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Abstract. Let L be a non-negative self adjoint operator on L?(X) where
X is a space of homogeneous type. Assume that L generates an analytic
semigroup e~ 'L whose kernel satisfies the standard Gaussian upper bounds.
By the spectral theory, we can define the spectral multiplier operator F(L).
In this article, we show that the commutator of a BMO function with F(L) is
bounded on LP(X) for 1 < p < oo when F is a suitable function.

1. Introduction.

Suppose that L is a non-negative self-adjoint operator on L?(X). Let E())
be the spectral resolution of L. By the spectral theorem, for any bounded Borel
function F' : [0,00) — C, one can define the operator

F(L) = / " FOVEW), 1)

which is bounded on L?(X). The LP-boundedness of spectral multipliers is a well-
known problem which has been studied extensively, see for example [A1], [A2],
[B], [C], [D], [DeM], [DOS], [FS], [Ho], [He] and [MSt].

Assume that L generates an analytic semigroup e~ ‘Y whose kernel p;(z,v)
satisfies the standard Gaussian upper bounds. The Gaussian upper bound will
transform to an upper bound on the kernel of F'(L). However, we do not assume
any regularity on the space variables of the kernels p;(z,y). Hence, under only
the standard Gaussian upper bound condition, F'(L) might not be a Calderén-
Zygmund operator.

Let us remind the reader that if T is a standard Calderén-Zygmund singular
integral operator, i.e., T is a bounded operator on L?(R") and the associated
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kernel k(z,y) of T satisfies the Holder continuity condition in both variables x and
y (or at least the Hérmander condition), then 7" is bounded from the Hardy space
H'(R") to L'(R™). By interpolation, T is bounded on LP(R™) for all p, 1 < p < 2.
For such a standard Calderén-Zygmund operator 7', it is well known that the
commutator operator of a BMO function b and T given by [b,T]f = T(bf) — bT'f
is also bounded on LP(R™). See, for example [St].

It is natural to raise the question for the boundedness of F(L) and the com-
mutator [b, F(L)] of F(L) and a BMO function b. The boundedness of F(L) was
studied in [DOS]. It was proved that the spectral multiplier operator F(L) is
bounded on LP(X) if the following condition holds for ¢ € [2, 0] and appropriate
5?

sup || 6:F||wg < oo, (2)
>0

where §;F()\) = F(t\), |Fllwe = ||(I — d?/dz?)*/?F||p« and 7 is an auxiliary
non-zero cut-off function such that n € C°(R;). We note that (2) is actually
independent of the choice of 7.

The boundedness of the commutator of F(L) and a BMO function b will be
investigated in this paper. Precisely, in the same setting as in [DOS], we will show
that the commutator [b, F'(L)] is bounded on LP(X) for all 1 < p < co. Note that
due to the absence of smoothness condition on the heat kernels, Fefferman-Stein’s
maximal function may not be suitable. However, we can overcome this obstacle
by using the sharp maximal function in [M].

The organization of this paper is as follows. In Section 2, we recall some
important properties of BMO functions and some maximal functions. The main
results will be addressed in Section 3. Section 4 gives the proof of the main results.

2. Preliminaries and notations.

Let (X,d, 1) be a space endowed with a distance d and a nonnegative Borel
measure g on X. Set B(x,r) = {y € X : d(z,y) < r} and V(z,r) = p(B(z,r)).
We shall often just use B instead of B(x,r). Assume that (X,d, u) satisfies the
volume doubling property, that is, there exists a constant C' > 0 such that

V(z,2r) <CV(x,r) Vr>0, z€X. (3)
By (3) there exist positive constants n and C), such that

V(z,r)
Vix,s)

<C’n<r), Vr>s>0, z€X. (4)
s
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The parameter n is a measure of the dimension of the space. It also follows form
the doubling condition that there exist C' and N, 0 < N < n so that

d(z,y)

N
. > V(z,r), Vr>0, z,y € X. (5)

Viy,r) < c<1+

uniformly for all z,y € X and r > 0. Indeed, property (5) with N = n is a direct
consequence of the triangle inequality for the metric d and (4). In many cases like
for example the Euclidean space R" or Lie groups of polynomial growth, N can
be chosen to be 0.

The standard Hardy-Littlewood maximal function M, f, 1 < r < oo is defined
by

M, f(z) = Sup( /|f ) du(y )UT,

where the sup is taken over all balls containing x. If r = 1, M; f will be denoted
by M f. The standard Fefferman-Stein sharp maximal function of f is defined by

M f(z) = sup —— / F() — Falduty).

zEB V

where fp = fB z)du(x). We will say f € BMO(X) if f € L] (X) and
MEf e L. If f E BMO, the BMO semi-norm of f is given by

| fllsmo ZSgpM”f(x) =Supsupﬁ/3\f(y)—f3\du(y)-

xr B3z

We will work with a class of integral operators {A;}:~o, which plays the role of
generalized approximations to the identity. We assume that for each ¢ > 0, the
operator A is defined by its kernel a;(z,y) in the sense that

Af(x) = /X ar(, ) () dp(y)

for every function f € Up>1LP(X).
We also assume that the kernel a4(z,y) of A; satisfies the following condition

ou(e.9)| < ) = L/@g(dﬁ 3)) o
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in which g is a positive, bounded, decreasing function satisfying

lim "Nt Rg(r) =0 (7)

T™—00

for some k > 0.
Associated to {At}+~0, the new sharp maximal function ME‘ f is defined by

M @) = sup s |10 = A, w)ldnto) ®)

zeB V

where tp =% and f € Up>1LP(X), see [M].
We recall some results which will be used in the sequel.

(a) Assume b € BMO and k > 1. Then for any ball B we have
|bB - ka| S CHb”BMO log k.

(b) (John-Nirenberg inequality) Let 1 < p < co. Then b € BMO if and only if

1 » 1/1)
(V(B) /)~ s du(y)) < ClIbflsaro

for all balls B C X.

The following estimates concerning on the generalized approximations of identity
and the new sharp maximal function Mg provide the necessary ingredients for the
proof of the main results, see [M], [DY].

LEMMA 2.1.  Let {A:}is0 be a “generalized approximations of identity”.
Then,

(a) For f € LP(X), 1 < p < 00, we have
(1) 1fllee < IMfllee < C|MAE i 5(X) = oc; (9)
) f e < IMflle < CIMES||,, + 1l if w(X) <o (10)

(b) Forbe BMO, fe LP(X),l1<p<oo,z € X and 1 <r < oo, we have

sup 7557 [ |41 6= b0) £ |dn(w) < Clllnodt f@). (1)
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3. Main results.

Unless otherwise specified in the sequel we always assume that L is a non-
negative self-adjoint operator on L?(X) and that the semigroup e~**, generated
by —L on L?(X), has the kernel p;(x,y) which satisfies the following Gaussian
upper bound

d(m,y)m/(M—l)> )

C
Ipt(z,y)| < Vi, fi7m) P (_ /(=)

for all t > 0, and z,y € X, where C, ¢ and m are positive constants and m > 2.
Such estimates are typical for elliptic or sub-elliptic differential operators of
order m (see for instance, [DOS], [R] and [VSC]).
Let T be a bounded linear operator on L?(X). By the kernel K (x,y) associ-
ated to T we shall mean that

Tf(z) = /X K (2,9)f (y)du(y) for all z ¢ supp f

holds for all f € L*(X) with bounded support. In what follows, by K F(OYT) (z,y)

we denote the associated kernel of F( %/L).
The main new results, which we describe in this paper, are Theorems 3.1 and
3.3 below.

THEOREM 3.1. Let L be a non-negative self-adjoint operator such that the
corresponding heat kernels satisfy the Gaussian bounds (GE). Let s > n/2. Assume
that for any R > 0 and all Borel functions F such that supp F' C [0, R],

C
/X |KF( %)(l’yy)}Qdﬂ(x) < W”CSRFH%Q (12)

for some q € [2,00]. Then for any bounded Borel function F such that
SUPy~q |70 F||we < oo, the commutator [b, F(L)] of a BMO function b and F(L)
is bounded on LP(X) for all 1 < p < o0,

I[6; F(L)]flle ) < ClbllBmoll f e x)-

Theorem 3.1 implies the following result which gives the boundedness of the
commutator [b, F(L)].

THEOREM 3.2. Let L be a non-negative self-adjoint operator such that the



890 T. A. Bul

corresponding heat kernels satisfy the Gaussian bounds (GE). Let s > n/2. Then
for any bounded Borel function F such that sup;- [|[170.F||we < oo, the commu-
tator [b, F\(L)] is bounded on LP(X) for all 1 < p < oo,

116, F(L)]flle ) < ClibllBmoll fllLex)-

Proor. Note that it was proved in Lemma 2 of [DOS], that for any Borel
function F' such that supp F' C [0, R],

2 2
HKF( %)("y)HLQ(X) = HKF( ) (Y5 ')HLz(x)
C
< ——||IF|3 . 13
< o IFIE (13)
This shows that (12) always holds for ¢ = oo, and Theorem 3.2 follows from
Theorem 3.1. Il

For further discussion and rationale for (12), see [DOS, p.451]. Note that
for elliptic operators on compact manifolds, (12) cannot hold for any ¢ < oo, see
[DOS, (3.3)]. To be able to study these operators as well, following the ideas in
[CS], [DOS], we introduce some variation of (12). For a Borel function F such
that supp F C [—1, —2] we define the norm ||F||n,4 by the formula

A 1/q
Flxa= (5 2,20 )

T N AElE-1)/N¢/N)

where ¢ € [1,00) and N € Z,. For ¢ = oo, we put ||F||Noo = ||Fllre. It is
obvious that || F'||,q increases monotonically in g. The next theorem is a variation
of Theorem 3.1. This variation can be used in case of operators with nonempty
pointwise spectrum, see also [CS, Theorem 3.6] and [DOS, Theorem 3.2].

THEOREM 3.3. Assume that u(X) < oo. Let L be a non-negative self-
adjoint operator such that the corresponding heat kernels satisfy the Gaussian
bounds (GE). Let s > n/2. Suppose that for any N € Z, and for all Borel
functions F' such that supp F' C [-1, N + 1],

2 C 2
/X K cvmy (@)l dute) < s low Il (14)

for some g > 2. Then for any bounded Borel function F such that sup;s,
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|n 0. F|lwse < oo, the commutator [b, F(L)] is bounded on LP(X) for allp > 1.

(a)

Let us consider several operators which satisfy (12) or (14), see [DOS], [DSY].

Homogeneous groups. Let G be a Lie group of polynomial growth and let
Xq,..., X, be a system of left-invariant vector fields on G satisfying the
Hérmander condition. We define the Laplace operator L acting on L?(Q)
by the formula

k
L=-> X7 (15)
i=1

If B(z,r) is the ball defined by the distance associated with system X1, ..., Xk
(see e.g. [VSC, Chapter IIL.4]), then there exist natural numbers ng, n > 0
such that V(x,r) ~ r™ for r < 1and V(z,r) ~ r"= for r > 1 (see e.g. [VSC,
Chapter II1.2]). We call G a homogeneous group if there exists a family of
dilations on G. A family of dilations on a Lie group G is a one-parameter
group (St)t>0 (St 00, = Sts) of automorphisms of G determined by

gthj = tnj}/}v (16)

where Y7, ..., Y, form a linear basis of Lie algebraof G andn; > 1for1 < j </
(see [FS]). We say that an operator L defined by (15) is homogeneous if 6, X; =
tY; for 1 < ¢ < k. For the homogeneous Laplace operator ng = ny, = Zle n;
(see [FS]). ‘
Spectral multiplier theorems for the homogeneous Laplace operators acting
on homogeneous groups were investigated by Hulanicki and Stein [HS] ([F'S,
Theorem 6.25]) and De Michele and Mauceri [DeM]. See also [C] and [MM].
It is well known that such an operator L is self-adjoint nonnegative and satisfies
(GE). If L is a left-invariant operator acting on the unimodular Lie group G
then (12) holds for ¢ = 2. In particular case when L is a nonnegative self-
adjoint left-invariant operator on homogeneous group G, if L is homogeneous
of order m, i.e, 0;L = t™L, then (12) holds for g = oo, see [DOS, p. 467].
Compact manifolds. For a general non-negative self-adjoint elliptic operator
on a compact manifold, the Gaussian bound (GE) holds by general elliptic
regularity theory. Let L be a non-negative elliptic pseudo-differential operator
of order m on a compact manifold X of dimension n. Then L satisfies (GE);
moreover, (14) hold for ¢ = 2, see [DOS, p.469].

Schridinger operators. Let X be a connected complete Riemannian manifold.
We consider the Schrodinger operator L = —A 4+ V where V : X — R,
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V € Ll (X)and V > 0. The operator L is defined by the quadratic form
technique. If pi(z,y) denotes the heat kernel corresponding to L, then as a

consequence of the Trotter product formula,

pe(2,y)| < Pe(,y), (17)

where p;(x,y) denotes the heat kernel corresponding to A.

The inequality (17) holds also for heat kernel p;(z,y) of Schrédinger operator
with electromagnetic potentials, see [Si, Theorem 2.3] and [DOS, (7.9)]. For
the Schrodinger operator in this setting, (12) holds for ¢ = oo, see [DSY].

4. Proof of main results.

Recall that B = B(xp,rp) is the ball of radius rp and center at 5. Given
A > 0, we will write AB for the A-dilated ball, which is the ball with the same
center as B and with radius ryg = A\rg. We set

So(B) =B, and S;(B)=2/B\2?"'B for j=1,2,.... (18)

The following sharp maximal function ME o Will play an important role in the
proof of Theorem 3.1:

1 m
M! . f(z) = su 7/ I—eT8M du(y), 19
Larf@) = sw oo | P £ dity) (19)
where f € Up>1LP(X) and M € N.
In fact we can think of the maximal function Mg o s the sharp maximal

function Mg in Section 2 with A; = I — (I —e~*L)M = Zkle(—l)kCﬁe_ktL. This

expression together with the fact that the kernels of {e~L},~ satisfy (GE) implies
that the kernels a;(x,y) of Ay = Z,]y:l(—l)kC’Tfe*ktL satisfy (GE) too. Therefore,
as consequence of Lemma 2.1, we obtain the following lemma.

LEMMA 4.1. Let L be a mon-negative self-adjoint operator such that the
corresponding heat kernels satisfy the Gaussian bounds (GE).
(a) For f € LP(X), 1 <p < oo and M € N, we have

(1) 1flze < IMfllr < CIMEp ]l i i(X) =005 (20)

B 1 UM ler < CIME s + 10, (X) <005 1)
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(b) Forbe BMO, fe LP(X),1<p<oo,z€ X and 1 <r < oo, we have

1 o
EEEWB)/B (1= (1= e "B M)(b = bp) f ()| dia(v)
< C|bllsmo M, f (). (22)

As a preamble to the proof of Theorems 3.1 and 3.3, we record a useful
auxiliary result. For a proof, see pp. 453-454, Lemma 4.3 of [DOS].

LEMMA 4.2.

(a) Suppose that L satisfies (12) for some q € [2,00] and that R > 0, s > 0. Then
for any € > 0, there exists a constant C = C(s,€) such that

2 s C 2
[ om0+ R ) dute) < 4G 0 Ry (29

for all Borel functions F such that supp F C [R/4, R)].

(b) Suppose that L satisfies (14) for some q € [2,00] and that N > 8 is a natural
number. Then for any s > 0, € > 0 and function £ € C°([—1,1]) there exists
a constant C' = C(s,€,&) such that

2 s
J e (1 4 Nd(a) dua) < 65 FIRye, (20

_Cc
V(y, R
for all Borel functions F such that supp F C [N/4, N].

ProproOSITION 4.3. Let L be a non-negative self-adjoint operator such that
the corresponding heat kernels satisfy the Gaussian bounds (GE) and M > s/m.
Assume that for any R > 0 and all Borel functions F such that supp F' C [0, R],

2 c
Kp(n du(z) < —————|16rF |34 25
[V ecm e Panto) < sl I (29

for some q € [2,00]. Then for any bounded Borel function F such that sup,-g
[n6:F||wa < oo, the operator F(YVL)(I — e"5E)M | has a kernel K, a(,y)
which satisfies

1/2
(/ |K7~B,M(y,2)|2du(y)> <27 V(B)T? (26)
S;(B)
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for any ball BC X, all z € B and s > s > n/2.

PrROOF. We adapt the arguments used in [DOS] (see also [DSY]) to our
present situation. Let ¢ € (C2°(0,00) be a non-negative function satisfying
suppyp C [1/4,1] and > 72 (27%X) = 1 for any A > 0, and let ¢ denote
the function p(27%.). Then

F)= Y @@ NF(N)= > F*()), VA>o0. (27)
k=—o0 k=—o00
For every k € Z and r > 0, we set for A > 0,
Frar(\) = F()\)(l _ e—(r)\)m)M7 (28)
FFy () = FFO) (1 — e ™M) M, (29)

Therefore, for any ball B C X any z € B, we have

</sj<3) |KTB,M(y,z:)!gclu(y))l/2 < i (/SJ(B) |KF7?BM(%)(y,z)‘gdp(y))lm

k=—o00
o
= E Ik7
k=—oc0

where K FE L (YI) (y, z) denotes the associated kernel of operator FfB’ (VL.

Let us estimate the term Ij. Choose kg = —log, 7 and s > s’ > n/2. Then
we have

TR,

2
/Sj<B> Kes, v 2] dity)

< 02729 (2Frg) ven /X K ovn 2| (1+ 240, 2)* duly).
s |

We then apply Lemma 4.2 with F = FF a and R = 2% to obtain

TB,

J ey, cvm 2 (24002 duty)

Cs 9
= WH‘S% (B n0) e (30)
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For any integer [ which is greater than s, we have
1826 (FF, 1) s = lle@F @)@ — =m0 M|,
< (1 - e @rmt)” MHCl (11/4, 1])”52’° P F] ||W‘1' (31)
Therefore,

C|82+ [ F1 |0 if k> ko
||52"( rs, M)qu = k.. \ymM .
C(2%rg) Hdzk [<ka]HWSq if k<ko.

Note that for all z € B, we have

(ZkTB)n .
f k>
1 C VB) if k>kg
— <
V(z,27F) — o ! -
v Fsh

This together with (31) gives

i Ik:ZIk+ZIk

k=—o0 k> ko k<ko

<C > 27928 p) 7 (28 )2V (B) 2 bk [k F |y
k>ko :

+C Y 27 (2R p) T (250 ) MV (B)Y2 |8y [k F [
k<ko

< C2—s/jv(B)—1/2 sup H(SQk [QDkF] ||Wq
& s
<2759V (B)"Y2.

The proof is complete.

THE PROOF OF THEOREM 3.1. Set T' = (F(%/L))*. Then T is bounded
on LP, p > 1, see [DOS].

Firstly, we will show that the commutator [b, T'] is bounded on LP(X), p > 2.
By duality, [b, F( %/L)] is bounded on LP(X), p < 2. On the other hand, since
T = F(%/L), [b,T] is bounded on LP(X), p > 2. At this stage, by interpolation,
[b, F( %/L)] is bounded on LP(X), p > 1.
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To prove [b,T] is bounded on LP(X), p > 2, we will claim that for all x € X
and for all balls B containing x we have

ﬁ/}g’(I_eTgL)M[va]f(y”dﬂ(y) < C|bllsmo (M (T £)(x) + M, f(x)) (32)

for any r > 2.
Once (32) is obtained, the required conclusion follows readily. Indeed, we
consider two cases.

Case 1: pu(X) = oc.
By Lemma 4.1 and the boundedness of T on L%(X), ¢ > 1 we have for any
p>r>2

116, T1f e < C|| MY pi f| 0
< Cllbllnmo (1Mo (T )| e + | M 10)
< C|bllsmoll fllze-

Case 2: u(X) < oo.

The condition p(X) < co implies that X is bounded. Then there exists r > 0 such
that X C B(z,r). By Lemma 4.1 and the boundedness of T" on L4(X), ¢ > 1 we
have for any p > r > 2, we have

116, T1f e < C||M] y f| o + 6. T1S

< Clblsyo (1M (T Hllze + Mol o) + 16, T)f[| 2o
< Clpllsmoll fllze + (16, T1f | 1

Set By = B(z,r). Applying the Holder inequality and using the fact that T is
bounded on LI(X), ¢ > 1 again, we have

AT / (b — b )T f|dyt + / IT((b — bsy) f)|du

<1 = by || Lo 1T Fll o + ()2 T((b = b5,) )| 2
< 1(X) Y7 bl satol| Fll e + 1(X)Y2]|(b — bpy) £,
< Cllbllsroll flle + Cllb = bso| p2ns oo 110

< C|bllsmoll f]l ze-
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We return to prove (32). By standard argument we set f1 = fxap and fo = f— f1.
We have

[0, Tf = (b—bp)Tf—T((b-0bp)f1) —T((b—0bs)f2)
and

(1= (=B, T]f
= Arp (b= bp)Tf = Avy M T((b = bp) f1) = Ary M T((b = b5) f2),

where A,, vy =T — (I — e"5 )M Therefore,

/ It b, T)f (y)|dn(y)
:W/B(b bB)Tf+%/BT((b—bB)f1)
+V(13)/BATB,M(bbB)Tf+V(1m/BArB,MT((bbB)fl)
+ g A= EDIT (0= o))

=h+L+Is+ 14+ Is.
By the Holder inequality and (b) in Lemma 4.1, it is not difficult to show that
L+L+1I3+ 1, < CHb”BMo(MT(Tf)((ﬂ) + Mrf(x))

It remains to estimate I5. Denote by K ), the kernel of (I — e"BLYMT . Then
we have

_L _ B IYMp((p —
i L= EIT (= b))

1
B)/B [ Vo 2]10) = b)) ()

T8 Jo - gy oaa 2 1042) = bo)
S;(B

IN IN
,S

IN

I\ WM

<
v
A
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By Proposition 4.3, John-Nirenberg inequality and Holder inequality we have

=gty [t )

</ IRUCE b3>f<z>|2du<z>)1/2] duly)

v, [vere (L Joe- b))

+ </Sj(3) (b5 — ijB)f(z)IQdu(Z))I/QHdu(?/)

V?B>/B [2_“5/_"/2) ((v&m /w) |(b(=) - szB)f(Z)|2du(z))1/2
+ j[IbllBMoO (V(QlJB) /sj(B) |f(z)2du(z)> 1/2)] du(y)
C

=V /B [l1BllBao2~7 < ="/ (M, f (x) + Mo f (x))] du(y)

< C||bllmo27 "D (M, f(x) + jMa f(z)).

IA

IA

Since s’ > n/2, we have
I; O [bllsao2 7D (M, f(@) + jMaf (@) < Clblsao M f ().
j>1
This completes our proof.

PROOF OF THEOREM 3.3. We will exploit some ideas in [DOS] to our
present situation. Note that the condition pu(X) < oo forces X to be bounded. It
was proved that the kernel Ky /) (z,y) of the operator F( V/L) satisfies

sup ‘KF( %)(.Z',y)‘ <C< 00,
yeX

see [DSY].
Since X is bounded, there exists a constant r such that X C B(z,r) for all
z € X. For a fixed point = € X, setting B = B(z,r), then we have
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10PN = [ |0) =) ) £0) i)

[ Km0 00) - b))t
X
< COf) ~ b1 + CllmrioMa ().

So, for p > 2 we have

1[0, F(VD)] f(@)]| 1 < Clb = bllee | Il + Cllbllsyol| Mo £ e
< Clbllsmo | f| e

Therefore, in order to prove Theorem 3.3, we can assume that supp F' C [1, 00]. By
the same notations as in the proof of Theorem 3.1, we set F*(\) = p(27FX\)F(\),
and

F:iF’“*f,
k=1

where ¢ is a function defined in (b) of Lemma 4.2.

By repeating the proof of Theorem 3.1 and using (24) in place of (23) we can
prove that the commutator [b, F( ¥/L)] is bounded on L?(X) for all p > 1. On the
other hand, we have

[o. F(VL)] = [b.(F = F)(VD)] + [b, F(VL)].

Therefore, to complete the proof of Theorem 3.3, we need only to show that [b, (F—
F)( %/L)] is bounded on LP(X) for 1 < p < co. By a careful examination the proof
of Theorem 3.1, the L? boundedness of [b, (F — F)( ¥/L)] follows immediately if
one can prove that: for M > s/m, any ball B C X the operator H; p( %/L), where
Hy(\) = (FO\) = Fx&\)(1—e=(8N™)M X > 0, has a kernel Ky v (z,y)
which satisfies

1/2
2 gl _
< /S (B)lKHTB,M(mrL)<y,z)| du(y)) <2777 V(B)TV? (33)

forallz€ B,j>1and s > s >n/2.
Let us prove (33). We have
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(F(VL) = F(VL)(I—e 8" Z roar (VL (34)

where HE\ (A) = (FF(A) — F¥ « (X)) (1 — e~ (#V™)M X > 0. For j > 1 and
k > 1, denote by KHfB (VD) (y,z) the Schwartz kernel of operator HF_ /( Y/L).

The Holder inequalityytogether with condition that X is bounded, leads to for
s> >n/2,

1/2
2
sup / K my (Y, 2 duy)
zeB( sy

N 9 1/2
<o ([ (K comea)| )
2 s fo o K, ovD

k=17€B

N . 9 1/2
Z (272 Sup(/ ‘Km (VD2 )) d(w)%du(yo

z€B

1/2
Scx(Qj/er T sup (/ ’K HE (VL) (y, 2 )‘ d/‘(:‘/))

z€B

Cx

< sup gy (277re) T 02 () o (35)

where in the last inequality we apply (14) with supp Hj?&M C [~1,2% 4+ 1] and

N =2k,
The expression HY ,(X) = (FF(A) = FF «£(X)(1 — e~ (rBN™YM giyes

H52’“ (Hm M) ||2k,q = ||52’“[Fk()‘) — F*x EN]( — ei(zkrBt)m)Msz
< Cmin {1, (2%r5) ™M |0 [FE(A) = F x €WV - (36)
On the other hand, by Proposition 4.6 of [DOS], we obtain

162 [FF() = F* 5 60)][ly0., = 10 [onF] — Eor % 600 [k e,

< €2 |6 o1 F |y

and thus
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1620 (H Py 1) ||, < €277 min {1, (2%75)™ M }|| 00k [or F (37)

s

Substituting (37) back into (35), and then using the doubling property (4), we
obtain (33). This complete the proof.

ACKNOWLEDGEMENTS. This paper is part of the author’s PhD thesis and he
thanks the supervisor, Prof. X. T. Duong for helpful comments and suggestions.

[CSo]

(CD]

References

G. Alexopoulos, Spectral multipliers on Lie groups of polynomial growth, Proc. Amer.
Math. Soc., 120 (1994), 937-979.

G. Alexopoulos, Spectral multipliers for Markov chains, J. Math. Soc. Japan, 56 (2004),
833-852.

S. Blunck, A Hérmander-type spectral multiplier theorem for operators without heat
kernel, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 2 (2003), 449-459.

M. Christ, LP bounds for spectral multipliers on nilpotent groups, Trans. Amer. Math.
Soc., 328 (1991), 73-81.

F. M. Christ and C. D. Sogge, The weak type L! convergence of eigenfunction expan-
sions for pseudodifferential operators, Invent. Math., 94 (1988), 421-453.

T. Coulhon and X. T. Duong, Riesz transforms for 1 < p < 2, Trans. Amer. Math.
Soc., 351 (1999), 1151-1169.

M. Cowling and A. Sikora, A spectral multiplier theorem for a sublaplacian on SU(2),
Math. Z., 238 (2001), 1-36.

R. R. Coifman and G. Weiss, Extensions of Hardy spaces and their use in analysis,
Bull. Amer. Math. Soc., 83 (1977), 569-645.

E. B. Davies, Heat Kernels and Spectral Theory, Cambridge Tracts in Math., 92,
Cambridge University Press, 1989.

L. De Michele and G. Mauceri, HP multipliers on stratified groups, Ann. Mat. Pura
Appl. (4), 148 (1987), 353-366.

X. T. Duong, From the L' norms of the complex heat kernels to a Hérmander multiplier
theorem for sub-Laplacians on nilpotent Lie groups, Pacific J. Math., 173 (1996), 413—
424.

X. T. Duong, E. M. Ouhabaz and A. Sikora, Plancherel-type estimates and sharp
spectral multipliers, J. Funct. Anal., 196 (2002), 443-485.

X. T. Duong and L. Yan, Commutators of BMO functions and singular integral oper-
ators with non-smooth kernels, Bull. Austral. Math. Soc., 67 (2003), 187-200.

X. T. Duong, A. Sikora and L. Yan, Weighted norm inequalities, Gaussian bounds and
sharp spectral multipliers, J. Funct. Anal., 260 (2011), 1106-1131.

G. B. Folland and E. M. Stein, Hardy Spaces on Homogeneous Groups, Math. Notes,
28, Princeton University Press, 1982.

W. Hebisch, A multiplier theorem for Schrodinger operators, Collog. Math., 60/61
(1990), 659-664.

L. Hérmander, The spectral function of an elliptic operator, Acta Math., 121 (1968),
193-218.

A. Hulanicki and E. M. Stein, Marcinkiewicz multiplier theorem for stratified groups,
unpublished manuscript.


http://dx.doi.org/10.1090/S0002-9939-1994-1172944-4
http://dx.doi.org/10.1090/S0002-9939-1994-1172944-4
http://dx.doi.org/10.2969/jmsj/1191334088
http://dx.doi.org/10.2969/jmsj/1191334088
http://dx.doi.org/10.2307/2001877
http://dx.doi.org/10.2307/2001877
http://dx.doi.org/10.1007/BF01394331
http://dx.doi.org/10.1090/S0002-9947-99-02090-5
http://dx.doi.org/10.1090/S0002-9947-99-02090-5
http://dx.doi.org/10.1007/PL00004894
http://dx.doi.org/10.1090/S0002-9904-1977-14325-5
http://dx.doi.org/10.1007/BF01774295
http://dx.doi.org/10.1007/BF01774295
http://dx.doi.org/10.1016/S0022-1236(02)00009-5
http://dx.doi.org/10.1017/S0004972700033669
http://dx.doi.org/10.1016/j.jfa.2010.11.006
http://dx.doi.org/10.1007/BF02391913
http://dx.doi.org/10.1007/BF02391913

902

)
MM
st
[Ou]
[R]
[RS]
ES
s1]
[s2]
i
St]

[VSC]

T. A. Bul

J. M. Martell, Sharp maximal functions associated with approximations of the identity
in spaces of homogeneous type and applications, Studia Math., 161 (2004), 113-145.
G. Mauceri and S. Meda, Vector-valued multipliers on stratified groups, Rev. Mat.
Iberoamericana, 6 (1990), 141-154.

D. Miiller and E. M. Stein, On spectral multipliers for Heisenberg and related groups,
J. Math. Pures Appl. (9), 73 (1994), 413-440.

E. M. Ouhabaz, Analysis of Heat Equations on Domains, London Math. Soc. Monogr.
Ser., 31, Princeton University Press, 2005.

D. W. Robinson, Elliptic Operators and Lie Groups, Oxford Math. Monogr., The
Clarendon Press, Oxford University Press, New York, 1991.

M. Reed and B. Simon, Methods of Modern Mathematical Physics, I, Academic Press,
1980.

A. Seeger and C. D. Sogge, On the boundedness of functions of (pseudo-) differential
operators on compact manifolds, Duke Math. J., 59 (1989), 709-736.

A. Sikora, On the L? — L norms of spectral multipliers of “quasi-homogeneous”
operators on homogeneous groups, Trans. Amer. Math. Soc., 351 (1999), 3743-3755.
A. Sikora, Riesz transform, Gaussian bounds and the method of wave equation, Math.
Z., 247 (2004), 643-662.

B. Simon, Maximal and minimal Schrédinger forms, J. Operator Theory, 1 (1979),
37-47.

E. M. Stein, Harmonic Analysis: Real Variable Methods, Orthogonality and Oscillatory
Integrals, Prinston Math. Ser., 43, Princeton University Press, Princeton, NJ, 1993.
N. Th. Varopoulos, L. Saloff-Coste and T. Coulhon, Analysis and Geometry on Groups,
Cambridge Tracts in Math., 100, Cambridge University Press, Cambridge, 1992.

The Anh Bul

Department of Mathematics
University of Pedagogy
HoChiMinh City, Vietnam

Current address

Department of Mathematics
Macquarie University

NSW 2109, Australia

E-mail: anhbui@ics.mq.edu.au


http://dx.doi.org/10.4064/sm161-2-2
http://dx.doi.org/10.1090/S0002-9947-99-02501-5



