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Abstract. We study lengths of helices of orders 3 and 4 which are gen-
erated by some Killing vector fields on a complex projective plane and on a
complex hyperbolic plane. We consider the moduli space of such helices under
the congruence relation and give a lamination structure on this space which
are closely related with the length spectrum. This shows that the moduli
space does not form a canonical building structure with respect to the length
spectrum.

1. Introduction.

When we study submanifolds in a non-flat complex space form, which is ei-
ther a complex projective space or a complex hyperbolic space, we know that some
extrinsic helical property of curves on submanifolds characterize these submani-
folds. For example, S. Maeda [11] characterized Veronese embeddings by a circular
property of extrinsic shapes of circles. It is also known that helices on a non-flat
complex space form have many different properties compared with helices on a real
space form, which is one of a standard sphere, a Euclidean space and a real hyper-
bolic space. Every helix on a real space form is generated by some Killing vector
field, but not for all on a non-flat complex space form. In the preceding paper [12]
Maeda and the author give a condition that helices on a non-flat complex space
form to be generated by some Killing vector field, and in [7], we show that there
are bounded helices of proper order 3 on a complex hyperbolic space. Needless to
say that all helices of proper order 3 are unbounded on a Euclidean space and on
a real hyperbolic space. We are hence interested in more on geometric properties
of helices on a non-flat complex space form; their closedness, their lengths and so
on.

In this paper we restrict ourselves to helices of proper order less than 5 on
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a non-flat complex space form which are generated by some Killing vector fields
and each of which lies on some totally geodesic complex plane. We call such
helices essential and Killing. As a sequel of the preceding papers [7], [12] we
study bounded property and closedness of essential Killing helices, and also give
their lengths. Our idea is based on combining a geometric property obtained
through Naitoh’s embedding in [14] and an algebraic property on cubic equations
associated with helices. By use of this result on lengths, we consider lamination
structures on a moduli space of helices, which is a set of congruence classes of
helices. In the preceding paper [2], we give lamination structures on moduli spaces
of helices of proper order less than 4 on real space forms. Corresponding to these
we give lamination structures on moduli spaces of Killing helices of proper order
less than 5 associated with length spectrum of helices on non-flat complex space
forms. We then find structures of these moduli spaces for real and complex space
forms are quite different from each other.

2. Essential Killing helices.

A smooth curve v parameterized by its arclength on a Riemannian manifold
M is said to be a heliz of proper order d if it satisfies the following system of
ordinary differential equations

ViV = —kj1Yju + kY, 1<) <d (2.1)

with positive constants ki,...,kq—1 and an orthonormal system {Y; = 4,
Ya,..., Yy} of vector fields along v. Here we set kg = kg = 0 and Yy, Vi1 to
be null vector fields along . These constants ki,...,Kxq—1 and the frame field
{Y1,..., Y4} are called the geodesic curvatures and Frenet frame of -y, respectively.
A helix of proper order 1 is a geodesic and a helix of proper order 2 is called a
circle of positive geodesic curvature.

We say a helix to be Killing if it is generated by some Killing vector field.
Trivially every helix on a real space form is Killing. On the other hand, on a
non-flat complex space form C'M™ a helix is not necessarily Killing. For a helix v
of proper order d with Frenet frame {Y7,...,Y;}, we define its complex torsions
7;; (1 <t <j<d)bym; = (Y;, JY;), where J is the complex structure on CM".
It was shown in [13] that a helix « is Killing if and only if each of its complex
torsions are constant along . By (2.1) we see complex torsions of Killing helices
of proper order d satisfy the relations

!
(Tij = ) — I{ifl’Ti,lj + /fiTH»lj — Iijfl’l'ijfl + IijTij+1 = O, (22)
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where we set 7;; = 0 for 4, j which do not satisfy 1 <+¢ < j < d. It is known that
Killing helices are closely related with submanifolds in a complex space form. We
here give some examples. We denote by CP™(c) a complex projective space of
constant holomorphic sectional curvature c.

EXAMPLE 1. Let f: CP'(2) — CP?(4) be a Veronese embedding of order
2 which is defined as f ([zo7 zl]) = [zg, V22021, z%] with homogeneous coordinates.
If we consider a circle v of positive geodesic curvature k on CP!(2), then the
extrinsic shape f o~y through f is as follows:

(1) When k = \/5/2, it is a helix of proper order 3 with geodesic curvatures
k1 =6/2, ko = V3;
(2) otherwise, it is a helix of proper order 4 with geodesic curvatures k1 = vk + 1,

%) :3k/\/k2+1, R3 — ‘2k271|/\/k2+1

EXAMPLE 2 ([9]). Let:: G(r) — CP™(4) be an isometric embedding of a
geodesic sphere of radius r. For a geodesic v we define its structure torsion 7., by
7y = (¥, —JA") with complex structure J on C'P™ and a unit normal .4 of G(r)
in CP™. Its extrinsic shape ¢ o~ in CP" is as follows:

(1) When 7, = £ cotr in the case 7/4 < r < 7/2, it is a geodesic;

(2) when 7, = +£1, it is a circle of geodesic curvature 2| cot 2r|;

(3) when 7, =0, it is a circle of geodesic curvature cot r;

(4) otherwise, it is a helix of proper order 4 with geodesic curvature k1 = | cotr —
T2 tanr|, kg = |7,|V1 — 72 tanr, k3 = cot .

Each of them lies on some totally geodesic C P2,

On a non-flat complex space form CM™, it is clear that a helix of proper
order d lies on some totally geodesic CM™ with m = min{n, 2d}. We shall call a
helix on CM™ of proper order either 2d — 1 or 2d essential if it lies on some totally
geodesic CM?. If we borrow a terminology in [16], we may say that it is complex
d-planner. Clearly, every geodesic on CM™ lies on some totally geodesic CM*
hence is essential. A circle on CM™ is essential if and only if its complex torsion
is 719 = £1. As we have relations (2.2) and |7;;| < 1, we obtain the following.

LeEmMA 1 ([5]).

(1) A heliz of proper order 3 on CM™ is essential and Killing if and only if its
geodesic curvatures and complex torsions satisfy

K1 K2
T13=0, T3==

2 2’ 2 2’
K1 + Ky VKT K3

7'12::|:
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where double signs take the same signatures.
(2) A heliz of proper order 4 on CM™ is essential and Killing if and only if their
geodesic curvatures and complex torsions satisfy one of the following;

K1+ K3 K2

, To3 =Ti4 =% ,
K3 + (k1 + K3)? K3 + (k1 + K3)?

1) T12=7'34:i

T13 = Tog = 0,

K1 — K3 + K2
T23 = —T14 =
K3+ (k1 — K3)? K3 + (k1 — K3)?

11) T12 = — T34 = :l:

T13 — T4 = 0.
In each of the above conditions double signs take the same signatures.

As a consequence of this, we find that if «y is an essential Killing helix of proper
order 3 on CM™ then the vector fields in its Frenet frame {¥, Y5, Y3} satisfy

K1\ . K2 + K2
o (e ()

R2

Also, if v is an essential Killing helix of proper order 4 on CM™, the vector fields
in its Frenet frame {¥, Ya, Y3, Y3} satisfy

kY3 = (K1 + K3)Y F VK3 + (k1 + Kk3)2JYa,
KoYy = Fr/K3 + (k1 + K3)2J5 — (k1 + K3)Ya,

in the case i) in Lemma 1, and they satisfy

kY3 = (k1 — K3)Y F VK3 + (k1 — Kk3)2J Yo,
KoYy = +/K2 4 (k1 — k3)2JY + (k1 — K3)Ya,

in the case of ii) in Lemma 1.

In the following sections, we study essential Killing helices of proper orders 3
and 4 on a complex projective space CP™(4) and on a complex hyperbolic space
CH"™(—4) of constant holomorphic sectional curvature —4. We say a smooth curve
~ parameterized by its arclength closed if there is positive t. satisfying v(t +t.) =
~(t) for all ¢. The minimal positive t. with this property is called the length of
and is denoted by length(v). When a smooth curve « is not closed, we say it is
open and set length(y) = co. On C'P"(4), circles of geodesic curvature x and of
complex torsion +1 are closed and have length 27 /v/k? + 4 (see [1]).
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3. Lengths of essential Killing helices on CP™.

In this section we study when essential Killing helices of proper orders 3 and
4 are closed on a complex projective space. When we study curves on a complex
projective space, it is a basic idea to use a Hopf fibration w : $?"+!1 — CP"(4)
of a standard sphere of radius 1 onto a complex projective space of constant
holomorphic sectional curvature 4. We denote by .4 the outward unit normal of
S§27+1 in C"*t1. The Riemannian connections V and V on CP"(4) and C"*! are
related by

ViV =VxY — (X, )N + (X, JYV)JN (3.1)

for arbitrary vector fields X,Y on CP"(4). Here we regard X,Y as horizontal
vector fields on $2"*! and we denote the complex structure on C™*! also by J.

For the sake of later use, we here summarize some results in [5] which were
obtained by two ways; a geometrical way through the isometric immersion given
by Naitoh [14] and an arithmetical way through the Hopf fibration. We take a
circle o of geodesic curvature 1/4/2 and of complex torsion 7 (0 < |7| < 1) on
CP™(4). By the relation (3.1) we find its horizontal lift & with respect to the Hopf
fibration satisfies the differential equation

-l -

as a curve in C"*!. We consider its characteristic equation A3 + (3/2)\ —
V—=17/v/2 = 0. By putting A = —/—1\ we obtain a cubic equation

AP - (;’)A + % =0, (3:2)

which has three distinct real solutions a,b, ¢ (@ < b < ¢). Thus we find o is of the
form o(t) = w(AeV=19 4+ BeV=10t 4 CeV=1et) with some A, B,C € C"*!. We
therefore find the following.

FacT 1 ([8]). Let o be a circle of geodesic curvature 1/v/2 and of complex
torsion 7 (0 < |7| < 1) on CP"(4).

(1) If 0 < |7] < 1, it is closed if and only if one of (hence all of) the ratios
a/b,b/c,c/a of the solutions of (3.2) is (are) rational. In this case its length is
given as
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length(o) = 27 x L.CM.((b—a)™!, (c—a)™"),

where L.C.M.(«, ) for positive numbers «, 3 denotes the minimum number
in the set {«, 2,3, ...} N{3,26,30,...}.

(2) If 7 = 0, the solutions of (3.2) are +1/6/2 and 0 (i.e. b = 0 and a = —c), hence
o is closed and length(c) = 27/c = 2v/67/3.

On the other hand, we have the following.

FACT 2 ([8]). Let o be a circle of geodesic curvature 1/v/2 and of complex
torsion 7 on CP™(4).

(1) If 7 = +1, it is closed and of length 2v/27/3.

(2) If 7 = 0, it is closed and of length 2v/67/3.

(3) Otherwise, it is closed if and only if 7 = q(9p? — ¢°)(3p? + ¢*) /2 with some
relatively prime positive integers p,q (p > ¢). In this case

1
length(o) = 55(1)7 Q)7 2(3p? + ¢?),

where §(p, ¢) = 1 when pq is odd and §(p, q) = 2 when pq is even.

We now study an essential Killing helix v of proper order 3 on C'P"(4) with
geodesic curvatures s, ko. We consider its horizontal lift 4 on S?"*! with respect
to the Hopf fibration. Since its Frenet frame {Y; = 4, Ys, Y3} satisfies the relation
kaY3 = K19 F /KT + k3JYa, we find by use of (3.1) that

vyvy"y = mﬁ-Yg -4 = —(Ii% + 1)’}/ + K1k Y3 + k1T J AN

=y F R+ R3J (Vs + ) —— I

/@14—/-12

Thus 4 satisfies the differential equation

2
Y7k (R DA+ & W—"’ﬂ 0 (3.3)
ki + K5

if we regard it as a curve in C™*!. Comparing this with the equation of a horizontal
lift of a circle we obtain the following.

THEOREM 1. Let~y be an essential Killing helix of proper order 3 on CP™(4)
with geodesic curvatures K1, ko and complex torsion T2 = :f:lﬁ/\/li% + K%. We set
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2(k? + K2)% + 9(k? — 2K2)

Tp(nl,ﬂg) = .
2(k3 + K3 4 3)3/2\/KT + K3

(1) When 0 < k1 < v6/2 and 2r3 = 9 —2rx7 £31/3(3 — 2K7), then Tp(k1,K2) = 0
and v is closed of length 2v/3m/\/Kk3 + k3 + 3.

(2) When 1p(k1,k2) = +q(9p° — ¢*)(3p* + ¢%) /% with some relatively prime
positive integers p,q with p > q, then 7y is closed of length

NeTE:

K2+ K2 +3

5(p,q)m

where §(p,q) = 1 when pq is odd and 6(p,q) = 2 when pq is even.
(3) Otherwise, it is open.

ProoOF. We study the characteristic equation

, NP
Adi\/f(n%+n§)/\2+>\iﬁ:0 (3.4)
1 2

for the differential equation (3.3) on a horizontal lift of v. By putting 6 =
{=3V—=1IX £ \/K? + K3}//2(k? + K3 + 3), we find it turns to

g Bp. 2B HRPHIE -2 .
2 2 3/2 2 2 (3-5)
20 2V2(K2 + K3+ 3)3/2\/K3 + K3

If we denote by v/—1a; (i =1,2,3, a; < ay < ag) the solutions of (3.4), then the
solutions for (3.5) are a; = (3a; & /K3 + k2)/v/2(k? + k% +3) (i = 1,2,3). Since
~ is expressed as

v(t) :w(Ale\/Tlalt+A2e\/T1a2t+A36\/T1a3t>

= w(Al +A2e\/j1(a2—a1)t +A3€\/?1(a3_a1)t)

with some Aj, Ay, A3 € C™HL, we see v is closed if and only if (a2 — a1)/(as — ay)
is rational. This condition is equivalent to the condition that the number (Go —
a1)/(as — aq1) is rational. As a1 + az + az = 0, we find that this condition holds
when 7p(k1,k2) = 0 and that this condition is equivalent to the condition that
one of (hence all of) as/ay, as/as, a1/as is (are) rational when 7p(k1,K2) # 0. In
the latter case its length is given as
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length(y) = 27 x L.C.M.((az — a1) ™", (a3 — a1) ™)

6m
= x L.C.M.((a2 — a1)~ %, (ag — a1)™1),
2(k? + K3+ 3) (62 = a2)™", (@5 = 1)™")

We here compare two cubic equations (3.2) and (3.5). We find ay, a9, a3 are

the solutions for (3.2) with 7 = 7p(k1,k2). By direct computation we see
|7p (K1, k2)| < 1. Since Fact 1 and 2 combine algebraic and geometric conditions,
we get the conclusion. O

Next we study essential Killing helices of proper order 4 on CP"(4). We first
consider an essential Killing helix v of proper order 4 with geodesic curvatures
K1, Ko, kg whose complex torsions satisfy the relations in Lemma 1 (2-i). By use
of (3.1) we find its horizontal lift 4 satisfies the differential equation

57\~ + (1 + )2}

/1 { K2
+(1—Iill€3):}/:‘: {524»,{3(%14»’{3)}*3/:

VAKS + (k1 + k3)%}

o
—
w
=2}
~

Its characteristic equation with variable A turns to
3 5 (K1, Ka, K
0 () gy TP (R k2 Rs)
2 V2
with
T;(K/17 R2, K/3)

i 2{#&% + (l€1 + H3)2}2 — 9(2 + /illig){/i% + (I€1 + 53)2} + 27&1(#&1 + l<&3)

2{K% + (k1 + r3)2 + 3(1 — K1k3) }3/2\/K3 + (K1 + K3)? ’

if we put

=3V =1\ + /K3 + (k1 + K3)?

B V2{k3 + (k1 + K3)2 +3 — 3&153}'

Along the same lines as in the proof of Theorem 1, we obtain the following.

THEOREM 2. Let v be an essential Killing heliz of proper order 4 on
C P™(4) with geodesic curvatures k1, k2, kg and complex torsion T12 = £(k1+K3)/
(k1 + K3)? + K2.
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(1) When its geodesic curvatures satisfy the relation

4k3 = 9(2 4 K1k3) — 4(ky + K3)2 £ 3\/3(12 — 8k? + 4K1k3 + 3KIK3),
then 71 (K1, ko, k3) = 0, and 7y is closed and is of length

2371
\//{3 + (k1 + k3)2+3— 3k1K3

(2) When 75 (K1, k2, k3) = +q(9p — ¢*)(3p® + q?) 3% with some relatively prime
positive integers p,q with p > q, then 7y is closed and is of length

S(p, q)m/3p* + ¢>

VK2 + (k1 + K3)2 + 3 — 3k1kR3

(3) Otherwise, it is open.

We next consider an essential Killing helix v of proper order 4 with geodesic
curvatures K1, ke, k3 whose complex torsions satisfy the relations in Lemma 1 (2-
ii). We find its horizontal lift 4 of -y satisfies

§" {1 + (1 = K9)2} 4"

—1{Kk% — k3(Kk1 — K3)} .

—+ (]. —+ K)llﬁg)’?/ :l:

Its characteristic equation with variable A turns to

3 Tp (K1, Ko, K3)
P =2
(3)o =23

with

T];(K/laK/QaK/:)’)
_ 2{K3 + (k1 — K3)?}2 — 9(2 — K1k3){K3 + (k1 — K3)?} + 2Tk (K1 — K3)
2{k3 + (51 — £3)? + 3(1 + K1k3) }3/2 /K3 + (K1 — K3)? .

if we put
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=3V 1INt RS+ (k1 — Ka)?
\/2{,%% + (k1 — K3)2+ 3+ 3,%'1/13}.

We can hence conclude the following.

THEOREM 3. Let v be an essential Killing heliz of proper order 4 on
C P"™(4) with geodesic curvatures k1, k2, kg and complex torsion T13 = £(k1 —K3)/

V(K1 — K3)? + K3.

(1) When its geodesic curvatures satisfy the relation

4/{% = 9(2 — [4;1,‘{3) — 4(!%1 — 14,3)2 + 3\/3(12 — 8%% —4Kk1K3 + 3%%:‘6%),

then Tp (K1, K2, k3) = 0, and v is closed and is of length

2437
\/H% + (/ﬁ)l - 1433)2 +3+ 3/€1/€3 '

(2) When 1p (K1, k2, k3) = £q(9p — ¢)(3p? + ¢%)~>/% with some relatively prime
positive integers p,q with p > q, then 7y is closed and is of length

5(p, q)m/3p* + ¢

\/mg + (k1 — K3)? + 3+ 3K1K3

(3) Otherwise, it is open.

4. Behavior of essential Killing helices on CH™.

In this section we study some properties of essential Killing helices on a
complex hyperbolic space. We call a smooth curve v unbounded in both di-
rections if both of the sets v((—o0,0]),7(]0,00)) are unbounded. As a complex
hyperbolic space CH™ is an example of a Hadamard manifold, we can consider
its ideal boundary OC'H"™ with respect to the cone topology. For a smooth
curve 7 which is unbounded in both directions, we set v(co) = limg—o y(2),
v(—00) = limy—, o, ¥(t) € OCH™ if they exist. We call them the points at infinity
of v. We shall call a smooth curve v horocyclic if the following two conditions
hold:

i) v(o0) = 7(—00);
ii) if v and a geodesic o satisfying o(co) = y(00) cross at some point, then
they cross orthogonally at that point.
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Let w : H?""' — CH"(—4) denote a canonical fibration of an anti de-Sitter
space H{"t'(C C™*') to a complex hyperbolic space of constant holomorphic
sectional curvature —4. We consider a Hermitian form (( , )) on C™*! defined by
{z,w)) = —20Wo+2121+" -+ 2,0y, for 2 = (20,...,2n), w = (wo, ..., w,) € C™FL.
The space H" ™! is given as H2" ™! = {z € C"*' | ({2, 2)) = —1}. The Riemannian
connections V and V on CH"(—4) and on C™*! are related by

VY =VxY + (X, V)N — (X, JY)JN (4.1)

for arbitrary vector fields X, Y on CH™(—4). Here we regard X,Y as horizontal
vector fields on H;"*! and .4 denotes a normal vector field on H;"*' in C"*!
with (A, A7) = —1.

We take an essential Killing helix v of proper order 3 with geodesic curvatures
K1, ke on CH™(—4). Since its Frenet frame {¥, Y3, Y3} satisfies the relation kY35 =

A 2 2 : : o2 2n+1 :

K1Y F /K] + k5JY2, by use of (4.1) we find its horizontal lift 4 on H; satisfies
the differential equation

. R R V-1kZ
" £\ - (k1 +K3) Y -4 F 27227 =0 (4.2)
K] + K3

if we regard it as a curve in C"*1,

THEOREM 4. Let v be an essential Killing helix of proper order 3
on CH"™(—4) with geodesic curvatures ki,k2 and complex torsion Ti2 =

+r1/\/ K2+ K3.

(1) It is bounded if and only if its geodesic curvatures satisfy one of the following
conditions:
i) 0 < ko <1/2 and (1 — 4k3)k? > 2{2k4 — 5K2 + 1 + (1 — 3x3)%/2};
ii) Ko =1/2 and k1 > 5v/2/4;
iii) 1/2 < ky < 1/4/3 and

2{ — 23 +5k3 — 1 — (1 — 3w3)3/2}
< (4k% — 1)w? < 2{ — 2k3 +5K3 — 1+ (1 — 3x2)%/2}.
(2) When ~ is not bounded, it is unbounded in both directions. In the cases
i) (1—4k3)k3 = 2{2k4 — 53 + 1+ (1 — 3k3)%/2} with 0 < ry < 1/2,

i) (4k3 —1)k? = 2{ — 2k3 +5k3 — 1 (1 — 3x3)*/?} with 1/2 < ks < 1/V/3,
it has single point at infinity. In particular, if k1 = 2v/6/3, ko = 1/V/3, it is
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horocyclic. In other cases, it has two distinct points at infinity.
(3) When ~y is bounded, we set

2(17 + £3)* — 9(ki — 243)

2(k3 + K3 — 3)3/2\/k? + K3

1) When 0 < k1 < 3/v/2 and 2r% = 3\/6k% +9—2K% — 9, then Ty (K1, K2) =
0, and 7y is closed and is of length 2v/37/~\/K? + K% — 3.

2) When 75 (K1, k2) = £q(9p° — ¢%)(3p? + ¢*) ~3/? with some relatively prime
positive integers p,q with p > q, then 7y is closed and is of length

S(p gy L
’ NECET R
1 2

TH(Klv K?) =

3) Otherwise, it is open.

PrROOF. We consider the characteristic equation

V—1k3

ANt/ (k2 4+ KN - \F

=0. (4.3)

of the differential equation (4.2). It turns to

2(kt + K3)? — 9(k] — 2k3)

27\/K% + K3

if we put © = —/—1A £ /k? + £3/3. When k? + k3 < 3, it is clear that this cubic
equation has only one real solution, except the case k7 = 8/3, k3 = 1/3. In the
exceptional case, 0 is the triple solution of this equation. Thus when k2 + 3 < 3
we find v is unbounded in both directions. When x? + k3 > 3, by putting § =
30/+/2(k7 + k3 — 3) we find the cubic equation (4.4) turns to

3 TH(K1,H2)
0> — (2 )o+ 20—,
(2)= =%

@3—%(n§+m§—3)@i =0 (4.4)

It is clear that it has only one real solution and two imaginary solutions when
|7r (K1, k2)| > 1 and that it has one double real solution when |77 (K1, %2)| = 1. In
these cases « is also unbounded in both directions. Here, by direct computation
we have |Tp (K1, k2)| > 1 if and only if
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2
(4k3 — 1)k} +4(2K3 — 563 + 1)K7 + 4k3 (k3 + 1) > 0.

When |75 (K1, k2)| < 1, comparing this cubic equation with (3.2), we obtain our
conclusions on bounded essential Killing helices of proper order 3.

What we have to show is the asymptotic behavior of unbounded essential
Killing helices. We represent CH™ as a unit ball D, (C) = {w = (wy,...,w,) €
C" | Y, w;w; < 1}. By use of homogeneous coordinate the identification
CH"™ — B,(C) is given by [z0,...,2n] — (21/20,- .-, 2n/20). The ideal boundary
of CH™ corresponds to the topological boundary of D, (C). When (4.3) has

solutions of type v/—1la + § and v—1la — 8 with real o, 5 (8 > 0), we see + is of
the form

v(t) _ w(Aeﬁat + Beﬁaﬁﬁt + Ceﬁat—ﬂt)

with some real a and vectors A, B,C € C"*!. If we consider it on the ball model
D,,(C), its points at infinity are (B1/Bo,...,Bn/Bo) and (C1/Cy,...,C,/Ch).
Since 4 does not satisfy differential equation of order less than 3, we find these
point do not coincide. Hence we see v has two distinct points at infinity in this
case.

We hence consider the case k? = 8/3, k3 = 1/3 and the case k7 + k3 > 3
and 7 (K1, k2) = 1. In the former case, under the condition v(0) = w(z), 4(0) =
dow(z,u), V+4(0) = kidw(z,v) we have

fy(t)w<z+t(u:|:\/EZ)thQ(\/gUi\/EUJFZ))v

hence it has single point at infinity. Further more, if we take a geodesic o with
a(0) = w(z), 6(0) = dw(z,vV6v + /=3u), it satisfies o(c0) = y(c0). As ¢(0) is
orthogonal to 4(0), we find +y is horocyclic. In the latter case, the solutions of (4.3)
are £y/—1(K + L), £/—1(K + L), £/—1(—2K + L) with K = \/k? + k3 — 3/3,
L = —\/k? + Kk3/3. Hence v is of the form

A (t) = w(eﬁ:\/filLt((AJr tB)ei‘/let + Ce:Fz\/let)).

Hence we find it has single point at infinity. O
We here note that the first assertion of the above theorem was shown in [7].

REMARK 1. When x; = 5/2\@7 ke = 1/2, an essential unbounded Killing
helix v in Theorem 4 is of the form
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Y(t) = w((A+ tB)ejF\/jSt/6 + 0615¢T6t/12))

A= 29 z+ —8\[(] 10\/51), B = —ﬂfJ + z L’—)\fJ
9 3 3"
20 8v6 10v/2
C= 37 ¥ —\Q[Ju - 7fv,
under initial condition y(0) = w(z), ¥(0) = dw(z,u), V4%(0) = kidw(z,v). As
15v/3v + 7Jul|? = 124 F 70v/3712 = 22/3 does not coincide with (7/1/6)2, we find
v is not horocyclic.

Next we study essential Killing helices of proper order 4 on CH"(—4). We
first consider an essential Killing helix v of proper order 4 with geodesic curvatures
K1, Ko, kg whose complex torsions satisfy the relations in Lemma 1 (2-i). By use
of (4.1) we find its horizontal lift 4 on H;""! satisfies the differential equation

A £+ (k1 + )2} A

V—=1{k3 + k3(k1 + K3)}
VARS + (k1 + r3)%)

— (L +rik3)y F =0 (4.5)

as a curve in C"*1,

THEOREM 5. Let v be an essential Killing heliz of proper order 4 on
CH"(—4) with geodesic curvatures k1, k2, ks and complex torsion 712 = £(k1 +

K3)/\/ (K1 + K3)? + K3.

(1) It is unbounded in both directions if and only if its geodesic curvatures satisfy
one of the following conditions:
i) (3/4)k1 + 13 + {Ks — (81/2)}* < 3;
ii) (3/4)k3 + K3 + {k3 — (k1/2)}> > 3 and |7} (K1, k2, K3)| > 1, where

TE(M,HQ,HS)

_ 2{3 + (51 + #3)*}* + 9(2 — k1ka) {3 + (k1 + k3)*} — 27k (k1 + Ks)

2 k2 + (k1 + k3)2 — 3(1 + k1kig) }3/2\ /K2 + (k1 + k3)2

Otherwise it is bounded.
(2) In the cases
i) (3/0)7 + K3 + (s — (s1/2) = 3,
i) (3/4)k2 + k2 + {K3 — (k1/2)}% > 3 and 74 (K1, ko, Kk3) = £1,
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it has single point at infinity. If v is not bounded and its geodesic curvatures
do not satisfy above, it has two distinct points at infinity.

(3) Suppose ~ is bounded. Hence (3/4)k? + k3 + {r3 — (K1/2)}?> > 3 and
|75 (K1, K2, k3)| < 1.

1) When 14 (K1, k2, k3) = 0, then 7 is closed and is of length

2437
\/I{% + (k1 +53)2 —3(1 + :‘{1:‘13).

2) When 4 (K1, ko, k3) = £q(9p* — ¢*)(3p* + q?) 3% with some relatively
prime positive integers p,q with p > q, then v is closed and is of length

3(p, )m/3p% + 2

V3 + (k1 + £3)% — 3(1 + K1ka)

3) Otherwise, it is open.

PROOF. The characteristic equation of (4.5) with variable A turns to

1
07 — S {K3 + (w1 + £3)* = 3(1 + riuriz) }©

1 2 212
+ 77 [2{/12 + (k1 + K3)°}
— 9(1 + k1ks){K3 + (k1 + k3)?} + 27{K3 + K3(r1 + K3)}]

x K3+ (k1 + rg)?} 12
=0.

if we put © = —/=1\ £ (1/3)y/k3 + (k1 + k3)2. When k3 + (k1 + k3)? <
3(1 + ki1k3), it has only one real solution, hence we find v is unbounded
in both directions. When 3 + (k1 + k3)?> > 3(1 + Ki1K3), we set 0 =
30/v/2{K3 + (k1 + k3)2 — 3(1 + K1K3)}. We then find the characteristic equation
turns to 6% — (3/2)0 £ 777 (k1, K2, k3)/v/2 = 0. We hence get the conclusion. [

We next consider an essential Killing helix 7 of proper order 4 with geodesic
curvatures K1, ke, kg whose complex torsions satisfy the relations in Lemma 1 (2-
ii). By use of (4.1) we find its horizontal lift 4 on H:"*! satisfies the differential
equation
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A"+ \/*{’f% + (k1 — K3)?} A"
V=1{r3 — ka(k1 — K3)}

K5+ (k1 — K3)?

— (1 — Hllﬁg)’ﬁ/ F ’3/ =0 (46)

as a curve in C"t1.

THEOREM 6. Let v be an essential Killing helix of proper order 4 on
CH™(—4) with geodesic curvatures ki, ke, ks and complex torsion T1o = £(k1 —

K3)/\/ (K1 — K3)? + k3.
(1) It is unbounded in both directions if and only if its geodesic curvatures satisfy
one of the following conditions:
i) (3/4)K7 + K5 + {3 + (k1/2)}* < 3;
i) (3/4)k3 + k% + {K3 + (k1/2)}% > 3 and |75 (K1, K2, k3)| > 1, where

TI} (Hla K2, H?))

_ 2{K3 + (k1 — K3)?}2 + 9(2 + K1k3){K3 + (k1 — K3)?} — 2TkK1 (K1 — K3)

2{K3 + (k1 — k3)? — 3(1 — k1K) }3/2\/K3 + (k1 — K3)?

Otherwise it is bounded.
(2) In the cases
i) (3/4)kT + k3 + {Ks + (rk1/2)}* =3,
ii) (3/4)k3 4+ k3 + {r3 + (k1/2)}% > 3 and 75 (K1, Ko, K3) = %1,
it has single point at infinity. If v is not bounded and its geodesic curvatures
do not satisfy above, it has two distinct points at infinity.
(3) Suppose v is bounded. Hence (3/4)k? + k2 + {k3 + (k1/2)}2 > 3 and
|75 (K1, Ko, k3)| < 1.

1) When 15 (k1, ke, k3) = 0, then v is closed and is of length

24371
VK + (k1 — K3)2 —3(1 — /91,'{3)'

2) When 75 (K1, ko, k3) = £q(9p* — ¢%)(3p? + ¢*) /2 with some relatively
prime positive integers p,q with p > q, then 7y is closed and is of length

d(p, q)m/3p* + ¢>

VES+ (k1 — k3)2 —3(1 — 51/@3).

3) Otherwise, it is open.
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5. Lamination on the moduli space of essential Killing helices.

We devote this section for constructing lamination structures on moduli spaces
of essential Killing helices of order less than 5 on non-flat complex space forms.
We call two smooth curves 71,2 on a Riemannian manifold M which are param-
eterized by their arclengths congruent to each other if there exist an isometry ¢ of
M and a constant tg with v2(t+tg) = pov1(t) for all t. We denote by &5;(CM™)
the set of all congruence classes of essential Killing helices of porper order d on
CM™. Tt is known that two helices 1,2 are congruent to each other if and only
if they satisfy the following conditions:

i) they are of the same proper order d;
ii) their geodesic curvatures coincide, i.e. Ii;-l) = li;—z) for1<j<d-1;
iii) there is to satisfying either Ti(jl)(to) = Ti(j2)(0) for1<i<j<dor Ti(jl)(to) =
—r2(0) for 1 <i < j < d.
«

Here r; ) and Ti(f) denote the geodesic curvature and the complex torsion of v,. By

Lemma 1 we find that the moduli spaces of essential Killing helices are as follows:

EH(CM™) = {0}, EH(CM™) = (0, 00),
EH(CM™) = (0,00), EH(CM™) = (0,00)* x (R\ {0}).

Here, for a point (k1, k2, £3) € (0,00)?x (R\{0}), it corresponds to the congruence
class of Killing helices with geodesic curvatures k1, k2, k3 and complex torsions in
the condition (2-i) in Lemma 1 if k3 > 0, and it corresponds to the congruence
class of Killing helices with geodesic curvatures k1, k2, —k3 and complex torsions
in the condition (2-ii) in Lemma 1 if k3 < 0. Set theoretically it seems they form
a “building structure”. In this section we consider them from the viewpoint of
lengths of helices.

We define .Z : &7#3(CM™) — (0,00] by Z([y]) = length(vy), where [7]
denotes the congruence class containing a helix v. We call .Z the length spectrum
of essential Killing helices. First we consider helices on CP™. On &54(CP™) U
EH(CP™) = (0,00)2 X R we consider a foliation ¢ = {%,},,(—1,1) given by &, =
{[v(k1, ke, Kk3)] | TP (K1, K2, K3) = u}, where [y(k1, K2, k3)] denotes the congruence
class of helices of proper order 3 or 4 corresponding to (k1, k2, k3) € (0,00)? x R,
and

T;,r(:‘il,FLQ,Hg), lf K3 > 0,
Tp(Kl,Kg,K3) = Tp(Hl,HQ), if K3 :O,

Tp (K1, K2, —kg), if k3 <O0.
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0 0 2
Figure 1. Foliation on &5%(CP"™). Figure 2. Foliation on #&#5(CH™).

If we induce the canonical topology and differential structure on &54(CP™) U
& ,(CP™) as a subset of R3, Theorems 1, 2 and 3 guarantee the following.

PROPOSITION 1.  The length spectrum £ : &#3(CP") U &7#,(CP™) —
(0, 00] is smooth on each leaf¥,,. Each leaf is mazimal with respect to the continuity

of L.

We here give a figure of the foliation ¥ (cpny restricted on &73(CP™)
(Fig. 1). The reader should pay attention on the behaviour of leaves near the -
axis. Their behavior is different from the behavior of leaves of canonical foliation
on the moduli space of helices on a standard sphere (see [3]). If we consider
the topological closure of each leaf 9, |s.cpry With g > 0 in [0,00) x [0, 00),
then it has an end point in k;-axis. From the viewpoint of the length spectrum,
EH(CP™)UEH(CP™) 22 0,00) and £54(CP")UEH(CP™) =2 (0,00)? x R
do not form a “building structure”, because £ : &7 (CP™) U EH#5(CP™) — R
is continuous and bounded.

We here make mention of our foliation a bit more. We here consider all circles
on CP" (see [15] for some basic properties of circles). Let % (CP™) denote the
moduli space of circles of positive geodesic curvature on C'P", which is congruent
to the set (0,00) x [0,1]. As we see in [2], we have a foliation .# = {F,},¢[0,1)
on 4 (CP™)\ &7 (CP™). For (k,7) € (0,00) x [0,1], we denote by [o(k, T)] the
congruence class of circles containing a circle of geodesic curvature x and complex
trosion 7. Leaves on % (CP™) \ & 7% (CP™) are given as

_ [llete0) x>0 it =0,
e {lo(k,7)] | 3V3ET(k* +1)73/2 =2, 0<7 <1}, if p>0.
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Theorems 1, 2 and 3 show that we have a surjective map ¢ : &55(CP™) U
E,(CP") — #(CP™) \ &5 (CP™) which satisfies the following properties.

1) It is continuous with respect to induced Euclidean topology;
2) It preserves the foliation structure, #(%,) = Z|,;

3) O([y(k1, 1, k3)]) = [0(1/V2, 7p (K1, iz, 3))]-

Next we consider the moduli space of Killing helices on a complex hyperbolic
space. On CH"™ we have both bounded and unbounded essential Killing helices
of proper orders 3 and 4. We hence consider the moduli space BEH#5(CH™)
of bounded essential Killing helices of proper order d. On ZB&#5(CH™) U
BE A (CH™) C (0,00)% x R we have a foliation &4 = {¥,},,(_1,1) given by

Gy = {[V(k1, Koy ka)] | K3 + (k1 + K3)? > 3(1+ kiks), Ta (K, Ko, k) = i,

where 7y (K1, Ko, k3) is defined just the same way as for CP™.

PROPOSITION 2.  The length spectrum £ : BEH#H(CH™)UBE H#,(CH™) —
(0, 00] is smooth on each leaf 9. Each leaf is mazimal with respect to the continuity

of Z.

We denote by #5#(CH™) the moduli space of bounded circles of positive
geodesic curvature on CH™. On this space we have a foliation .7 = {%,} (0.1
whose leaves are given as

7 {lo(x,0)] [ & > 1}, if u =0,
g {lo(r,7)] | 3V3rT(K? — D732 =2p 0<7<1,k>1}, ifp>0.

Theorems 4, 5 and 6 show that we have a surjective map @ : BEIHE(CH™) U
BEH(CH"™) — Bia(CH™) \ BE 7#(CH™) which satisfies the following prop-
erties.

1) It is continuous with respect to induced Euclidean topology;
2) It preserves the foliation structure, ®(¥,) = .%|,;

3) @([7(3\/5/2, ng,O)]) = [U(Z,TH<I€17I€2))].

We also point out that on &55(CH™)U& H#,(C H™) we can consider a lamination
{9, }er U {f%,(u)},,eR which is given by
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(3]
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[5]

(6]

7]
(8]
9]
[10]
1)
[12)
[13)
[14]
[15]

[16]

T. ADACHI
g =

K3+ (k1 + k3)? < 3(1 + Kik3),

1 2 212

3 [2{K3 + (k1 + K3)*}

[’Y(K‘l’ Ko, HS)] + 9(2 — Iillﬁig){lfg + (I"\?l =+ 53)2} — 27/11(/11 + 1433)]
X {3(1 + kiks) — K2 + (k1 + K3)?} /2
x {3+ (k1 + r3)?) 2
=V
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