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Abstract. The aim of this paper is to find a general class of data in
which the global well-posedness for the exterior initial-boundary value problem
to the Kirchhoff equation is assured. The result obtained in the present paper
will be applied to the existence of scattering states. A class of weighted Sobolev
spaces will be also presented in which the global well-posedness is assured.
For this purpose, the method of generalized Fourier transforms is developed
for some oscillatory integral associated with this equation. The crucial point
is to obtain the resolvent expansion of the minus Laplacian around the origin
in C, and the differentiability of the generalized Fourier transforms.

1. Introduction and statement of results.

The Kirchhoff equation was proposed by Kirchhoff in 1883, as a model of the
vibrating string with fixed ends. The global well-posedness on bounded domains
was studied by some authors (see, e.g., [25], [26]). Up to the last decade many
authors have investigated the global well-posedness for the Cauchy problem to the
Kirchhoff equation with small data in Sobolev spaces (see [2], [4], [5], [6], [7], [8],
[11], [16], [18], [19], [28], [33]). Greenberg and Hu studied this equation with
small C§° data in one dimensional space ([11]). After them, the general space
dimensional case was thoroughly investigated by D’Ancona and Spagnolo [5], [6],
[7], [8] in a weighted Sobolev space, and then, Yamazaki found a more general
class of initial data to ensure the global well-posedness ([33]).

The global well-posedness for the initial-boundary value problem to the Kirch-
hoff equation in exterior domains is also of interest. The study of this problem
was initiated by Racke in 1995 (see [27]). He employed the generalized Fourier
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transforms to get the small amplitude global solutions in a Sobolev space. Heiming
improved his result (see [12], [17]). But then, they assumed that the supports of
the generalized Fourier transform of data are away from the origin. The main ob-
ject in the present paper is to remove this restrictive assumption and improve the
regularity of the data (see Theorem 1.4), together with introducing more general
class of data which ensures the global well-posedness (see Theorem 1.1). The crui-
cial tool in our argument is the asymptotic expansion of resolvent of —A around
the origin in the complex plane (see Proposition 2.5). We should refer to the
results of Yamazaki (see [34], [35]), who gave some sufficient conditions with-
out any weight condition on data. That is, she assumed that the data belong to
W#4(Q) x Ws=14(Q) for some s > 2 and ¢ € (1,2) depending on n(> 3), where
Q is a non-trapping domain in R"™ (see example 1.2). We have an advantage of
considering the classes of Theorems 1.1 and 1.4 below; they are more useful in the
scattering problem rather than the ones in [12], [27], [34], [35].

Once the global well-posedness is established, a problem will arise whether
the scattering states exist or not. We will formulate this problem in Theorem 1.5.
For the Cauchy problem to the Kirchhoff equation, the scattering operators were
constructed by Yamazaki [33]. This result was recently extended to a wider class
of the variable coefficients by Kajitani (see [16]).

To become more precise, let Q2 be an arbitrary exterior domain in R" (n > 1)
such that R™ \ © is compact and its boundary 92 is of C*°. We consider the
initial-boundary value problem to the Kirchhoff equation, for function v = u(t, x):

0u — (1—|—/Q|Vu|2 dm)AuzO, t#0, ze€Q, (1.1)
with the data
u(0,2) = fo(x), Ow(0,z) = fi(x), z€Q, (1.2)
and the boundary condition
u(t,z) =0, te R, ze€dqN. (1.3)
We shall introduce notation in order to state the results. For a non-negative integer
m and real number x, we define the weighted Sobolev space over a domain G in
R™:

HMG) = {f: (@)"07 f € L*(G), |a| <m},

where (z) = (14 |z|?)*/? and we put L2(G) = H(G). We define also the weighted



Kirchhoff equation 1169

Sobolev space HZ(G) of fractional order o > 0 by the complex interpolation
method:

HZ(G) = [LA(G),HMG)],, oc<m, o=60m with0<6<1,

97

where m is an integer. H?(G) (or even H}(G)) is the usual Sobolev space of order
o over G. Let A be a self-adjoint realization of —A on L?(Q) with the Dirichlet
boundary condition in the exterior domain €2, i.e.,

{Q(A)=H2(Q)QH3(Q), (1.4)

Au=—Au, ueCF(Q).

Since A is the non-negative self-adjoint operator on L?(£2), we can define the square
root A'/? of A. In what follows, we put |D| = A2,

In order to state the global well-posedness for the problem (1.1)—(1.3), we
introduce a class Yy (9):

Yk(Q) = {(fug) € (H%(Q) m‘E[OI(Q)) X H%(Q) : |(fug)|Yk(Q) < +OO}7 (k > 1)7
with
1/, 9)lvicey = sup (1 + 7)) {| (T PIDI £, DI f) o |
TER
n ’(eirlD||D|%f7 ‘D|%9)L2(Q)) n ‘(eir\D\|D|%g7 |D|%g)L2(Q)’}’

where (f,g)r2(0) denotes the L?(Q)-inner product of f and g.
We are now in a position to state the results. The main result is as follows:

THEOREM 1.1. Let n > 1. If the data fo(x) and fi(x) satisfy (fo, f1) €
Y. () for some k> 1 and

IV foll72 () + 1111720 + [(for f)lviey < 1,

then the initial-boundary value problem (1.1)—(1.3) admits a unique solution u €
C(R; H32(Q) N HL(Q)) N CH(R; HY2()).

The class Y, (R") in R™ is introduced in [33] (see also [16], [28]). The inclu-
sions among the classes Yy () are as follows:

Y (Q) CcY(Q) ifk>1>1 (1.5)
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The definition of Y% (2) is somewhat complicated, hence we give two examples of
spaces contained in Yy (£2):

EXAMPLE 1.2. Letn >4 and R"\Q C {z € R" : |z| < ro} for some ry > 0.
Assume that ) is non-trapping in the sense that there exists 7, > 0 such that
no geodesic of length T, is completely contained in QN {z € R™ : |z| < ro}. Let
2(n=1)/(n—3) < p<oocand 1/p+1/q = 1. Let M be an integer satisfying
M > (n+1)(1/2 — 1/p). Then it is proved in [34, Theorem 4] that

W 1(Q) x WM TH(Q) C Vi (),
where k(n) = (n —1)(1/2 — 1/p) > 1 and WZ*(Q) is the completion of C5°(€)
in the norm || - [[y2n.0(). Notice that 2M > 2(n +1)/(n —1).

ExXAMPLE 1.3.  For ¢ > 0 and » € R, let HZ ((Q2) be the completion of
Cge(2) in the norm || - || g+ (o). Then it will be proved in Lemma 3.2 that if n > 3
and R™\ ) is star-shaped with respect to the origin, then the inclusion

H;E)’;gl(l(ﬂ) x H;E)k),o(g) C V()

holds for any so > (n +1)/2, s(k) > max(n + 1/2,k +n/2) and k € (1,n]. This
inclusion can be proved by using the generalized Fourier transforms.

As a consequence of Theorem 1.1, example 1.3 and the inclusion (1.5), we
have:

THEOREM 1.4. Let Q,n, sg, s(k) be as in Example 1.3. If the data fo(x) and
f1(x) satisfy

folx) € HEL(Q),  fi(x) € HY

s(k),0 s(k),O(Q)

for some k > 1, and
ollgsgsioy + Wil @ < 1

then the initial-boundary value problem (1.1)=(1.3) admits a unique solution u €
mjzo,LQC‘j(R; HSO+17j(Q)).

Let us make a few remarks to compare our results with what is known in
[12], [27], [34], [35]. Theorem 1.1 improves the above results in the sense that
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any geometrical condition on € is not assumed, while Heiming [12] and Racke [27]
did not require any geometrical condition on €2, if the supports of the generalized
Fourier transform of data are compact. Moreover, Theorem 1.4 removes the as-
sumption that the supports of the generalized Fourier transform of the data are
away from the origin, which is assumed in [12], [27]. Roughly speaking, this con-
dition means that the integrals over 2 of the data with any polynomially weight
vanish. The class in example 1.2 is based on the LP-L? decay estimates for wave
equation. Finally, when n = 3, if the data belong to a subspace of (W3"(Q2))?
for some ¢ € (1,2), then the global well-posedness in H3({2) is obtained by [35,
Theorem 5]. We note that neither assumption on data of Theorem 1.4 and both
Example 1.2 and the class of [35, Theorem 5| imply the other.

Let us finalize this section by stating the existence of scattering states for the
problem (1.1)—(1.3). The development of scattering problem in the classes of [12],
[27], [34], [35] would be complicated. On the other hand, the advantage of the
classes of Theorems 1.1 and 1.4 is to be able to discuss the scattering problem
more easily. Thus we have the following:

THEOREM 1.5. Let k > 2. For any solution u(t,z) to (1.1)~(1.3) in
Theorem 1.1, there exist unique solutions u(t,z) € C(R; H*/?(Q) N HL(Q)) N
CY(R; H2(Q)) of equations 0?uy — 2 Ausr = 0 with the Dirichlet boundary
condition on 0§} such that

IV (t,-) = Vult, )20y + 10us(t, ) = dpult, ) z2@) = Ot~ ") (1.6)

ast — too, where the propagation speed coo is uniquely determined by an equation

1 1
Cop = \/1 +35 <||Vui(0, M) + 7 10020, ')lliz(m) (1.7)

As to the Cauchy problem, the condition k > 2 is sharp. For, when 1 < k < 2,
it is proved in [21] that there exists a solution of the Kirchhoff equation to the
Cauchy problem in R™ which is never asymptotic to any free solution of the wave
equation as t — too.

2. Resolvent estimates and the generalized Fourier transforms.

In this section we will review some results on the asymptotic behaviours of
the resolvent of A and define the generalized Fourier transforms. We will apply
these results to prove Example 1.3, or even Theorem 1.4. Consider the Helmholtz
equation with a parameter z € C in ):
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{(—A —z)u=f inQ, 2.1)

u=20 on 0N.

It is well known that 0 is not eigenvalue of A, hence, the spectrum o(A4) of A
is absolutely continuous. Thus o(A) coincides with [0,00). Therefore, L*(Q) is
absolutely continuous space. We denote by R(z) = (A — z)~! the resolvent of A.
We shall analyze the asymptotic behaviour of R(z) as |z|] — oo and z — 0. The
basic ideas are simlar to those of Iwashita [14] who developed the cut-off technique
to study the behaviour of resolvent R(z) of the Stokes operator as z — 0 (see also
Iwashita and Shibata [15], and Tsutsumi [30]). The high energy part and its
differentiability are rather well known (see Heiming [12], Mochizuki [22], [23],
Racke [27] and Wilcox [32], and also Isozaki [13] who studied the Schrédinger
operators with long range potentials). Based on these resolvent behaviours, we
can obtain the differentiability properties of the generalized Fourier transforms.

In what follows we often use the following function space: For a domain G in
R"™ we define

H?(G) = the completion of C$°(G) by Z 10g - |l L2(c)-
|a|=2
We set

Yi={zeC\0:0<argz<m}, E_={ze€C\0:—7w<argz<0}, (22)

and we denote by #(X,Y) the space of all bounded linear operators from X to
Y.

2.1. The behaviour of the resolvent Rg(z) around the origin.
Let us consider the Helmholtz equation in R™ with a parameter z € C"

(-A—zu=f in R" (2.3)

When f € L?>(R") and z € C, we can write the solution u(z; 2) to (2.3) as follows:

L [_f©
i) = (RN @) = 77| K| @),
where Zy f = fand ffo_l f stand for the Fourier transform and the inverse Fourier
transform of f on R™, respectively.

The asymptotic behaviour of R(z) = (A — z)~! near the origin in C' is based
on the following two results. The first one is due to Lemma 2.2 of Murata [24]
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whose original version is stated in general elliptic operators (see also Theorems
1.2-1.4 of Iwashita and Shibata [15]). To this end, we introduce a function space:
For ¢ > 0, and a non-negative integer k, 0 < 6 < 1, a Banach space X, we
say that an X-valued function f belongs to o(o,k + 6; X) if f is holomorphic on
Us+ ={z € C :|Rez| < 6,0 < £Imz < 1} for some § > 0, k-times differentiable
on Us 1 \ {0} and satisfies

Hf(j)(z)HX = o(z”_j) as z — 0in Us 4
for j=0,...,k, and when k + 0 < o + 1, f satisfies the additional estimate

§—h 1/p
(/ \yf(k>(x+h+iy)—f<k>(x+iy)y|§(dx) <ChP, h>0, 0<+y<I,
—d

where p=ccif k+0<candp=(k+0—0) tifo<k+0<o+1.

LEMMA 2.1 (Lemma 2.2 of [24] (Murata)). Letn > 1, e(n) =0 for n odd
and €(n) =1 for n even, ¢ > —1/2 and s > max(c + 1,20 +2 —n/2). Then in
B(L2(R™),H? ,(R"™)) one has the expansion

lo+1-n/2] [0]
Ro(z)= > 2"?""(logz)*™F;+Y 2G; +o(z”) (2.4)
7=0 =0

as z — 0 in X4, where the convention is Zé:k ar = 0 when | < k; and the
remainder term belongs to o(o, d; B(L%(R™), HE(S[UHI)(R”))) for any d with d <
s—1/2. Here the operators F; belong to B(L2(R"™), H . (R")) for anyr > n/2+2j
and v > 0; and G; € %’(L%(R”),Hz(g,ﬂ)(R")) for any v and v’ such that (i)
ror' >2j4+2-n/2 and r 41" > 25+2 when j <n/2—1; (ii) r,r' >2j+2—n/2
when j >n/2—1.

When d > o in (2.4), the singularity would appear in the derivatives of re-
mainder term near z = 0. We note that Vainberg proved the asymptotic expansion
(2.4) in a more stringent space Z(LZ2,,,,(R"), H?(R")) than Lemma 2.1, where
LZymp(R™) is the subspace of L?(R™)-functions with compact supports, and the
space H2(R") is the subspace of H?(R")-functions with weight e~ 1%l (see [31,
Theorem 10]).

The second result is concerning with the asymptotic behaviour of Ry (0)f near
infinity.
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LEMMA 2.2. Letn >3 and s >n/2. Putu= Ro(0)f. If f € L2(R"), then
uwe€ H*(R")NH!_(R") and

lim —— lu()|? dz = 0. (2.5)

PrROOF. We use an idea of [14, Lemma 2.2] that treated the stationary
Stokes equation. The derivatives 0%u, |a| = 2, become

outa) = 177 | £ o) ).

Observing that the multipliers £€%/|£]? are homogeneous of order 0, we conclude
from the L2-boundedness of the singular integral operators that u € H2(R™).
Inserting the cut-off function x(§) € C§°(€) equal to one for €] < 1/2 and 0 for
|€] > 1, we can write u = uj + ug, where

_ 1 [XOTO) by e — 7t [ L= XENFE]
wie) =7 XU @), o) = 7 | B2 E D ),

We claim that ug satisfies (2.5). In fact, let m be an integer with m < s <m + 1.
Then

{ (@)™ uzl| L2 (R< || <2r) < Cmll (@)™ fll L2(R<|2|<2R)

() ug || L2 (rejzi<2r) < Cort ()T fll L2 (Re |2 <2R)

with certain constants C,,, C,,+1 independent of R. Hence, interpolating these
estimates we get

[(z) vzl L2 (R<|o|<2r) < Csll{2)° fllL2(R<|2|<2R)-
Similarly, we get us € HL | (R"), since f € L2(R"™). Then uy satisfies (2.5), since

1

- wa@Pde< =0 [ @) da
R R<|z|<2R

R<|z|<2R

< C,R-2" / ()| f(2) 2 dx — 0
R<|z|<2R

as R — oo.
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In order to see that u; satisfies (2.5), we show that u; can be represented by
a C™ kernel bounded by C(x —y)~("~2) C > 0. Indeed, we note that Ry(0) is a
convolution operator with a kernel Go(z — y) defined by

'(n/2) 1
4(n —2)mn/2  |z|n—2”

Go(z) = (2.6)

Put

oy [ e
) = [ g e

Then K (w) is of class C*°(R™) and we can write

() = (K« f)@)= [ K@—9)i)dy

On the other hand, since u;(x) = u(z) — uz(z) and u(z) = (Go * f)(x), it follows
that

ui(z) = Go(z —y)f(y) dy — Gi(z —y)f(y)dy, (2.7)
R R"

where Gy (z — ) is a C™ kernel of us(z) and majorized by C(z — y)~* for any
k € N. The boundedness of K(z — y) is obvious provided n > 3. Hence we
conclude from (2.6)—(2.7) that

IK(z—y)| < Clz —y)~ ("2

As a by-product, we have u; € H!_;(R™). Now we can estimate

/ |u1(:17)|2d:c§0/
R<|z|<2R R<|z|<2R

Putting V(z) = {y € R"; |z|/2 < |y| < 2|z|}, we see that

/R<|:c|<2R

<o [ @) Il < CRO N M. 9
R<|z|<2R

2

[ @ Pl dn @)

2
dx

/ (& — )~ "D ()] dy
V(z)
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By the assumption s > n/2, we have
2(n—s) <n. (2.10)

On the other hand, we can estimate

/R<ac|<2R

(o meman)| [

< CR20=Dn ) fl2, oo (2.11)

2
dx

| Pl
R™\V(z)

2

Thus combining (2.8)—(2.11) with n > 3, we conclude that u; satisfies (2.5). Fur-
thermore, we have u € H2(R™)N H!_,(R™). The proof of Lemma 2.2 is complete.
O

2.2. Resolvent estimates in high frequency.
The resolvent estimates are thoroughly investigated by Mochizuki [22], [23]
(see also Wilcox [32]). As a starting point, we have:

LEMMA 2.3 (Limiting absorption principle (Mochizuki [22], [23])). Letn >
1 and s > 1/2. Then, for any A > 0 there exist strong limits s —lim.\ o R(A%ic) =
R(X\ £i0) in B(LA(Q),H? (). The functions ux = R(A £i0)f for f € L%(Q)
are the unique outgoing and incoming solutions to (2.1), respectively, in the sense
that

Uy € LQ_é(Q)7 V(eilﬁh‘ui) c LQ—s—l(Q)'

In addition to the above assumption, let us suppose n > 3, and that R™\ Q) is
star-shaped with respect to the origin. Then, for any a > 0 there exists a constant
C =C(a) > 0 such that

IR £i0)fll12 (@) < CAV2| fll2), f€L2(Q) (2.12)

for all A > a.

We remark that Mochizuki proved the estimate

IRA£i0)fllz2 () < Clfllz2y), f€LiRQ)
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for any compact interval in A > 0 in an arbitrary domain €2 (see [23], cf. [32]), and
the upper bound is removed and the estimate (2.12) is obtained for A > 1 under
the assumption that R™\ €2 is star-shaped (see [22]). Combining these results, we
get (2.12) for all A > a.

Based on Lemma 2.3, Heiming established the differentiability property of
the resolvent by employing the argument of Isozaki [13, Theorem 1.10] (see [12,
Theorem 2.8], cf. [17]).

LEMMA 2.4 (Heiming [12]). Letn > 3. Assume that R" \ Q is star-shaped
with respect to the origin. Then, for any s >1/2,a >0 and N € N, R(A£i0) are
N-times strongly differentiable with respect to X > a in B(L2, (), L2 ,_ ().
Furthermore, the following estimate hold:

« 2 . — 2
||35 R(|¢] ilo)f“mﬂfw(g) < Colé] 1||fHL§+‘a|(Q)a fe Ls+\a|(Q)

for all £ € R™ with |§| > a and any multi-index o.

2.3. Resolvent expansions aroud the origon.
We recall the definition of the sets ¥4 in (2.2). Then the main result of this
subsection is as follows:

PROPOSITION 2.5. Let n > 3 and s > n/2. Then there exists an opera-
tor R(z) € B(H™(), H™2(Q)) for any integer m > 0 such that R(z) depends
meromorphically in z € X1 having the following properties:

(1) The set A of poles is discrete and countable.

(ii) R(2)f is a solution to (2.1) for z € S \ A and f € L2().

(iii) LetX1(e) =XenN{z € C:|z| <&} fore > 0. Then there exists £g > 0 such
that Y4 (o) N A =0 and in B(H™(Q), H™2(2)) one has the expansion

R(z) = 22 L(log 2)* ™ F + G(2) + o(22 1), (2.13)

as z — 0 in X1 (eg), where e(n) = 0 for n odd and e(n) = 1 for n even;
the operator F belongs to B(H™(Q), H™V(Q)) for any v > 0, G(z) is a
polynomial of z of degree [n/2—1] and belongs to B(H™(Q), H™2(Q)), and
the remainder term belongs to o(n/2—1,d; B(H™(Q2), HT;Q([H/QA]H)(Q)))
for any d < s—1/2.

(iv) R(z) = R(z) on H™(Q) for all z € L4 (g).

Relating with Proposition 2.5 and referring the notation of the remark of
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Lemma 2.1, we should mention the results of Iwashita and Shibata [15] and Tsut-
sumi [30] in which R(z) belong to #(L2,,,,(2), H2($2)). Thus Proposition 2.5 im-

comp

proves the results of [15], [30], since Z(LZ,,,,(), HZ(Q)) C B(L2(), H? ().

We often use notation g = Q N By(0), where Bg(0) is the ball in R™ with
radius d centered at the origin. We prepare the following:

LEMMA 2.6. Letn > 3. Suppose that u € H2(Q) N HL(Q) for some s' € R
satisfies

Au=0 1in,
u=0 on 052,
and
lim i/ lu(2)|? de = 0 (2.14)
R—oo R" Jpo|sl<2r ' '

Then v =0 in .

PrROOF. We claim that u(x) is analytic in Q and behaves like

OFu(x) = O(je| =" 2H1eD) o] <1 (2.15)
as |x| — oo. To see this, let us consider the extension of u to R™. We denote by
@ such an extension. More precisely, we define @ to be 4(x) = ¥ (z)u(x), where
Y(z) € C°(R"™) is equal to 0 in a domain & € R™ \  and one in Q. Then @
satisfies (2.14).

We set f = —Ad. Then f € L2(R") and f = 0 in Q. It is well known that
Poisson equation has a unique solution in .#/(R™) (=the space of all tempered
distributions) up to an additive polynomial. Hence @ can be represented as

i(x) = [ Gola —y)F(y) dy + polynomials,
RTL

where

()

- An—2)r%  |z[2
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Thus, by using the asymptotic behaviour (2.14), we get
()= | Golz—y)f(y)dy. (2.16)
R’V‘L

Since @ = w in Q, the analyticity of u and asymptotics (2.15) follow from (2.16).
Finally, we prove that v = 0 in ). Integrating by parts, we have

/ |Vu(z)|? de = — Au(z)u(z) dx +/ S Vu(z)u(z) dSg
Qr Qr o0x |2
= / L Vu(z)u(z) dSk. (2.17)
|z|=R |z

We observe from (2.15) that Vu(x)u(z) = O(|z|=2""3) as |z| — oo. Then, letting
R — oo in (2.17), we have

/ Vu()|? dz = 0,
Q

which impiles that u is constant in 2. Hence by using the condition that v = 0 on
09, we conclude that v = 0 in . The proof of Lemma 2.6 is complete. O

PROOF OF PROPOSITION 2.5. The proof can be done along the idea of [14,
Theorem 3.1]. We may prove the case m = 0 on acount of the elliptic regularity
theorem. Let us introduce numbers b and d such that d > b > rg+ 3 and fix them,
where r9 > 0 is chosen such that R" \ Q C B,,(0) = {x € R" : |z| < ro}. Put
Qg = QN By(0). We consider the boundary value problem to the Poisson equation
in the bounded domain Q4:

—Au=f in Qg,
{ (2.18)

u=20 on 0.

By the elliptic regularity theorem, for any f € L2?(Qy4), there exists a unique
solution u € H%(Qy) to (2.18) such that

[ull 200y < Clifllz2 @)

Hence the mapping of f € L?(€4) to the unique solution u € H?(,) determines
an operator in B(L?(Qy), H*(4)), which is denoted by L. Take C°°-functions
o(x) and x(z) such that ¢(x) = 1 for |x| > b and equal to 0 for |z| < b — 1;
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x(x) =1 for |z| > b—2 and equal to 0 for |z| < b — 3. For f € L%(Q), let f4 be
the restriction to Q4, and let fo = f in £ and equal to 0 in R"™ \ . Define the
operator R;(z) by

Ri(2)f = pRo(2)(xfo) + (1 = ¢)Lfa, € LIQ). (2.19)

Then we have Ri(z) € B(L3(Q), H?,(Q2)), and Ry(2)f satisfies R1(2)f |an= 0.
The operator thus defined obeys

(—A—=2)Ri(2)f=f+8(2)f inQ (2.20)
for any f € L2(Q2), where S(z) is defined

S(2)f = —{2(V) -V + Ap}{Ro(2)(xfo) = Lfa} — 2(1 = ¢)Lfa.  (2.21)

The support of S(z)f is contained in Q4 and S(z) € B(L23(Q), HL(2)), and hence,
S(z) is a compact operator in L2(Q). S(z) is holomorphic in z € ¥, continuous
in ¥4 U {0}, and has the same asymptotic expansion as that for Ry(z) as z — 0
in Zi.

LEMMA 2.7.  Let the operator S(z) be defined as (2.21). Then the inverse
(I+S(2))71 of I+S(2) exists as a B(L2(Q), L2(Q))-valued meromorphic function
of z € ¥4. The set A of poles is discrete and countable, and has no intersection
with ¥4 (g0) for some g9 > 0. In addition, (I + S(z))~! has the same type of
expansion as (2.4) from Lemma 2.1 with 0 =n/2 — 1.

PROOF. We can claim that (I + S(0))~! € Z(L3(Q2), L2(2)). Indeed, if we
prove that 7+ S5(0) is injective, the conclusion follows from Fredholm’s alternative,
since the operator S(0) is compact. Therefore, for the time being, we concentrate
on proving the injectivity of I + S(0). Let us assume that

(I+SO)f =0, feLAQ).

Then it follows from (2.20) that

{ARl(O)f =0 in, (222)

Ri(0)f=0  on 0.

We observe from (2.19) that R1(0)f = Ro(0)(xfo) for |z| > b. Therefore, it follows
from Lemma 2.2 that
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Ri(0)f € H*(Q) N HL(Q),

1

limg_. 7/ |R1(O)f|2 dr = 0.
R R<|z|<2R

Then we conclude from Lemma 2.6 that
Ri(0)f =0 in Q. (2.23)
The equality (2.23) together with (2.19) imply that

Ro(0)(xfo) =0 for |z| > b, (2.24)
Lfg=0 forzeQ, |z|<b-1 (2.25)

Since Rp(0)(xf) satisfies the equation —ARy(0)(xfo) = xfo in R™, it follows from
(2.24) that xfo =0 for |z]| > b, i.e.,

f=0 for|z|>b. (2.26)

Similarly, L f; satisfies the equation —ALfg = fqin Q4, and hence, by using (2.25),
we get

f=0 forxeQ,|z|<b-1.

These imply that xfo = fo and

{—ARO(O)(XfO) =fo inR", (2.27)

Ro(0)(xfo) =0, on |z| = d.

On the other hand, if we define

Lfd in Qd7
v =
0  inR"\Q,

then we see from the elliptic regularity theorem that v € H?(B,4(0)), and

{AU = fo in B4(0), (2.28)

v=0 on |z| =d.
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Hence it follows from (2.27)—(2.28) that Ry (0)(xfo) = v in B4(0), and hence,
Ro(0)(x.fo) = Lfa in Qq,
which implies that R;(0)f = Lfq in ©4. By this relation and (2.23) we have
0= —ARl(O)f = —ALfd = fd in Qd7

ie, f =0 in Qg, which together with (2.26) shows f = 0 in Q. This proves the
injectivity of I + 5(0).

Put M = [[(I + 5(0))""|(r2()- By the continuity of S(z) in z € ¥4,
there exists €9 > 0 such that [|S(0) — S(2)||zr2(Q)) < 1/2M for any z € ¥4 (eo).

Thus the inverse (I + S(z))~! is obtained as a Neumann series expansion: For
z € Ly (e0),

[(S(0) = S(2))(I + S(0)~']’. (2.29)

M

Il
=]

(I+8(=)~ = +S0)~"

J

Since S(z) is holomorphic in ¥4, applying analytic Fredholm’s alternative, we
conclude from [9, Lemma 13] that (I + S(z))~! exists in ¥4 as a meromorphic
function, and the set A of the poles is discrete and countable in ¥X. The expansion
follows from Lemma 2.1 with 0 = n/2 — 1 and (2.29). The proof of Lemma 2.7 is
complete. O

COMPLETION OF THE PROOF OF PROPOSITION 2.5. Define
R(z) = Ri(2)(I + S(2))~". (2.30)

Then the assertions (i)—(iii) of Proposition 2.5 are an immediate consequence of

Lemma 2.1, Lemma 2.7 and (2.30). The assertion (iv) follows from the fact that the

resolvent set of A contains ¥4 (g¢). The proof of Proposition 2.5 is now finished.
O

2.4. Generalized Fourier transforms.

Following Wilcox [32], let us define the generalized Fourier transforms in an
arbitrary exterior domain. The existence of the limits R(|£|? % i0) is assured by
Lemma 2.3. Introducing a function j(z) € C°°(R™) vanishing in a neighbourhood
of R™\ Q and equal to one for large |z|, let us define the generalized Fourier
transform as follows:
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(F£f)(€) = lim 2m) 72 [ (2, €)f(x)dz in L*(R"),

—00 Qn

where we put

Vi (x,€) = j(2)e "+ [R(E*£i0) Mg ()] (x) with Mg(z) = (A—[¢]*)(j(x)e™).
Notice that we can write formally

Me(z) = —(Aj(x) + 2i¢ - Vij(x))e™ <, (2.31)
hence, supp M¢(-) C Bry+1(0) \ By, (0) for any fixed £ € R™. The kernel ¢4 (z,§)
is called eigenfunction of the operator A with eigenvalue |£|? in the sense that,

formally, (A — [£]?)¢+(z,&) = 0, but ¥(z,£&) ¢ L?(Q). Similarly, the inverse
transform is defined by

R—o0

(F1g)(x) = lim (2m) /2 /B o e OaE) dE i 1),

We treat Z, f only and drop the subscript +, since .%_ f can be dealt with by
essentially the same method. The transform .Z f thus defined obeys the following
properties (see, e.g., Shenk IT [29, Theorem 1 and Corollary 5.1)):

e .7 is the unitary mapping
F: L*(Q) — L*(R").
Hence
FIF*=1.
e .7 is fulfilled with the generalized Parseval equality:
(Z . Z9) 2y = (f,9)12()  f,9 € L*(Q). (2.32)
e % diagonalizes the operator A in the sense that
F(2(A)f)(E) = o) F )(E), (2.33)

where ¢(A) is the operator defined by the spectral reperesentation theorem
for self-adjoint operators.
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The following lemma is concerning with the differentiability properties of the
generalized Fourier transform (% f)(§).

LEMMA 2.8. Let n > 3 and €y be the number as in Proposition 2.5. Then
the following estimates hold:
(i) (High frequency estimates). Assume that R™\$) is star-shaped with respect

to the origin. Let s > 1/2. If f € L§+\a|(Q) for some multi-index «, then

o [ TROEP + OO () do| < Coalflliz, 0 (230)
for all |&] > eg. In particular, we have

98 (FD(©)] < 08 (FoGO| + CacallFllz,,_ (@) (2.35)
for all |&] > g, where (Fog)(§) denotes the Fourier transform of g(x) on R™.
(ii) (Low frequency estimates). Let s > n+1/2. Then the following estimates
hold for all 0 < |¢| < eo:

o | TREP+ 00Ol ) d
< oy {14 161211105 |6)=) 1 200 (2.36)

for any || <n—2, and

< Caeg (L [€[" 271N 1 f]

L2(Q) (2.37)

o | TROEP = 000 (o) f e d
for |a| =n — 1,n, provided f € L%(Q). In particular, we have

|08 (F Q)] < [0¢(Fo(i)©)]
+ Coeo {1+ €171 (log [€)*™ [} £]

L2(9) (2.38)

for all0 < |¢] < gg and |a| < n —2, and

|02(Z (O] < |02(Fo(G))E)]| + Caeo (1 + €)1 £

L2(9) (2.39)

for all 0 < [€] < eg and |a| =n — 1,n.
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PROOF. The derivatives of the first term in (% f)(§) are estimated by
10g'(Fo(if))(€)|. Hence we may concentrate on estimating the perturbative term

in (Z ) (£)-

(i) By using the Schwarz inequality, we have

o8 / [ROEP + i0) M ()] () (x) da

< [|g [R(Ie]* +0)Me (]| 2 el ez @ (2.40)

s+|a

for s > 1/2. Since M¢(x) has the compact support in z € €, it follows from (2.31)
that

Ha?Mf(')HL%;Hal(Q) <Cp(1+€]), (E€R") (2.41)
for any (3, and hence, we get, by using Lemma 2.4,

||a§ |£|2+ZO)ME ||L2 \a|(Q) Z Caﬁ€0|§| 1||85M§ ||L2 o ‘(Q) Ca,sg
1BI<]e|

for all [¢] > gp. This estimate together (2.40) imply the required estimate (2.34).

(ii) As to the low frequency part, instead of the additional weight |«| on f, we
need to restrict the exponent s to s > n+1/2 when we consider the differentiability
of the resolvent. In fact, if we choose d = n as d < s — 1/2 in the part (iii)
of Proposition 2.5, then the remainder term in asymptotic expansion (2.13) of
R(|€]? +i0) is n-times differentiable in 0 < || < &g, and we can estimate

o2 / [ROEP + 10) M ()] () (x) da

< Z ca,3||6§‘BR(I£|2+i0>||@(Lg(m,Hgs(m)||6‘?Ms(-> L3()
|BI<]ex]
<Co Y |log7 (P () (2.42)
1BI<]e|

for || < n, where we used the estimate (2.41). By using the asymptotic expansion
(2.13) in Proposition 2.5 we can write
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R(|¢[* +i0) = [¢]"~*(log [¢)*™ F + G(1&]) + o(|¢]"™?)  in B(LI(2), HZ (1))
for 0 < |¢] < go, where G(|¢|?) is the polynomial of degree 2[n/2 — 1] in &, and

the remainder term is n-times differentiable in 0 < |¢| < g¢. Then we have, for
|O[| <n-— 2a

Z Hag_BR(KF + iO)H%(Lﬁ(Q),HES(Q))

|81 <]
< Z Ca,ﬁ{‘§|n—27la|+\ﬁl|(10g|£|)s(n)|+|@?—BG(|£|2)|+‘§|n—2—|a|+\m}
18] <]e]
< Claeo {1+ €219 log |€) ™ |}, (2.43)

where we used the estimate > 5, |6?_5G(\§|2)\ < Cupep for €] < gg. For
|a] > n — 1, the logarithmic factor is negligible. Thus (2.36)—(2.37) follow from
(2.42)~(2.43). O

3. Proof of Theorems 1.1 and 1.4.

First we shall prove Theorem 1.1 along an idea of D’Ancona and Spagnolo
[7]. Let us consider the linear problem:

O2u—c(t)?Au=0, zcQ, (3.1)
for t # 0, with the initial condition
u(0,2) = fo(x), yu(0,2) = fi(z), (3.2)
and the boundary condition
u(t,z) =0, (t,z) € R x 0. (3.3)

Here c(t) satisfies a suitable condition introduced later. We define a new function
=1 +/ |Vu|? d. (3.4)
Q

This defines a map

O:c—c.
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If we can find a fixed point of © in a suitable space, the solution u(t,z) to (3.1)—
(3.3) will be a solution to the original problem (1.1)—(1.3).

Now let us introduce a set # as follows:

A set ' Given A > 1, K > 0 and k > 1, the function c(t) € Lip,,.(R)
belongs to # = JH (k, A\, K) if the following two conditions are satisfied:

1 <c(t) <A,
()] < K(1+[t)~".
The following proposition is crucial in the argument.

PROPOSITION 3.1.  Let ¢(t) € . Then there exist two constants B > 0 and
M > 0 such that if K satisfies K < B, then

- M
L<é(t) <1+ Viollreo) + m“fo, f)lvic) (3.5)

@ @) < M@+ 1E)*I(fo, f)lyico- (3.6)

PROOF. The proof is essentially based on the methods of [7, Theorem 1.1]
and [35, Thoerem 4]. For the solution u(t, ) to (3.1)—(3.3), we define two functions

 EDWID] ) D
vi(t) = W( u F ic(t)| Dlu),

where we put

We need two functionals

I(r,t) = (\D\em’“lDlv,(t),v+(t))L2(Q),
T(r8) = (DI 1Pl (1), 04 (1)) gy + (D120 (8),0-(8)) 1
for r,t € R. Then it can be checked that

2¢()c (t) = ImI(I(t),1). (3.7)
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Hence it suffices for our purpose to derive the decay estimate for I(¢(t),t) when

t>0.
Defining

[fle = sup(L+[r)*| f(r)]
reR

for every function f on R, we shall prove the following estimate:

sup [I(-,6)[x < 2M|(fo, f1)lvi(0) (3.8)
>0

for a suitable constant M depending only on k£ and A.
To begin with, we prove that there exists a constant C7 such that

(-, 0)|x + [J(-,0)[r < C1l(fo, f1)lvice)- (3.9)

It follows from the definition of |(fo, f1)|y, () that

‘<|D|€2”‘D|U7(O>7v+(0))L2(Q)‘

< ‘ _C(O)(eZir\D||D|%f07|D|%f0 L2(Q ’+‘ sz\|D| f1,1D|2 f1)Lz(Q)‘
+ [ MPUDI fo. 1D 1) gy + (I 1, DI fo) |

<+ 120)) M| (fo, f)lvi(@)s

which implies that
11(-,0)[r < Cl(fo, f1)lvi()-

In a similar way, we have the same type estimate for J(-,0). Hence we obtain
(3.9).
Let us prove (3.8). By the definition of v4(t) we have

VL (t) = —;;(é))eizw(t)[)v¢(t). (3.10)

Differentiating I(r,t) and J(r,t) with respect to ¢ and plugging (3.10) into the
resulting ones, we get



Kirchhoff equation
c(t

OuT(1,1) = = o I (r = 9(0).1),
c(t)

O J(r,t) = — (I(r+9(t),t) + I(—r + 9(1),1)).

c(t)

Write these equations into integral equation:

I(r,1) = I(r,0) — % /0 i((j))J(r — 9(s),0) ds

+3 / iff)) / ng))

1189

x (I(r —9(s) +9(0),0) + I(—r + 0(s) + 9(0),0)) dods.  (3.11)

Defining [g]x = sup;> |9(-, )|k, we see from (3.11) that

L+ )L )] < IC 0k + L1+ I, (3.12)

where

L= %U(',Oﬂk(l + Irl)"z/0 (L+8) 7" (1 +[r —9(s)) " ds,

2

Ig:%[[]k(1+|r|)k/0 (145~ /05(1+0)k
X {(1 + |r—9(s) + ﬁ(a)\)_k + (14| =r+9(s)+ 19(0‘)|)_k} dods.
Notice that

1+ 9(s)
1+s

9(s) = c(s) > 1, 9(s) = /Osc < As, <A

Then changing variable p = ¥(s) in I; and using (3.9), we have

KAk
I < Cy |(fo, f1)lvi (o)

(1+ |7“|)'“/0 (1+9()) " (L +[r = 9(s)]) " ds

= 2
C1 KA* ) k - - - G
G |(f; fl)ly(Q)(1+|'r‘|)k/0 (1+p) " (1+|r—pl) kﬁ/(/;)
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< Qk_lclKAk

<71 |(fo, f1)lvi (), (3.13)

where we have used the following well-known inequality: If 6; and 65 are real
numbers with max(f;,62) > 1, then

[l s s) O ds < e, 01+ ]
0

holds with ¢(6y,62) = 2™(1.92) /(max(6;,65) — 1). In a similar way, we can treat
the term I, and we have

B S ma i [ o o oe)

x {(L+|r—9(s) +9(a)) " + (1 + [9(s) + I(o) — r|) "} dods

2k 172 A 2k
< T (3.14)

Applying the estimate (3.9) to the first term in the right-hand side of (3.12) and
combining this with (3.13)—(3.14), we arrive at

Qk—lc« KAk 22kK2A2k
U < Cul(fo, f1)lvio) + kileanfl)lYk(Q) + W[I]k-

If K satisfies

K < ﬁZkAk = B,
then
k=101 BA¥
]k < 2(01 + k_ll)|(fo,f1)|yk(9) = 2M|( fo, f1)lvi (o),

which proves (3.8).
We now apply the estimate (3.8) to obtain the decay estimate of &(¢). It
follows from (3.7) that

&) < %If(ﬁ(f)vt)l < M|(fo, f)lye) (L +8)7", (3.15)
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which proves the estimate (3.6).

It remains to prove the estimate (3.5). The first inequality is obvious, if we
recall the definition (3.4) of &(¢). As to the second inequality, integrating (3.15)
and using

() <o)+ [ T () dr,
we get
£4t) < 0) + 11 (os F)lvicon:

Since ¢2(0) = 1+ ||V fo||2., we obtain (3.5). The proof of Proposition 3.1 is now
complete. O

PrOOF OF THEOREM 1.1. We employ the Schauder-Tychonoff fixed point
theorem. Let ¢(t) € ', and we fix the data (fo, f1) € Yi(Q). Then it follows from
Proposition 3.1 that the map

O :c(t) — &)

maps " into itself provided that the quantity ||V fol|7.q) +1(fo, fi)lvi (o) is suffi-
ciently small. Now .# may be regarded as the convex subset of the Fréchet space
Ly (R), and we endow % with the induced topology.

Compactness of . Since £ is uniformly bounded and equi-continuous on
every compact t-interval, one can deduce from the Ascoli-Arzela theorem that
A is relatively compact in LS (R), and it is sequentially compact. This means

that every sequence {c;(t)}?2; in J has a subsequence, denoted by the same,
converging to some c(-) € Lip;,.(R):

¢(t) — c(t) in Lig(R), le()lL=m) <A,

(j—00)

where we used the equation

e (8) = e (t') = / & (r) dr, (3.16)
and the assumption that

i) < K(1+t))™* € L'(R). (3.17)
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Moreover, the derivative ¢/(t) exists almost everywhere on R. Now, for the deriva-
tive ¢/(t), if we prove that

() < KA+ t)F ae teR, (3.18)

then ¢(t) € ¢, which proves the compactness of . We prove (3.18). Let tp € R
be an arbitrarily point where ¢(t) is differentiable. Since we have, by (3.16)—(3.17),

Leitto+ (to —h)}| = L t0+h’tdt<1 t0+hK1 t)) "k dt
i eatto + ) —estto =) = |gp [ “gwar < g [Tk tar

for h > 0, we can take the limit in this equation with respect to j, so that

1 1 [toth .
— - — < — K(1 —F dt.
‘%{C(to +h) —c(to h)}‘ <55 /toh (L4 [t))~" dt

Then, letting h — +0, we conclude that
|/ (to)] < K (1+[to]) "
Since tg is arbitrary, we get (3.18).

Continuity of © on £ . We may consider the case t > 0, since the case t < 0
can be treated in the same way. Let us take a sequence {c,,(¢)} in # such that

em(t) — c(t) € in LS. (0,00)  (m — o),
and let u,,(¢t,2) and u(t,x) be corresponding solutions to ¢, (t) and c¢(t), re-
spectively, with fixed data (fo, f1) € Yi(Q2). Then we prove that the images
em(t) == O(cn(t)) and &(t) := O(c(t)) satisty

em(t) = ¢(t) in L35, (0,00)  (m — 00). (3.19)

The functions v, := u,, —u, m = 1,2,..., solve the following initial-boundary
value problem:

20 — c(t)?Avy, = {em(t)? — c(t)*} AUy, (t,z) € R X Q,
”Um(o,-T) =0, 8,5’Um(0,3'5) =0, z €,
v (t,z) =0, (t,x) € R x 0.
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Differentiate the energy F(vy,(t)) for v,, with respect to ¢, where

E(0m () = v, ()1 720) + <O 1Vom®)|1 72y, (=)

Then we get

E'(0om(t)) = =2{em(t)? — ¢(t)*}Re(Aun (t), vy, (8) L2(0)
+2¢(t)¢ (D[ Vom (D72 ()

(1)

c(t)

< 2 () — (0|l (Ol 37200 10 ()| a11/2(02) + 252 B (1))-

(3.20)

Since  ||um ()|l gsr2() and vy, ()| g1/2¢q) are bounded by the quantity
I foll mrsr2) + I fillmrr2q), we integrate (3.20) and apply Gronwall’s lemma to
obtain, for all ¢t > 0,

[’ (

t oo | (D] T
E(om(t)) < O(/O |Cm(7)2_c(7—)2’d7-)(”f0|H3/2(Q)+||f1||H1/2(Q))2e2f0 ER

which implies that

Vum(t) — Vu(t)} ( )
in L;2,(0, 00; L? as m — 0o.
i (£) = /(1) 1

Hence we get (3.19), which proves the continuity of ©. O

COMPLETION OF THE PROOF OF THEOREM 1.1. By using the Schauder—
Tychonoff fixed point theorem, we can show that © has a fixed point in %", and
hence, we conclude that the solution u(t, x) to (3.1)—(3.3) is the solution to (1.1)—
(1.3). The uniqueness of solutions is obvious. This proves Theorem 1.1. (]

PROOF OF THEOREM 1.4. We need a decay estimate of some oscillatory
integrals.

LEMMA 3.2.  Let n > 3. Assume that R™ \ Q is star-shaped with respect to

the origin. Let f; € Hg(lkJ;’lo/Z(Q) and fo € Hg(zk'g}o/2(9) for some s(k) > max(n +
1/2,k +n/2), k € (1,n], and for some 1,72 > n/2. Consider the oscillatory

integral of the form
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Fo) = [ HERO@E ROk (e R).
Then

O] OO Uil o2y Mooz oy

The proof of Lemma 3.2 is rather long and will be postponed in the last part
of this section.

Put v1 = 72 = sg — 1/2 in Lemma 3.2. Recall the definition of Y;(Q). If we
choose (% f1)(§), (ﬁ 2)(€) as |&|(F fo)(€) in Lemma 3.2, one has

’(ei7|§||£‘%ﬁf0, ‘§|%<ng0)L2(R") =

—k 2
L+ ) IIDI ol

If we choose (F f1)(&), (F f2)(€) as (ZF f1)(§) in Lemma 3.2, one has

(7 MelE 2 1, 1613 7 1) 12 e

< CO+ ) Ml

If we choose (Z f1)(€) as |€|(Z f0)(§), and (F f2)(€) as (F f1)(§) in Lemma 3.2,

respectively, one has

CA+ [T NP folluss, @I fill s, -

’(e”'ﬁ'lﬁ\ Z fo, |f|2</f1)L2(R")

These estimates imply Example 1.3:

1
H30(Q) x Hpy

() C V().

Therefore, applying Theorem 1.1, we conclude that the H3/2 solution u(t, z) exists
globally in R. Thus, by using Theorem 2 from [1, Arosio and Garavaldi] we can
readily check that u(t,z) belongs to Nj—g12C7 (R; H*179(Q)). The proof of
Theorem 1.4 is finished. O

PROOF OF LEMMA 3.2. First, we observe that F(7) is bounded in 7 € R,
provided that f; € HY/2(Q) and f, € H/?(Q). In fact, by using the generalized
Parseval identity (2.32) and diagonalization property (2.33), we have

‘F(T)'S/Rn'( GG N TA .
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Hence we have only to prove the case |7| > 1. To prove the decay estimate of
F(7), we divide it into the high frequency part and low frequency one. Recall the
number ¢ in Proposition 2.5. Inserting the cut-off function x(§) € C*°(R™) equal
to one for |£] > € and 0 for |£] < g¢/2, we write

F(r) = Fi(7) + F(7)

_ / R NGIESAIGICFAIGIEES
+ / T )T PO £2)() €] de.

We shall derive the decay estimate of Fy(7) for |7| > 1. On the support of x(&),
we see that |V¢(7[€])| = |7|. Since the support of the amplitude function is away
from the origin, and since k-fold £-derivatives of the amplitude function decay as
|¢€] — oo for any integer k, we can perform k-fold integration by parts with an

operator P = 7;:((% V¢; thus we find that

Fi(r) = [ TP @l D R O(FID T ) )]

where we used the diagonalization property (2.33). Then, by using (2.35) from
Lemma 2.8, we can write

AEI<ar™ Y[ o

| <|p|<k

< o {(F DM AN ©)} o {

< Ck‘7'| k Z / —Y1—72

F(DP* f])(©)}] de

| <|p|<k
X Hag”’{(%[lelmﬁfl }‘ + Cllfall ;’iﬁz V‘(Q)]
x | {(ZlIDI D) ©)] + ClLell oy |
Hopp Y

for any k € N and s > 1/2. Here, by using the properties of the Fourier transform
on R™ and the Schwarz inequality, we have
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[
/ § <£>*’Yl*"/2

and hence, we get

O {(FIIDP A} de < CUALove

Iu v|

(Q)

KL (ZoliIDP*HE L))} de < CULI ey
I |

(Q)

—k
L < Culrd™ 3 (1l ey g 2l a1l e g 1920 e

a<k a k—a Halba

(Q)

+”fl”H.ZiZi(m”fQHHZ”%(Q) Il ries )12l ZiZ2<Q>)
<O Al ey o Vol 321)
(L<k s+k a 9+a

for any k € N and s > 1/2.
We now turn to the estimate of Fy(7). For brevity, we denote the symbol in
the integral F5(7) by

A(§) = (1 = x(EN(F f)E(F f2)©)IE]-

Making change of variable £ = Aw (A = [¢],w € §"71), we have

T) = / / AT AN A" dAdw.
Sn—l 0

We shall prove the following:

[Ba(n)] < Celr 7" fillz, @l folle,, (o) (3.22)

e(k)

for s(k) > max(n +1/2,k+n/2) and k =1,...,n. Writing

OFHAQW)A Y| = |05 HAM 1 — XxO))(Z 1) Qw)(Z f2) Aw)}|

k—1
< Cop SN ST |98 (F ) ()| 052 (F f2) ()|
a=0 a1+az<a

and applying (2.38)—(2.39) in Lemma 2.8 to the last factor, we get
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|05 (AQw)A" )]

< Cn % kil )\n—k'+a+1 Z

a=0 a1+az<a

x (|03 (Fo (1) Aw)] + {1+ A" 727 (1og A) ™ [} fill 22y

x (1082 (Fo (i f2)) Aw)| + {1+ A" 72792 (1og )" [} fol L2 (o]
for s > n + 1/2, which implies that
IR HAMWA™) -0 asA—0

provided k = 1,...,n. Here the logarithmic terms are negligible for |a;| =n — 1
or |az| = n — 1. Then integrating by parts, we get

‘ / / ei’\TA()\w))\”ld)\dw‘
sn=1J0

sckw—’f/ / |0% (A(Aw) A" )| dAdw (3.23)
Sn=1.J0

for k =0,1,...,n. Writing the perturbative term in the representation (% f)(&)
as V(f)(§), we have

(F )& = (FolifD(&) + V()(E),

and hence,

AQw) = (1 = X)) N Fol1 A1]) Ow) (Fold fo]) (Aw) + AV (£1)()(Folj f2]) Aw)
+ MFol1 1)) Qw)V (f2) dw) + AV (f1) Qw)V (f2) Ow) }
= A1 (Aw) + A2 (M) + A3(Aw) + A4 (Aw).

By Lemma A from [8] (cf. Lemma A.1 from [7]), we have

L[ eteoon i <6 S Il ol e, 629
n—1 0 L

a<lk

provided k =1,...,n+ 1. As to A2(A\w), we have
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/ / |OX (A2 (Aw) A" 1)| dAdw

Sn—=1.J0

< Z Ck,oc/

n—1
lal<k s

/ 05TV (£0) ) |08 (Foli fa) | o gy N
0<A<eg

Here, on the support of A2(Aw), using (2.36)—(2.37) in Lemma 2.8 we see that

SOV ) D108 (Zoli f2D) | e o

lo| <k

< Cp Y {1+ A2 Qog A £ 22 Ifollz, @
a<k

for k¥ = 1,...,n, provided s > n 4+ 1/2 and s > n/2. The functions
A2n=2=F|(1og \)¥(")| are integrable over (0,¢), since n > 3, and hence, we get,
fork=1,...,n,

L[ 1ok oen s < Gl lal Al o (329
n—1 0 s

for s >n+1/2 and s’ > n/2. We have also the estimate (3.25) for Az(A\w) in a
similar way. As to A4(Aw), using again (2.36)—(2.37) in Lemma 2.8, we see that

X (AsQw)A" ] < Ok Y [ A2V (f1) Q) ISPV (f2) Ow) |

a<lk

< C Z {/\(n72)+n/27k+a|(10g /\)s(n)| + An/27k+a}
a<lk

X AN Qog AT 4 A2 fi 2o |

L3(Q)

< Ck{)\”_Q\(log )\)E(n)| + 1}2)\n—k’||f1‘

2@l f2llzz o)

for s > n+1/2. Since n > 3, we get

\ [ okaen ) as| < Cull il 1 alzzo (3.26)
sn-1Jo

for s >n+1/2 and k = 1,...,n. Thus the required estimate (3.22) follows from
(3.23)~(3.26).
Combining the estimates (3.21)—(3.22), we arrive at the estimate
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—k
|F(T)| < Ck(l + |T|) ||f1||Hz(1,$1/2(Q)HszHZ(QI:;I/z(Q) (327)

for any s(k) > max(n + 1/2,k +n/2) and k = 1,...,n. But then (3.27) holds
also for any real k € [1,n], if we use a method similar to the one used in [33,
Lemma 2.1]. Actually F(7) can be regarded as the particular form of bilinear
operators T'(f1, f2)(7) from Hz(lk'gl/z(Q) X Hgfk'gl/Q(Q) to the space Zy, = {g(¢t) :
(1+ [t)*|g(t)| € L>=(2)} defined by

T(f1, £2)(r) = / T 1) (€)(F ) (€)[€] de,

n

where Zj, is the Banach space with the norm | g(t)| z, = ess.sup,cg(1+ [t))*|g(t)|.
It is readily seen, by the complex interpolation between k and k+1 (0 < 6§ < 1)
with k = 1,...,n — 1, that [Z, Zys1]e and [H]2(Q),HID/2(@)], (v = m

s(k) s(k+1)
H;’(Zi/:)(Q), respectively. Hence the multilinear

interpolation theorem (see Theorem 4.4.1 of [3]) implies that

or 73) coincide with Zi, and

<
ITC1s 2 zse < Coroll il s oyl s
Then putting » = k + 6, we have
T £ < Cor U+ I Uil Ll
for any s € [1,n], which proves Lemma 3.2. O

4. Proof of Theorem 1.5.

The following lemma can be found in [20, Theorem 1.1] which is proved in
the whole space R"™. However, it holds even in the exterior domains.

LEMMA 4.1. Let n > 1. For the linear problem (3.1)~(3.3), we assume that
the function c(t) € Lip,,.(R) satisfies

tlélzfzc(t) > 0,

c(t) = croo +0(1)  for some croo >0 ast — £oo.

If ¢(t) — cxoo is integrable on R, i.e., the function



1200 T. MATSUYAMA

W(t) = /O (c(r) — cx00) dr

has the finite limits as t — +o0, then for each finite energy solution u(t, x) to (3.1)—
(3.3), there exist finite energy solutions uy(t,x) to equations ?us —c3 . Aug = 0
in Q with the boundary condition uy(t,x) =0 on 0N, such that

[Vus(t, ) = Vu(t, )z2) + 0us(t, ) — Grult, )| L2

~o( [ T lelr) — s r)

as t — foo.

Let ¢(t) € . Then we have proved in Section 3 that the solution u to (3.1)-
(3.3) is also the solution to (1.1)—(1.3) provided that the data are sufficient small.
Furthermore, we have

e(t) = /14 [Vult )22 0. (4.1)
It follows from Proposition 3.1 that there exists constants ¢4+, > 0 such that
c(t) = caoo = O(Jt|7**1)  as t — +oo0.

Then the existence of scattering states uy (¢, ) and the asymptotic behaviour (1.6)
in Theorem 1.5 follow from Lemma 4.1, since ¥(¢) has the finite limits as t — +o0
on account of our assumption k > 2.

We prove the equation (1.7). Since u+(t,x) are the free waves with prop-
agation speeds ¢4, and have the finite energy, they satisfy the property of an
equipartition of energy, so that the potential energy (cioo/Z)HVui(t)HiQ(Q) are
asymptotically equal to the kinetic energy (1/2)||3tui(t)||2L2(Q) (see [10]). This
means that

2
. Cloo . 1
Jm == IVus(t)l|720) = Jim §||3tui(t)||%2(sz)

1

= z(cioonvui(o)"%?(()) + 10 (0)l[72(0)) - (4:2)

Putting

im ([ Vs (8) 22y = Moo,
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we have, by using the first equality in (4.2),
t_ligloo ”atui(t)HQL?(Q) =AM (4.3)
and by (4.1), 1o and Aioo are related with
Ao =1+ . (4.4)
Thus, combining (4.3)—(4.4), we get
Jim [0rus () 72(0) = oo (los — 1)
Combining this limit and the second equality in (4.2), we conclude that ¢4 satisfy
(1.7).
Finally, we prove the equality:
Cihoo = C—co- (4.5)

We define the energy for the equation (1.1) to be

1 1 1
l@)IE = 51Vu®liz ) + IVl + S 100

Multiplying the equation (1.1) by d;u and integrating it over €2, we get the following
energy identity:

lu@®)llz = lu(0)]e- (4.6)

Letting ¢ — 400 in (4.6) and using the asymptotics (1.6), we have

1 1 1
Put
1 2 1 4 1 2\12
9O(N) = A+ X+ S(1+ NN for A > 0.

Then it follows from (4.7) that
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By the injectivity of ¢(A) we conclude that Ay = A_, and hence, c4o0 = €.
The proof of Theorem 1.5 is complete. d
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ADDED IN PROOF. After the author submitted this paper, he has been
acquainted with a paper of K. Kajitani, (Advances in Phase Space Analysis of
PDEs (A. Bore, D. Del Santo, and M. K. V. Murthy, eds.), Progress in Nonlinear
Differential Equations and Their Applications, vol. 78, Birkh&duser, Boston, 2009,
pp. 141-153.), where a similar result of Theorem 1.1 is proved for a slightly wider
class in “the whole space R™”. Also for the exterior problem, after some trivial
modifications, the global well-posedness can be proved for the class of Kajitani.
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