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functions that are automatically bounded

By Mitsuru NAKAI

(Received July 13, 2010)

Abstract. It is shown that there exists a Riemann surface on which
every Dirichlet finite harmonic function is automatically bounded and yet the
linear dimension of the linear space of Dirichlet finite harmonic functions on
it is infinite.

1. Introduction.

There are two important norms in the study of harmonic functions on open
(i.e. noncompact) Riemann surfaces: one is the supremum norm

[[u; oo := sup [u(2)] (L.1)
zER

of a harmonic function v on a Riemann surface R which plays a core role in
the harmonic version of the normal family argument; the other is the Dirichlet
seminorm +/D(u; R) given by the Dirichlet integral

D(u; R) := /Rdu/\*du: /R|Vu(z)|2dxdy (z =z +1y) (1.2)

of a harmonic function u taken over a Riemann surface R, which is repeatedly
used in connection with the Dirichlet principle. The notation H(R) indicates the
linear space of harmonic functions v on a Riemann surface R. Two important
main linear subspaces of H(R) are, firstly,

HB(R) :={u € H(R) : ||u; R||oo < 00}, (1.3)

which forms a Banach space equipped with the supremum norm |- ; R, and,
secondly,
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HD(R) := {u € H(R) : D(u; R) < oo}, (1.4)

which is a semi-Hilbert space equipped with the semi-inner product D(- ,- ; R)
given by the mutual Dirichlet integral

D(u,v;R) := /

du A xdv = / Vu(z) - Vou(z)dzdy (1.5)
R R

of w and v in HD(R). The symbol B in (1.3) suggests the boundedness and D in
(1.4) the Dirichlet finiteness. It is often necessary to consider harmonic functions
which are both bounded and Dirichlet finite, and for this reason we use the notation

HBD(R) := HB(R) N HD(R), (1.6)

which also forms a Banach space equipped with the combined norm

[ Rlloe + v/ D(- ; R).

This is traditional notation in the classification theory of Riemann surfaces
(cf. e.g. [1], [11], etc.). Usually the boundedness of a harmonic function w on
R does not imply the Dirichlet finiteness of v and vice versa but we know a lot
of instances in which the boundedness (Dirichlet finiteness, resp.) of harmonic
functions v on a Riemann surface R implies the Dirichlet finiteness (bounded-
ness, resp.) of w on R., i.e. HB(R) C HD(R) (HD(R) C HB(R), resp.), and
dim HB(R) < oo (dim HD(R) < oo, resp.) (cf. [11]), where e.g. dim HB(R) is
the linear dimension of the linear space HB(R), which is either a finite number in
NN, the set of positive integers, or infinite co.

In the present paper we discuss Riemann surfaces R for which the inclusion
relation HD(R) C HB(R) is valid. The relation HD(R) C HB(R) is equivalent
to the relation

HD(R) = HBD(R). (1.7)

Riemann surfaces R satisfying (1.7) are quite interesting and also important in view
of the fact that the relation (1.7) serves to give significant recognition to e.g. the
theory of fullsuperharmonic functions and also that of (Dirichlet finite harmonic)
Bergmann kernels, which will be discussed elsewhere. We discuss in this paper the
problem of whether the condition (1.7) always implies dim H D(R) < co or not. If
we denote by Zp the set of dim HD(R) for R with (1.7), then it is well known as
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stated above (cf. [11]) that Zp D N so that the problem is restated as to clarify
whether 9p = N or Zp = N U {0}.

We state a few background materials concerning (1.7). The Royden harmonic
boundary d4 = 4R of R is the set of regular points in the sense of potential
theory in the Royden boundary v = v#R = R}, \ R of R with R}, the Royden
compactification of R (cf. e.g. [2], [11], [4]). The Royden harmonic boundary dg
is compact and

dim HD(R) = #d4 (the number of points in dg),

which is either finite or infinite. We denote by cap(K) the capacity, or more
precisely, the variational 2-capacity (cf. e.g. [3]), of a compact subset K of dg (see
[7]). Then we have the following characterization of (1.7) (see [6]).

THEOREM A. A Riemann surface R satisfies (1.7) if and only if
inf . 1.
Jof cap({C}) >0 (1.8)

Looking at this result one might feel that each point in dg is distributed quite
sporadically and yet dg is compact and thus #d4 < oo might be the case so
that dim HD(R) = #d4 < oo. This is a motivation for that we are tempted
to maintain that dim HD(R) < oo. On the other hand, however, we have the
following result originally due to Virtanen and then Royden (cf. e.g. [11]).

THEOREM B. For any Riemann surface R

HD(R) = HBD(R) (1.9)

in the sense that for any u € HD(R) and for any positive number € > 0 there is
au. € HBD(R) such that D(u — uc; R) < €.

The relation (1.9) says that the subspace HBD(R) may not be identical with
HD(R) but very close to this situation in the sense that H BD(R) almost exhausts
HD(R). Therefore the state (1.7) is certainly a pathological phenomenon but
might not be so virulent as to destroy the normal situation co € Zp. This is
thus a reverse motivation for that we suspect the existence of R with (1.7) and
yet dim HD(R) = oo. Our problem, whether a Riemann surface R satisfying
(1.7) always has a finite dimensional linear space HD(R) or not, is thus not only
quite challenging one but also very far from being trivial in view of the above two
seemingly conflicting observations. Nevertheless, although we needed some period
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of struggles, we come to the following conclusion, to give a proof to which is the
central purpose of this paper.

THE MAIN THEOREM. There exists a Riemann surface R such that the
Dirichlet finiteness always guarantees the boundedness for harmonic functions on
R, i.e. HD(R) C HB(R) or equivalently (1.7), and yet there exist sufficiently
many Dirichlet finite harmonic functions on R in the sense that dim HD(R) = oo.
In short, Zp = N U {oo}.

We have already studied Riemann surfaces R on which the boundedness al-
ways implies the Dirichlet finiteness for harmonic functions on R, i.e. HB(R) C
HD(R) which is equivalent to

HB(R) = HBD(R). (1.10)

A characterization of (1.10) in terms of the class of harmonic measures on R was
given in [8] and as a counterpart to the present main theorem we have also shown
the following result (see [8]).

THEOREM C. There exists a Riemann surface R such that (1.10) is satisfied
and yet dim HB(R) = co.

If we denote by Zp the set of dim HB(R) for R with (1.10), then it is also well
known (cf. e.g. [11]) that Y5 D N and thus the above theorem assures that
925 = N U{c0}. Superficially Theorem C entirely resembles to the main theorem
above but to derive it is in reality an easy and simple task compared with the case
of the main theorem above. Actually (1.7) is quasiconformally invariant while
(1.10) is not and a fortiori (1.7) and (1.10) should be understood to be essentially
different in nature. Anyhow, observe that the simultaneous validity of both of (1.7)
and (1.10) is equivalent to HB(R) = HD(R). Related to this it is interesting to
compare the present main theorem and Theorem C with the following beautiful
result due to Masaoka [5] (for a simple elementary proof of it, see also [6]).

THEOREM D.  The relation HB(R) = HD(R) (i.e. the synchronous va-
lidity of both of (1.7) and (1.10)) is equivalent to the relation dim HB(R) =
dim HD(R) < oo.

2. Fundamental surfaces.

Our purpose is to exhibit a Riemann surface W satisfying the following two
properties: firstly, HD(W) = HBD(W); secondly, dim HD(W) = co. Recall
that a harmonic function v on a Riemann surface R is essentially positive if |u]
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admits a harmonic majorant on R and we denote by HP(R) the linear space of
essentially positive harmonic functions on R. We denote by uVv (uAw, resp.) the
least harmonic majorant (the greatest harmonic minorant, resp.) of u and v in
HP(R). Using uV v (uAwv, resp.) as join (meet, resp.) of v and v in HP(R), the
class HP(R) forms a Riesz space (or a vector lattice in the older terms). Setting
ut =:uV0and u~™ := —(uA0) for u € HP(R) we have the Jordan decomposition
ofu€ HP(R): u=u" —u~ withu* € H(R)* :=={u€ H(R) :u = 0 on R}. The
symbol P in HP(R) thus suggests the term positive. Then HB(R), HD(R), and
HBD(R) are Riesz subspaces of the Riesz space HP(R). We denote by

ﬁHX = {RHX(R) = R}

the class of Riemann surfaces R such that the space HX (R) reduces to the class
R of constant functions for X = P, B, D, and BD. We say that R is hyperbolic
(parabolic, resp.) if R carries (does not carry, resp.) the Green function on R and
we use also the traditional notation

O¢ :={R : R is parabolic}

for the class of parabolic (i.e. nonhyperbolic) Riemann surfaces R. Then we have
the following table of inclusion relations:

Og < Opyp < Ogp < Oup = Oupp

(cf. e.g. [11]), where A < B for two sets A and B indicates the strict inclusion
relation among A and B so that A C B and A # B.

To construct the above W we will make an essential use of the so called Sario-
Toki disc D, which was presented independently by Sario and Téki (cf. e.g. [1],
[11], [12]) for the purpose of showing the strict inclusion g < O p:

bG ﬁHp\ﬁg. (21)

Of course the above (2.1) is the most important property of D but we still need to
know the structure of D to a certain extent. First of all D is a quotient space of
the unit disc D in the complex plane C by a certain equivalence relation @, which
we will not specify here except for a few point we really need to know: D=D /Q.
For each 2 € D we have |z1] = |22] for any two z; and z3 in Z and thus we can
define

2] = |2| (2 € 2), (2.2)
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which is called the absolute value of 2. We often identify the one point set {z}
consisting of a single point z with the point z itself. The set

D:={s2eD:2={z} =2} (2.3)

is an open subset of D and 2 — z is an immersion of D into D which is a
conformal mapping and therefore we can view D C D N D. We can choose a
strictly increasing sequence (t,)nenuo} C (0,1) converging to 1 and

Dy = {|Z| § to} U ( U {th_l < |Z| < tgn}> c D, (24)

neN

where, as before IN is the set of positive integers n = 1,2,.... In particular, the
origin 0 € D C D will be referred to as the origin of D.

The mapping 2 — log |2| defines a negative harmonic function on D\ {0} with
the negative pole at Z = 0 and with the ideal boundary values limz;; log 2] = 0.
In view of this we see that D carries the Green function (kernel) g(- ,- ; D) and
in particular

o12) = 9(,0:0) =g (1) (25)

on D will be repeatedly used. Thus, Dis hyperbolic, i.e. D ¢ O which proves a
trivial part of (2.1). The really important part of (2.1) is the relation D € Ogp or

HP(D) = R and for this part we refer the reader to an excellent explanation in [1],
among others cited above. We denote by D* = (ﬁ)* the Wiener compactification
of D, *yﬁ .= D* \ D the Wiener boundary of D, and 6D the Wiener harmonic
boundary of D, which is the set of regular points in ’yﬁ in the sense of potential
theory and is a compact subset of ’yﬁ. By virtue of the relation D € Oyp or

HP(ﬁ) = R, we see that §D consists of a single point d, say:
6D = {d}. (2.6)

Related to the set Dy in (2.4) we consider the following disjoint union 7' C R
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of open intervals in the open interval 0 < t; <t < 1 given by

T:= | (tan-1.t2n). (2.7)

neN

For each r € T and 0 € (0, 7) the concentric circular arc
D(r,0) :={re”: -0 < s < 6}

in Dy C DN D will be referred to as an admissible arc in D with radius r € T
and opening angle 26 € (0, 27). We will construct a sequence (v, )nen of mutually
disjoint admissible arcs v, := I'(pn,0,) not accumulating in D with a specified
condition, and then we paste D \ 71 to D \ 71 U2 anticonformally along ~1, the
resulting surface to D \ 72 U v3 anticonformally along s, the resulting surface to
D \ 73 U4 along 73, . ... Repeating this process until all n € N are exhausted we
can complete the construction of Riemann surface W. We then show HD(W) =
HBD(W) and dim HD(W') = oco. This is our program in the sequel to complete
the proof of our main theorem.

3. The first step to the construction.

Before constructing a specified sequence of admissible arcs v, := T'(pn, 65)
(n € N)in Dy C DU D, we choose and then fix three kinds of sequences in R.
Firstly, we take a divergent sequence (K,)n,en C RT := {\ € R: X\ > 0} such
that

> % < oo. (3.1)

neN ="

Secondly, we fix an arbitrary zero sequence (k,)nen C (0,1) satisfying

kn,
—n N 2
0 <knt1 <1505 €N (3.2)

which is entirely independent of (K, ),en. Thirdly and finally, we choose a zero
sequence (€,)nen such that

En
n — N .
0<ept1 < 1000 (neN) (3.3)

and, moreover depending upon (k,)n,en this time,
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kTL

O<€"<m (ne€ N). (3.4)
The sequence of admissible arcs v, := I'(pp,0,) (n € N) will be determined

inductively. The procedure of the induction is to define 7, when two precedent

admissible arcs v,—1 and v,,_s are already given for every n € IN. For this reason

we arbitrarily choose and then fix two admissible arcs y_; and g in advance before

defining the required sequence (v, )nen. Namely, assume the main terms p_1, pg

and the subsidiary terms o_o, 0_1, 0¢ are arbitrarily given all in 7" such that

0<o_9<p_1<0_1<py<og (3.5)
and two angles 6_1, 6y in (0, 7) are also arbitrarily given with

wk
00 § 7Tk0 = 10010

Then v_; and 7 are given by
v :=L(p;,0;) (=—1,0).

We start from this situation and we will construct v := I'(p1,61) by choosing
p1 € (00,1) and 6y € (0,7) in T suitably and then choose o1 € (p1,1) NT. We
now state how this task is accomplished as the first step. We take an arbitrary
admissible arc v =: I'(r,0) (r € (09,1)NT, 6 € (0,7)) and consider three kinds of
functions w, v, w associated with « and then determine p; € (0¢,1) N T and after
p1 is fixed we determine oy € (p,1) NT such that

og < p1 <01
all in T'. This is hence the first step operation.

4. Fundamental functions in the first step.

We start by considering the solution u € H(D \ v) N C(D*) of the Dirichlet
problem on the region D \ v with the boundary condition

uly=1
) (4.1)
uloD =0,

where v = I'(r,0) (r € (00,1) NT,0 € (0,7)). For the unique solvability of the
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above problem, see e.g. [11]. Observe that, for any r € (0¢,1) N T, there exists a
unique 6 = 6(r) € (0, 7) such that the above u satisfies

w(0) = ki. (4.2)

In fact, since the above solution w for (4.1) is determined by v = I'(r, 8), we denote
it by w = u(- ;r,0). The function of § € (0,7) given by 0 +— (0) := u(0;r,0) is
strictly increasing continuous function on (0, 7) in view of the fact that the family
{u;~} forms a normal family, and ¢(¢) | 0 as 6 | 0 and ¢(0) T 1 as 6 T w. Hence
by the intermediate value theorem for continuous functions we see the unique
existence of O(r) € (0,7) with ¢(0(r)) = k1. Since u(0;7,6(r)) = p(0(r)), (4.2) is
established. Hereafter we denote by u = u(- ;) the function determined by (4.1)
and (4.2) with v = ~(r) =T'(r,0(r)).

We denote by 70+ and v, both sides of the cut v in D and by giving suitable
orientations to i we can view that 4 +~5 is an analytic Jordan curve which is
the boundary of the partly bordered Riemann surface ﬁ\*yo. We often consider g
for D \ 70 as an analytic Jordan curve 'yo+ + 1, besides understanding vy just the

simple cut in D. We next consider the solution v € H(D\ o U~(r)) NC(D* \ o)
of the mixed boundary value problem on D \ vy U~(r) with the boundary data

vly(r)=1
*dv | v =0 (4.3)
v| 6D =0,

where we understand that D* \ 7o in the Carathéodory compactification of D+ \ Yo

so that D* \ 7o is obtained by attaching the ideal boundary 'yﬁ and the relative
boundary v; + v, to D\ 7o. For the unique solvability, again see [11]. Since the
above function v is determined by r € (0¢,1) N T, we denote it by v = v(- ;7).
We need to consider one more function w = w(- ;r) which is the solution w €
H(D\ ~(r) Uy U~_1) N C(D* \ 79 U~_1) of the mixed boundary value problem
on D \ v(r) U~o U~—1 with boundary data

wly(r) =1
*dw | y-1 Uy =0 (4.4)
w| 6D =0.

For the unique existence of w like u and v, see [11].
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Observe that the family {u(- ;7) : 7 1} forms a normal family on D. Let
f be an arbitrary limit function of directed subnet of the above family. Clearly
0 < f <1 on D and therefore f € HP(D)t = R*. In view of (4.2), f = k
on D. Thus we have seen that u(- ;7) — ki as r T 1 locally uniformly on D. In
particular, we see that

lim( sup |u(2;7) —kly) =0

rTl ‘2‘200

. 4.5
_ ( sdu(te?;r) ) (4.5)
lim sup ————= ) =0.
11 teT,|tei?|<op do

Next we consider the family {v(- ;) :r 1 1} from the same view point as we
took for {u(- ;7) :r 1 1}, i.e. we wish to derive the relation for v(- ;) which is a
counterpart to (4.5). We cannot conclude instantly the existence of the relation
corresponding to (4.2), we need to make a detour as shown below. Note that
we can understand that D(u; D \ v) = D(u; D) for u = u(- ;7) with v = (r).
Similarly D(v; D\ v U7) = D(v; D) for v = v(- ;) with v = ~4(r). For simplicity,

we write D(-) for D(- ; D) and similarly D(-,-) for the mutual Dirichlet integral
D(-,- ;D). Then

D(u—v) = D(u) + D(v) — 2D(u,v).

By virtue of the Stokes formula

D(u,v):/ u*dvz/*dv
§D+v+70 gl

:/’U*d’l):/ v dv = D(v).
gl §D+y+70

Here we remark that 6D can be identified with the Royden harmonic boundary
8D since both are just singleton. Then *dv can be defined on 6D and the Stokes
formula in the above form can be justified (cf. e.g. [4], [7]). Of course we can
easily replace the above argument by the standard exhaustion method but it is
only time-consuming. Anyway we see that

D(u—v) = D(u) — D(v) 2 0.

On the other hand, again by the Stokes formula, we see that
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D(U):D(U,U):D(’l)7u):/ U*du:/*du—i—/ v * du
§D+v+v0 5y Yo

:/ u*du+/v*du:D(u)+/ v*du
5D+ Yo Yo

and therefore
D(u —v) z—/ v * du.
Yo

Combining the estimate

0o i6.
‘ / o du| < / xdu(rocsr) | 4o
Yo —0o do
with (4.5) we can now conclude that
lim D(u(- ;r) —v(- ;7)) =0. (4.6)

rTl
Recall that the Green function g := G(- ,0; ﬁ) on D with pole 0 is given by

g(2) = log(1/]2]). Let ¢ := {|z| = €} be a small circle with 0 < & < t5. By the
Stokes formula we have

/A (g*d(u—v) - (u—v)*dg) =0.
dD+vo+v+c

Since xdg = (1/€)edf on ¢, we deduce

/(g *xd(u—v) — (u—v)xdg) = O(eloge) — 2m(u(0) — v(0)),

C

where €(-) is the Landau O. Again by (4.2): «(0) = k1, on letting £ | 0 in the
above, we see that

/A (g*d(u—v) — (u—v)xdg) =2n(k; —v(0)),
S D+~o+y

or equivalently
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1
(D(v) — D(u)) log (r) —|—/ v dg = 2m(k; — v(0)).
Yo
We denote by v and v~ the continuous extension of v to War and 7y, . Then

/ v dg’ = ’ v * dg‘ ‘ / +(poe® v_(poeia))de'
Yo & +vo

<26, sup |vF (poe®;r) — v~ (poe'® ;7).
9]1=60

By (4.6) we deduce

0o .
limsup [v(0;7) — k1| £ — hmsup( sup vt (poe’ O.r) - v_(poelg;r)D. (4.7)
rT1 rT1 101<6,

Since [v(- ;7)) £ 1on D\ v U~, {v(- ;7) : # 1 1} is a normal family on
D \70. Choose any directed subnet v(- ;r,) (r, T 1) converging to a limit f locally
uniormly on D \ 9. By virtue of the condition *dv(- ;7,) | 70 = 0, we see that
v(- ;7,) (r, 1 1) is locally uniformly convergent on (D \ 7o) U (7§ + 75 ) and we
can conclude the existence of *df|yy and in fact *df | 7o = 0. The boundedness
|| £ 1 then determines f|0D =: a € [0,1]. Since *df|yo = 0, we can conclude
that f = a on D by the maximum principle. This shows that v(- ;7,) converges
to a uniformly on |z| £ 0 and a fortiori v*(pge’?;71) — a as r, T 1 uniformly on
|0] < 0p. The relation (4.7) now assures that

lim [0(0; 1) — ky| =
lim |v(0;7) — ka| =0
so that, first of all, a = k; and then, finally, the family {v(- ;7) : r 1 1} converges

to k1 locally uniformly on (D\ 7o)U(vd +~5 ). Hence, as the counterpart to (4.5),
we deduce

lim ( sup |v(Z;r) — k1|> =0

TTl ‘2‘§0_0

. 4.8
. *dv(te'?;r) (48)
lim sup —F—F——| ] =0.
L\ teT,|tei®|< oo do

Finally we consider the family {w(- ;r) : 7 1 1}. As we examined v(- ;7) (r T 1)
with the aid of u(- ;7) (r T 1), we can repeat exactly the same procedure to examine
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w(-;7) (r 7 1) with the aid of v(- ;7) (r 7 1). Then we come to the conclusion
that {w(- ;7) : 7 T 1} converges to k; locally uniformly on (D \ v U~vy_1) U (v¢ +
Yo +7F; +77,) and obtain the following relation as the counterpart to (4.5) and
also (4.8):

lim ( sup |w(2;r) — k1|) =0
|

"L A 21<00

. 4.9
. sdw(te'?;r) (4.9)
lim sup ——F—=| | =0.
L\ teT,|tei®|< oy do

Based upon the three conclusions (4.5), (4.8), and (4.9), we will determine
p1 € T as follows. First p; is required, at least, to satisfy

k
max <00,exp ( 4;)) <p1 <1l (4.10)
1

Moreover p; is supposed to satisfy (4.14), (4.15), and (4.16) below as follows. Once
p1 is tentatively so determined as to satisfy (4.10), we set

01 :=0(p1) € (0,) (4.11)
(cf. (4.2)) and then the most decisively

71 :=T(p1,61) =T(p1,0(p1)) (4.12)

and finally we set
up =l 5p1), vii=o(5p1), wyi=w(;pr). (4.13)

As a consequence of (4.5), we can moreover choose p; so close enough to 1 as to
yield

(/51 (0) = /431

ki—e1 Sui(2) Ski+er (12 £ o00)
‘ (4.14)
*duy (te™?) <

Sub ag | =

teT,|tei?|<oo

and similarly also by (4.8) we can and may make the relation
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ki —e1 svi(2) Sk +er (|2 =00)
*dvy (te') < (4.15)

sup 20 Se

teT,|te'?|So0

valid and finally, based upon (4.9), we can assume, by taking p; enough close to
1, that the following relation holds:

ki —er Swi(2) S ki+er (|2 = o00)
*dw (te'?) < (4.16)

sup 20 e

teT,|tet?|So0

We have thus seen that we can find and then fix a p; satisfying the conditions
(4.10), (4.14), (4.15), and (4.16).

In addition to three functions uy, v1, and wy, we also consider one more func-
tion py := u1/2, only notationally new but essentially u; up to the multiplicative
constant, i.e. p; is the solution in HD(D \ v1) N C(D*) of the Dirichlet problem
on D\ v, with the boundary data

| 1 2
Ppilm=35=75
2 4 (4.17)

p1|5ﬁ:O.

Note that D is hyperbolically regular, i.e. every level line of the Green function
G(- ,¢; D) of D is compact as is easily seen by looking at G(Z,0;D) = g(2) =
log(1/|2]). Hence every level line {p1 = a} (0 < a < 1) of p; is compact and
therefore

- 1
P = {2€D1p1(2)>4}3’71 (418)

is relatively compact subregion of D containing v;. We now determine arbitrarily
and then fix a 01 € (p1,1) N T such that

{|2| <0'1}D?1. (419)
Hence we have established a particular procedure to construct p; and o1 (and four

functions uy, v1, wy, p1 and a region P;) as follows when o_o < p_1 < 0_1 < pg <
oo (but only dummy ones) are given:
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0<o o<p1<o_1<py<og<pr<oy <l (4.20)

5. Completion of the inductive construction.

In the first step, starting from given admissible arcs v_; and 7y, we deter-
mined the admissible arc v := I'(p1, 61 = 6(p1)) and the associated fundamental
functions w1, v1, wy, p1 and the region P; and the number o;. By exactly the
same procedure as above, as the second step, starting from the admissible arcs
70 and 71, we can determine the admissible arc o := I'(pa, 602 = 0(p2)) and the
associated fundamental functions us, vo, we, p2 and the region P, and the number
2. Repeating this process until the construction in the (n — 1) step is over with
on—1 and 7y,_1 determined, as the nt"? step construction, we can determine Pn as
p1 was determined in the case of the first step in Section 4. Namely, we can so
choose p, € T as to satisfy

kn,
max (on_l,exp ( 1K >) < pn<l1 (5.1)

and on taking the admissible arc

Yo 1= L(pn, 0n) = T(pn, 0(pn)),

we consider the solution u, € H(D \ v,) U C(D*) of the Dirichlet problem on
D\ 7, with the boundary data

Up | Yn =1
) (5.2)
Up | 0D =0

and the solution v, € H(D \ Yp—1 U~n) N C(D*\ ¥,_1) of the mixed boundary
value problem on D \ 7,1 U ", with the boundary data

Un |1 =1
*dUp, | Yn—1 =10 (5.3)
vn | 6D =0

and one more solution w,, € H(ﬁ \ Y2 U~Yn_1 Uvs) U C’(ﬁ* \ Yn—2 U~p_1) of
the mixed boundary value problem on D \ 7,_2 U7,_1 U7, with boundary data
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Wy, |y =1
*dwy, | Yn—2UYn—1 =0 (5.4)
w, | 6D =0

and in addition to (5.1) we choose p,, so close to 1 as to satisfy the following three
relations (5.5)—(5.7) corresponding to the relations (4.14)—(4.16): for u, = u(- ; pp)

un(o) - kn
kn*{':n §un(2) §kn+€n (|2| éo—n—l)
, (55)
du, (te
N Lo )
teT,|tei®|<o, 1 do
and for v, = v(- ; pn)
kn —én é Un(é) § kp +éen (|2| § Un—l)
dvy, (te?? 5.6
sup *Un(e)éen (5.6)
teT,|tei®|<op_1 do
and finally for w,, = w(- ; pn)
kn —én é wn(é) é kn +éen (|2| § O'n—l)
sdwy, (te'?) < (5.7)

sup
teT,|tei®|<o, 1

= <n-

do

After functions u,,, v,, and w, are thus defined, we define one more function
pn and a region P, C D and then a number on € (pn, 1) UT as will be described
below. Let p, = u,/2 so that p, € H(D \ v,) N C(D*) is the solution of the
Dirichlet problem on D \ 7n with boundary data

pn|'7n:

N | =
N

(5.8)
pn | 6D = 0.

Since D is hyperbolically regular, level lines of p,, are all compact in D. Hence
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1
P, = {pn > 4} 2 Yn (59)

is a relatively compact subregion of D containing ,. Finally we can choose
arbitrarily and then fix a 0, € (pn, 1) NT such that

{I2| < on} D P (5.10)
Hence we see that

0<op_1<pp<o,<1l (neN). (5.11)

Lastly, we evaluate 6, = 6(p,) in v, = I'(pn,0,) in terms of k,. Let w
be the harmonic measure function on the region {|2| < p,} of the boundary arc
Yo =T(pn,0n) C{|2] = pn}, i.e. w € HB({|Z| < pn}) with boundary values 1 on
the interior of the arc vy, and 0 on {|Z| = pn} \ Yn. Since w < u, on {|2| < pn},
we see in particular

w(0) £ un(0) = ky.

On the other hand the Green function G(2,0) on {|Z| < p,} with its pole 0 is

o Pn A A
G(2,0) = log (|73|) = log pn, + g(2) = log p, — log |Z].

By using the Poisson formula we see that
w(0) = i/7r w(pne') 2G(Tei‘) 0) pndf = 1/9n do = o
or J_ V" or g " 21 |, '
Hence we have

0<86, <7k, (neN) (5.12)

and this is also true for n = 0 by our convention (cf. Section 3). This is a quite
rough estimate but sufficient for our later purpose.



218 M. NAKAI

6. An essential function.

We have constructed four function sequences (un)nens (Vn)nenNs (Wn)nen,
and (pn)nen. We now construct a sequence (h,)nen of important functions
h,, which play essential roles below. Except (pn)nen, three function sequences
(un)nenN, (Vn)nen, and (wy, )nen will play only supporting roles to (hy,)nen. Any-
way we define the solution h,, € H(ﬁ \ Y1 Uyn Uvpi1) N C’(b* \ V-1 UYn+1)
of the mixed boundary value problem on D \ Yn—1UYn Uynt1 with boundary data

ho | v =1
*dhn | Yn—1 U Yn+1 = 0 (61)
hy | 6D = 0.

For the unique existence of h,,, as appeared repeatedly before, see e.g. [11]. By
the comparison principle we see that

—Wn41 + Un g hn g Wn4-1 + Un

on D \ Yrn—1 UYn Uyn+1 because the same is true on its essential boundary ~,,—1 U
Yn U1 USD. By (5.6) and (5.7) we deduce

k, — (kn-l,-l +é&n + 5n+1) < hn(f:) <k,+ (kn+1 +é&n + 5n+1)
on |Z| £ 0,,—1. By the manner k,, and ¢, are given in (3.2)—(3.4), we have

kn o Okn
i <
9 I, (Z) =75

[IA

(|2‘ é Un—l)~ (62)

In particular, we have h,(0) = k,/2. We apply the Stokes formula to the differ-

ential form g * dh,, — hy, *dg on (D \ (¢)) \ Yn—1 U Yn U Ynt1, where ¢ is a small

circle with radius 0 < & < ¢y and (¢) the closed disc bounded by c. Then we have

/ (g % dhn — hyy % dg) = 0.
6b+c+7n—1+7n+"/n+l

Since [ (g * dhy, — hy, * dg) = O(cloge) — 2mh, (0) — —27wh,(0) as € | 0, we see
that

/ (g % dhn — Ty % dg) = 27hn (0).
D+ 1+ +Ynt1
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But we also have

/ g *xdh,
OD+~vp_—1+7n +Yn+1

1 1
= log <) / xdh, = log () / hy, * dh,,
Pn " P/ Jy,

1 1 .
= log <> / hy * dh,, = log ()D(hn; D)
Pr/ JsD+vyn_14vn+nt1 Pn

and

/A hn*dg:/ hy * dg.
0D+ Yn—1+Yn+Yn+1 Yn—1+Vn+1

Therefore we obtain

D(hy; D) log <1> = 21th,, (0) +/ hy % dg. (6.3)

Pn Yn—1+Vn+1

Observe that xdg(p;e’’) = df on v; = v} +~; (j = n+1). On denoting by hif
the continuous boundary values of h,, on v,_1 = 'y;f_l +7,_1 we have

9n71 3 .
/ hp % dg = / hp * dg = / (R} (pn—1€") = Ry, (pn_1€))db.
Tn—1 AT o

_anl

By (6.2) and (5.12), we deduce

On—1
‘ / hy, * dg‘ < / ;knde = 3knOn_1 < 3wkp_1 - ky.
Yn—1

—O0n_1

Though very rough but certainly |2} —h, | < 2 on y,41 = 7,41 + 7,41 and hence,
by (5.12)

On+t1
Yn41 —0Oni1

Using (3.2)—(3.4) we see that
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k
/ o dg‘ < 3k 1k + Asr) < 0 (6.4)
Yn—1FVn41 4
Since h,,(0) = k, /2, we conclude with (6.3) that
N 1 k k
D(h,: D)log [ — | > 7k, — = =
( Jlos (pn> =" 4 4
or equivalently we have
A k 1
D(h,; D) =2 —*1lo ()
( )2 log o
By the manner p,, is chosen to satisfy (5.1) we finally conclude that
D(h,; D)2 K, (neN). (6.5)

7. Construction of a surface.

We use the doubling process of two Riemann surfaces along a common slit.
Concerning the welding (pasting) of two surfaces along a cut, we refer the reader
to the splendid description in the monograph [10] of Oikawa (see also [9]).

Let X and Y be two Riemann surfaces and suppose there is a simply connected
analytic Jordan region U contained both in X and also in Y. Let v C U be an
analytic Jordan arc and v and 4~ be both sides of the cut . We view that U \ v
is surrounded by two analytic Jordan curves OU and v +~v~. We can also view
that a concentric circular ring A := {a < |z| < b} (0 < a < b < 1) is a conformal
representation of U \ 7 in which a := {|z| = a} (0 := {]z| = b}, resp.) corresponds
toyT +~~ (OU, resp.). We denote by ® the restriction of the conformal structure
of X to U\ v and ®* the restriction of the conformal structure of Y to U \ 7
and assume that ®* is the conjugate (i.e. reversed) conformal structure of ® so
that the identity mapping of (U \ v, ®) to (U \ v, ®*) is anticonformal. We weld
the bordered Riemann surface (A, ®) which is the conformal representation of
(U\7,®) to (A, @*) which is the conformal representation of (U \ v, ®*) by means
of the identity mapping of the component « of the border A, which gives rise
to the welding of X \ v to Y \ v by the identity mapping of v© 4+ v~. In other
words, we are considering the welding of X \ v to Y\ v induced by the double of
U\ v = A about a. We say this process that we paste X \ v to Y \ v along v
anticonformally and the resulting surface is denoted by
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(X\ )y (Y \ 7). (7.1)

We now start the operations of constructing a Riemann surface W such that
HD(W) = HBD(W) and dim HD(W) = co. We denote by ® the original con-
formal structure of the Sario-Toki disc D and by ®* the conjugate conformal
structure of ® on D. We define a sequence of Riemann surfaces S,, by

{Sgu_l = (D,®) (veN) (72)

Sy, == (D,®*) (ve N).

We take the sequence (v,)nen of admissible arcs 4, = I'(pn,0,) (n € N) on D
constructed in Sections 3—6. Then the required surface W is given by

{081\ 1) Wy, (S2\11U72) Yy, (S3\12U7s) ey, (Sa\v3Uva) } -+ . (7.3)

It may be impressive to call surfaces as above as grafted surfaces.

We denote by W* the Wiener compactification of W and by yW = W*\ W
the Wiener boundary of W and the Wiener harmonic boundary 6W is the set of
regular points in YW with respect to the Dirichlet problem, and W is a compact
subset of yW. The Wiener harmonic boundary 6.5; of each S; is a singleton so
that (SSJ = {d]} (] S N) Then let

SW = UjeN(SSj:{dl,dg,...,dj,...}, (74)
which is seen to be a subset of 61V
SW C §W. (7.5)

Since 6W is in general not compact but actually noncompact in the present W
since #5W oo while §W is compact, SW is always a proper subset of 6W (see
(7.4) above). But 6W almost exhausts 6W in a sense, which is crystallized by the
following important result. At this point we need to recall the quasiboundedness
for harmonic functions on a Riemann surface R. A harmonic function u on a
Riemann surface R is quasibounded if

u= lim (u Am)V (—n)

m,n€N m,n—oo

on R. The totality of quasibounded harmonic functions on R is denoted by
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HB'(R). It is entirely trivial that HB(R) C HB'(R) C HP(R) but it is slightly
less trivial that HD(R) C HB'(R) (cf. e.g. [11]). Then we can state an important

role played by the set dWV.

THE UNICITY PRINCIPLE. If u € HB' (W) satisfies uldW = 0, then u =0
on W.

PrOOF. Since HB'(W) is a Riesz subspace (i.e. vector sublattice) of
HP(W), the positive part u™ and the negative part u~ of the Jordan decom-
position u = u* —u~ of u € HB'(W) also belong to HB'(W). Let

max(u,0) =ut — s
be the Riesz decomposition of the subharmonic function max(u,0) dominated
by u™ + u~ into the harmonic part u™ and the potential part s on W. Since
5| 6W =0 (cf. e.g. [2], [11]) and 6W C 6W, we see that s | W = 0. Clearly
max(u,0) | W = 0 along with u | §WW = 0 and therefore u* | §W = 0. Similarly
u~ | W = 0. Hence we only have to show that if u € HB'(W)" satisfies
w|6W = 0thenu = 0on W. Clearly 0 < uAn < uon W and hence uAn | W =0
and u = limy,e N n—oo u A n locally uniformly on W. Thus we really have to prove
is that if u € H(W) with 0 < u <1 on W satisfies u|0W = 0, then u =0 on W.
Let W,, (n = 2) be the subsurface of W given by

Wi = { - {{{(S1\11) W, (S2\71U72) Y6y, (S3\72Uy3) } -+ Yy, (S \Yn—1Un) }

so that OW,, = v,, = 7,7 +7,, . We take the solution s,, € H(S,, \Vn—1U7v,)NC(SF)
of the Dirichlet problem on S, \ v,—1 U7y, with the boundary data

Sn | =1
Sn | Yn—-1 = kn (7.6)
Sn | 05, =0,

where topologically S* = D* and thus §S,, = 6D = {d,,}. For the unique existence
of sy, cf. [11]. Comparing the boundary values of s,, with those of u,, we see that
—&n S 8p — un S &g, and hence by (5.5) we have k, — 2¢,, < s, < ky, + 26, on
P,_1 C{|2| < o1} Considering s, +pp—1 on P,_1\Yn—1, we see by (3.2)—(3.4)
that
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1

(Sn +pn—1) | Tn—-1 = kn + 5
(7.7)

1 1 1
(sn+pn_1)|8Pn_1§kn+2sn+z<kn+2~10*6+i<kn+§.

We also consider the solution ¢,—1 € H(W,,—1)NC((W,,—1U7y,—1)*) of the Dirichlet
problem on W,,_; with the boundary data

1
2 (7.8)
dn—1 ‘ 551 U 552 J---u 5Sn_1 =0.

dn—1 ‘ Yn—-1 = kn +

For the unique existence of g,_1, cf. [L1]. We then set

. {Sn +pn-1 (on Sp\7) 79)

dn—1 (OIl anl)-

In view of (7.7) and (5.8) we see that s is superharmonic on W,,. By the manner
ky, is chosen in (3.2), we infer that

<Z (n22). (7.10)

5|7n—1:kn+

N | =
[SCRN V)

A fortiori, since 0 < u < s, on OW,, = 7, we have 0 £ u £ 2/3 on OW,,_1 = Yp—1.
We repeat the same discussion for W,,_1 and (3/2)u as was done for W,, and u
and derive 0 < u < (2/3)? on OW,,_5 = v,_2. After (n — 1) repetitions of these
procedures we arrive at 0 < u < (2/3)""! on W; = 7;. By the maximum
principle, we obtain

2 n—1
0<u| W < (3) . (7.11)

Since n = 2 was arbitrarily chosen, we conclude © =0 on W by n T co in (7.11).
Hence we can finally maintain v =0 on W. (|

The meaning of the above result is that only a part SW of 6W is already
playing important roles originally played by 6W. We state here some of these
roles including inevitable ones for the later use. First we ask how large SW s
quantitatively. As a reference point o € W of W we take the origin 0 in the first
component S; \ 71, i.e. 0 € 51\ v and o =0 € S; \ 71. Let hm be the harmonic
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measure on 6W with the reference point 0. Then we can prove quite easily that
the unicity principle above for §W is equivalent to

hm(6W \ 6W) = 0, (7.12)
which is also equivalent to the existence of an e € HB'(W)™T such that
eloW \ dW = +oc. (7.13)

The last function e above is a very powerful and useful tool to show a certain
property valid for dW is already valid for SW. As an example we prove the
following fact: if u|0W = 0 for a w € HB'(W), then v = 0 on W. In fact, for
an arbitrary e > 0 we see that (u 4 ce)|6W = 0. It is a standard knowledge that
(u+ee)|dW = 0 implies u + ee 2 0 on W. On making ¢ | 0, we conclude that
u = 0 on W, which was to be shown.

For each ¢ € N there is a unique solution e, € HBD(W) C HB'(W) of the
Dirichlet problem on W with the boundary data

{ei | 08; = ei(d;) =1 (7.14)

For the unique existence of e;, again see [11]. The unicity principle for SW assures
that the condition (7.14) is equivalent to the weaker condition

ei(d;) = d;; (the Kronecker delta) (i,7 € IN). (7.15)
Therefore we see that
hm(dS;) = hm({d;}) = e;(0) (i € N) (7.16)

and, by (7.12), we have hm(6W) = hm(6W) = 1 and a fortiori
> eilo)=1. (7.17)
ieN

Properties for SW stated below are all derived off hand from the corresponding
ones for 6W by using the function e in (7.13). First of all, we state the maximum
principle for 6W: for u € HB'(W) we have
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Supu = supu
W .
ow (7.18)
inf u = inf u.
W

Next, the representation theorem: for any v € HB'(W), we have

u= Z u(dj)e; (7.19)

JEN

on W and the convergence in (7.19) is of local uniform one on W. As the converse
to this, we have the following solvability of the Dirichlet problem: a sequence
(a;)jen C R satisfies

Z lajle;(0) < oo (7.20)

jEN
or, equivalently, (a;)jen € L'(IN,hm), if and only if

ui= Y aje; € HB'(W), (7.21)
JEN
We are now in the stage that we can give a proof to

dim HD(W) = oo, (7.22)

In fact, choose arbitrarily m mutually distinct functions e;;, (1 £ 4 < m) from the
family {e; : j € N} and suppose their linear combination vanishes on W:

Z )\ieji = 0

1<iSm

on W. By considering this at the point d;,, we obtain \; =0 (: = 1,2,...,m).
We have thus seen that any finite subset of {e; : j € N} is linearly independent
so that (7.22) is deduced.

8. Completion of the proof.

In this last section we show that the essential property HD(W) C HB(W),
or equivalently HD(W) = HBD(W), is valid for the Riemann surface W given by
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(7.3). At the final part of the preceding section 7 we have shown very easily the
fact (7.22): dim HD(W') = oo. Thus the proof of our main theorem is complete if
HD(W) = HBD(W) is established, which is in reality very far from being trivial
compared with that of (7.22). Let

Ry = (Sn \ Yn—1 UV Unt1) Wy, (Snt1 \ -1 U Uvnt1) (n€N). (8.1)

We consider the symmetric selfmapping j, of R,, induced by the identity mapping
of D. Take the solution f,, € H(R,)NC(R,,) of the mixed boundary value problem
on R, with the boundary data

fn | 5Sn =0
fn, | 5Sn+1 =1

where R, is the closure of R,, in the Wiener compactification W* of W. For the
unique existence of f,, see again [11]. The function f, + f, o j, € H(R,) takes
the value 1 on the harmonic boundary § R,, of R, and therefore, by the maximum
principle, we deduce

on R,. Since j, = id. (identity) on 7,, we have f, = f, o j, on 7, and hence

fnlyn = 1/2. Thus we see that f,, = (1/2)h, on (Sy \Vn—1U~¥nUYns1). Therefore,
if we define h,, by

1
() hn (On Sn \7n—1 U r)/n—i-l)

1\ 2
1 .
1- <2>hn o Jn (00 Sni1 \ -1 Un4),

then (1/2)h, = f, € H(R,) and a fortiori h,, € H(R,,).
Choose an arbitrary u € HD(W). We wish to show that v € HB(W) or
equivalently w € HBD(W). For the purpose we set
U(d]) =:a; (] S N) (83)

By the maximum principle for SW = {d1,ds,...,dj,...}, we see the equivalence
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ofue HBD(W) and (a;)jen € [°°. Hence we only have to show the boundedness
of the sequence (a;)jen. Observe that

> D(u;R,) < 2D(w; W). (8.4)
neN

Fix an arbitrary n € N. If a,, # a,,+1, then

U — ap,
vi=—
Ap+1 — ap

belongs to HBD(R,,) and v = (ap4+1 — an)v + a, on R,. Hence
D(u; Rp) = (any1 — an)?*D(v; Ry,).

By the boundary conditions v — fln/Q = 0 on the harmonic boundary 4.5, Ud.S, 1
of R, and in particular xdh,, = 0 on R, the Stokes formula yields

hy hy h, h
D(U—",L;Rn>=/ (U—L)*dhn:O,
22 §5,U68m 414+0Rn 2 2

or D(v, hyn/2; Ry) = D(hn/2; Ry), and therefore we deduce

h h
D(v — ;;Rn> =D(v; R,) — D(;;Rn) = 0.
Hence by (6.5) we see that

D(v; Ry) = D(Z’%&) _ 2D(h";D) > Kn,

Therefore we obtain
(8.5)

We have deduced the above inequality (8.5) under the assumption a,, # a,+1 but
this inequality is trivially true if a,, = an41. Thus (8.5) is always valid for every
n € N. This with (8.4) we obtain
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> Knlant1 — an)® < 4D(w; W). (8.6)
neN

Fix an arbitrary m € IN. Then the Schwarz inequality implies that

lam —ar] =| Y (ant1—an)|[ S D a1 — anl
1Sn<m 1Sn<m
Y K - el K
1<n<m
< Y Ka(@n—an)?- [ Y 1/K,.
1Sn<m 1Sn<m

We have

Y 1/K, =K <
nelN

by (3.1). Then (8.6) assures that

lam — a1| £ 24/ D(u; W)K

and a fortiori

|am| g |a1|+2K D(U,W) (mEN),

or (am)men € 1°°, which was to be shown. O
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