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Abstract. For a finite group G, an Z(G)-free gap G-module V is a
finite dimensional real G-representation space satisfying the two conditions:
(1) VI = 0 for any normal subgroup L of G with prime power index. (2)
dim VP > 2dim VH for any P < H < G such that P is of prime power order.
A finite group G not of prime power order is called a gap group if there is
an .Z(G)-free gap G-module. We give a necessary and sufficient condition for
that G is a gap group for a finite group G satisfying that G/[G,G] is not a
2-group, where |G, G] is the commutator subgroup of G.

1. Introduction.

Let G be a finite group and p a prime. In this paper we regard the trivial
group as a p-group. We denote by &,(G) the set of p-subgroups of G, let OP(G),
called the Dress subgroup of type p, be the smallest normal subgroup of G whose
index is a power of p, possibly 1, and denote by .Z,(G) the set of subgroups L of
G which contain OP(G). We denote by 7(G) the set of prime divisors of the order
of G. Set

2G)= | 2(@G) ad 2G)= ] Z(G).

pen(G) pen(G)
Let V be a G-module, which means a finite dimensional real G-representation

space. For a set .# of subgroups of G, we say that V is .# -free if VH = {0} for all
H e 7. An Z(G)-free G-module V is called a gap G-module if

dimV? > 2dim V¥

for all pairs (P, H) of subgroups of G with P € #(G) and P < H. The inequality
arose from equivariant surgery theory [7], [8], [2], [5]. A finite group G not of

2000 Mathematics Subject Classification. Primary 57S17; Secondary 20C15.
Key Words and Phrases. gap group, gap module, representation.


http://dx.doi.org/10.2969/jmsj/06410091

92 T. Sumrt

prime power order is called a gap group if there is a gap G-module. The purpose
of this paper is to study which finite groups are gap groups.
Let us recall that the following groups are gap groups:

Any nontrivial finite perfect group [4].

Any finite group with 2(G) N Z(G) =0 and O*(G) = G [3].

The symmetric group S,, of degree n > 6 [1].

Any finite group with Z(G) N .Z(G) = 0 such that OP(G) # G for at least
two odd primes p [6].

e Any extension of a gap group by a group of odd order [6].

e Any finite group which has a gap quotient group [10].

In this paper we give a characterization of gap groups with O?°(G) # G for a
unique odd prime pg. The main theorems are as follows.

THEOREM 1.1.  Suppose that 2(G)NZL(G) =0, O*(G) # G and OP°(G) #
G for a unique odd prime py. Then G is a gap group if and only if every subgroup
K with O*(G) < K < G and [K : O*(G)] = 2 is a gap group.

THEOREM 1.2.  Suppose that 2(G) N L (G) = 0, [G : O*(G)] = 2 and
OP°(G) # G for a unique odd prime po. Then G is a gap group if and only if there
is an element of G outside O*(G) of order 2%, a > 2 or

2
2 [Cal9)/0%(Ca(9))]

<1,

where the sum is taken over all representatives of conjugacy classes (g) of elements
g of G outside O?(G) of order 2 such that O*(Cg(g)) is a po-group.

This paper is organized as follows. In Section 2, we consider .Z(G)-free G-
modules V satisfying that

dimV? >2dim V¥

for all pairs (P, H) of subgroups of G with P € &Z(G) and P < H. For a gap
G-module W, the complexification of W satisfies the gap hypothesis:

dime VF > 2dime V7
for all pairs (P, H) of subgroups of G with P € #(G) and P < H. To show that

G is a gap group it suffices to show that there is an £ (G)-free complex G-module
W satisfying the gap hypothesis. In Section 3, we discuss gap complex modules
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by decomposition of submodules in the complex representation ring and give the
proof of Theorem 1.1. In Section 4, we consider modules V' induced from modules
over cyclic subgroups C and estimate the integer

dime VP — 2dime VH,

which corresponds with the number of the fixed point set (P\G/C)*/P if [H :
P] = 2. Finally, in Section 5, we prove Theorem 1.2 and show its corollaries.

2. Nonnegative modules.

We denote by 2(G) the set of all pairs (P, H) of subgroups of G such that
P < H<Gand P e Z(G). For a G-module V, we define a function dy : 2(G) —
Z by

dy(P,H) = dim V" —2dim V¥,

We say that V' is positive (resp. nonnegative) at (P,H) if dy (P, H) is positive
(resp. nonnegative), and that V' is positive (resp. nonnegative) on & if V' is positive
(resp. nonnegative) at any element of & for a subset & of Z(G). Further we briefly
say that V is positive (resp. nonnegative) if V' is positive (resp. nonnegative) on
2(G). Then an £ (G)-free G-module V is a gap module if and only if V' is positive.

Let R[G] be the real regular representation space. For a finite group G, we
define the G-module

V(G) = (RG] - R) - & (R[G/O*(G)] - R).
peT(G)

If G is a group of prime power order, then V(G) = {0} holds. Laitinen and
Morimoto [3] show that V(G) is an .Z(G)-free nonnegative G-module.

PROPOSITION 2.1 ([3, Theorem 2.3]). Let (P,H) € 2(G). dy)(P,H) =0
implies that P € £(G) or O1(G)P = G for any odd prime q and [H : P] =
[O*(G)H : O*(G)P] = 2.

We set

2*(G)={(P,H) € 2(G) | [H : P] = [0*(G)H : O*(G)P] =2
and O(G)P = G for all odd primes ¢}.
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The induced G-module Indf(V of a nonnegative K-module V' is nonnegative
on Z?(G). We construct a gap module by assembling nonnegative modules.

For an element = of G, let ¥(x) be the set of odd primes ¢ such that there
exists a subgroup N of G satisfying x € N and O%(N) # N. For a finite group G,
we define the subset F»(G) of G~ O?(G) as the set of elements x of order 2 such
that |y (z)] > 1 or O(Cq(x)) ¢ Z(G), and define E4(G) as the set of elements
z of G~ O%*(G) of order a power of 2 greater than 2 with [¢)(z)| > 0 [11]. Recall
that the trivial group is a p-group by our convention. The sets Eo(G) and E4(G)
are invariant subsets of G with respect to the conjugation by elements of G. Set

E(G) = Ex(G) U E4(G).

PROPOSITION 2.2 ([11, Propositions 4.1, 4.2 and 4.5]).  Suppose that Z(G)N
Z(G)=10. For each h € E(G), there is an £(G)-free nonnegative G-module Wy,
such that Wy, is positive at (P,H) € 9*(G) if H . P meets the conjugacy class
(h) of h in G.

Note that G\ (O?(G) U E(G)) is an invariant subset of G' with respect to the
conjugation by elements of G. Let S be the set of conjugacy classes of elements of
2-power order which do not lie in O?(G) U E(G). We denote by &2(G) the subset
of 2%(G) consisting of (P, H) such that E(G) N H \ P is empty and O%(Cg(h))
is a subgroup of P if (z) contains an element h of H \ P for any (z) € S and in
addition P is a g-group if ¢(h) = {q}.

THEOREM 2.3. If Z(G)NZL(G) = 0 then there exists an £(G)-free non-
negative G-module which is positive on 2(G) \ &%(G).

PrOOF. Let T7 be a complete set of all representatives of conjugacy classes
of elements of E(G). By Proposition 2.2, for each h € Ty, we take an Z(G)-
free nonnegative G-module W}, such that W}, is positive at (P, H) € 2?(QG) if
H ~ P meets the conjugacy class (k) of h in G. Let T be a complete set of all
representatives of conjugacy classes of elements g of G\ (O%(G)U E(G)) of order
2 such that C(g) is not a 2-group, and put Hy, = O%(Ce(g)){g) for g € T». Note
that O%(Ce(g)) € 2(G) and H,, is not a 2-group for g € Ty since g ¢ Fa(G). Put

V=V(G) o P w,e @ mdf V(H,)

heT g€Ts

which is an .Z(G)-free nonnegative G-module. We show that V' is positive on
2(G) ~ E2(Q). Let (P,H) € 2(G) ~ &*(G). 1If (P,H) ¢ 2*(G) then V(G) is
positive at (P, H) and so is V. Suppose that (P, H) € 2%(G). Then E(G)NH ~\ P
is not empty or O?(Cg(h)) is not a subgroup of P for some element h of H \. P
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of 2-power order. If E(G) N H ~ P is not empty then W, is positive at (P, H) for
h € Ty with (h) N H . P # () by Proposition 2.2 and thus so is V. Suppose that
E(G)N H \ P is empty. Then there is an element h of H \. P of 2-power order
such that O?(Cg(h)) is not a subgroup of P. In particular O?(Cg/(h)) is not the
trivial group and then Cg(h) is not a 2-group. Furthermore, since h ¢ E(G), the
element h has order 2 and thus h € Ty. For g € Ty with (g) N H ~ P # (), the
equation dIndng(Hg)(Pa H) = 0 implies that P > O?*(H,) = O*(Cg(g)) by [11,

Lemma 4.3]. Thus we take g € T5 such that (¢) = (h) and then IndggV(Hg) is
positive at (P, H). Therefore V is also positive at (P, H). We complete the proof.
O

3. Gap complex modules.

A gap module means a real G-representation space which is positive. By
seeing the complexification and realification, there is an £ (G)-free gap G-module
if and only if there is an .Z(G)-free complex G-module W such that

dime WP > 2dime WH

for (P,H) € 2(G). So, we also use the same words, a gap module, a nonnegative
module etc. for complex modules. For an arbitrary element X of the complex
representation ring R(G) of G, we define a function dx: 2(G) — Z by

(dime UF — dime V) = 2(dime UY — dime V),

where U and V are complex G-modules such that U — V represents X. Note that
the set of dx for X € R(G) is a complex vector space.
For a complex G-module U, we put

Ugey=U-U% - @ U-U%".
peT(G)

This G-module Uy (¢ is the maximal £ (G)-free G-submodule of U.

Let Irr () (G) be the subset of R(G) consisting of isomorphism classes of
& (G)-free irreducible complex G-modules and let Cyclnd o () (G) be the subset
of R(G) consisting of isomorphism classes of complex modules (Indgg) 2(q) for
cyclic subgroups C' of G and C-modules &.

We have the following proposition.

PROPOSITION 3.1.  Let G be a finite group. The following are equivalent.
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(1) G is a gap group.
(2) There exist nonnegative integers ky for V € Irr (@) (G) such that

> kvdy(P,H)>0
Velrre(a) (@)

for any (P,H) € 2(Q).
(3) There exist rational numbers qw for W € Cyclnd 4 ()(G) such that

> qwdw (P, H) >0
WeCycInd o () (G)

for any (P,H) € 2(QG).

(4) There exist integers nw for W € Cyclnd ¢ ()(G) such that

Z nwdw(P, H) >0
WeCycInd o () (G)

for any (P, H) € 2(G).

PrROOF. An .Z(G)-free G-module W can be written as

Z kvV

Velrre(a) (@)

in R(G) for some nonnegative integers ky and then

dw(P,H)= Y kvdy(P,H).
Velrr¢(a) (@)

Thus (1) and (2) are equivalent. By the same way it is easy to see that (3) implies

(2). Furthermore clearly (3) and (4) are equivalent. For each V' € Ity ) (G),
there exist rational numbers gy, for W € Cyclnd o) (G) such that

V= Z qv,wW
WeCyclnd & () (G)

in R(G) by Artin’s theorem [9, Section 9.2 Corollary]. Thus (2) implies (3). O
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We give a proof of Theorem 1.1.

Proor orF THEOREM 1.1. If G is a gap group, then all subgroups K with
0?(G)< K < G and K # O%(G) are gap groups by [6, Proposition 3.1]. We show
the converse. Suppose that all subgroups K with O?(G) < K < G, possessing
nontrivial cyclic quotients K/O?(G) and [K : O*(G)] = 2 are gap groups. Take
an 2 (K)-free gap K-module W for each such subgroup K. Put

V =V(G) &P IndfW.
K

We show that V is an .Z(Q)-free gap G-module. Recall that Ind$ Wi is an Z(G)-
free nonnegative G-module since Wi is an .Z (K )-free nonnegative K-module [11,
Lemma 2.4]. Thus V is Z(G)-free and nonnegative. Let (P,H) € 2(G). Note
that V is a sum of nonnegative G-modules. If (P, H) ¢ 2?(G) then

dy (P, H) > dy (P, H) > 0.

Suppose that (P, H) € 22(G). Since OP°(G)P = G, the group P is a nontrivial
po-group. Thus [O?(G)H : O?(G)] = 2 and then

dV(PvH):ZdIndI%WK(P7H)ZdlndG (P7H)
K

02(G)HWOQ(G)H

It holds that PeO?*(G)H ¢ (P\G/O*(G)H)"/P and in particular the set
(P\G/O?*(G)H)"/" is not empty. Since W is a gap K-module,

dv (P, H) > dw,

OQ(Q)H(P7H) > 0
by Proposition 4.1.

Therefore we have V is positive at (P, H) and thus V is an Z(G)-free gap
G-module. O

4. Induced modules and double cosets.

In this section we estimate values of the function dy for V € Cyclnd ¢ ) (G).

Let K, P and H be subgroups of G with [H : P] = 2. Then H/P can act
on the set P\G/K via hP - PgK = PhgK. We frequently compute the number
dIndi(P, H) for (P,H) € 9*(G) by the following formula.
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PROPOSITION 4.1 ([6, Lemma 0.6]). Let K, P and H be subgroups of G
with [H : P| = 2. For a (complezx) K-module W, it holds that

drpagw (P, H) = > dw(K Ng~'Pg,KNng 'Hyg).
PgKe(P\G/K)H/P

Furthermore PgK € (P\G/K)"/? if and only if K Ng~'Hg: K Ng~'Pg] = 2.
The following two lemmas are obtained by direct calculation.

LEMMA 4.2. Let G be a finite group such that G/O?*(G) is abelian. For
(P,H) € 9%(G), if K is a subgroup of O*(G)P, then A1dS W) o (P,H) =0 for
any K-module W.

PROOF. Let (P, H) € 2?(G). Recall that OP(G)P = G for any odd prime
p. Since

dim(Ug ()" = (@mUX —=dimU%) = Y~ (dim UK — dim UY)
peT(G)

for a subgroup K of G and a G-module U, then
d(Ind?(W);g(G) (P7 H) - dInd%W(P7 H) - dInd?(W(O2 (G)Pa Oz(G)H)

By Proposition 4.1 it suffices to show that both (P\G/K)/F and (O*(G)P\
G/K)O*(@H/O*(G)P gre empty. First we show that (O2(G)P\G/K)O" (G)H/0* ()P
is empty. Suppose that O%(G)PgK € (O2(G)P\G/K)O(@)H/O* ()P Then
O?*(G)HgK = O?(G)PgK. There is an element a of H . P such that a €
O?(G)PgKg~!. Since G/O?*(G) is abelian and K < O?(G)P, it holds that
a € O*(G)P. 1t is a contradiction against [O*(G)H : O*(G)P] = 2. There-
fore the set (O%(G)P\G/K)©O*(@OH/O*(G)P ig empty and then so is (P\G/K)H/P,
since the identity map over G induces a map from (P\G/K)"/? to (O%*(G)P\
G/K)o2(G)H/02(G)P_ O

LEMMA 4.3. Let G be a finite group with [G : O*(G)] = 2 and C a cyclic
subgroup of G of even order such that C N O*(G) has odd order. Let &; be an
irreducible complez C-module whose character sends z* to exp((2jkmy/—1)/|C|)
(0<j<|C|). Then



The gap hypothesis for finite groups 99
IP\G/OYPI 41, =0
d(1nage;) oo, (P H) = { (P\G/C)PP| =1, j =1C|/2
0, j#0,1C[/2
for any (P, H) € 2*(G) with dimagv (o) (P, H) = 0.
PROOF. Let x be an element of G such that (z) = C. It holds that
d(1mage;) 4o, (> H)

= dIndgEj (P7 H) - dIndgEj (OQ(G)Pa 02(G)H)

= > de, (97" PgNC g7 HgN C) — dpyage, (0°(G), G)
PgCe(P\G/C)H/P
= > de,(0O*(G)NC,C) —de,(0*(G)N C, O)
PgCe(P\G/C)H/P
P\G/C)H/P| —1 /T2 B
I (O /|0|)/2 | S xe, (@2 1)
k=1
_2Pesor-n SR (2iek I
C| = |
: Cl/2 .
2(|(P\G/C)H/P| — 1) (2gm/—1) <4j(k - 1)7r\/—1)
= — exp CXP | — 7~
C| C| ,; C]

—|(P\G/C)*/P|+1, j=0
(P\G/C)H/P| -1, j=]|C|/2
0, j#0,|C|/2. O

LEMMA 4.4. Let G be a finite group, P a subgroup of G of odd order, H a
subgroup of G with [H : P] =2, and C a cyclic subgroup of G of even order. Let a
be an element of C' of order 2. Then (P\G/C)/¥ = () if and only if the conjugacy
class (a) in G does not meet with H. Furthermore, if bab=! € H for b € G, then

(P\G/C)H/T = P\ PbC¢(a)/C.

In particular, if b= Pb > 0%(Cg(a)) and |C|/2 is odd, then
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H/P| _ |Cc(a)|

(PNGIOTT= 102 (Catan]

PrROOF. Let PgC € (P\G/C)"/P. Take an element h of H of order 2. Then
h ¢ P. Then PgC = PhgC which implies that zh € gCg~! for some x € P. An
element of (zh) of order 2 forms 2’h = gag~" for some 2’ € P. Since any elements
of H of order 2 are conjugate in H, there is y € H such that y~'hy = gag™!.
Thus (P\G/C)H/? is not empty if and only if a and h are conjugate in G. We
may assume that y € P since if necessary we may replace y by yh. If bab™! = h
for some b € G, then g € y~'bCq(a) C PbCq(a) since y~tbab~ly = gag=' and
thus (P\G/C)"/? = P\PbC;(a)/C.

Suppose that b=*Pb > O?(Cg(a)) and |C|/2 is odd. Set P’ = b~'Pb and
H' = b='Hb. The group C is a subgroup of Cg(a), a € H and P’ > 0%(Cg(a)).
Since a map

(P'NCg(a))\Cg(a) — P'\P'Cq(a)
sending (P’ N Cg(a))q to P'q is a Cg(a)-bijection as right Cg(a)-sets, we have

P\PbCq(a)/C = P\P'Ca(a)/C = (P' 1 Ca(a)\Cala) /C
= 0%(Cg(a))\Ca(a)/C = Cg(a)/0*(Ca(a)C
and thus

|Cc(a)l

H/P| _
(PAGOYTT = 308 tCata)

Let CycInd?}EG)(G) be the subset of Cyclnd 4 (G) consisting of isomor-
phism classes of complex modules over cyclic subgroups C of G with C' £ O%*(G).
We extend Proposition 3.1 slightly.

PROPOSITION 4.5. Let G be a finite group with 2(G) N L(G) = 0. The
following are equivalent.

(1) G is a gap group.
(2) There exist integers ky for V € Irr oy (G) such that

Z kydy (P, H) > 0
Velrr g (a)(G)

for any (P, H) € &*(G).
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(3) There exist rational numbers qw for W € CycIndng)(G) such that

> qwdw (P, H) >0
WECyCIIldf’Z‘,’EG) (G)

for any (P, H) € &%(G).
(4) There exist integers ny for W € Cyclnd?)fg)(G) such that

> nywdw (P, H) > 0

WeCyelnd, (G)

for any (P, H) € &*(G).

PROOF. We denote by C[G] the regular representation space. For an £ (G)-
free complex G-module V', =V +mC|G] () becomes an £ (G)-free G-module for
a sufficiently large integer m, since C[G] ¢ () contains every £ (G)-free irreducible
complex G-module. Let U be an £ (G)-free nonnegative complex G-module which
is positive on Z(G)\&?(G) by Theorem 2.3. We may assume that U has C[G] ¢(c)
as a submodule since if necessary we replace U by U @ C[G] (). For (P,H) €
2(Q), if (P,H) ¢ &?(G) then U is positive at this pair (P, H) and thus there is an
integer m such that X +mU is an .Z(G)-free G-module which is positive on 2(G)~
&%(@) for X € R(GQ). In particular, if dx (P, H) > 0 for an arbitrary (P,H) €
&%(@), then X + mU is an .Z(G)-free gap G-module for some m. Therefore (1)
and (2) are equivalent.

Let C be a cyclic subgroup of O%(G) and ¢ a complex C-module. For (P, H) €
2?%(@G), the set (P\G/C)H is empty, since [H : P] = [0*(G)H : O*(G)P] = 2.
Thus d(1mage) 4 e (P,H) = 0. Therefore, it holds that dw (P,H) = 0 for any
(P,H) € £*(G) and any W € CycInd &) (G) ~ CycInd%lEG)(G). The remaining
part of the proof is similar as the proof of Proposition 3.1 and so we omit it. [

5. Proof of Theorem 1.2.

Throughout this section we let G be a finite group such that Z(G)N.Z(G) =
0, [G: O*(G)] = 2, and OP°(G) # G for a unique odd prime py. Then FE3(G) is a
subset of elements g of G outside O?(G) of order 2 such that O?(Cg(g)) is not a
po-group and E4(G) is the set of elements of order a power of 2 greater than 2.

For a subset & of Z(G) suppose that there is an .Z(G)-free nonnegative G-
module W such that W is positive on Z(G) \ &. If an .Z(G)-free G-module V
satisfies that V' is positive on &, then V @ (dim V + 1)W is a gap G-module. Thus
we give a condition for that there is an .Z(G)-free G-module V' which is positive
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on &2(G).

We write € > y (resp. ¢ > y), if x; > y; (resp. x; > y;) for any i, where
x="Yw1,...,2x) and y = (y1,...,yx). Let Q be the set of rational numbers.

Let S1 be a complete set of representatives of conjugacy classes of elements of
2-power order which does not lie in O%(G) and S3 the set consisting of all elements
of S outside E(G). Fix a Sylow 2-subgroup G2 of G. We may assume that Cg, ()
is a Sylow 2-subgroup of C(x) for each z € Sy without loss of generality. Since it
is not easy to determine ¢ (z) for g € G, we consider a weaker condition than one
of E(G). Note that py contains in ¢ (z) for any element z of G, since OP°(G) # G.
Let S3 be the set consisting of all elements g of Sy such that |g| > 4, or |g| = 2 and
0?(Cg(g)) is a po-group. Clearly, S5 C Sy C S;. Also note that P is a nontrivial
po-group for (P, H) € 2?(G), since OP°(G)P = G. Let §2(G) be the set consisting
of all (P,H) € 2%(G) such that O?(Cg(g)) is a subgroup of P for an arbitrary
element g of H \. P of order 2. H ~. P has no element of order divisible by 4 since
|H| = 2po* for some i > 0 and all elements of H \. P of order 2 are conjugate by
Sylow’s theorem. It holds that

&2(G) C 6L(@) Cc 2*(G) C 2(Q).

Set n = |CycInd§3EG>(G)| and m = |&Z(G)|. Further, let D = (dy(P, H)) be
an m X n matrix whose columns correspond to V' € Cyclndi’éffg)(G) and rows
correspond to (P, H) € &3(G).

Since [G : O%(G)] = 2, we have

\Gz |G| |G| _ |Gy
2. g, = 2 e =4\ " o nG) ~ 2

a€ Sy

and thus

2@

a€Ss>

<>

a€St | G2

|G2

In particular, if F(G) is not empty, then

2
2. g,y <"

Note that any element of Sy has order 2. Let Sy = {z1,...,z,} and put s; =
|Cq,(z;)/(x;)] for 1 < j < r. Then
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i s}l <1.
j=1

Put
s1—1 -1 —1 1
-1 s9—1 -1 -1
A= (ay,...,a,) = -1 -1 s3-—1
-1 -1 -1 s,—1

THEOREM 5.1.  The following are equivalent.

(1) G is a gap group.

(2) Z;:l 3;1 # 1.
(3) Z(G)={yeZ" | Ay=0, y >0, y # 0} is empty.

PROOF. Let (P,H) € §2(G). Since |P| is odd and [H : P] = 2, there is a
unique element z; of Sy such that (x;) N H ~ P # (). Let C be a cyclic subgroup
C of G with C £ O?*(G). Since [G : O%(G)] = 2, if gCg~' N H ~ P has an
element of order 2 for an element g € G, the order |C] is not divisible by 4. Thus
if |C| is divisible by 4, then (P\G/C) is empty. In addition, by Lemma 4.3, for
Ve CycInd?fg)(G), it holds that

dy(P,H) = —1, 0, £(|(P\G/C)"/P| - 1),

where V is an .Z(G)-free G-module induced from a cyclic subgroup C with C' £
0?(G).

If (zj) N C = 0 if and only if dy(P,H) = —1, since |(O*(G)P\G/C| = 1.
Otherwise, suppose that a := g~'z;g € C for some g € G. Then |C|/2 is odd
since [G : O%(G)] = 2. Let yz;y~' € H \ P for some y € G. Since (yg)a(yg)~! €
H ~. P, P contains 0?(Cg((yg)a(yg)~!)). By [11, Lemma 4.3], it holds that
dinagy (cy(P, H) = 0. Thus,

H/P| _ M = 87]
(NGO = S oot = 2

by Lemma 4.4. Let D’ be the matrix with r rows by removing all duplicate rows
from the m x n matrix D = (dy (P, H)). The inequality Dax > 0 is equivalent
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to the inequality D’z > 0. Vectors aq,...,a, are appeared in column vectors of
the matrix D’, and each column vector of D' is aq,...,a,, 0, or {(=1,...,—1). If
necessary, permuting the column vectors of D', we may assume that D’ = (A, A’)
for some r x (n —r) matrix A’.
r -1 . T —1 :
Suppose that >>._.s:" # 1, that is, ijl s;7 < 1. Setting t = 1 —

S s> 0, we havje:1 ’
j=17j )
(tsl) 1
: (ts1)~! 1
D (tSr)il - A — >0
? (ts,)~! 1
0

Thus there is a vector £ > 0 in Q" such that Dz > 0 which implies that G is
a gap group by Proposition 4.5. Furthermore, there is a vector & > 0 such that
Az > 0. Thus for an arbitrary nonzero vector y > 0, it holds that ‘zAy > 0 and
so Z(@G) is an empty set. Therefore (2) implies both (1) and (3).

Conversely suppose that Z;Zl s}l = 1. Then A is a singular symmetric
matrix. In fact, Ay = 0 for y = *(s7%,...,s. ') € Q". Thus y € Z(G) which
means that (3) implies (2). If there is a vector & > 0 such that Az > 0, then
ty(Ax) must be positive, since y > 0, but (‘yA)z = 0, a contraction. Thus (1)
implies (2). O

PrOOF OoF THEOREM 1.2.  Note that ) 5 (2/|Cg,(a)|) < 1. In particu-
lar if E4(G) # 0 then

and thus G is a gap group by Theorem 5.1. Suppose that F4(G) = 0. The set Sy
is a complete set of conjugacy classes (g) of elements g of G outside O?(G) of order
2 such that O?(Cg(g)) is a po-group. Thus the assertion immediately follows from
Theorem 5.1, since

T 871 B 2
IILEEDD |Ca(a)/0*(Cq(a))| -

j=1 a€Ss2
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Let A be a finite abelian group and h an element of order 2. Let D be a finite
group generated by A and h with relation hah = a~! for any a € h. We call the
group D a generalized dihedral group.

Theorem 5.1 implies the following corollaries.

COROLLARY 5.2.  If one of the following properties holds, then G is a gap
group.

(1) E(G) is not empty.

(2) There are two elements of Ga ~ O*(G) of order 2 which are conjugate in G
but not conjugate in Gs.

(3) G2 is not a generalized dihedral group.

Here G5 is a Sylow 2-subgroup of G.

Proor. If (1) or (2) holds, then it is easy to see that Z§=1 sj_1 < 1 and
thus G is a gap group. Now we show the case (3). Suppose that G is not a gap
group. Then E4(G) = () by (1). Thus any element of Go . O%(G) has order 2.

Therefore G5 is a generalized dihedral group. O

COROLLARY 5.3. Let K be a finite group such that OP(K) # K for p =2
and a unique odd prime p and L (K)N P2(K) =0 and Ky a Sylow 2-subgroup of
K. If O*(K) N Ky is not abelian, then K is a gap group.

PRrROOF. Suppose that K is not a gap group. By Theorem 1.1, there is a
subgroup L of G with [L : O?(K)] = 2 which is not a gap group. Then a Sylow
2-subgroup Lo of L is a generalized dihedral group by Corollary 5.2 (3). Since
O?(L) = O?*(K), the group O?(K) N Ky = O?(L) N Ly is abelian. O

By the similar proof of Theorem 5.1 replacing Sz and &2 (G) by S3 and £2(G)
respectively, we have the following theorem and omit the proof.

THEOREM 5.4. The group G is a gap group if and only if

COROLLARY 5.5.  Suppose that 22:1 s}l = 1. Then Sy = S3. Letting g be
an element of G outside O?(G) of order 2 and N a subgroup of G, if g € N and
OP(N) # N for an odd prime p, then p = py.

PROOF. By the assumption, G is not a gap group. Then
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Z =1

g€ESs | G2

> @

9652 | GZ

and thus S = S3. Let g be an element of G outside O%(G) of order 2 and N a
subgroup of G such that g € N. Since an element conjugate to g lies in S3 then

¥(g) = {po}. Thus if OP(N) # N for an odd prime p, then p = py. O
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