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Abstract. We prove asymptotic formulas for mean square values of the
Euler double zeta-function {2 (so, s), with respect to Ss. Those formulas enable
us to propose a double analogue of the Lindel6f hypothesis.

1. Introduction and the statement of results.

Let N be the set of natural numbers, Ny := NU{0}, Z the ring of rational integers, Q
the field of rational numbers, R the field of real numbers, C the field of complex numbers

and i = y/—1.

The Euler double zeta-function is defined by

o) 1 0o 1 oo k—1 1 1
Ca(s1,82) = Z e Z mtn)= = Z ( m51>k82 (1.1)

which is absolutely convergent for s, s2 € C with Rsy > 1 and R(s1 + s2) > 2 (Theorem
3 in [9]), and can be continued meromorphically to C2. The singularities are s, = 1 and
s1+ 82 =2,1,0,—2,—4,... (Theorem 1 in [1]). Euler himself considered the behaviour
of this function when s1, s2 are positive integers. It was Atkinson [3] who first studied
(1.1) from the analytic viewpoint, and he proved the analytic continuation of it. Recently
the active research of (1.1) revived, because it is the simplest example of multiple zeta-
functions. As for the studies on the analytic side of (1.1), for example, upper-bound
estimates were discussed in [5], [6], [7], and functional equations were discovered in [8],
[12].

It is the purpose of the present paper to prove certain mean square formulas for
(1.1). Let

k—1

1 2

mst
1

1

Pls1,s0) ="

k=2

(1.2)

3
[

Since the inner sum is O(1) (if Rs; > 1), O(logk) (if Rs; = 1), or O(k1~%1) (if Rs; <
1), the series (1.2) is convergent when Rs; > 1 and Rsy > 1, or when Rs; < 1 and
2Rs1 + Rsy > 3. Note that sz(l,q) (¢ € N>g) was already studied by Borwein et al.

(see [4]).
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Hereafter we write sg and s instead of s; and so, respectively, and consider the mean
square with respect to s, while sg is to be fixed.

THEOREM 1.1.  For sg = o9 + ity € C with o9 > 1 and s = o + it € C with o > 1,
t > 2, we have

/2 Cals0,8)2dt = (2 (50,20)T +O(1) (T — o0). (1.3)

THEOREM 1.2. For sg = og +itg € C with o9 > 1 and s = o + it € C with
1/2<0<1,t>2 and o9+ 0 > 2, we have

T
/ |Ca(s0, 5)[2dt = c}P (s, 20)T + O(T? 27 1og T) + O(TV/?). (1.4)
2
The most important result in the present paper is the following Theorem 1.3, which
describes the situation under the condition 3/2 < g9 + 0 < 2.

THEOREM 1.3.  Let so = g +itg € C with 1/2 < 09 < 3/2 and s = o + it € C with
1/2<0<1,t>2and 3/2 < o9+ 0 < 2. Assume that when t moves from 2 to T, the

point (so,s) does not encounter the hyperplane so + s = 2 (which is a singular locus of
C2). Then

T
/ |¢2(s0, 8)[*dt = g](So,?U)T
2

1 1
O(T4—200—20 logT) + O(T1/2) 5 < o9 <1, 5 <o< 1)

O(T*~270(log T)?) + O(I"/?) (i <oo<lo= 1>

+ O(T2=27 (log T)3) + O(T1/2) (0’0 =1, % <o < 1) (15)
O(T"/?) (co=1,0=1)
O(T* 27 10gT) + O(T1/2) <1 <oo < gv % <o< 1)’

REMARK 1.4. In Theorems 1.2 and 1.3, the error terms O(T"/?) are coming from
the simple application of the Cauchy-Schwarz inequality. It is plausible to expect that
we can reduce these error terms by more elaborate analysis.

It is interesting to compare our theorems with the classical results on the mean
square of the Riemann zeta-function ((s). It is known that

/; |C(o +it)|2dt ~ ¢(20)T <a > ;) (1.6)
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and

T 1 2
/2 C(Q—i—it) dt ~TlogT (1.7)
(see Titchmarsh [15, Theorems 7.2, 7.3]). These simple results suggest two important
observations.

(a) First, it is trivial that (o + it) is bounded with respect to ¢ in the region of
absolute convergence o > 1, but (1.6) and (1.7) suggest that (o + it) seems not so large
in the strip 1/2 < o < 1, too. In fact, the well-known Lindel6f hypothesis predicts that

(o +it) = O(F) (; <o< 1) (1.8)

for any € > 0. (For 0 = 1, even a stronger estimate has already been known.) Formulas
(1.6) and (1.7) support this hypothesis.

(b) The second observation is that the coefficient ((20) on the right-hand side of
(1.6) tends to infinity as o — 1/2, hence the form of the formula should be changed at
o = 1/2, which is in fact embodied by (1.7). This is one of the special features of the
“critical line” s = 1/2 in the theory of the Riemann zeta-function.

Our theorems proved in the present paper may be regarded as double analogues of
(1.6). Since the coefficient Cf] (s0,20) tends to infinity as o9 + o — 3/2, it is natural to
raise, analogously to the above (a) and (b), the following two conjectures:

(i) (a double analogue of the Lindelof hypothesis) For any € > 0,

CQ(SQ,S) = O(tg) (19)

when (sg, s) (which is not in the domain of absolute convergence) satisfies o9 > 1/2,
c>1/2,t>2 00+0>3/2and so+ s # 2;

(ii) (the criticality of oo + o = 3/2) When o( + o = 3/2, the form of the main term
of the mean square formula would not be CT (with a constant C; most probably, some
log-factor would appear).

REMARK 1.5. It is not easy to find the “correct” double analogue of the Lindelof
hypothesis. Nakamura and Parikowski [14] raised the conjecture

G(1/2+it,1)2 + it) = O(tF) (1.10)

(actually they stated their conjecture for more general multiple case), and gave a certain
result (their Proposition 6.3) which supports the conjecture. However, the value (2(1/2+
it1, 1/2+1ity) is, if t1 # to, not always small. In fact, Corollary 1 of Kiuchi, Tanigawa and
Zhai [7] describes the situation when (a(s1, s2) is not small. For example, if to < t}/(j_e,
then

G(1/2 +ity, 1/2 + ity) = Q(81/°).
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Our theorems imply that our conjecture (1.9) is true in mean. That is, (1.9) is reasonable
in view of our theorems.

REMARK 1.6. The above conjecture (ii) suggests that g + o = 3/2 might be the
double analogue of the critical line of the Riemann zeta-function Rs = 1/2. On the other
hand, in view of the result of Nakamura and Parikowski mentioned above, we see that
another candidate of the double analogue of the critical line is g + 0 = 1. At present it
is not clear which is more plausible.

REMARK 1.7.  'We cannot expect the analogue of the Riemann hypothesis on the
location of zeros. In fact, Theorem 5.1 of Nakamura and Parikowski [14] asserts (in the
double zeta case) that for any 1/2 < 01 < 09 < 1, (2(s, s) has < T non-trivial zeros in
the rectangle 0y <o <03, 0 <t < T.

The plan of the present paper is as follows. We first prove the simplest Theorem 1.1
in Section 2. To prove the other theorems, we need certain approximation formulas for
¢2(80,8). Using the Euler-Maclaurin formula, we show the first approximation formula
(Theorem 3.1) in Section 3, and using it, we prove Theorem 1.2 in Section 4. In Section
5 we introduce and discuss the double analogue of the Euler constant. The most difficult
part of the present paper is the proof of Theorem 1.3. In Section 6 we show the second
approximation formula (Theorem 6.3), by employing the method of Mellin-Barnes inte-
gral formula. Based on this second approximation formula, we give the proof of Theorem
1.3 in the final Section 7.

A possible direction of future study is to search for a strong type of approximate
functional equation (that is, similar to [15, Theorem 4.16]) for the double zeta-function,
based on our previous results on functional equations for the double zeta-function ob-
tained in [8], [12]. If we could succeed in finding such an equation, we would be able to
give a more precise version of mean value theorems for the double zeta-function.

A part of the results in this paper has been announced in [13].

2. Proof of Theorem 1.1.

In this section, we give the proof of Theorem 1.1. Throughout this paper, we fre-
quently use the following elementary estimations:

k—1 1 k
Z — <K / u”tdu = logk,
m=1 m 1
k-1 1 k kl-o
7<</ u du = (0<o <1,
el me 0 l1—-0

M8
-

oo kl—a
< / u %du = (o0 >1).
k 1

o —

3
Il
B

PROOF OF THEOREM 1.1. Let sg =09+ itg € C withog >1and s=0c+iteC
with o > 1. We set
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S = C2(8075)€2(80’s) = Z mie (ml +n1 0’+7,t Z

my1>1 mo>1
np=>1 no>1

2 m2_|_n2)a it”

Taking out the terms corresponding to my + ny = mo + no and setting k = my + nq, we
have

o0

:;(kzlz )kza"" Z 50,50 1

mi=1ma=1 """ mi°m3° (my + nyp)7 4 (mg + ng) "

my,mg,nq,ny>1

mi+ngAmotng
it
_ [2](3 20) + 2 : 1 ma + Na
— (9 05 S0 80 .
et gz M1OMY (M 4 11)7 (M2 + n2)? \Ma +m

mi+nyFmo+ng

Hence we have

T
/ Gals0, )Pt
2

1 T it
= s 20)(T-2)+ Y — / <m2 + n2> i
mi°®ms® (my + n1)?(mz +n2)° J2 mi1 + nq

m1,mg,nqi,ng>1
mi+nyFEmotng

The second term on the right-hand side is

1
Z 50 7,50

mi°msy° (my + ny)? (ma +n2)?

mq,mo,nq,mg>1
my+nyFmytng

eiTlog((m2+n2)/(m1+n1)) — 2 log((m2+n2)/(mi+n1))

x ilog((mg + n2)/(my +n1))

1 1
€ D i) T ) (s  ma)” Tog((rma & )y )

my,mg,ny,ng>1
mi+ny<mgtng

(X Y e

mq,mg,nq,ny>1 my,mg,ny,ng>1
my+ni<motng<2(mi4ni) mofng>2(mq+nq)

1

" {1+ n1)7 (ma + n2)” log(ma + nz)/(my + 1))

We denote the right-hand side by Vi + V5. Then we have

1
< )
e a1 (m1m2)00 (m1 + nl)U(m2 + nZ)U
mo+ng>2(my+ny)

< Y ! =0(1).

(mimz)70(ninz)”

mi,mz,ni,ne>1
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As for Vi, setting r = (mg 4+ ng) — (my + n1), we have

1 mi+ni 1 1

= Z (mima)oo Z (m14n1)?(m1+n1+7) log((m1+n1+r)/(mi1+nq1))’

my,ma,n;>1 r=1

Since my + ny + r <X mq + ny, we obtain

1 mi+mny 1
<
1 Z (mim2)70 (mq + nq)? Z log(1 + (r/(m1 +n1)))

mi,mz,n1>1

D — Z’”*
(mimg)o0 (my 4 ny)2° r

mi,ma,n1>1 r=1

1 1
1
b Z (m1m2)%0 (my + nq)20-1 og(my +ny)

Z — log(mi+n1) o),

a0 20—-1
m n
me>1 2 mym>1 1 ( L 1)

mi,mz,n1>1

because g > 1 and ¢ > 1. This completes the proof of Theorem 1.1. O

REMARK 2.1. The fundamental idea of the above proof of Theorem 1.1 is similar
to that of the proof of [15, Theorem 7.2]. The basic structure of the proofs of Theorems
1.2 and 1.3 given below is the same, though the technical details are more complicated.

3. The first approximation theorem.

Hardy and Littlewood proved the following well-known result (see [15, Theorem
4.11]). Let 0y > 0, x > 1 and C > 1. Suppose s = o + it € C with ¢ > o7 and
|t| < 27xz/C. Then

C(s) = Z 1 _x7 +0z7%) (z— o). (3.1)

ns 1—s

Here we prove the double series analogue of (3.1) as follows.

THEOREM 3.1. Let so = og+itg € C, s=0c+it € C\ {1}, 2> 1 and C > 1.
Suppose o > max(0,2 — o) and |t| < 2wx/C. Then

- 1 1 «— 1
2(%0, 5 g::n =, (m+mn)s 1—szm30(m+az) 1
O(z™°) (o0 >1)
+<{0(x7° loga:) (oo =1) (x — 00). (3.2)
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In order to prove this theorem, we quote the following lemma.

LEMMA 3.2 ([15, Lemma 4.10]).  Let f(z) be a real function with a continuous and
steadily decreasing deriwative f'(x) in (a,b), and let f'(b) = «, f'(a) = 8. Let g(x) be a
real positive decreasing function with a continuous derivative g'(x), satisfying that |g' ()]
is steadily decreasing. Then

b
Z g(n)e2if () — Z /g(z)ekri(f(m)fux)dz

a<n<b vez
= a—n<v<B+n

+O(g(a)log(B — a +2)) + O(|¢'(a)]) (3.3)
for an arbitrary n € (0,1).

PROOF OF THEOREM 3.1. By the Euler-Maclaurin formula (see [15, Equation
(2.1.2)]), we have

1—s alfs b o _
Z lls _bma s/ y-ll—1/2 1/Qdy—l- l(bﬂ —a”%) (3.4)

1—s ystl 2
a<1<b

for 0 < @ < b. At first assume ooy > 1, 0 > 1. Setting a = m+ N (where m € N, N € Ny)
in (3.4) and b — oo, we have

— 1 N)l-s * y—[y—1/2 1
l=m+N-+1 m+N Yy

Therefore we have

SN | 211 >\ (m+ N)—s
2w 2 vy~ 2 2 a2 (i)

m=1 n=1 m=1 n=1 m=1
s f: L[~ oy--12, 1 i o
L] ms .y yst+1 2 o] m® (m + N)*
= Ay — Ay — A3 — Ay, (3.5)

say. The terms A; and A4 are absolutely convergent in the region g9 + ¢ > 1, and in
this region

AA:O(é;WWW;+NV>' (3.6)

The integral in A3 is absolutely convergent if o > 0, and is O(c~!(m+ N)~7). Therefore
Ajz can be continued to the region o > 0, g + o > 1 and
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4=0( 32 s 7 .

m=1

there. The term As is absolutely convergent for oo+ o > 2, s # 1. Therefore we see that
the right-hand side of (3.5) gives the meromorphic continuation to the desired region.
Hereafter in this proof we assume N > x. The term A; can be rewritten as

e it log(m-+n)

ZstomM DI o

m=1n<z m=1z<n<N )

(3.8)

Fix m € N and set

fla) = o loglm +2), g(x) = (m -+ ),

(a,b) = (x, N) in Lemma 3.2. Then we have

t t
(a,8) = (277(m+N)’ 27r(m—|—x)>'
We see that

N B R

When o > 0, the function g(z) is decreasing and so we can apply Lemma 3.2. By taking
a small 1, we obtain from (3.3) that

elt log(m+n)

N
=), Gt O 427

Considering complex conjugates on the both sides, we have

z<n<N

1 —itlog(m+n) N 1
Y ot & S o) et O ) ™)
oy mAm)s e (mtn) e (m+u)
(m+N)1fs 7(7714’17)175

= — +O((m+2)77). (3.9)

In other words, denoting the above error term by E(s;z, m, N), we find that this function
is entire in s (the point s = 1 is a removable singularity) and satisfies

E(s;z,m,N)=0((m+z)"7) (3.10)

uniformly in N in the region o > 0. Using (3.9), we find that the second term of (3.8) is
equal to
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3 1 < 1 > E(s;x,m,N)
—=  (3.11
STnzzlmSOm+N) 1—SmZ:1mso(m+x)571+mZ:1 mso ( )

(where the first two sums are convergent in oo + o > 2, while the last sum is convergent
in o9 + 0 > 1 because of (3.10)), whose first term is cancelled with Ay. Therefore now
we have

— E(s;z,m,N
+) # — Ay — Ay (3.12)

in the region o > max(0,2 — 0¢), s # 1. Letting N — oo, and noting (3.6), (3.7) and
(3.10), we obtain the proof of Theorem 3.1. O

4. Proof of Theorem 1.2.
In this section, using Theorem 3.1, we give the proof of Theorem 1.2.

PROOF OF THEOREM 1.2. Let s = 09 + ity € C with 09 > 1 and s = o + it €
C\ {1} with 1/2 < 0 <1, 09 + 0 > 2. Setting C = 27 and =t in (3.2), we easily see
that the second term on the right-hand side is O(t~7), so we have

2(50, 8 Z Z ~+O0(t™7) (t— o0). (4.1)

m n
m= 11<n<t +

We denote the first term on the right-hand side by Xi(so,s). Let M(ni,ne) =
max{ni,ng, 2}. Then

T
/ |21(80,S)|2dt
2

:/ Z Z m1+n1 a+zt Z Z m2+n2)0 Ltdt

mi1>1n; <t mo>1 n2<t
T it
=2 > 2D MaTh2) g
SO m3o (m n m n m n
ma>1ma>1 01 M2 e, <T 1+ 1) ( 2+12)7 JM(ny,n0) 1+
1

— Z Z somso Z Z W(T—M(nhng))

my1>1ma>1 2 m<T no<T

my1+ny=mo+ng

1
+ Z Z 90 S0 Z Z (m1+n1)0(m2+n2)0

mi>lmo>1 10 M2 2 et
m1+nyFmotng
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eiT log((ma+nz2)/(mi+n1)) _ oiM(n1,n2)log((me+nz)/(mi+n1))
X - . (4.2)
ilog((ma +n2)/(m1 +n1))

We denote the first and the second term on the right-hand side by S;7 — Ss and Ss,
respectively. As for S7, setting k = m; + ni(= ma + ns), we have

s-Y (Y Y o)

mi= 1m2 1

e {zzz}(m)

my>1 Y ny>T ni<T ny>T
mo>1 nog<T no>T no>T
mq+ny=mo+ng mi+nyg=mo+ng miq+ny=mo+ng
We further denote the second term on the right-hand side by —(U; + Us + Us), which is
equal to —(Uy + Us) — (Uy + Us) + Us because Uy = U;. Since g > 1, we have

1 1
Ui + U
1+ U3 K Z (m1mg)@o nZ>T (my + n1)%°

mq>1
mo>1

1 & du
< Z (m1m2)"°/T <m1+u>20

my>1
mo>1

1
Z (mlmz)go (ml + T)Zcrfl

mq>1
mo>1

< < T1_20.

Similarly we obtain U; 4+ Us, Us < T'~2°. Therefore we have
= M (s0,20)T + O(T?%7). (4.3)
As for S,, since
M (n1,n9) = max{ny, na, 2} < my + ni(=msg + na),

we have

1
$< Y Z rma) > T )T

mi1>1mo>1 n1<T
ng<T
mq+ny=mo+ng
(mymg)o0 my +mnq)2o-1
mi>1ma>1 v L 2) nlgT( 1+ )

<Y am

m1>1 mo>1 n1<T
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1
T2-20 ( <o < 1)
< 2

logT (0=1),
because oy > 1.
As for S3, we have
1 1 1
Ss K —_
2 G o s
myit+ny<mgtny<2(mi+ny)
1 1
+ .
I P o I e R e

mo4mng>2(my+ny)

We denote the first and the second term by W7 and Ws, respectively. As for W5, we have

1 1
Wy < —_—
’ m1;2>1 (mlmz)go n1§<T (ml + nl)g(mz + nz)o
T ma+ny>2(my+ny)
< X Gy Z Z —
mi,ma>1 m1m2 ’ no <T
2-2 1
T<—<° —-<o<l1
< 2
(logT)? (o=1).
As for Wh, setting r = (ma + n2) — (m1 + n1), we have
1 mut 1 1
W <« —_—
1 ml,%:zzl (mamz)7o mz;T rz:l (m1 +n1)7(ma +ny +7)7 log(1 + (r/(m1 +n1)))
R D M D M
o 20
my,mo>1 (mlmQ) ’ n <T (ml + nl) r=1 r
€ Y e X g gl + )
(mymg)°o (my +mnqp)2°1
my,ma>1 n1 <T

1
T2 29 log T < <o< 1)
< 2

(logT)? (o =1).

Combining these results, we obtain
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1
T O(T? 27 1og T <a<1>
/ (50, )Pt = P (so, 2097+ | =1 \3
’ O((logT)?)  (0=1).

Therefore we have

T
[ 16also, o)
2
T
:/ IS (50, 8) + O(t~7)[2dt
2

:/2T|El(so,s)2dt+0</2T|El(so,s)|t_"dt> +O</2Tt_2”dt). (4.4)

We see that the third term on the right-hand side is equal to O(1) because 1/2 < o < 1.
As for the second term, by the Cauchy-Schwarz inequality, we see that

g T 1/2 T
/ |21(50’5)‘t—adt < (/ 21(5073)|2dt) . (/ t—QGdt>
2 2 )

[ fom) + o 10sT) (1/2<0 < 1)\ S
~ L O(T) + O((log T)?) (0 =1) -0(1)

1/2

< T1/2.
This completes the proof of Theorem 1.2. O

5. The double analogue of the Euler constant.

Let v be the Euler constant defined by

alg]
VZNIEI})O(Zn_ng)

n=1
which satisfies that

lim {g(s) - 1} = 1. (5.1)

s—1 s—1

Here we define analogues of the Euler constant corresponding to the double zeta-function
as follows. For sg € C with Rsg > 1, we let

Z T:_m log(erN)}. (5.2)

1<n<N

. 1
g 5]
m>1
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Then we obtain the following.

PROPOSITION 5.1.  For sg € C with Rsg > 1,

hm {(2(50, s) — g(soi} = 72(s0)- (5.3)
In particular,
Y2(s0) = ((s0)7 — C2(1, s0) — ((s0 + 1) (5.4)

PROOF. Applying (3.5) with N = 0, we have

i { s s) — <22
1

s = ((s0) /2, 1
:hm{ _szmso/ 2 du—2zm50+s}

s—1
m>1 m>1

'(s0) Z . Z o / 1 C(s0 + 1),

where the third and the fourth terms are cancelled. Hence, from

Cls0) == 3 B,

mso
m>1

the right-hand side of the above equation can be rewritten as

K+m-—1 k+1

Clso) = 3 s lim > |-

m>1
K4+m—1 k+1

o= 3 5 > / (‘)d“

1 m+K—1 1
— ;
_g(so)—mz;lms() Klgnoo(log(m+K)—logm— ; k—i—l)
—aim {3 XK: L logm+ k) ) L = a(s0)
= e P mso — m + n g - 'Y2 0/,

which implies (5.3). Note that Arakawa and Kaneko [2, Proposition 4] already showed
that (2(so, s), as a function in s, has a simple pole at s = 1 with its residue ((sg), where
sp € C with Rsg > 1. Suppose sg € C with Rsg > 1 and Rs > 1. Then it is well-known

that
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C(50)¢(s) = C2(s0, 8) + C2(s, 80) + C(s0 + ).

By (5.1) and (5.3), we have

clon) (g v ol =1)) = (L2 4 ras0) ol 1)) + Galso0) + o0+ 90

Letting s — 1, we obtain (5.4). This completes the proof. O

6. The second approximation theorem.

In the previous section, we gave the proof of Theorem 1.2 by use of (4.1) which
comes from Theorem 3.1. However Theorem 3.1 holds under the conditions ¢ > 0 and
oo+ 0 > 2. Hence we cannot use it for 3/2 < 0o+ 0 < 2. In order to prove a mean value
result in the latter case, we have to prepare another approximate formula for (5(sg, s).

We begin with (3.12). As was discussed in the proof of Theorem 3.1, all but the
second term on the right-hand side of (3.12) are convergent in ¢ > 0,009 + o > 1, so the
remaining task is to study the second term.

First we assume og + o > 2, s # 1. Then by the Euler-Maclaurin formula we have

1 e dy
L—sJ; yors—1(14y/z)s!

1 /OO( [] 1)( So I 1—s )d
1—s )/ YT\ oyt T gyt a))

1 —s
+2(1_S)(1+x)1

= g(s0, s32) + Y2 + Y3, (6.1)

+

say. Obviously Y3 is defined for any s € C\ {1} and satisfies Y3 = O(t '2'177). Next
consider Y5. We have

1 /Oo _H_l %0y <<1/OC¢
1—s )i YY)ty rap Y ST ety et

* d
<t tgte S
1 yUOJFI

for o9 > 0, and

1 /Oo<_H_1)1_Sd «/ML
1—s ), V"YW 32)yo(yrap® 1y (y+ o)
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<<</ /)"Oy—i-x)

T d >
<</ =Y +/ Y
1oy, Yot

O(z'79079)  (0< o9 <1;00+0>1)
=< O0(x %logz) (0p=1;00+0>1)
O(z7) (00> 1;004+0>1).

Therefore now we find that Y5 + Y3 can be continued to the region o9 > 0, 09 +0 > 1
and s # 1, and in this region satisfies

O(z'79077)  (0< o9 <1500+ 0 >1)
Yo+ Y5 =00t "2 ") +{ O(x 7 logz) (09=1;00+0>1) (6.2)
O(z~7) (00 >1;00+0>1).

Next we consider ¢(sg, s;z). Here we invoke the classical Mellin-Barnes integral
formula, that is

1 I(s+2)'(—=

(1+X)7° =5 o T(s) >)\Zdz7 (6.3)

where s, A are complex numbers with ¢ = Rs > 0, |argA] < 7, A # 0, ¢ is real with
—0 < ¢ < 0, and the path (c) of integration is the vertical line Rz = ¢. (Formula (6.3)
has already been successfully used in the theory of multiple zeta-functions; see [9], [10],
[11]).

LEMMA 6.1.  The function g(so,s;x) can be continued meromorphically to the re-
gion 0o < 3/2 and o > 1/2, and satisfies

O(t_ll‘l_g +t00_25€2_0_60 +t_1/21’1/2_g) (SO 7é 1)
g(so, s; ) -
Ot~ *x =7 (logt + log z) + t~1/221/2=7) (so=1)

in this region, except for the points on the singularities
s=1, sg+s=2,1,0,—1,—-2,-3,—4,.... (6.4)

ProoOF. First we assume that o9 > 1 and ¢ > 1. Then, applying (6.3) with
A = y/z and replacing s by s — 1 (because o — 1 > 0), we have

o ) = 1 ° 1 I(s—1+2)(-2) Y i ;
9(s0, 53 2) (2771.)(1_8)/1 oo /(C) TG 1) (x> dzdy,  (6.5)

where 1 — 0 < ¢ < 0. Here we see that it is possible to change the order of the integral
as follows. Since 1 — o0 < ¢ < 0 < gg — 1, we have —o( + ¢ < —1. This implies that (6.5)
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is absolutely convergent with respect to y. Moreover, by the Stirling formula, we can
easily check that (6.5) is absolutely convergent with respect to z. Therefore, changing
the order of the integral on the right-hand side of (6.5), we obtain

900,59) = G g T 1N [
B xl=s I'(s—142)(-2) "
- 2m)(1—s)(s—1) /(C) r7(sg — 1 — 2) d

Now we temporarily assume that 1 < o9 < 3/2. Then the pole z = sg—1 of the integrand
is located in the strip ¢ < Rz < 1/2. We shift the path (¢) to Rz = 1/2. Relevant poles
are at z =0 and z = s9 — 1. Counting the residues of those poles, we obtain

L xl=s I'(s—1) T(s+so—2)(1—sg)
9(s0:8:2) = G375 = 1){ -1 g :
1 I(s—1+2)(-2) s
T o i
_ rl=s N xl=s ['(s+so—2)I'(1— sg)
(I=9)(so—1) (1—-sT(s—1) aso—l
xl=s I'(s—1+2)'(-2) 3
T eI —sT(s = 1) /(1/2) Fo—1-2) ©

= R+ Ry + R3, (66)

say. The last integral can be holomorphically continued to the region oy < 3/2 and
o > 1/2 (because in this region the path does not meet the poles of the integrand).
Therefore (6.6) gives the meromorphic continuation of g(sg,s;x) to this region. The
possible singularities of Ry and Ry are sp = 1 and those listed as (6.4). But sp = 1 is
actually not a singularity. Putting so = 1 4+ § and calculating the limit § — 0, we find
that

:L.lfs I
R1+R2|50:1: - log:cffyff(sfl) . (6.7)

We can easily check that Ry = O(t 12'77) and Ry = O(t°°~22279790) by the Stirling

formula, if s9 # 1 and (sg, s) is not on the singularities (6.4). If so = 1, then from (6.7)
we see that

Ri+ Ry =0(t 2" 7(logt +logz)).

As for Rg, setting z = 1/2 + iy, we have

R3 <«

zl=oemt/? /°° (o —1+it+1/2+iy)T(—1/2 —iy)
t-to=3/2 J_ 224 (og +itg — 1 — 1/2 — dy)
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< (tw)l/2fo€7rt/2/ (|t + y| + 1)a—1ef7r|t+y\/2(|y‘ + 1)72€f7r|y|/2dy'

— 00

By Lemma 4 of [10], we find that the above integral is O(t°~'e~""/2), and hence Rz =
O(t=1/221/2=7). This completes the proof of Lemma 6.1. O

REMARK 6.2. By shifting the path more to the right, it is possible to prove that
g(s0, 8; ) can be continued meromorphically to the whole space C2.

From (6.2) and Lemma 6.1 we find that the right-hand side of (6.1) can be continued
to the region og < 3/2, 0 > 1/2, 0o + 0 > 1, and satisfies the estimates proved above.
On the other hand, the last three terms on the right-hand side of (3.12) are estimated
by (3.6), (3.7), and (3.10), respectively.

Now set = t. Then, using (3.10) we have

=, E(s;z,m, N) > 1 1 1
2 S X e € 2 et T 2 et

m>t

tl=e0=o (0 <oy < 1)
<<t %logt (o9 =1)
t=° (O’O > 1),

while (3.6) and (3.7) imply that the contributions of A3 and A4 vanish when N — oo.
Collecting all the information, we obtain the following.

THEOREM 6.3.  Let so = 09 + itg € C with 0 < 09 < 3/2 and s = o + it € C with
c>1/2,00+0>1,s#1, and so + s # 2. Then
O@t'=7079) (o9 < 1)

2(0, Z > T +{0(t 7logt) (og=1) (6.8)
m=1n<t O(t—a) (UO > 1)

7. Proof of Theorem 1.3.
Based on these results, we finally give the proof of Theorem 1.3.

PROOF OF THEOREM 1.3. We let sg € C with 1/2 < g9 < 3/2 and s € C with
1/2 <o <1 and 3/2 < g9+ 0 < 2. We further assume that so + s # 2. Similarly to
Section 4, let

1(s0, 8 Z Z mso(m +n)*

m=11<n<t

Then we can again obtain (4.2) and denote it by S17 — Ss + S3. As for Sy, we similarly
set k = my + ni(= ma + nz). Then we can write
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[e's) k—1 k 1

Z(Z z__:l )k% (UL + Uy + Us),

k=2 m11m21

where U; = U,. We have

1 1
U, + U
1+ U3 <K Z m1m2)00 an>T (m1 +ny)%

my>1
mo>1

k—1 —
S X X o

mp=1
k—myq s ™

where we set k = my + ny = mo + no. Note that from the condition &k — m; > T, we

have k > T. Hence we obtain

U1+ Us < Z 120 / _Uodu/ “9%dv

k>T

k>T

< STk (l0gk)? = O (10g T)?) (00 = 1)
k>T

k>T

) 1
Z k272072a'0 _ O(T3720720'0) (2 <og < 1)

Z k727 = O(T'~27) (1 <o < Z)»

because 2 — 20 — 20¢ < —1, and the same estimate holds for U; + Us and Us. As for the

second estimate we used the integration by parts for

Z k=27 (log k)2 <</ u™27 (log u)?du.
T

k>T
Therefore
3—20—20 1
o(r o) 3 <op<l1

= P (s0,20) + { O(T 27 (log T)2) (00 = 1)

O(T'=29) (1 <oy < ;)

Next we consider Sy. Using M (nq,n2) = max{ny,ng,2}, we have

(7.1)
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1 M(’I’Ll,nz)
Sy = S A\ T2
2 Z S0 2 HIZS:T (ml + nl)QU

mg2>1 ng<T
mi+4+ny=mo+ng

=1 M(ni,n
Sy Ly M)

k=2 m1>l  nq<T my my
mo>1 mn_zSTik
matna—k
k—1 — k—1 k-1
k T 1
< — — —_—
k<T k2 E; z; (mimz)” k>T k2 mi=1ma=1 (mams)7e
1
Z k1—2o(k1—ao>2 +T Z k—?a(kl—ao)Q 5 <og < 1)
k<T k>T
< { D KT (ogh)* +T Y k> (logk)® (00 =1)
E<T E>T
3
Z k1—20' —|—T Z k—20’ (1 <opg < 2)
E<T E>T

Therefore we obtain

Sy =

where we have to note that 3/2 < g9 + 0 < 2 in the first case, and o # 1 (because if
o =1 then oy + o > 2) in the fourth case.
Finally we consider S3. Similarly to the argument in Section 4, we have

S < 1 1 1
3 Z ok Z
0 o ma+mng
a1 (m1ma) nymg&T (m1 + n1)?(ma + n2)? log i
my+ny<mg+np<2(mi+ny)

1 1
+ Z Z o mo+ng’
ml,m2>1 m1m2 ny,no<T (ml + nl) (m2 + n2) ]'Og mi+ny
mo4ng>2(mi+ny)
which we denote by W7 + Whs.
First estimate W5. We have
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1 1
We D G 2, G m) Gt
mi,mz>1 ny,ng<T
mo+mng>2(my+mny)
> T e
- g0 o Z g0 o
myp>1 ml (ml + nl) mog>1,mno<T m2 (m2 + n2)
ny <T mo+ng>2(my+ny)
Z 1 1 1
- 90 o Z Lo Z 90
mi°(my +n k m
my>1 1 ( 1 1) k>2(mi+4nq) mo>1np<T 2
n1<T mo+ng=k
= E + E = W21 + WQQ,
mi<T my>T
n1<T n1<T

say. Consider Way. Since m; > T, we have k > 2T, so mg =k —ng > k—T > k/2.
Therefore the innermost sum of Ways is

> % < Tk™,

k—T<ma<k—1 2

and hence

1 —00—0
W22 <<T Z m Z k 0

:’lezg 1 E>2(mi+n1)
< T Z mfao Z (m1 —|—’I’L1)170072U

m1>T n <T
ST Y mi Y mi

mq>T n <T
<T? Y mye?

mq>T
Since 1 — 209 — 20 < —1, we have
W22 < T2T27200720 _ T472a'072o" (73)

As for Wy, we further divide the inner double sum of Ws; into two parts D; and Do
according to 2(m; + n1) < k < 2T and k > 2T, respectively. We handle the innermost
sum of Dy similarly to the case of Was. We have

11
Dy <T Y e <TH077

k>2T

The innermost sum of Dy is
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1
kl—oo (2 <o < 1)

logk (op=1

< Z

)

mo<k— 1 3
1 <1<O’0<2)7

which gives

TQ—G'O—U 1
2
1— 1
T 9logT (op=1 -<o<1
D, < 2
(logT)? (co0=1,0=1)
3 1
T'=° l<og<z, =
( 0S5 3
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Substituting the estimates of D; and Dy into W51, and estimating the remaining sum

my<T
n1<T

in the obvious way, we obtain

Z mi° (m1+n1 Z mJ° Z ng

mi <T n1<T

T4-200-20 <2 <op<l, =<o< 1)
2-2 1
T-7=% logT §<0'0<1,0':1
Wa < T2*2"(logT)2 (00 =1, -<o< 1)
(log T)* (op=1, 0=1)
3 1
T?-2 1 5= 1
( <op<g 5 <0< )

Next consider W;. We have

(7.4)

1 1
W, = Z (mymg)oo Z (m1 +n1)%(mz2 + n2)? log (

mi + nq

my,mz>1 ny, ng<T
miq+ny<mo+ng
<2(mi+mny)
<D EenaE X X
m1 —|—n1 g m
mi>1 n1<T no<T mg>1

mi+ny<mo+ng
<2(mji+nq)

2 (ma +ny —my —nq)

1+m2+n2 mi— n1)
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SN+ D =W+ W,

m1 <27 n, <T m1>2T n1 <T

say. Consider Wia. Since m; > 2T, we have no < T < my/2, so mg > my +ny —ng >
my /2. Therefore, setting r = mgo + ny —my — ny, we have

1

Wia < 3 > > X
200 20 1 m Nng —Mmp —n
mi>2T na<T (my + 1) na<T mg>1 (ma2 + n 1 1)
my+ny<motng
<2(mi+mny)
m1+n1
<> ) zaomm DD D
mq>2T n 1 <T no<7T r=1

T Z Z _— — log(m1 +n1)
m1>2T m<T T *(my +na)?71

(my +T)? 2 log(my +T) < <a<1>

<T > mi™ x
my>2T (10g(m1—|—T))2 O'

1
T4=200=20 |og T <2 <o < 1)

< (7.5)

T?7290(logT)?> (0 =1).

Next, since mg < 2(mj + ny), the innermost sum of Wy is

< Z my 7° log(my + nq)
ma<2(mi+ni)

1
(m1 +n1)t=9 log(my + n1) (2 <09 < 1)
< ¢ (log(my +ny))? (00 =1)

3
log(m1 + 711) (1 < og < 2).

Therefore, when 1/2 < oy < 1, we have

W < Z °(my 4+ n1)*" 772 log(my + n1)
mq<2T
ny<T
< > my%(my+T)* 7" log(my +T)
mq <2T

< T4720'072a' IOg T,
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because 2 < g + 20 < 3. Similarly, we have

Wi < Z my*(my + n1) 727 (log(my + nq))?

mq <2T
ny<T

T?729(log T)3 (; <o < 1)

(log T)* (c=1)

<

when oy = 1, and

Wi < Z my % (my +n1) 727 log(my +n1) < T*7%7 log T

my<2T
ny<T

when 1 < 09 < 3/2. By (7.3), (7.4), (7.5) and the above estimates, we now obtain
S3 =W+ W,

1
T47200=20Jog T (= <09 <1, 3 <0< 1>

1
T%729 (log T')? <2 <op<l, o= 1)
1 .
SN 1220 (1og T)? <ao =1, 5<0< 1> (7.6)
(10g T)4 (O’() = ]., o = 1)
2—20 3 1
T logT 1<00<§,§<0<1.

Denote the right-hand side of the above by £(T). Combining (7.1), (7.2) and (7.6), we
obtain

T
/ 151 (50, 8)[2dt = ST — S + S5 = ¢ (50, 20)T + O(E(T)). (7.7)
2

Now, using the Cauchy-Schwarz inequality, we estimate the second term on the right-
hand side of (4.4) with replacing ¢t~ by the error term on the right-hand side of (6.8).
Denoting by E(t) the error term on the right-hand side of (6.8), we have

/2T|El(so,s)|E(t)dt < (/2T|21(so,s)|2dt)1/2~ (/: E(t)zdt>1/

={O(T) +O(E(M)N}/? . 01)Y/? <« TV/2,

2

Thus we obtain the proof of Theorem 1.3. (|
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