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for nonlinear Schrodinger equations
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Abstract. We study the instability of standing waves for nonlinear
Schrédinger equations. Under a general assumption on nonlinearity, we prove
that linear instability implies orbital instability in any dimension. For that
purpose, we establish a Strichartz type estimate for the propagator generated
by the linearized operator around standing wave.

1. Introduction.

In this paper we study the instability of standing waves for nonlinear
Schrédinger equations

i0u+ Au+ g(lu)u=0, (tz)eRxR", 1)

where u is a complex-valued function of (¢, x), and ¢ is a real-valued function. A
typical example of nonlinearity is g(|u|?)u = |u[P~tu with 1 < p < 2* — 1, where
2* =2N/(N —2) if N > 3 and 2* = co if N = 1,2. Precise assumptions on the
nonlinearity will be made later. By a standing wave we mean a solution of (1) of
the form u(t,z) = e™?p(z), where w € R and ¢ € H*(R"Y) \ {0} is a solution of
the stationary problem

~Ap +wp—g(lp*)p =0, xRN (2)

For the special case g(|u|?)u = |u|P~1u with 1 < p < 2* — 1, the following
results are well-known. For each w > 0, the stationary problem (2) has a unique
positive radial solution in H!(R") (see [35], [3] for existence, and [24] for unique-
ness). We call it ground state. When N > 2, other than the ground state, there
exist infinitely many solutions of (2) in H'(R"). We call them excited states. For

2010 Mathematics Subject Classification. Primary 35Q55; Secondary 35B35, 35B45.

Key Words and Phrases. nonlinear Schrodinger equation, standing wave, instability,
Strichartz estimate.

The first author was supported by the Italian National Council of Scientific Research (project
PRIN No. 2008BLM8BB) entitled “Analisi nello spazio delle fasi per E.D.P.”


http://dx.doi.org/10.2969/jmsj/06420533

534 V. GEORGIEV and M. OHTA

the ground state ¢ of (2) with w > 0, the standing wave e’y is orbitally stable
if 1 <p<1+4/N, while it is orbitally unstable if 1 +4/N <p < 2* — 1 (see [2],
[5], [37]). For more general nonlinearity, Shatah and Strauss [33] gave a general
condition for orbital instability of ground state-standing waves for (1) constructing
suitable Lyapunov functionals (see also [19] and [16], [26], [30], [31]). We remark
that these results are mostly limited to ground states and are not applicable to
excited states. Here, we recall the definition of orbital stability and instability of
standing waves.

DEFINITION 1.  We say that the standing wave e’“¢ is orbitally stable if for
any ¢ > 0 there exists § > 0 such that if ug € H(RY) and |Jug — ¢||g1 < §, then
the solution wu(t) of (1) with u(0) = ug exists globally and satisfies

(Q,y)éIgXRN Hu(t) B ew@(. - y)HHl <€

for all t > 0. Otherwise, ey is called orbitally unstable or nonlinearly unstable.

While, e™?y is said to be linearly unstable if the linearized operator A =
JH around the standing wave has an eigenvalue with positive real part (for the
definition of J and H, see (3) and (7) below). The linear instability of standing
waves for (1) was studied by Jones [22] and Grillakis [17], [18] (see also [20], [27],
[29]). In particular, for the case g(Ju?)u = |u[P~ u with 1 +4/N <p < 2* —1, it
is proved in [17] that for any radially symmetric, real-valued solution ¢ of (2) with
w > 0, ™ is linearly unstable. The result in [17] guarantees that among radially
symmetric solutions, one can find oscillating solutions (i.e. solutions changing the
sign) and these solutions shall generate excited states e*“*p. On the other hand,
Mizumachi [27], [29] considered complex-valued solutions of (2) in R? of the form
om(z) = e™Y¢(r), where m is a positive integer, and r, § are the polar coordinates
in R? (see [21], [25] for existence of ¢,,). It is proved that if p > 3 then for any
m, e“p,, is linearly unstable ([27]), and that if 1 < p < 3 then for sufficiently
large m, e™%p,, is linearly unstable ([29]).

However, it is a highly nontrivial problem whether linear instability implies
orbital instability for (1), especially in higher dimensional case (see [11], [12],
[28], [34]). Even in two dimensional case, some technical difficulties arise from
the estimates of nonlinear terms (see Lemma 13 of [7]). For the case N < 3,
a satisfactory answer for this problem was given by Colin, Colin and Ohta [8].
The main idea in [8] is to employ time derivative in the estimates of nonlinear
terms without using space derivatives directly, and to apply the HZ2-regularity of
H'-solutions for (1). However, the proof of [8] is based on the L?-estimate on the
propagator e*4 generated by the linearized operator A, and the restriction N < 3
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comes from the embedding H?(RY) — L>(RY).

The main goal of this work is to show that linear instability implies orbital
instability for (1) in any dimension N > 1 (see Theorem 2 below). In particular,
for the case g(|u|?)u = |u[P~!u with 1+4/N < p < 2* —1, it follows from the linear
instability result of [17] and our Theorem 2 that for any radially symmetric, real-
valued solution ¢ of (2) with w > 0, e®*¢ is orbitally unstable in any dimension.

Our approach is based on appropriate Strichartz type estimate for the prop-
agator e*! and gives the possibilities for further generalization. We have chosen
the model of the nonlinear Schréodinger equation (1) for simplicity, but even in
this case one needs to apply spectral mapping result o(e?) = e?(4) discussed in
the work of Gesztesy, Jones, Latushkin and Stanislavova [13] which is based on
the abstract result known as the Gearhart-Greiner-Herbst-Priiss theorem (see [1],
[14], [32]). If one considers complex-valued solutions of (2), then the assertion

linear instability = orbital instability

depends on the possible generalization of the property o(e?) = e’ for the
linearized operator A around complex-valued excited states. Since our goal is to
give general argument working for complex-valued excited states as well, we have
to make suitable generalization of the result in [13] (see Section 4).

Here, we give an outline of the paper more precisely. In what follows, we
often identify 2 € C with !(Rz,$2) € R?, and write z = {(Rz,S2). We define
f(z) = —g(|z*)z for z € R?. Then, (1) is rewritten as

01 Ru
D= J(~Du+ f(u), J= [_1 0] Cu= M . 3)
We assume that f € C1(R? R?), and denote the derivative of f at z € R? by
Df(z), which is a 2 x 2-real symmetric matrix and is given by

Df(z) = (4)

_129'(127)(R2)? + g(|2) 29'(|2|*)R=S2 ]
29/ (|2[*)R=3= 2¢'(12*)(32)% + g9(|21?)

For nonlinearity, we assume the following.

(H1): g is a real-valued continuous function on [0,00), and f(z) = —g(|z|*)z is
decomposed as f = fi+ fo with f; € C'(R?, R?), f;(0) =0, Df;(0) =0, j = 1,2,
and there exist constants C and 1 < p; < 2* — 1 such that
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‘Zl—Zglpj_l if1<pj§2

|Dfj(z1) — Dfj(z2)] <C{ ()

(Iz1P172 + |22]Pi 2) |21 — 22| if pj > 2

for all z;, 2o € R?.

Remark that the typical example f(z) = —|z|P~!2 satisfies (H1) for 1 < p <
2* — 1 (see Lemma 2.4 of [15]). Moreover, the Cauchy problem for (1) is locally
well-posed in H*(RY) (see [23] and [4, Chapter 4]).

For a solution of (2), we assume the following.

(H2): w > 01is a constant and ¢ € H'(RY) is a complex-valued nontrivial solution
of (2).

For the existence of solutions of (2), see, e.g., [3], [21], [25], [35]. By the
elliptic regularity theory, we see that ¢ € H2(RN)NC?(RY) and ¢(z) decays to 0
exponentially as |x| — co. Remark that we consider not only real-valued solutions
of (2) but also complex-valued solutions, and that by (4), Df(y) is a diagonal
matrix if ¢ is real-valued, but not in general.

By a change of variables u(t) = ‘(¢ + v(t)) in (1) or (3), we have

O = Av + h(v), (6)
where v = (v, Sv), A = JH, h(v) = J[f(p +v) — f(p) — Df(p)v], and

A 4w 0
H=Hy+Df(p), Ho= 0 Aol (7)

For the linearized operator A = JH, we assume the following.
(H3): The operator A has an eigenvalue )y such that R\g > 0.

As stated above, sufficient conditions for (H3) are studied by [17], [18], [20],
[22], [27], [29]. See also [6], [9], [10], [38] for spectral properties of A. We now
state the main result of this paper.

THEOREM 2.  Assume (H1)~(H3). Then, the standing wave e*“'¢ of (1) is
orbitally unstable.

The rest of the paper is organized as follows. In Section 2, assuming that
the propagator e'” satisfies an exponential growth condition (11), we introduce a
suitable norm (12) and establish a Strichartz type estimate for e!4. In Section 3,
we prove Theorem 2. In the proof, we apply the Strichartz type estimate for et

proved in Section 2, and we employ time derivative instead of space derivatives
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in the estimates of nonlinear terms as in [8]. Finally, in Section 4, we give some
remarks on the spectral mapping theorem for e# due to Gesztesy, Jones, Latushkin
and Stanislavova [13].

2. Strichartz estimates.

Let Vj, € L>®(R™, R) for j,k = 1,2, and we consider linear operators

A=Ag+V, Ag=JHy, V= [V“ V”} 8)

Va1 Vag
on L?(RY) x L?(R") with domains D(4g) = D(A) = H*(RN) x H*(R"), where

J and Hy are defined in (3) and (7). Let e4° and e*4 be the strongly continuous
groups on L2(RY) x L?(R") generated by Ay and A respectively, and we define

Tolf1(t) = / =40 f(s) s, TIf)(t) = / (=94 f(5) ds.

0 0

Moreover, we denote L := L"(R™) x L"(R"™) and LY := L9((0,T),Y) for a
Banach space Y. Note that u(t) = e!44 + T'[f](t) satisfies

Ou=Au+ f(t) = Aou+Vu+ f(t), w(0)=1, 9)
and ug(t) = et4oy) + To[f](t) satisfies
druo = Aouo + f(t) = Auo + f(t) — Vo, uo(0) = 9. (10)
We assume that there exist positive constants C' and v such that
el B2y < Ce* (11)

for all t > 0. For A\ > 0, we define functions e and ey by ei(t) = e™ for t € R.
Moreover, we define

1711232y = € llex £l gy (12)

Note that [|f|[zsy < [IfllLany < [[fllzgmy for 0 <A < pand T > 0. The Holder
T

conjugate of ¢ is denoted by ¢’. For the definition of admissible pairs and the

standard Strichartz estimates for €2, see, e.g., [4, Section 2.3].
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LEMMA 3. Assume V € L>°(R") and (11). Let 0 < v < p and let (g,r) be

any admissible pair. Then, there exists a constant C independent of 1, f and T
such that u(t) = etAp + T[f](t) satisfies

lu@®llz2 < C(e” ¢z + e lleg fll Ly 1)

for allt €10,T7.

PROOF.  Let ug(t) = et4oep + To[f](¢). Then, by (9) and (10), we have
Or(u —up) = A(u —up) + Vug, (u—ug)(0) =0,

so u — ug = I'[Vug]. By the assumption (11), we have

t
Ju(®) = wa@)lzz < [ e Vuo(s)] . ds
0
t
<Vl [ e uo(s)]z2 ds
0
for all ¢t € [0, 7). Here, by the standard Strichartz estimate for e**2, we have
luo®)llz2 < CI1llee + 1 £l g o) < CUWN2 + e £l L )
for all ¢ € [0,T]. Thus,
[u@®llzz < lluo(®)llr2 + llu(t) — uo(?)|l 2
t t
< |Juo(t)|| 2 +C/ e’ 2 dHCe”t/ e(“’”)SHffEfHLqT’Lw ds
0 0
<Ol + e fleg Il )

for all ¢ € [0, T]. This completes the proof. O

PROPOSITION 4.  Assume V € L¥(RY) and (11). Let 0 < A < v < p, and
let (q1,71) and (q2,72) be any admissible pairs. Then, there exists a constant C
independent of 1, f and T such that u(t) = e + T[f](t) satisfies

e G R ey
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PrROOF. We put v(t) = e~ Mu(t). Then, by (9), we have

O = Agv+ (V= Nv+e Mf(t), v(0)=1.

By the standard Strichartz estimate for e®*, we have

lexull g prn = Nollzgezn < O(Molee + 1V = Xpllige + ex fll oy )

Here, by Lemma 3, we have
T
[V =XNvllprrz < (Vizee + Mllvllizrre < 0/ e M lu(t)]| 2 dt
0

T
(v=2X) (k=) -
SC/O L el + e e ]y }
< {7 gllga + el 1| g b
T

Moreover, since He;f”LqéL"/ < eB=NT
T

, < ||e;f||LqT/2L ,, we obtain the desired esti-

T2

mate. O

3. Proof of Theorem 2.

In this section we assume (H1)—(H3), and prove Theorem 2. For j = 1,2, we
put

hj(v) = J(file +v) = file) = Dfj(@)vl, 1 =pj+1,
and let (gj,7;) be the corresponding admissible pair. Note that h(v) = hi(v) +
ha(v) in (6).

LEMMA 5.  There exist \* € C and x € H*(RN,C)? such that R\* > 0,
Ax = Nx and ||x||z> = 1. Moreover, et satisfies (11) for some v with R\* <
v < (14 a)R\*, where

a:=min{l,r —2,ry — 2}. (13)
ProoF. Since Df(p) decays exponentially at infinity, Weyl’s essential spec-

trum theorem implies that oess(A) C {z € C : Rz = 0}. Moreover, the number
of eigenvalues of A = JH in {z € C : Rz > 0} is finite (see, e.g., Theorem
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5.8 of [20]). Therefore, by (H3), there exists an eigenvalue A* of A such that
RN = max{Rz : z € 0(4)} > 0. Further, by the spectral mapping theorem due
to Gesztesy, Jones, Latushkin and Stanislavova [13], we have o(e?) = e”(4). Here
we need some modification of [13] when ¢ is not real-valued. We shall discuss it
in Section 4. Then, the spectral radius of e is ¢® . Finally, by Lemma 3 of [34],
we see that et satisfies (11) for some v with RA\* < v < (14 a)RA*. O

=€

LEMMA 6. There exists a constant C such that

’l“]‘72

< C(llvllmz + ol ") llvllze

(1 ()l 2 + 1A ()], -
for allv € H*(RY).

PROOF. Since

b =7 [ DIy +00) = Diy() o,

it follows from (5) that

ri—1

]| 7= if2<r; <3,
([ ()2 + lhj ()], < C

Tj*?)

;=3 .
(el + Il ") ollFe if 7 > 3,
which implies the desired estimate. O

In what follows, let A and g be numbers satisfying
D<A<SRN <v<pu<(l4+a) (14)
and we define
[ollxr = ”U”L;‘**H2 + ||8tv||LqT1>*Lr1 + HatUHLquv*er

LEMMA 7. Let v(t) be an H?-solution of (6) in [0,00). Then, there exists a
constant C' independent of v and T such that

ol < (el e + 100l oo + 100l gy + 10000 00 )

-1 -1
+ O (ol + R+ ol )
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Proor. By Lemma 6, we have

l®)llzz < C(Ilv®)]L2 + [ Av(t)]|22)
< C(lv®llzz + 100 (@) 22 + [1h(v(t)]| £2)

< O(lv® 2 + 10w @)llzz + @)l + lo@l5" + lo®l5 )

for all t € [0,T]. Thus,

loll e e < C (0l oo + 1900l 2 )

q—1 p—1
+ O(I012 g + ol + 072 )
which implies the desired estimate. ([

LEMMA 8.  There exists a constant independent of v and T such that

T‘j—l

Vi@ sy < C 0l + 0l ).
T

Proor. By Lemma 6, we have

ey (D], < CeP M |exu]f; o o + Ce TN o]
J T T
for all ¢t € [0, T]. Moreover, by (13) and (14), we have
e,y < OB sl e+ O o7,
< C(lol, + 0%, ),
which implies the desired estimate. O

LEMMA 9.  There exists a constant C' independent of v and T such that

-1
10eh; ()| ar e s < Clloli, + 0%, )
T

PROOF.  Since 9ihj(v(t)) = J{Df;i(e+v(t))—Df;(¢)}d:v(t), it follows from
(5) that
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’I“7‘72
[18ehj @)y < C(lv@)ll2 + [lo ()2 ") 18w ()7 -
Thus we have

e "[|0ch; (v(t))] e Oro(®) ] s

L7 = Ce(ZA_H)tHe;UHL%"HQ

+ OO e[ 722 e o)

for all ¢ € [0, T]. Moreover, by (13), (14) and the Holder inequality,

e“THe;(‘)thj(v)H

L)
< O l50ll e sl droll s+ CEO TN e ol 5 D0l
< (ol + 0% )

This completes the proof. O

PROOF OF THEOREM 2. We use the argument in [20, Section 6] (see also
[8], [34]). Suppose that the standing wave e?“!¢ of (1) is orbitally stable. For small
§ > 0, let us(t) be the solution of (1) with us(0) = p+IRx, where y € H2(RY,C)?
is the eigenfunction of A corresponding to the eigenvalue A* given in Lemma 5.
Note that AY = A*X. Since either ¥y ¢ ker A or Sy & ker A, we may assume that
Rx & ker A. Since we assume that e’y is orbitally stable in H!'(RY), the H*'-
solution us(t) of (1) exists globally for sufficiently small § > 0. Moreover, since ¢,
x € H?(RY), by the H2-regularity for (1), we see that us € C([0,00), H?(RN)) N
C([0,00), L2(R")) and dyus € L L™ N LEL™ for all T > 0 (see [23], [36] and
also [4, Section 5.2]). By the change of variables

us(t) = e (o + vs(t)), (15)
we see that vs has the same regularity as that of ugs, and satisfies

Ays(t) = Avs(t) + h(vs(t)), vs(0) = 6Ry,
vs(t) = (5%(6”6{) + T'[h(vs)](t), (16)
dyvs(t) = SR(N N X) + e h(0Rx) + T[0:h(vs)](t) (17)

for all t > 0. Let g9 > 0 be a small positive number to be determined later, let
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E=1if SN =0, and k = exp(27RN*/|SA*|) if SA* # 0, and define Ts by
log k5 < RANT5 < logg SN'Ts € 21 Z. (18)

for small 6 > 0. First, we prove that there exist constants C7 and ¢y independent
of § such that

luslls, < Caco 19)
for small . For T € (0, Ts], by (16), Proposition 4 and Lemma 8,
Josllzonge < 186Xl g+ (IO g + 1020 g )
< 6™ TIxl L2 + C(llvsliey + loall%y t + llosll%, )
Moreover, by (17), Proposition 4 and Lemma 9,

10svs | Lo x 2 + 10005l para ry + 1005 a2 x v,

< COEM Tl + T IBOR0| 2 + s, + sl + sl 7).
Here, by Lemma 6 and by (13) and (14),

e TIRERY) |2 < Ce’™ (82 |IxlF2 + 8™ ixlgga " + 0™ Hixllz=)

< C(ée%’\*T) e

Therefore, by Lemma 7 and (18),
lvsllr < Ceo + €0 + llvsllk, + llvslle, + llvsl, ) (20)

for all T' € (0,T;5]. Since limsupy_, ¢ ||vs]|x, < C6 and ||vs||x, is continuous in
T, by (20) we see that there exist constants C; and &y independent of ¢ such that
(19) holds for small §. Next, by (16), (19), Proposition 4 and Lemma 8,

los(T5) = R T3 || 2 < CIa @) gy + 120 3,y )
Ty Ty

< C(llvsll,, + llvsly' + llvosll') < Ceg™™. (21)
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Let (®x)* be the projection of Ry onto the orthogonal complement of
Span{ip, Vi} in L?(RYN, R)2. Note that we identify ip = (0,¢) and ¢ = (y,0).
Since Span{ip, Vi} C ker A and Ry & ker A, we see that (Ry)* # 0. By (18) and
(21), we have

|(v5(Ts), (Rx)F) 12 — 6™ T3 | (Rx) |12 |
= | (vs(T5) = OR(* T x), (RX)*) 1] < Ceb TN (Rx) e,

and we can take a small €y such that

(vs(T5), (Rx) ™+ )L2>7||( O 2. 22)
Finally, we put
5= it o us(Ts) =%l )]

Then, by (15), ©5 = inf(y y)erxr~ [[vs(T5) + ¢ — €o(- + y)|| 12, and there exists
(0s5,y5) € R x RN such that ©s5 = ||vs(Ts) + ¢ — €% (- + ys5)||z2. Moreover,
since O5 < ||vs(Ts)|l2 < Cieo, we have || — e p(- + ys)||z2 < 2C1e0. Thus,
(05, y5)] = O(eo0) and

e p(- +ys) — o = 50 + ys - Voo + o(eo),

which together with (22) implies that

(vs(T5) + ¢ — € o(- + ys), (RX) ™) 1
= (vs(T5), (RX)™) 2 — (050 + ys - Vip, (Rx) ™) . — ol<0)

2
> 22| (R0) 2

for some small 9. Therefore,

inf Ts) — 0 (. > >€70 1 )
(0. e RX RN l|us(T5) — eo(- +9)|| 1 = Os > 4kH(§RX) 1L

for all § small. This contradiction proves that e’“*y is orbitally unstable. 0
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4. Remark on spectral mapping theorem.

In this section, we assume that Vj, € C(RY,R) and there exist positive
constants ¢ and C such that

Vik(z)| < Cem>I! (23)
for all z € R and j, k = 1,2. We consider the linear operator A = Ag+V defined
by (8). Then we have the following.

PROPOSITION 10.  For each N > 1 one has o(e?) = e7Y,

In [13], Proposition 10 is proved for the case Vi1 = Vay = 0. We modify the
proof of Theorem 1 of [13] to prove Proposition 10 for general case. As we have
stated in Section 1, this generalization is needed to treat the case where a solution
v of (2) is not real-valued.

PROOF OF PROPOSITION 10. For & = a+ir with a, 7 € R\ {0}, we denote

L(§) = [f) _ﬂ, D=-A+w.

Then, we have —¢2 ¢ o(D?) and

Lo = —D[¢?+ D?|7! €2+ D!

¢+ 077" DIE + Dﬂl]

We also have £ —A = L(£)—V = L(&)[I — L(¢)~'V]. Here we decompose V = W B
by

W =el*ly, B=ecllL

By (23), all entries of W and B are exponentially decaying continuous functions.
Moreover, each entry of BL(¢)™'W has a form

Pi(2)€[€% + D*] 7' Qu(2) + Pa(z)DIE* + D*] 7' Qa (),

where Py, P, Q1 and )2 are real-valued continuous functions decaying exponen-
tially. Therefore, by Lemma 6 of [13], we see that || BL(§)™*W| — 0 as |7]| — oo.
Then the rest of the proof of Proposition 10 is the same as in the proof of Theorem
1 of [13]. O
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