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Abstract. We consider the Dirichlet and the Neumann eigenvalue problem
for the Laplace operator on a variable nonsmooth domain, and we prove that the
elementary symmetric functions of the eigenvalues splitting from a given eigenvalue
upon domain deformation have a critical point at a domain with the shape of a ball.
Correspondingly, we formulate overdetermined boundary value problems of the type
of the Schiffer conjecture.

1. Introduction.

By the celebrated Rayleigh-Krahn-Faber Theorem, a ball in R™ minimizes the
first eigenvalue of the Laplace operator under Dirichlet boundary conditions among the
bounded connected subsets of R™ with a prescribed volume. Thus in a sense, the ball is
a critical point for the functional which takes a bounded connected domain to the first
eigenvalue of the Dirichlet Laplacian, under the constraint of constancy of the volume.

Instead, less known seem to be corresponding properties for higher order eigenvalues,
and for the eigenvalues of the Neumann Laplacian (see Ashbaugh [1]). This paper con-
cerns eigenvalues of all orders and multiplicity, both for the Dirichlet and the Neumann
problem for the Laplace operator.

We first illustrate our work for the Dirichlet problem. We consider an open connected
subset {2 of R™ of finite measure satisfying the condition

Wy(£2) is compactly imbedded in L?(2), (1.1)

and we deform {2 by a Lipschitz continuous homeomorphism ¢ of a class @7, which we
introduce in (2.3) below, and we consider the weak formulation of the Dirichlet eigenvalue
problem for the operator —A in the deformed domain ¢(§2). Namely, we consider the
problem

DvDw' dy = /\/ vw dy Yw € Wy 2 (6(02)) (1.2)
»(£2) »(£2)

in the unknowns v € Wy*(¢(£2)) (the Dirichlet eigenfunctions), A € R (the Dirichlet
eigenvalues). Under our assumptions on (2 and ¢, such problem is well known to have a
sequence of eigenvalues
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0 < Ao] < Xofd] < ..., (1.3)

which we write as many times as their multiplicity. For each ¢ € &7, the volume of the
deformed domain ¢({2) is given by the functional

”I/[QS]E/Q|detD¢|dx. (1.4)

Now we fix ¢ € @,. As is well known, simple eigenvalues can be shown to depend real
analytically on ¢ € o, (cf. e.g., Prodi [13]). Now, if both {2 and & were regular enough,
the condition that a simple eigenvalue A;[] be critical at ¢ on a level set of the functional
¥[-] can be rewritten, by exploiting the Hadamard variational formulas for A;[-], as the
following well known overdetermined problem for the first eigenvalue of —A

—Av = \j[¢lv in ¢(£2),
v=20 on dg(12), (1.5)

(%)2 is constant on 3&(9)7

where v denotes the exterior unit normal to d¢(£2) (cf. e.g. Chatelain [2], Henry [5]).
Now problem (1.5) is satisfied for some j if ¢(£2) is a ball. Not only, it is also known
that if () is bounded problem (1.5) can have a solution for j = 1 if and only if ¢(2)
is a ball (see Henry [5]).

For eigenvalues of higher multiplicity, the situation is more complicated. To begin
with, higher order eigenvalues are not differentiable functions of ¢ € «7;. However, one
can prove that if we consider a finite nonempty subset F' of IN \ {0} of indices, and if
we consider the set of ¢’s for which A;[¢] for j € F' does not equal any of the \[¢] for
le N\ (FU{0}), then the elementary symmetric functionals

Apslo] = > Aji[@] -+ A (4], (1.6)

J1seJs €F j1<--<js

depend real analytically on ¢, for all s = 1,...,|F|. Here |F| denotes the number of
elements of F. Now let ¢ € @, be such that gZNJ(.Q) is regular enough. Also, assume that
the eigenvalues \;[¢] have a common value Ar[@] for all j € F. By imposing the condition
that Ap ¢[-] has a critical point at q~$ € o at a level set for the volume functional ¥, one

obtains the following problem
—Af}j = )\F[q’;]f)j in (]3(.9)7
50 on 93(2), )
N ~
ZIF‘ (%) is constant on 9¢(£2),

j=1

for all orthonormal bases ¥1,. .., of eigenfunctions corresponding to the eigenvalue
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Ap [¢~>] Actually, we can formulate problem (1.7) under very weak regularity assumptions,
even when there is no exterior normal at the boundary points (cf. Theorems 2.15, 2.25,
Proposition 2.21, Remark 2.28). Our formulation can be regarded as a weak formulation
of problem (1.7). Then we verify that (1.7) is satisfied if ¢(£2) is a ball (cf. Theorem
2.30), and we cast a new problem, which could be regarded as a variant of the Schiffer
conjecture for the Dirichlet problem.
In case of smooth domains, the problem consists in classifying all subsets (2 of R™ for
which there exists a Dirichlet eigenvalue A corresponding to a finite subset F' of indices,
and an orthonormal basis 01, ..., 9 p| of eigenfunctions corresponding to the eigenvalue

5\, for which lei‘l (%)2 is constant on the boundary. For the statement for nonsmooth
domains, we refer to Problem 2.33 below.

Then we develop the same approach for the Neumann problem, and by imposing the
condition that the elementary symmetric functions of the eigenvalues corresponding to
a finite set of indices F' have a critical point with constant volume constraint, we obtain
the formulation of an overdetermined problem.

In case of smooth domains, the problem consists in classifying all subsets {2 of R™
for which there exists a Neumann eigenvalue 4 corresponding to a finite subset F' of
indices, and an orthonormal basis 01, ..., 0r| of Neumann eigenfunctions corresponding

to the eigenvalue 7, for which ZLIL |D17j|2 — '?17]2 is constant on the boundary. For the
statement for nonsmooth domains, we refer to Problem 3.17 below.

The paper is organized as follows. Section 2 is devoted to the Dirichlet problem,
and section 3 is devoted to the Neumann problem.

2. Critical deformations for the symmetric functions of the Dirichlet
eigenvalues.

We first introduce some notation. Let 27, # be real Banach spaces. We say that the
space Z  is continuously imbedded in the space % provided that 2~ is a linear subspace
of %', and that the inclusion map is continuous. We denote by IN the set of natural
numbers including 0. The inverse function of an invertible function f is denoted f(—1),
as opposed to the reciprocal of a complex-valued function g, or the inverse of a matrix
A, which are denoted g~ and A™!, respectively. If A = (Grs)r,s=1,....n IS an n X n matrix
with real entries, we denote by A’ the transpose matrix of A. All elements of R™ are
thought of as row vectors.

Let {2 be an open subset of R". Throughout this paper, we shall consider only
case n > 2. We denote by clf2, and by 942, and by |{2|, the closure, the boundary and
the measure of {2, respectively. We denote by L?(2) the space of square summable real
valued measurable functions defined on {2, and by WO1 2(£2) the Sobolev space obtained
by taking the closure of the space Z(f2) of the C* functions with compact support in
2 in the Sobolev space W12({2) of distributions in 2 which have weak derivatives up to
the first order in L?(2), endowed with the norm defined by

n 1/2
[ullw2(2) = {||U||%2<n> + > lluz, %2(9)} Yu € WH(02). (2.1)
=1
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Now, we are interested in open connected subsets {2 of R™ such that condition (1.1)
holds. It is interesting to note that (1.1) certainly holds if 2 has finite measure (cf. e.g.,
Tartar [14, p.45]). As is well known, if (1.1) holds, then the Poincaré inequality holds in
2 (cf. e.g., Evans [3, Proof of Theorem 1, p.275]). Then we find convenient to introduce
. 1,2 : ¢ )

in Wy7(2) its usual ‘energy’ scalar product

(ug,ug) = / Duy Dub dx Yy, uy € Wy (£2). (2.2)
o)

We denote by wy?(£2) the Hilbert space W, (£2) endowed with the scalar product of
(2.2). Then we deform (2 by a Lipschitz continuous homeomorphism of the class @,
which we now introduce. We denote by Lip(§2) the set of Lipschitz continuous functions
of 2 to R, and we set

Ay = {qs € (Lip(2))" : lo[¢] = inf {W zy € Qu# y} > o}. (2.3)
We note that
lo[¢] < |det Dg(x)|"/™, (2.4)

for almost all x € 2 (cf. [12, Lemma 4.22]). Now it can be verified that if {2 satisfies (1.1)
and if ¢ € &, then ¢(£2) also satisfies (1.1) (cf. [6, Proposition 3.7 (vii)]). Accordingly,
the Dirichlet eigenvalue problem (1.2) has a sequence of eigenvalues as in (1.3). As usual,
we introduce the seminorm

[f(z) = f(y)]

ik Esup{
lz =yl

L a,y € 82, x#y} Vf € Lip(£2),

on Lip(§2). Tt is easily seen that 7, is open in (Lip(£2))" (cf. [12, Proposition 4.29],
[9, Theorem 3.11]). As is well known, (Lip(§2),]| - |1) is a complete seminormed space.
However, we prefer to deal with a normed space, rather than with a seminormed space.
Then we will state our results for an arbitrary normed space £, continuously imbedded
in (Lip($2),|-|1). Alternatively, one could also endow Lip({2) with a norm which renders
Lip(f2) a Banach space continuously imbedded in (Lip(£2),] - |1), and take 2%, equal to
such Banach space.
We now find convenient to introduce the following notation. We set

Tig, v1,v2, A, 9] = /qj o [Dvy Dv — Ap[@lorva]div(y o ) dy

= [ DuD@ed )+ Dwest Y| Dibdy. (25
#(2)

for all ¢ € oo, vi, v2 € WH2(¢(92)), A € R, ¢ € (Lip(£2))". Then we introduce
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the following result of [9, Theorems 3.21, 3.38] concerning the real analyticity of the
symmetric functions of the eigenvalues of the Dirichlet Laplacian on ¢({2) upon variation
of ¢ and the corresponding Hadamard formulas.

THEOREM 2.6. Let §2 be a connected open subset of R™ such that (1.1) holds. Let

Za be a Banach space continuously imbedded in Lip(£2). Let F be a finite nonempty
subset of N '\ {0}. Let

AFF|={bedon 2y Mgl ¢ {(\o]: j € Fyvle N\ (Fu{o}}.

Then the following statements hold.

(i) The set A/ [F) is open in X.
(i) Let s € {1,...,|F|}. The function Ar s of Z[F] to R defined by

Aps[0] = > Molgl- A (8] Vo € 2 [F) (2.7)

J1smees jsEF J1<-<Js

is real analytic.

(iii) Let ¢ € A Z[F] be such that the eigenvalues \;[@] assume a common value Ap[@]
forall j € F. Let vy,...,0,p| be an orthonormal basis of the eigenspace associated
to the eigenvalue A\p[@] of —A in Wy(4(82)), where the orthonormality is taken
with respect to the scalar product of wy*(4(£2)) (cf. (2.2)). Then we have

|F|

- (IF| =1 -
st =240 (T ) St ol es)
=1
for all o € X5, If we further assume that o € W22(o(£2)) for 1 = 1,...,|F]|,
then
Y(¢, 1,01, Ar[@], 9] = — / div[(¢ 0 o) | D5 ] dy, (2.9)
3(0)

for all € (Lip(2)NL>(2)", I=1,...,|F|.

As we have said in the introduction, we are interested in the critical points of the
symmetric functions (2.7) on the level sets of the volume functional defined in (1.4). In
order to give a precise definition and a characterization of such points (cf. Definition 2.12
and Theorem 2.15), we introduce the following proposition.

PROPOSITION 2.10.  Let {2 be a connected open monempty subset of R™ of finite
measure. Let Z be a Banach space continuously imbedded in Lip(§2). Then the following
statements hold

(i) Themap ¥ of doNZY to R defined by (1.4) is real analytic. Ifé € don Zy,
then the differential of ¥ at ¢ is delivered by the formula
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AV [B)() = /m divipodD)dy e 2. (2.11)

(i) If % €0, +oo],
Vit ={sedan 2y V[ ="},

and if V[ ] # &, then V[¥] is a real analytic manifold of 2 of codimension 1.

PROOF. Statement (i) follows by standard calculus in Banach space, and by in-
equality (2.4) (see also [9, Proof of Lemma 3.26]). For statement (ii), it suffices to note
that if ¢ € V[%] and ¢ = ¢, then d¥[¢](v)) = n|p(£2)], and that accordingly d¥[¢] is
surjective. O

Then we have the following well known Definition.

DEFINITION 2.12. Let {2 be a connected open nonempty subset of R™ of finite
measure. Let 2, be a Banach space continuously imbedded in Lip({2). Let ¥ €]0, +o00].
Let ¢ be an element of V[#]. Let # be a differentiable function of a neighborhood of ¢
in 2% to R. Then ¢ is said to be critical for .% on V[¥] provided that

Kerd¥[¢] < Ker d.Z[¢]. (2.13)

It is also well known that (2.13) holds if and only if there exists ¢ € R (a Lagrange
multiplier) such that

dF[P| + cdV[9] = 0. (2.14)

Then we have the following characterization.

THEOREM 2.15. Let {2 be a connected open nonempty subset of R" of finite mea-
sure. Let Zn be a Banach space continuously imbedded in Lip(§2). Let F be a finite
nonempty subset of N \{0}. Let ¥ €]0,+o00[. Let ¢ € V[¥] be such that \;[¢] assume a

common value Ap[@] for all j € F and such that N\[p] # Ap[p] for alll € N\ (F U {0}).
Let s=1,...,|F|. The function b is a critical point for Ap s on V%] if and only if there
exists an orthonormal basis 1, ..., p| of the eigenspace corresponding to the eigenvalue
Ar[@] of —A in Wy (¢(£2)), where the orthonormality is taken with respect to the scalar

product of wy” ($(2)) (¢f. (2.2)), and a constant ¢ € R such that

Ldl

> X6, 1,51, Ar[@), Y] + c/ div( o ¢ D)dy =0 (2.16)
=1

#(£2)

forally e 4.

Now our goal is to express condition (2.16) in a convenient way. To do so we need
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some preliminaries. We set
Zo={ne R : there exists ¢ € 2(R") such that Q1o =n}
If uw is a function of {2 to R, we denote by ug, the function of R™ to R defined by
up(x) =u(x) if x € £, up(x)=0 if z€ R™\ 2.

We note that the symbol ug should not be confused with the symbol u|q, which denotes
the restriction of u to 2.

As is well known, the space L>°({2) is canonically isometric to the strong dual of
LY(2). Accordingly, if {f;}ien is a sequence in L°°(£2), we shall say that {f;};en has a
weak® limit f in L>°($2), if

lim/flgd:c:/fgd:r Vg € L'(02).
l—o00 0 0

As is well known, all bounded sequences in L°°({2) have weakly* convergent subsequences.
Similarly, we shall speak about weakly* convergent subsequences of (L>°({2))”. Then we
have the following technical Lemma of [11, §5].

LEMMA 2.17. Let {2 be a connected open subset of R™. Let m € N. Let d; € .
Let Zg, be a linear subspace of Lip(§2) containing Pg. Let = be a linear map of (Lip(§2))™

to R™. Assume that lim;_,o Z[¢] = E[¢Y] in R™ whenever {i;}1eN is a sequence in
(Lip($2))", ¢ € (Lip(£2))", and

2

Jim D(¢ro¢") =D(os ™) weakly* in (L=(4(£2)))" . (2.18)
Then the following equality holds
{ZW]: v e 25} = {ElEodl: €€ (Zy)"} (2.19)

Then we have the following technical statement.

PROPOSITION 2.20.  Let the same assumptions of Theorem 2.15 hold. Let X
contain Dq. Then condition (2.16) holds for all v € Z& if and only if it holds for all
Y =~Eo¢ with & € (%(Q))”.

PROOF. By the membership of o, in W12(4(£2)), and by the Hélder inequality,
and by the definition (2.5) of T, and by Lemma 2.17 applied with = equal to the operator
in the variable ) defined by the left hand side of (2.16), we conclude that the image of
the left hand side of (2.16) for ¢ € 27} coincides with the image of the left hand side of
(2.16) for ¢ = £ 0 ¢ with € € (%(Q))”. O

Since the functions £ o ¢ for £ € (.@q;(m)n are bounded, we can invoke equality (2.9),
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and obtain the following.

PROPOSITION 2.21.  Let the same assumptions of Theorem 2.15 hold. Let 2,
contain Dgq. Let vy € W2(p(02)) forl =1,...,|F|. Then condition (2.16) holds for all
Y e Xy if and only if

|F|
[ divs [DIDo> —c| £ dy=0  VE€ (Z54)" (2.22)
6(£2) =1

In order to gain a better understanding of condition (2.22), we set

o 1,1
W (2)={ueW"(2):ug e WH(R")}.
Clearly,

o 1,1
Wyl(2)Cw (),

and equality holds if (2 is of class C!. Then we have the following variant of a known
technical statement (see [11, §5]).

LEMMA 2.23.  Let {2 be an open subset of R™ such that 0f2 has zero n-dimensional
Lebesgue measure. Letr € N\{0}. Let fi,..., f. € WH1(Q). Let q denote the canonical

o 1,1
projection of WhL(£2) onto the quotient space WH(2)/ W (£2). The dimension of
1,1
the space generated by {q(f))}1=1,..» in WH1(£2)/ W (£2) equals the dimension of the

space
{(/ndiv(gfl)df”"--’/QdiV(éfr)dx) g€ (@Q)n}_

Now, it can be easily verified that if ¢ € o7, then ¢ can be extended uniquely to
a Lipschitz continuous homeomorphism of clf2 onto clg(£2), which we still denote by ¢,
and

6(092) = 96(12), (2.24)

(see [11, §5]). Then we have the following.

THEOREM 2.25.  Let the same assumptions of Theorem 2.15 hold. Let 082 have
zero n-dimensional Lebesque measure. Let 2 contain Zq. Let oy, € W22(¢(£2)) for all
h=1,...,|F|. Then condition (2.22), or equivalently condition (2.16), holds if and only

if
il o1l

S IDu> —cew  (4(2)). (2.26)

=1
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REMARK 2.27. We note that if ¢(£2) is of class C1!, then by standard elliptic
regularity theory, we have 7, € W2(¢(R2)) for h = 1,...,|F| (cf. e.g., Troianiello [15,
Theorem 3.29, p.195]). Of course, the same may happen also under weaker regularity
assumptions.

Furthermore, we note that if we assume that 2 is of class C™!, and that ¢ € o
has continuous partial derivatives in {2 satisfying a Lipschitz condition in {2, then QZ(Q)
is of class O (cf. e.g., [8, Lemma 2.4]).

REMARK 2.28. If we know that @, € C"(cl¢(£2)) for h = 1,...,|F|, and that ¢(£2)
is of class C'!, and if we denote by v the exterior normal to d¢({2), then condition (2.26)
takes the more familiar form

|F|

> @il)z =c  ond4() (2.29)

=1

By standard Elliptic Theory, condition @, € C'(cl(£2)) for h = 1,...,|F| holds if $(£2)
is of class C%® for some a €]0,1[ (cf. e.g., Gilbarg and Trudinger [4, Theorem 8.33,
p.210)).

As the following Proposition shows, condition (2.29) holds if ¢(2) is a ball. Tt clearly
suffices to consider the unit ball B, = {z € R": |z| < 1}.

PROPOSITION 2.30.  Let A be a Dirichlet eigenvalue of —A in B,,. Let F be the
set of j € N\ {0} such that the j-th Dirichlet eigenvalue of —A in B, coincides with .
Let vy,..., Op| be an orthonormal basis of the eigenspace associated to the eigenvalue A
of —A in W01’2(Bn), where the orthonormality is taken with respect to the scalar product
inwy®(Bn) (c¢f. (2.2)). Let v denote the exterior unit normal to dB,,. Then Zlf;‘l 17]2 is
|7 (%

a radial function and ijl B )2 1s constant on 0B,,.

PrROOF. Let O,(R) denote the group of the orthogonal linear transformations in
R". By rotation invariance of the Laplace operator, 0; o A is an eigenfunction corre-
sponding to A for all j = 1,...,|F| and for all A € O, (R). If A € O,(R), a straight-
forward computation shows that {; 0 A: j =1,...,|F|} is an orthonormal system in
wy*(B,,). Since both {#; : j =1,...,|F|} and {#; 0 A: j =1,...,|F|} are orthonor-
mal bases, then there exists R[A] € O,(R) with matrix (R;[A]);j=1 .. r| such that
DjoA= Zyjl R;i1[A]0;. Then we have

2l |F

d o A=>"u. (2.31)
j=1 j=1

Since (2.31) holds for all A € O,(R), we conclude that ZIJFl % is radial. Since the

=13
F| ~27 - .
¥l 1;2} is also radial. Next we note

Laplace operator is rotation invariant, then A{ > =1 7;

that
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2l |F| Ll

S A =-2)> 52 +2) Dyl
j=1 j=1 j=1

Hence, lei‘l |D%;|? is radial. Since B,, is an open set of class C*°, standard elliptic reg-

ularity theory implies that 0; € C*°(clB,,). Since ¥; vanishes on 0B,, for j =1,...,|F|,
we have Z‘jill |Do; |2 = Z‘jill (%)2 on 9B, and accordingly lei‘l (%)2 is constant
on 0B,,. O

Now, if we know that (2 is an open connected subset of R™, and that (;3 € Jp,
and that ¢(£2) is a ball, then ¢(-1 & d&(ﬂ)’ and {2 must have finite measure, and
0f2 must have zero n-dimensional Lebesgue measure (cf. (2.24)) and (1.1) holds (cf. [6,
Proposition 3.7 (vii)]). Then by combining Theorem 2.15, Theorem 2.25, and Remark
2.28, we deduce that the following theorem holds.

THEOREM 2.32. Let §2 be a connected open nonempty subset of R™. Let % be
a Banach space continuously imbedded in Lip(£2) and containing g, . If ¢ € oy, and if
&(Q) is a ball, and if X is a Dirichlet eigenvalue of —A in é(()), and if F is the set of
j € N\ {0} such that \;[¢] = A, then Aps[-] has a critical point at ¢ on V[¥[d]], for all
s=1,...,|F|.

It would be interesting to know whether there are other ¢’s which are critical for
the symmetric functions Ag 5[] on the level set of the volume function ¥, and for which
(5(!2) is not a ball. In terms of boundary value problems, one can state the following
problem.

PrOBLEM 2.33.  Classify all open connected subsets {2 of R™ of finite measure
with 082 of zero n-dimensional Lebesque measure, and for which there exists a Dirichlet
eigenvalue X corresponding to the set of indices F C N \ {0} and an orthonormal basis

U1, .., V| of the eigenspace associated to the eigenvalue \, where the orthonormality is
taken with respect to the scalar product in wi*(2) (¢f. (2.2)), for which Z'fill |D;|? is,
01,1

up to an additive constant, an element of W (£2).

3. Critical deformations for the symmetric functions of the Neumann
eigenvalues.

For the Neumann problem, we are interested in open connected subsets {2 of R™ of
finite measure |§2| such that

W12(2) is compactly imbedded in L?(£2). (3.1)

Asis well known, if (3.1) holds, then the Poincaré-Wirtinger inequality holds in {2 (cf. e.g.,
Evans [3, Proof of Theorem 1, p. 275]). Now it can be verified that if {2 satisfies (3.1) and
if ¢ € o, then ¢(£2) also satisfies (3.1) (cf. e.g., [7, Proposition 2.6 (ii)]). Accordingly,
the Neumann eigenvalue problem
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DvDw' dy = 7/ vwdy — Yw € WH2(4(92)) (3.2)

?(£2) ?(£2)

in the unknowns v € W12(4(£2)) (the Neumann eigenfunctions), v € R (the Neumann
eigenvalues) has a sequence of eigenvalues

0 =0[¢] <mlg] <nfe] <...,

which we write as many times as their multiplicity. The eigenvalue 7g[¢] corresponds to
the constant eigenfunction. We find convenient to introduce the space

wh29(Q) = {u e Wh2(02) : / udr = 0}.
17
We denote by w!?0(§2) the space W12:0(£2) endowed with the energy scalar product
(ug,u9) = /Q Duy Dub dx Yug,uy € WH2(02). (3.3)

Then all the nonconstant eigenfunctions of problem (3.2) belong to w%°(¢(£2)). Then
we have the following version of Theorem 2.6 for the Neumann problem (cf. [10, §2]).

THEOREM 3.4. Let {2 be a connected open subset of R™ of finite measure such that
(3.1) holds. Let Zn be a normed space continuously imbedded in Lip(§2). Let F be a
finite nonempty subset of N\ {0}. Let

A [Fl={¢ € dan 2y ule] ¢ {ylgl: j€ FIVie N\ (FU{0})}.

Then the following statements hold.

(i) The set o5 [F) is open in Z5.
(ii) Lets€ {1,...,|F|}. The function I'r of <3 [F] to R defined by

Trgle) = > Y l8)---vle] Vo e o [F]

JiseJs €F j1<--<Js

is real analytic. . )
(iii) Let ¢ € 75" [F] be such that the eigenvalues ;[¢] assume a common value Y[
forall j € F. Let vy,...,0p| be an orthonormal basis of the eigenspace associated

to the eigenvalue vp[@] of —A in WH20($(£2)), where the orthonormality is taken

with respect to the scalar product of w9 (¢(82)) (cf. (3.3)). Then we have

|7

4y (T 0] = 7314 ('F | ‘11) ST o oneldh el (35)
=1
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for all Yy € Zy. If we further assume that ¥ € W22(4(2)) forl =1,...,|F|,
then

Y[, 1, 01, e[, 9] :/

div{[| D& |* = yp[d)57] (Yo 6 }dy,  (3.6)
3(2)

for allyp € (Lip(2)NL>®(2)", I=1,...,|F|.
Then we have the following characterization.

THEOREM 3.7. Let {2 be a connected open nonempty subset of R™ of finite measure
such that (3.1) holds. Let Zq be a Banach space continuously imbedded in Lip({2). Let
F be a finite nonempty subset of N\ {0}. Let ¥ €]0,+oco[. Let ¢ € V[¥)] be such
that v;[¢] assume a common value vp[@] for all j € F and such that v[@] # vr[¢] for
alll € N\ (FU{0}). Let s = 1,...,|F|. The function ¢ is a critical point for I'p,,
on V[ %] if and only if there exists an orthonormal basis ¥1,...,7|r| of the eigenspace
corresponding to the eigenvalue 'yp[qz] of —A in WLQ’O((;;(Q)), where the orthonormality
is taken with respect to the scalar product of wb*%(¢(£2)) (cf. (3.3)), and a constant
¢ € R such that

2l

> Y[, 0, 00, ve(0), ¥ + c/ div(y 0 ¢ V)dy = 0 (3.8)
=1

»(£2)

forallp e 5.

It is interesting to note that although here we are dealing with the Neumann problem,
the critical point condition (3.8) has the same form of the critical point condition (2.16)
for the Dirichlet problem.

By arguing exactly as for the Dirichlet problem, we can prove the following technical
statement.

PROPOSITION 3.9.  Let the same assumptions of Theorem 3.7 hold. Let Zo contain

Dq. Let 5, € W22(¢(02)) forl=1,...,|F|. Then condition (3.8) holds for all ) € 2
if and only if

|F

/(m div{ | (DU —ypldlid) +¢| € pdy =0 VeE (Z30)".  (310)
=1

Then we have the following.

THEOREM 3.11. Let the same assumptions of Theorem 3.7 hold. Let @Q have zero
n-dimensional Lebesque measure. Let Zq contain Pq. Let v, € W22(H(£2)) for all
h=1,...,|F|. Then condition (3.10), or equivalently condition (3.8), holds if and only

if
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|F| 1,1
N (DT —Arld)T?) +e W ($(2)). (3.12)

=1

As for the Dirichlet problem, we note thatNif (;E(Q) is of class C™!, then by standard
elliptic regularity theory, we have 9, € W22(4(£2)) for r = 1,...,|F| (cf. e.g., Troian-
iello [15, Theorem 3.17, p.179]). Of course, the same may happen also under weaker

regularity assumptions.

REMARK 3.13. If we know that @, € C'(clg(£2)) for r = 1,...,|F|, and that ¢(£2)
is of class C'!, then condition (3.12) takes the more familiar form

2l

> (IDw)* = yp[dli7) +c=0  on 9H(£2). (3.14)

=1

As the following shows, condition (3.14) holds if ¢(£2) is a ball. As for the Dirichlet
problem, it suffices to consider the unit ball.

PROPOSITION 3.15.  Let 4 > 0 be a Neumann eigenvalue of (3.2) in B,,. Let F be
the set of j € N\ {0} such that the j-th Neumann eigenvalue of —A in B,, coincides with
y. Let vy,..., Ujp| be an orthonormal basis of the eigenspace associated to the eigenvalue
5 of —A in WH20(B,), where the orthonormality is taken with respect to the scalar
product in wh?%(B,,) (c¢f. (3.3)). Let v denote the exterior unit normal to OB,,. Then
Z‘jill o3 and lei‘l |D9;|? are radial functions, and Z}ill (|Dw,|* — 497) is constant on
0B

PROOF. By proceeding exactly as in the proof of Proposition 2.30, we can prove
that Z‘jFI 9% and Em1 |D%;|? are radial. Hence we deduce the constancy on the bound-

=17 Jj=
ary requested by the statement. O

Then by combining Theorem 3.7, Theorem 3.11, and Remark 3.13, we deduce the
validity of the following.

THEOREM 3.16. Let {2 be a connected open nonempty subset of R™ of finite mea-
sure such that (3.1) holds. Let Z be a Banach space continuously imbedded in Lip({2)
and containing Pg. If ¢ € o, and if QNS(Q) is a ball, and if ¥ > 0 is a Neumann eigen-
value of —A in ¢(2), and if F is the set of j € N\ {0} such that ;@] = 7, then I'rs[]
has a critical point at ¢ on V[¥[@]], for all s =1,...,|F]|.

It would be interesting to know whether there are other ¢’s which are critical for
the symmetric functions I’z s[-] on the level set of the volume function ¥, and for which
QNS(Q) is not a ball. In terms of boundary value problems, one can state the following
problem.

PROBLEM 3.17.  Classify all open connected subsets 2 of R™ of finite measure for
which (3.1) holds, and for which there exists a Neumann eigenvalue ¥ > 0 corresponding
to the set of indices F C N \ {0} and an orthonormal basis v1,.. ., U|| of the eigenspace



244

P. D. LAMBERTI and M. LANZA DE CRISTOFORIS

associated to the eigenvalue 7y, where the orthonormality is taken with respect to the scalar
product in wh>%(2) (c¢f. (3.3)), for which Z}i‘l (|Dwi|*> — 7o}) is, up to an additive

constant, an element ofV([)/ ’ (92).
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