), C Tu(A x S};). We prove this. Let x € A x
(5 xP(LieB)) € A x Sf,) and v € (V,)z. Then by the construction of Sp,;, we have

(v
(WU)*(UI) S TAXS[u—l]/S[u—l] and

(’Ny)*(vz) € LieB C Lie A = (TAXS[,,,I]/S[V,H)WV(;&)'
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Hence [(@wp)+((vz)a)|w,,z = 0 for all x € A x (S x P(Lie B)) and all v, € (V,),. We
define a compact set K C V,, by

K={veV,; \U|WAX5[V] =1}
For z € A x Sp), we set K, = KN (V,),. We set

K = {v e K, |(WB)*(UA)|wA/B > \@}
Then K’ C K is compact and
K'Nn U K, =0.
z€AxX(SxP(Lie B))

Hence there exists an open set U; C S,) such that S x P(Lie B) C U; and

|(wB)*((UJ;)A)|wA/B < \/g

for all z € Ax Uy and v,, € K. Hence we have (4.6) for all z € Ax U; and all v, € (V).
Now we take Uy € Sp) \ Sf’y] such that T' C U; UU,. We set U = Uy UU,. If
x € Ax U and v, € (V,)s, then we have

|(WB)*((UCE)A)|<UA/B <c|(vz)alw, < C'7Uz|(UI)S[,,] ‘wsM7

where c¢ is a positive constant such that whwa/p < c2wa. Hence (4.5) is valid for
p = max{e, ®y7, }. O

5. Tautological inequality.

We introduce a variant of the tautological inequality. For entire curves, this estimate
is due to Kobayashi [18] and McQuillan [23]. See also [3], [33], [35].

Let X be a smooth projective variety. Let wx be a smooth, positive (1, 1)-form
on X. Then wx naturally induces a Hermitian metric on the tautological line bundle
Oprx(1) on PTX. Let wo,,,(1) be the associated curvature form for the tautological
line bundle Oprx (1) on PTX.

LEMMA 5.1.  Let X, wx, Wop,y(1) be as above. Let 0 < s <1, >0 andd > 0.
Then there exists a positive constant p > 0 such that for every non-constant holomorphic
map f:D — X, the estimate

T dt / / / /2’* 1 do
— *w <e dt *wx + log ————— — +
L n (1) (f[l]) Oprx(1) . D(t) f X 0 g |f/(567'0)|wx o H

holds for all r € (s,1) outside some exceptional set E C (s,1) with the linear measure
|E| < 4.

PrOOF. We follow the argument in [3]. The metric wx defines a Hermitian metric
| - Jwx on Oppx(—1), whose curvature form is —we,,,(1)- By the Poincaré-Lelong
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formula, we have

—(f)*woprx 1) = [(f) F] = 2dd® log | '«

as currents on D, where F' is the zero section of Oprx(—1). By the Jensen formula, we
have

T dt X o i dg o i df
L5 L oo < [ sl Gl [ om1s s g

Using concavity of log, we have

27
log/ |/ (ret®) |2 d—g
0

“Xor

2
; g 1
1 / 6 w <z
| sl el gt < 5

We set
T(r) z/ dt ffwx.
s D(t)

Then we have

1 d2 2 4 df
77T — ! i0\|2 —.
27r dr? (r) /0 [F(re™)lx 2r

27 2
X do 1 1 d
! 10 _ < - -
/0 log | f'(re”)|wx 5 = 3 log (27rr dr2T(r)> .

Hence for r > s, we have

27 2
. do 1 d log 27s
1 "(re*)|., < Zlog|—T — .
/O og |f'(re"”)|wx 5= < 5 log (dr2 (7")) 5

27

Hence

Now we apply Lemma 5.2 below twice. We have
d? 4 1 A2
log WT(T) <log 5 max {1, (T'(r)) }

<log (;’l max {1, (;1 max{l,T(r)2})2}>

~log <§: max{l,T(r)4}>

for r € (s,1) outside some exceptional set F with |E| < §. Hence

" dt I 1 dd log2ms 3. 4
= * < 2logt T 1 : — - Zlog =
S st < 2108 100+ [ ok e~ SR ¢
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for 7 € (s,1) outside E. We take a positive constant ' > 0 such that 2log™ 2 < ex + 1/
for £ > 0. Then we obtain our estimate. O

LEMMA 5.2.  Let g be a continuously differentiable, increasing function on [s,1)
with g(s) > 0. Let § > 0. Then we have

2
g'(r) < S max{1, (r)*}
for all v € (s,1) outside a set Es with |Es| < 4.

PrOOF.  Set
B = {r e (6,105 o) > S max(1, 5017} ).

If Es = (), then our assertion is trivial. Suppose Es # (). We have

|Es| < 5 /max{lg *2/ maX{lg 7

We have the following three cases.
Case 1: g(r) > 1 for all r € [s,1). Then we have

b= [ =t [ =

Case 2: g(r) <1 for all r € [s,1). Then we have

/5 HlaX{Lg(r)Q}dr/s g (r)dr <1.

Case 3: Otherwise, we have g(s) < 1 and lim,_,;_og(r) > 1. We set K = sup{r €
[$,1); g(r) <1}. Then we have s < k < 1 and g(k) = 1. Hence we have

[t [ [ = []

Thus in all cases, we have proved |Es| < 0. O

S

Now let A be an abelian variety and let S be a smooth projective variety. Then by
Lemma 4.1, there exists a smooth projective variety Sp; such that (A x S), = A x S

LEMMA 5.3.  Letwa be a positive invariant (1,1)-form on A and let wg be a smooth,
positive (1, 1)-form on S. For k € Z>o, let ws,, be a smooth, positive (1,1)-form on Sy,.
Let 0 <s<1,e>0,6>0. Then there exist posztwe constants 1, pa, s such that for
every non-constant holomorphic map f: 1D — A x S, the estimate
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[ [ Gpsrosy < [Ca [ preap [ [ g
s D(t) s D(t) s D(t)

+ po max O/Qﬂlo ;d—e +

|WAXS

holds for r € (s,1) outside some exceptional set of linear measure less than 6.

PrROOF. We prove by the induction on k. When k& = 0, our assertion is trivial.
Suppose that our estimate is valid for & — 1, where k > 1. Then P(Vy_1) = A x Sy
for the vector subbundle Vi C T(A x Sj_q)). Let ¢ : A x Sjp_y) — Sp—1) be the

second projection. By Lemma 4.1, there exists a vector bundle Vkll on S[_q) such that

q*V,j_1 = Vi—1. Then we have P(Vg_l) = Sik)- We note that ws and WSy induce

Hermitian metrics on V,:_l and Vi_1, hence on the tautological bundles O pyt (1) and
k—1

Opy,_, (1). We denote by wopv,j_l(l) and Wopy, (1) the associated curvature forms on

Sii) and A x S, respectively.
Let 7 : S — Sjk—1) be the induced map. There exist positive constants ai, az
such that

*
Wspy S 1wo s (1) T T Wsy_y)
k—1

on Sp). By Lemma 5.1, we get

Tt .
/ — (fi) wopry, ()
D(t)

/ dt/ (f *w +/ lo ;ﬁ-k
= 20[1 [k— 1 AXSk 1] g ‘f,(seig)LUAxs om H

for r € (s,1) outside some exceptional set Fy with |E;| < /2. Hence we get

/ dt / ((fk)) spg) Wi
D(¢)
dt
S/ */ ((fre)s
D(¢)
<a1/ / f[k] Wopy, 1(1) s / dt Dt S[k 1]) WSk—1)
* aQ
S 7/ dt/ (f[k*l]) wAXS[k 1] / dt/ k 1] S[k 1]) wS[k,l]
2Js Jpw s D(1)

+ / log 1 d9 +
o7} ———— — t Q14
0 |f/(5619)|wA><s 2m

e (7 L@
Si/ dt fAWA+ = /dt/ f[k 1] kl)wsk 1]
s D(t) D(t)

+ maX{O /Qﬂlog L de}—I—ozu
1 ) IR N 1
0 £/ (s€%)|ways 27



278 K. YAMANOI

for r € (s,1) outside E;. Now by the induction hypothesis, we have

‘s 65 s T
dt/ _ - V*ws,, gi/dt *w+’/dt/ Ew
/S ]D)(t)((f[k 1])S[k,1]) Sik—1] 20 + 25 . B0 Jawa + py . B Jsws

+ s max{() /27r loglde} + 1
? "Jo [/ (5€%)way s 27 °

for r € (s,1) outside some exceptional set Fy with |Es| < §/2. Thus our estimate is valid
for k. O

6. Nevanlinna theory and blowing-ups.

We use the notion of Weil functions (cf., e.g., [35, Definition 2.2.1]). Let V be a
smooth projective variety and let Z C V be a closed subscheme. A Weil function Az for Z
is a continuous function Az : V —supp Z — R which satisfies the following condition. For
each = € V| there are a Zariski open neighborhood U C V of z, holomorphic functions
g1,---,91 € I'(U,Oy) which defines Z N U, and a continuous function o : U — R on U
such that

Az(y) + log lrrgl;-;?l{lgi(y)\} < a(y)

for all y € U — supp(Z NU). We summarize the needed properties of Weil functions (cf.
[35, Section 2.2)):

e If Az and )\, are Weil functions for Z, then there exists a positive constant v such
that [Az(z) — Ay (z)| <7 forall z € V —supp Z.

e Let D be an effective Cartier divisor on V. Let L be a line bundle on V as-
sociated to D, and let h be a smooth Hermitian metric on L. Let o be a sec-
tion of L associated to D such that h(o(z),o(x)) < 1 for all x € V. Then

Ap(z) = —log/h(o(z),0(x)), where & € V — supp D, is a Weil function for D
with )\D Z 0.

e Suppose Z = D1N---NDjy as closed subschemes of V', where Dy, ..., D; are effective
Cartier divisors on V. Then min{Ap,,...,Ap,} is a Weil function for Z.

e Suppose that p: V — V is a morphism from another smooth projective variety V.
Then Az o p is a Weil function for the pull-back p*Z C V.

By the second and the third property, we may chose a Weil function Az such that Az > 0.

We introduce one terminology from [20, p.242]. Let v > 0 and let W C C be an
open set. An assertion concerning points w € W will be said to hold for y-almost all
w € W if it holds for all w € W possibly except for w contained in at most countably
many closed discs such that the sum of the radii is less than ~.

LEMMA 6.1. Let V be a smooth projective variety and let Z C V be a closed
subscheme such that the blow-up BlzV is smooth. Let wy and wpi,v be smooth positive
(1,1)-forms on V and BlzV, respectively. Let Az : V —supp Z — R>q be a Weil function
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for Z. Let Zy,...,Z; be the connected components of Z. For k=1,...,1, let Uy CV be
an open neighborhood of supp Zy. Let 0 <y <1, >0 and 0 < s < 1. Then there exist
positive constants B1, fo with the following property: Let f € Hol(D, V') be a holomorphic
map with f(D) ¢ supp Z. Set

orr =sup{t € (0,1) | f(w) € Uy for v-almost all w € D(t)},

and oy = max{s,of1,...,07,}. Then the estimate

27 r r
. do N
/ Az(f(rew))? +/ dt [y < 51/ dt/ frwy + B2
0 m s D(t) s D(¢)

holds for r € (s,1) N (oy + &, +00), where f:D — Bl,V is the lifting of f.
We note that v <opp <1lfork=1,...,1L

REMARK 6.2. By the assumption Az > 0, the estimate of Lemma 6.1 yields the
following estimate

/ dt Fros,v < 51/ dt/ [rwy + Ba. (6.1)
s D(t) s D(t)

By contrast to this estimate, there is no pointwise estimate for | f! |wBle from above using
linear function of |f'|,, (cf. Example 2.2).

We start the proof of Lemma 6.1 from the following two preliminary estimates.

LEMMA 6.3. LetV, Z, wy, wpi,v and Az be the same as in Lemma 6.1. Then there
exist positive constants a1, as and az with the following property: Let 0 < s < s’ < 1.
For every f € Hol(D, V) with f(D) ¢ supp Z, we have

o 6 do " %
Az(f(’)"e ))7 + dt f WBI1;V
0 u s D(t)

T 27
gvy dO
e [fwy + ag/ Az(f(s"e?))— + as (6.2)

s Js D(¢) 0 27

forallr e (s',1), where s = (s+s')/2 and f:D = Bl,V is the lift of f.
To estimate the second term in the right hand side of (6.2), we need another

LEMMA 6.4. LetV, Z, wy, wpi,v and Az be the same as in Lemma 6.1. Then
there exist positive constants aqy > 0, as > 0 and ag > 0 with the following property: Let
0<s<s’"<1. For every f € Hol(D, V) with f(D) ¢ supp Z and every biholomorphic
mapping Q : D — D(s”) with Q(0) € D(s) and f o Q(0) & supp Z, we have

I vy dO e Lat «@ o
ZRT AN 4 o o O 5 o 6
| rsveng < gt [P [ rearev s G oo + 5t

— S

(6.3)
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We first prove Lemmas 6.3 and 6.4.

PrROOF OF LEMMA 6.3. For r € (s/,1), we have

/dt/ f*wBle:/ dt/ f*wBlzv-i-/ dt/ frop,v
s D(t) s D(t) s D(t)

s — s [T ) r )
— / dt f*WBIZV + / dt f*WBIZV
T—S s/’ D(t) s D(t)

r—=s

T
= dt frwsi,v
T — SH // ]D)(t) z

/ t/ Frwpi,v.
S//

IN

Hence, for r € (s',1), we have

/ dt frop,y < 2/ a frwpi,v. (6.4)
s D(t) s U Jp)

Let p : BlzV — V be the projection and let p*Z C BlzV be the induced closed sub-
scheme. Then p*Z is a Cartier divisor on BlzV. We denote by L the associated line
bundle. Let M be an ample line bundle on V. Then there exists a positive integer [ such
that p* M®! ® L~! is ample on BlzV. Hence there exist smooth Hermitian metrics hy,
on L and hjys on M such that

Ip*eir(M, har) — (L, hr)

is a positive (1, 1)-form on BlzV. Here ¢;(-) are associated curvature forms. Thus there
exist positive constants y; > 1 and 2 > 1, which depend on wp) v, wv, (L, hr), (M, har),
such that

wBl,v < M1 wy — Yeci(L, hr).

We have

rat [ . "t ) Tdt [ .
/ — frwsi,v S’Yl/ — f wv-%/ — frei(L,hr) (6.5)
st Jne) st Jp) AN 0

for r € (s”,1). Let o be the section of L associated to p*Z. We may assume that

hr(o(z),o(x)) < 1 for all x € BlzV. We set Ay« z( —log+\/hr(o , where
x € BlzV — suppp*Z. Then by the first main theorem (cf [28, Theorem 2 3 31]),

have

™

- 27 . do 2 N df&
/s” 7 D(t)f c1(L,hy) 2/0 «z(f(re ))2 /0 Az (f(s"e ))271- (6.6)

for r € (s”,1). Since Az o p is a Weil function for p*Z, there exists a positive constant
73, which depends on (L, hr), o, Az, such that
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Az(p(2)) —v3 < Aprz(z) < Az(p(z)) + 73

for all x € BlzV — supp p*Z. Hence we have

o £ et? df@i o £ do
/0 2 (F(s"E?)) / 2 (fret) P

2T 2T

27 do 27
< [ az(fen) S -

/\Z(f(rew));l—e + 273. (6.7)
0 u 0 u

Hence by (6.5)—(6.7), we obtain
I iov. dO T dt .
72/ Az(f(re ))*Jr/ — | [frws,v
0 2T s t D(t)

" dt . 2 do
S%/ - f wv+72/ Az(f(s" 19))*2 + 27273.
s D(t) 0 P

By 72 > 1 and

" dt 1 ("
[5G revss[a] fo
st o s Js D(#)

/OQW)\Z(f(T /é// t/ frws,v

db
<0 [ pevin [ e ) o,
s Js D(t) 0 2m

we get

Combining this estimate with (6.4), we obtain (6.2). Here we set a1 = 2791, ag = 27s,
and az = 4v573. O

PrOOF OF LEMMA 6.4. Let Di,---,D, be effective ample divisors such that
Az = min{Ap,}. We have, for i =1,...,v with f(D) ¢ supp D;,

27 " 27
/ )\Z(f(slleze))d—g S S//i‘s/ )\Z(f Q( ))d9
0 0

2T S S 21
2 2 o\, dO
< ) Y))—.

= s —s )‘Dz(fo Q(e ))27T

By the first main theorem, there exist positive constants -4 and 75 which depend on wy
and {\p,} such that

27
/ Ap, (f o Q(e” *< 4/ dat (foQ)'wy + Ap,(foQ(0)) + s
0 D(t)

fori=1,...,v with f(D) ¢ supp D;. Hence we get
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27
/O A2(f(s"e%) o2 < 2 / dat / (FoQwv + A, (f 0 Q) + 2

s —s

fori=1,...,v with f(D) ¢ supp D;. We take i such that Az(f o Q(0)) = Ap,(f o Q(0))
to conclude the proof of (6.3). Here we set ay = 274, a5 = 2, and ag = 27s. O

Before going to prove Lemma 6.1, we quote the Bloch-Cartan estimate (cf. [13
Lemma 6.17]): If p is a mass distribution on C with finite total mass M and « is a
constant with 0 < v < 1, then we have

1
log ——dp, < WM 6.8
/(C |Z _w‘ Y ( )

for y-almost all w € C, where 7, > 0 is a positive constant which depends on . For
instance, we may take as 7, = log(6/). This estimate is due to Bloch [1] and Cartan
[5]. See also [20, VIII, Section 3].

Proor oF LEMMA 6.1. If oy + 0 > 1, then our claim is trivial. Hence in the
following, we assume oy <1—4. Set sy =0y +6/2, s =0y + 6 and s} = (sp + s7)/2.
We remark that sy > s and that s7{ — sy = 0/4 does not depend on the choice of f.
For each k =1,...,1, let Az, : V —supp Z; — R>g be a Weil function for Z;,. Then
Az, + -+ Az is a Weil function for Z. By the estimate (6.2), we obtain the following:
There exist positive constants ay, as and ag such that, for each f € Hol(D, V) with
f(D) & supp Z, we have

o 6 do " £k
)\Z(f(re ))27 + dt f WBIZV
0 m sy D(t)

2
df
g— dt/ vaJrOézZ/ Az, (f //19))2 ta

for r € (s%,1). We have

/ dt/ f*wBlzv
s D(t)

Sf R T R
/ dt frwsl,v + / dt frwi,v
D(t)

sf D(¢)
S / dt/ fwBlzv-i-/ dt/ frus,v
T_Sf D(t) D(t)
r—s
= /dt frwpi,v
T_sf D(t)
S dt

for r € (s, 1). Hence by 2(1 —s)/d > 1, we have

2
2
/ )\2( / dt/ f WB1,V < —= al / dt/ f wy
0 D(t) D(t)
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l 2m
20‘2(1 — 3) " 6 ﬁ 2043(1 — 3)
+ 5 kz:l R (6.9)

for r € (s%,1).

For each Zj, we apply the estimate (6.3) to get the following: There exist positive
constants ay , > 0, a5, > 0 and ag > 0 such that, for each f € Hol(D, V) with f(D) ¢
supp Zx and for each biholomorphic mapping Qy : D — ID)(s’]Z) with Qr(0) € D(sy¢) and
foQr(0) & supp Z, we have

2 o df Ao Lat 4o 4o
1,0\ 2~ 4,k ot * 5,k 6,k
[ atreiemgr <25 5] (ro@urer + Fan o quo) +

Set Qg = max1§k31{4a4,k/§}, af = maxlgkgl{éla&k/é} and Qg = 22:1 40[6’]@/(5. Then
we get

~ o\ df Lot l
1 _160 N
;;/0 Az, (f(sfe ))g < 044;/0 t/]D)(t)(fOQk) wv+0‘5k§::1)‘zk(f°Qk(0))+a6.

(6.10)

Now we chose Q. Let p be a muss distribution on C defined by p = ]ID(S/f/)f*wV.

Then p has finite total mass fD(S,,) f*wy. We apply the Bloch—Cartan estimate (6.8) to
f

conclude that, for each 1 < k <, there exists wy, € D(sy) such that f(wy) & Ui and

1
/log ——du, < T,y/ fFwy.
C |z — wy] D(s)

Indeed otherwise, we have f(w) € Uy for vy-almost all w € D(sy), which contradicts to
the choice of sy. Let Qf : D — ]D)(S’JZ) be a biholomorphic mapping such that Q(0) = wg.
Then we have

Lat 1 1
— o * = 1 7d x - 1 d z
= / log wdﬂz < (1, +log 2)/ Frop.
c

|2 — w| D(s)
Hence, for r € (s, 1), we have

! 4 log2) ["
/ @/ (f o Q) wy < M/ dt [ frwy. (6.11)
o b Jpw 0 s D(t)

We set ny = sup,cy g, Az, (2) and = max;<p<; nx. Then we have

Az, (f o Qx(0)) <. (6.12)

Combining (6.9)—(6.12), we get our lemma. O



284 K. YAMANOI

7. Application of a covering lemma.

LEMMA 7.1. Let A be an abelian variety and let wa be a positive invariant (1,1)-
formon A. Let0 < s <o <1andd > 0. Let F C D(o) be a relatively closed subset such
that for all o’ € (0,0), the set F ND(c’) is covered by at most countably many closed
discs whose sum of radii is less than §/800. Then for every f € Hol(D, A), the estimate

/ dt ffwa §4/ dt/ ffwa
s D(t) s D()\F

holds for r € (s,0) outside some exceptional set whose linear measure is less than §.

PrROOF. Let P C (0,0) be defined by
P={re(0,0); {|z|=r}nF#0}.

Then |P| < §/400. For 0 <t < 1, we set

2
o(t) = / |/ (te)[2, do.

Then since | f'(z)|2 , is subharmonic (cf. (2.1)), ¢(t) is a non-negative, increasing function.
We apply Lemma 7.2 below to get

/ ffwa = / p(t)tdt < 2/ p(t)tdt < 2/ ffwa
D(r) 0 (0,”)\P D(r)\F

for r € (0,0) outside some exceptional set E C (0,0) whose linear measure is less than
4/20. Again we apply Lemma 7.2 to get

/ dt/ Frua gz/ dt [ frwa §4/ dt/ froa 34/ dt/ frua
s D(t) s, \E D) s\E  JDE\F s D(t)\F

for r € (s,0) outside some exceptional set whose linear measure is less than ¢. 0

LEMMA 7.2. Let ¢ : [0,1) — Rx¢ be a non-negative, increasing function. Let
0<u<u <1land~y>0. Let P C (0,u') be a subset such that |P| <. Then we have

/ o(z)dr < 2/ p(z)dx
[u,r] [u,r]—P

forr € (u,u') outside some exceptional set whose linear measure is less than 20+.

Proor. We set
t
E= {x € (u,u'); It >0st. |[x —t,z]NP| > 2}.

We shall show that |F| < 20v. For « € E, we take t, > 0 such that
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[ —tz, 2] N P| > t,/2. (7.1)

We set I, = [x — ty,x + t;]. Then

EcC Ufz.

zel

By the Vitali covering theorem [8, p.27], there exists a countable set @ C E such that,
letting I, = [z — bt,, x + 5t,], the family {I,},cq are disjoint and

Ec L.

z€EQ

By (7.1), we have
|I, N P| > |I.|/20.
Hence we have

|B| <> 1L <20 I N P| < 20|P| < 207.
TEQ z€EQ

Now let r € (u,u') — E. Then for all a < r, we have
1
o]~ Pl 2 Ll

Hence, for r € (u,u') — E, we have

w(r)
/ o(@)dz = / |max{u, o~ (4)},7] — Pldy
[u,r]—P 0

1 o) . 1
> [ Imaxtup t@hrlay =5 [ e,
0 [u,r]
where ¢~ !(y) = sup{z € [0,1); »(z) <y} O

8. Proof of Proposition 2.3.

We first recall the principle of transfinite induction. Let I be a totally ordered set
which is well-ordered, i.e., every non-empty subset of I has a minimum element. Let
P(i) be a property parametrized by i € I.

LEMMA 8.1.  For alli € I, assume that:
If P(4) holds for all j < i, then P(7). (8.1)
Then P (i) holds for alli € I.

PROOF. We define a subset J C I by
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J ={i € I; P(i) does not hold}.

To prove that J is an empty set, we assume contrary that J # (). Since I is well-ordered,
we may take the minimum element j, € J. For all i < jo, we have i ¢ J, hence P(7)
holds. Hence P(jj) holds by our assumption (8.1). This contradicts to jo € J. Hence
J = (. Thus P (i) holds for all i € I. O

We return to the situation of Proposition 2.3. We fix a closed embedding A C P™,
where n > 0. Recall that P is the set of all numerical polynomials which appear as
Hilbert polynomials of closed subschemes of the projective space P™. Then P is a totally
ordered set by P; < P, if and only if P;(m) < Py(m) for all large integers m.

LEMMA 8.2. The set P is well-ordered.

PRrROOF. Let Ppn be the Hilbert polynomial of P". Then Ppr is a maximum element
of P. Let J C P be a non-empty subset. We shall show that J has a minimum element.
We may assume J \ {Ppn} # 0, for otherwise Ppn is the minimum element of J. Note
that P \ {Pp~} is the set of all Hilbert polynomials of proper closed subschemes of P™.
By [11, Corollary 5.7], we may write P € P\ {Ppn} as

ro=S{()- ()]

t=0
where mo, m1,...,Mp_1 € Z>p and my > my > --- > my_1 > 0. We associate P
the sequence (my_1,...,mg) € (Z>0)". Then our order in P \ {Ppn} corresponds to

the dictionary order in (Z>o)™. Since (Z>()" with the dictionary order is well-ordered,
J\ {Ppn} has the minimum element Q. Then @ is the minimum element of J. O

REMARK 8.3. The minimum element of P is Py = 0 which is the Hilbert polynomial
of ) C P™.

For a closed subscheme X C A x S, we attach P = Ppax € Pand T C S as in (3.1),
under the fixed embedding A C P". Here we recall Py.x = maxgeg{Px,}.

Now we prove Proposition 2.3. We prove the proposition by the transfinite induction
on P € P attached to X — S. So we assume that the proposition is true when the
attached polynomial is less than P.

We first remark that if X is empty or dim X = 0, then our proposition is trivially
valid with A = {{0}}. Thus in the following, we assume dim X > 0. Then X} C A x Sp
is non-empty for all £ > 0, because there exists a non-constant holomorphic map D — X.

We first find the non-empty finite subset A C X(A) in the Proposition 2.3. We take
v > 0 such that Lemma 4.2 holds. Let T},; C S},) be defined as (3.1) by p, : X, — S},
Let T1,...,T; be the connected components of 77,;. We have

1> 1. (8.2)
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For each T, where k = 1,...,1, we take By, € ¥(A) as in Lemma 4.4. We define A C 3(A)
in the following two cases. First, if T},; = p, (X, ), then we set A = {B1,..., B;}. Next
we consider the case T}, # p,(X,). Let T C S|, be a closed subscheme such that
supp7 = T}, as in Lemma 3.1. Set S = BlrS),). By Remark 3.2, we may assume
that S is smooth Let X C A x S be the scheme theoretic closure of v, (S[,,] - Tw)
in (X,) xs, S. Let p: X — S be the projection. We attach P € P top: X — 9.

By Lemma 3.1, we have P < P. Thus by the induction hypothesis, Proposition 2.3 is
true for p : X — S. We take the non-empty finite subset A C $(A) which appears in
Proposition 2.3 for p: X — S. We set A = AU {Bi,...,Bi}. By (8.2), we have A # ()
for the both cases above.

Next we take wa, ws, wasp, S, € 0 as in Proposition 2.3. Let wg, be a
smooth, positive (1,1)-form on Sp,;. By Lemma 4.4, there exist open neighborhoods
T, Cc Uy,...,T; C U; and positive constants p1, ..., p; such that, for k=1,...,1[,

(@)« ((V2) )25, < §|('Uw) al +pk|(vw)s[y]|3,5[1}] (8.3)

for all z € A X Uy, and all v, € (V,)),. Let v = §/3200.

Now let f € Hol(D, X). Since the estimate of Proposition 2.3 is trivial for a constant
map, we assume that f is non-constant. For k =1,...,1, we set

or =sup{t € (0,1) | (fi1)s,,(2) € Uk for y-almost all z € D(¢)}.
Let 0 = max{s,o1,...,0;}. We consider two cases.

Case 1: 7 € (s,1) N (0,0). Note that this case occurs only when o > s. In this case,
we shall not use the induction hypothesis. We take k such that o, = 0. We set

Fy, = {Z € D(U); (.f )5'[,,]( ) ¢ Uk}

Then by (8.3), we have

/ dt/ (ka OfA)*WA/Bk <S 8/ dt waA+pk/ dt/ S[U UJSM
s D(t)\ Fk s D(t)

Hence by Lemma 7.1, we get

/ dt/ (kaofA)*wA/Bk < 7\/ dt waA+4pk/ dt/ S[V]) wsm
s D(t) s D(¢)

for r € (s,0) outside some exceptional set of linear measure less than §/4. Set p =
max{p1,...,p1}. Then we get

min / dt/ (wBofA)*WA/B < / dt waA—‘r4p/ dt/ S[,,]) WSy,
BeA | J D(t) s D(t) D(t)

(8.4)
for r € (s,0) outside some exceptional set of linear measure less than ¢/4.
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Case 2: r € (s,1)N (0, +00). Note that this case occurs only when T}, # p, (X,) and
(fi) s, (D) € Ty Let f:D — X be a holomorphic map induced from S D= X,
Let wg be a smooth, positive (1,1)-form on S such that 7*wg < wg, where 7: .5 = S'is
the composition of the natural maps S — Sp,; — S. Then

|f/(sei9)|wA><s < |fl(sei9)“*’4><§'

By Lemma 6.1 (cf. (6.1)), we have

/ dt | fiwg < 51/ dt/ ((Fp))sp)) wsy, + B2
s D(t) s D(t)

for r € (s,1) N (0 +6/4,+00). Here the constants §; > 0, B2 > 0 are independent of the
choice of f € Hol(D, X). By the induction hypothesis, we have

mn}{/ dt/ (wBOfA)*wA/B} < %/ dt/ fZUJA+CI1/ dt/ .fA;LUS'
BeA s D(t) s D(t) s D(t)

+ ¢ max 0/2ﬂ10g1d9 + ¢l
i oo T (s 2

AXxS

holds for all r € (s, 1) outside some exceptional set whose linear measure is less than ¢ /4.
Here the constants ¢j > 0, ¢5 > 0, ¢5 > 0 are independent of the choice of f € Hol(D, X).
Hence combining the three estimates above, we get

. " * € " * " *
min / dt/ (wpo fa)'wasp ¢ < 7/ dt waA—i-c/lﬁl/ dt/ ((f[u])s[,,]) ws
BeA s D(t) 2 s D(t) s D(¢)

2 1 do
+ ¢ max{O,/ lo A}—|— ci B+ ¢ 8.5
2 o g F/( o (ciB2+c5) (8.5)

8610)|WA><S

holds for all » € (o, 1) outside some exceptional set whose linear measure is less than §/2.
Now we combine two cases above. By (8.4) and (8.5), we get

min /dt (wpo fa)'wasp ¢ < /dt/ Fawa+(4p+ciBr) /dt/ WS
Bea | Js  Jp) ]D)(t)

1 do
+ ¢, max O,/ log ———i—— — } c)Ba + ¢
2 { ) e ey T @RS

for all r € (s,1) outside some exceptional set whose linear measure is less than 3§/4. By
Lemma 5.3, we have

/ dt/ (f1w))s,,ws < M/ dt/ waA+M1/ dt/ fsws

+ (o ma {0 /%log ! da}-ﬁ-u
2max q U, IV IT N 3
0 f'(s€)|waxs 2T



Pseudo Kobayashi hyperbolicity 289

for all 7 € (s,1) outside some exceptional set whose linear measure is less than §/4. Here
the constants p1 > 0, p2 > 0, pus > 0 are independent of the choice of f € Hol(D, X).
Hence we get

min / dt/ (wp o fa)'wa/s Sg/ dt/ f;;wA—i—cl/ dt/ fws
BeA | J, D(¢) s D(t) s D(t)

+ ax< 0 /27T lo 1 d6 +
max _—
“ DRI S

for all r € (s,1) outside some exceptional set whose linear measure is less than §. Here
we set

c1=pi(dp+cif1), ca=cy+p2(dp+ciBr), c3=(c1Ba+ch) + ps(dp+ b)),

which are positive constants independent of the choice of f € Hol(D, X). This conclude
the induction step. O

9. Nevanlinna theory and blowing-ups: The case of abelian varieties.

In Section 6, we discussed the estimate for f : D — BlzV. When V is an abelian
variety, we obtain a better result than Lemma 6.1.

LEMMA 9.1.  Let C be an abelian variety and let Z C C be a closed subscheme such
that the blowing-up BlzC is smooth. Let we be a positive invariant (1,1)-form on C and
let wpi,c be a smooth, positive (1,1)-form on BlzC. Let Az : C —suppZ — R>q be a
Weil function for Z. Let W C C be an open neighborhood of supp Z. Let 0 < s < s’ < 1.
Then there exist positive constants By, B2 with the following property: Let f € Hol(D, C)
be a holomorphic map such that f(D(s)) ¢ W. Then we have

2m

. do T R r
Az(f(rel9))2—+/ dt frwsi,c g,@l/ dt/ ffwe + Bo
0 ™ s D(t) s D(t)

forr e [s',1), where f : D — BlzC is the lift of f.

PROOF OF LEMMA 9.1. Weset s” = (s+5')/2. We apply the two estimates (6.2)
and (6.3) for V.= C. We estimate the first term of the right hand side of (6.3). We
prove that for each f € Hol(D, C') and each biholomorphic mapping @ : D — D(s"),

Lt . 1 r .
/0 t/]D)(t)(fOQ) we < m/g dt D(t)f wc (9-1)

for r € (s’,1). To prove this, we set for 0 < ¢ <1,

p(t) = /0 ’ [(foQ) (te)|2.db.

Then since [(foQ)'(2)|2,, is subharmonic (cf. (2.1)), ¢(t) is a positive increasing function.
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Hence we have

[ earee [ [ooman= [ 4{[Fo0] - [ o)

Since

* 1 5/ * 1 " *
/ fwcf,i,,/ dt Jfwe < m / dt [Twe
D(s") § =87 Jgr D(t) T =5 Js D(t)

for r € (s',1), we get (9.1).

Now we complete the proof of Lemma 9.1. Set n = sup,co_w Az(2). Then by
the assumption f(D(s)) ¢ W, we may take w € D(s) such that Az(f(w)) < n. Let
Q@ : D — D(s”) be a biholomorphic mapping such that Q(0) = w. Then by (6.2), (6.3)
and (9.1), we have

o 0 dg " £k
/ )\Z(f(re ))7 + / dt f WBI1,C
0 s D(t)
< <a1 +a2a42> / dt f*wc+a3+/ﬁi(a5n+a6)
—5) s D(t) s =35
for r € (s/,1). The proof of Lemma 9.1 is finished. O

10. Proof of Theorem 2.1.

We introduce the following lemma from which Theorem 2.1 follows.

LEMMA 10.1. Let B and C be (possibly trivial) abelian varieties. Let wp and we
be positive invariant (1,1)-forms on B and C, respectively. Let Y C B x C be a Zariski
closed set. Let U C'Y be an open neighborhood of Sp(Y). Let 0 < s < 1,8 > 0. Then
there exist positive constants 1, o and 3 with the following property: For f € Hol(D,Y)
with f(D(s)) ¢ U, we have

T T
1
/ dt/ frws < 71/ dt/ fowe +logt e+ 73
s D(t) s D(¢) |£"(0)]wp o

for all v € (s,1) outside some exceptional set E C (s,1) whose linear measure is less
than 6.

Here Sp(Y) is the union of all positive dimensional translated abelian subvarieties of
B x C which are contained in Y. Then Sp(Y) = Sp(Y7) U ---USp(Y%), where Y1,..., Y%
are the irreducible components of Y. Hence Sp(Y') is a Zariski closed subset of Y.

We first derive Theorem 2.1 from Lemma 10.1. Let X C A, wa, U and 0 < s < 1 be
the objects described in Theorem 2.1. We apply Lemma 10.1 for the special case B = A,
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C={0},Y =X and 6 = (1 — s)/2. Then, for f € Hol(D, X) with f(D(s)) ¢ U, we get

(145)/2 )
/ dt frwa < ylogt ——— + 193,
s D(t)

1£"(0)]wa
and hence
« 279 i 1 273
ffwa < log + .
D(s) l—s 1'Owa  1-s
Since |f’(2)|2, is subharmonic on D (cf. (2.1)), we have

2 ) d@
"0 2 < rip10y12 2
u<um_é £ (te)

WA O’

Hence, we have

s 2
/ fmA:/ta/ P e do > 752 £/ (0)[2,.
D(s) 0 0

Thus we have

272 1 273
‘f’(o)‘um < \/71_52( 10g+ +

1—s) |f/(0)]w, — ms*(1—s)’
and hence
273
"0)|w, < 1,4/ —————— 5.
f<)A—m“{’7wu_@}
This conclude the derivation of Theorem 2.1 from Lemma 10.1. O

Proor oF LEMMA 10.1. The proof is done by induction on dim B. When
dim B = 0, Lemma 10.1 is obvious. For the induction step, we assume that dim B > 0
and that Lemma 10.1 is true for all B’ € X(B). Let p : Y — C be the composite
of the closed immersion Y — B x C' and the second projection B x C — C. We set
T ={w € C; Y,, = B}. We may assume that T' # C, for otherwise Y = B x C, and
hence our claim is trivial. We apply Lemma 3.1. There exists a closed subscheme 7 C C
such that supp7 = T with the following property: If Y C B x BlyC is the Zariski
closure of p~1(C —T) in Y x¢ BlrC C B x BlrC, then Y, # B for all s € Bl;C. We
may assume that Bly-C' is a smooth projective variety equipped with a smooth positive
(1,1)-form wpy, ¢ (cf. Remark 3.2). We apply Proposition 2.3 for Y C B x Bl+C to get
the non-empty, finite subset A = {Bs, ..., B,} C 3(B).

For B; € A, let wp, and wpg/p, be positive invariant (1,1)-forms on B; and B/B;,
respectively, and let wp, : B — B/B; be the quotient map. Assume that f € Hol(D,Y)
satisfies f(D(s)) ¢ U. Using the induction hypothesis, we shall show that there exist
positive constants p;1, pia, pi3, which are independent of the choice of f € Hol(D,Y),
such that
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/ dt/ waB <p11 (/ dt/ fCOJC+/ dt/ ’WB OfB wB/B>
D(t) D(t) D(t)

+ pizlog™ + pis (10.1)

17 (0) s )|wBXc

for all r € (s,1) outside some exceptional set F; with the linear measure |F;| < §/3n.
We prove (10.1). We consider B; as an abelian subvariety B; x {0} C B x C. We set
C; = (B/B;) x C. Then we have an exact sequence of abelian varieties

0—+B;,—-BxC—CC;—0.

By the Poincaré reducibility theorem, there exists an isogeny « : C; — C; such that the
pull back of the quotient map B x C — C; by k fits into the following commutative
diagram:

BiXCZ‘ —L>B><C

l l

Here the map B; x C; — C; is the second projection and ¢ is an isogeny. Then

Sp(t"1(Y)) = ¢ YSp(Y)). Hence Sp(:~*(Y)) C Y U). We denote by f €
Hol(D, .~ '(Y)) a lift of f. Then f(D(s)) ¢ ¢~ '(U). Hence by the induction hypoth-
esis, there exist positive constants 7;1, vi2, Vi3 which are independent of the choice of
f € Hol(D,Y) such that

r N r ~ 1
/ dt/ fgi,wBi < i / dt/ fé, wo; + Y2 10g+ ) + Vi3
s D(t) s D(t) |f (0) |wBi X Cy

for all 7 € (s, 1) outside some exceptional set E; with [E;| < 0/3n. Here we, = wp/B,)xc
is the sum of the pull-bucks of wp,p, and wc. Hence we have

r - r Tx 1
/ dt [fwp,xc, < (vi1+1) / dt féwe, + iz log® oo T
s D(t) s D(t) |f (O)leixCi

for all r € (s,1) outside F;. There exists a positive constant p; > 1 such that
" WBx0 < WiWB; % C; -

Then we have

/ dt waB
s D(t)

S/ dt f*waCSMi/ dt frws,xc,
s D(t) s D(t)
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T = 1
< iy + 1)/ dt f&,wer + pivizlogt ————— 4 piviz
s D(t) |f (0)|WBixCi
T = 1 lo i
< pi(yin +1) / dt féwe, + nivizlogt ————— 4 pivis + piviz ek
s D(t) |f'(0)]wp e 2

for all r € (s,1) outside F;. There exists a positive constant u; such that
we, < Pk we,.

Then we have

[af, ez [on] sowes [[ar] wncsmromn).
s D(t) s D(t) s D(t)

This shows (10.1). Here we set p;1 = pipi(vin + 1), piz = Wiviz, pis = Mivis +
piviz((log 113)/2).

We set pP1 = maxlgign{p“}, p2 = maxlgign{pig}, p3 = maxlgign{pig}. Then by
(10.1), we get

/ dt fews < p1 / dt féwe + min / dt/ (wp, o fB)*wp/B,
s D(t) s D(t) 1<isn Jg D(¢)
1

11" (0)lws e

for all r € (s,1) outside E’, where E' = |J,,;<,, Fi. Then |E'| <4/3.

Now we take ¢ > 0 so that ep; < 1/2. By p~}(T) € Sp(Y) and f(D(s)) ¢ U, we
have fo(D) ¢ T. Hence there exists a unique lifting f € Hol(D,Y) of f € Hol(D,Y).
By Proposition 2.3, there exist positive constants ¢, ¢, and ¢, which are independent
of the choice of f € Hol(D,Y'), such that

12‘?"{/3 o /D(t)(WBi °/5) wB/Bi}
T r .
S5/ dt waBJrc’l/ dt/ (fo1,c) wpL o
s D(?) s D(t)

2w
1 df
+ ¢, max O,/ log ——— — r+
0 |f'(se'?) 2m

|UJB><B1TC

+ p2log™ + p3 (10.2)

for all r € (s,1) outside some exceptional set E” with |E”| < §/3. We take a positive
constant p”’ > 1 such that a*wpxc < p’wpxprrc where a: B x BlyC — B x C'is the
induced map. Then we have

/271'10 1 df@ </2ﬂ'10 1 dfe—’_log'u//
o B fr(se®) =y e 2 2

|WB><BITC

Since log | f'|wg o is subharmonic on D (cf. (2.1)), we have
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/27T log;ﬁ < log;
0 (56 wpwe 20 = 7 | (0)]wp e

Hence we get

121 {/s at /mt) (@5, © /) wB/Bi}

< 5/ dt frws +C/1/ dt/ (fB1,r0) wBLrC + ¢y log™
s D(t) s D(t)

b
[/ (O)lwswe

<log"

1F"(O)lws e
for all r € (s,1) outside E”, where we set ¢§ = c5((logp)/2) + ¢4. We combine this
estimate with (10.2) to get

/ dt/ frws §2P1/ dt féwc+201/)1/ dt/ (fBir0) wWBIrC
s D(t) s D(t) s D(t)

1
RO, +2(c5p1 + p3) (10.3)
for all r € (s,1) outside ' U E”, where |[E' UE"| < 26/3.

Now we apply Lemma 9.1 to estimate the right hand side. We have p~(T") C Sp(Y),
and hence p~!(T") C U. Thus there exists an open neighborhood W C C of T such that
p~ 1 (W) C U. Then by f(D(s)) ¢ U, we have fc(D(s)) ¢ W. Hence, by Lemma
9.1, there exist positive constants §; and (2, which are independent of the choice of
f € Hol(D,Y), such that

+2(chpr + p2) log*

T T
/ dt/ (feirc)wBl o < B / dt fewe + B
s D(t) D(t)

S

for r € (s,1) outside (s, s+ §/3). Combining this estimate with (10.3), we get

[t fiwn
s D(t)

S%MH%Wﬁ/tﬁ/ fawe +2(chpr + p2) log™ L 2ipr + p3 i o)
s D(t)

b
/'Ol o

for r € (s,1) outside E, where E = E'UE" U (s,s+6/3). Then |E| < §. This establishes
the estimate of Lemma 10.1 for B, where

1 =2p1(1 41 B1), 72 =2(chp1 + p2), 3 =2(c5p1+ p3s+ ¢ p1f2).

Note that these are positive constants which are independent of the choice of f €
Hol(D,Y'). This completes the proof of Lemma 10.1. O
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11. Complex subspaces of complex tori.

So far, we treat the case of subvarieties of abelian varieties. However, our results can
be generalized to the case of complex subspaces of complex tori by the following lemma.

LEMMA 11.1.  Let X be a closed complex subspace of a complex torus T'. Assume
that X is of general type. Then there exists a complexr subtorus A C T which is an
abelian variety such that X is contained in some translate of A. In particular, X is a
closed subvariety of an abelian variety.

Proor. This lemma follows from [32, Lemma 10.8]. We give a proof for com-
pleteness. Since X is of general type, X is a Moishezon space. Hence by a theorem of
Moishezon, there exists a bimeromorphic modification X — X such that X is smooth
and projective (cf. [32, Theorem 3.6]). We consider the Albanese map a : X — Alb(X).
Then Alb(X) is an abelian variety. Let i : X — T be the composite of X — X and
the immersion ¢ : X < T. By the universal property of the Albanese map, there exists
a holomorphic map h : Alb(X) — T such that hoa = i. The image h(Alb(X)) is a
translate of a complex subtorus A C T. Then A is an abelian variety, for A is a quotient
of the abelian variety Alb(X). We have X = i(X) C h(Alb(X)). 0

Combining Lemma 11.1 with Corollary 1.1, we immediately obtain the following

COROLLARY 11.2. Let X be a closed complex subspace of a complex torus. Assume
that X is of general type. Then X is pseudo Kobayashi hyperbolic.

Let X be a closed complex subspace of a complex torus T. Then we may define the
special set Sp(X) by

Sp(X) ={x € X; 3T’ C T, a complex subtorus s.t. dim(7") >0 and z + T’ C X}.

If X is not of general type, then by [32, Theorem 10.9], we have Sp(X) = X. If X is of
general type, then by Lemma 11.1, there exists an abelian variety A such that X C A.
The special set of X which is defined as a subvariety of the abelian variety A is equal to
our special set Sp(X). Hence by Theorem 1.4, we obtain the following

COROLLARY 11.3.  Let X be a closed complex subspace of a complex torus T. Then
X is taut modulo Sp(X). In particular, X is Kobayashi hyperbolic modulo Sp(X).

Next we prove the following

COROLLARY 11.4. Let X be a closed complex subspace of a complex torus T. As-
sume that there exists a subset E C X such that

o dx(x,y) =0 for all z,y € E, and
e F is not contained in any proper analytic subset of X .

Then X is a translate of a complex subtorus of T'.
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ProoOF. Let Ty C T be the maximal complex subtorus which stabilizes X. Let
W C T/T, be the image of X under the quotient T' — T/T,. We show dim W = 0.
Assume contrary that dim W > 0. By [32, Theorem 10.9] or [19, Corollary 3.8.28], W is
of general type. Hence by Corollary 11.2, W is pseudo Kobayashi hyperbolic, i.e., there
exists a proper Zariski closed set Z g W such that W is Kobayashi hyperbolic modulo
Z. Let ¢ : X — W be the induced morphism. Since ¢ is surjective, p(F) is Zariski dense
in W. By the distance decreasing property of Kobayashi pseudo distances, dw (p,q) = 0
for all p,q € p(F). By dim W > 0, we may take distinct points p,q € p(F)\ Z. This is a
contradiction. Thus dim W = 0. Hence X is a translate of a complex subtorus of 7. [

Finally, we prove the following corollary from which Corollary 1.5 immediately fol-
lows.

COROLLARY 11.5.  Let X be a compact complex manifold. Assume that there exists
a subset EE C X such that

o dx(z,y) =0 for all z,y € E, and
e F is not contained in any proper analytic subset of X.

Then the Albanese map o : X — Alb(X) is surjective. If moreover X is Kdhler, then we
have ¢(X) < dim(X).

As a consequence, if X is a compact complex manifold such that dx = 0, then the
Albanese map « : X — Alb(X) is surjective. For a related discussion of this state-
ment in the context of Campana’s theory of special varieties, we refer the readers to [4,
Section 9.3].

PROOF OF COROLLARY 11.5. Set Y = a(X). Then Y is a closed complex sub-
space of Alb(X). The image a(E) C Y is not contained in any proper analytic sub-
set of Y. By the distance decreasing property of Kobayashi pseudo distances, we
have dy (p,q) = 0 for all p,q € a(E). Thus by Corollary 11.4, Y is a translate of
a complex subtorus of Alb(X). By the universal property of the Albanese map, we
have Y = Alb(X). Hence the Albanese map o : X — Alb(X) is surjective (cf. [32,
Corollary 10.6]). If moreover X is Kéhler, then we have dim(Alb(X)) = ¢(X). Thus
¢(X) < dim(X). This shows Corollary 11.5. O
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