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Abstract. Our aim in this paper is to deal with boundedness of frac-
tional integral operators on Morrey spaces L(l"P)(G) and the Sobolev em-
beddings for generalized Riesz potentials. Target spaces are Orlicz-Morrey,
Orlicz-Campanato, and generalized Hélder spaces.

1. Introduction.

The space introduced by Morrey [12] in 1938 has become a useful tool of the
study for the existence and regularity of solutions of partial differential equations.
In the present paper, we aim to show boundedness of fractional integral operators
from Morrey spaces L(1%) to Orlicz-Morrey spaces, to Orlicz-Campanato spaces,
or, to generalized Hdélder spaces, and consequently establish Sobolev embeddings
for generalized Riesz potentials, as an extension of Trudinger [26], Serrin [23] and
the authors [16], [10].

Let G be a bounded open subset of R™ whose diameter is denoted by dg =
sup{|z — y| : 2,y € G}. For an integrable function f on G, the Riesz potential of
order a (0 < a < n) is defined by

Lt = [ L0

|z — y|n—e

The operator I, is also called the fractional integral operator.

We denote by B(z,7) the ball {zx € R" : |x — z| < r} with center z and of
radius r > 0, and by |B(z,r)| its Lebesgue measure, i.e. |B(z,7)| = w,r", where
wy, is the volume of the unit ball in R". For u € L*(G), we define the integral
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mean over B(z,r) by

1
UB(z,r :][ u(z)de = —— u(zx) dx.
(=r) B(z,r) |B(Za T)' GNB(z,r)

Let 1 < p < oo. If ¢ is a positive function on the interval (0, 00) satisfying the
doubling condition, then we define the Morrey space L(P:#)(G) to be the family of
all f € LP (G) for which there is a positive constant C' such that

loc

][ |f(z)|Pdz < CPp(r) whenever z € G and 0 < r < dg.
B(z,r)

The norm of f € L®P¥)(@G) is defined by the infimum of the constants C satisfying
the inequality. When ¢(r) = r=*, LP#)(G) is denoted by L, »(G).

There are many results for the case p > 1. Adams [1, Theorem 3.1] showed
the boundedness of I, from L, x(G) to Ly x(G) with0 < o < n, 1 < p < g < 00,
0<A<mnandl/qg=1/p—a/X See also [22], 2], [13], [20], [9], [19], [5], 7],
251, [6].

On the other hand, a few results are known for the case p = 1. Trudinger
[26, Theorem 1] proved that, if f € Ly 1(G) then exp(a|l; f(z)|) € L*(G) for some
constant a > 0; this implies that the operator I; is bounded from L;1(G) to
exp(LY)(G). See also Serrin [23] for another proof. In [16] the boundedness from
L9 to another Morrey space L(:¥) was shown. Recently, the authors [10] gave
a result on Sobolev embeddings for Riesz potentials of functions in L(1:%)(G) with
p(r) =1~ (log(2+r~1)) ",

Our aim in this paper is to show that, for the case p = 1, the operator I,
and its generalization I, are bounded from Morrey spaces L(1:#) to Orlicz-Morrey
spaces, to Orlicz-Campanato spaces, or, to generalized Holder spaces, whose defi-
nitions will be given in the next section. Our result is an extension of the results
in [26], [16], [23], [10]. The definition of I, is the following: Let p be a function

from (0, 00) to itself with the doubling condition and fol %t) dt < 4+00. We define

If(x) = /G plle=ol) ;o g,

|z —y|"

where f € LY(G). If p(r) = r® for 0 < a < n, then I, f coincides with the usual
Riesz potential of order a.. Using the operator I,, we can give a systematic proof
and several new results as corollaries. For the boundedness of I,f, we also refer
the reader to [14], [15], [7], [6], [L7].

In view of [16, Theorem 3.4], we know that the Orlicz space L*(Q) is included
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in the Morrey space L(1:%) (@) when ¢(r) = &~ (r~™). In the final section we give
a sufficient condition for the boundedness of I,, from L*(G) to LY (G) by applying
the same discussions as in Morrey spaces L(1#)(G). O’Neil [21, Theorem 5.2]
gave a sufficient condition for the boundedness of convolution operators in Orlicz
spaces near L'. We give another sufficient condition. Our statement and proof are
simpler than O’Neil’s and we can check easily whether the pair (p, ®, V) satisfies
the assumption.

The next section is for the definitions of function spaces. Our main results
and their corollaries are in Section 3 and Section 4, respectively. Section 5 is for
lemmas to prove the main results in Section 6. In Section 7 we give results for
Orlicz spaces.

2. Notation and terminologies.

Let ¢ be the set of all continuous functions from (0,00) to itself with the
doubling condition; that is, there exists a constant ¢, > 1 such that

LI < fi <-<2 (2.1)
— > S C or = S 4. .
cp — p(s) ’

DN | =
w |3

We call ¢, the doubling constant of ¢. For ¢ € ¢, we define the Morrey space
LL9)(@) as follows:

LOD(G) = {f € LL(G)  [|fll per ey < 0}
with the norm

1
fllLae (g =  sup 7][ f(x)| de.
AL @ 2€G,0<r<dg o(r) B(z,r) 7=

Then L(1¥)(@) is a Banach space. Note here that if 1, wo € 4 and ¢y (r)/@a(r)
is bounded above, then

L(l’“’l)(G) c L(lwz)(G);

in particular, if there exists a constant C' > 1 such that C71p(r) < a(r) <
Cp1(r) for all r > 0, then

L(l’W)(G) — L(Ls@z)(g)
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with equivalent norms.

When ¢(r) = 7=, L&:#)(G) is denoted by Ly A(G). If p(r) = r~™/? with
1 < p < o0, then Jensen’s inequality yields

LP(G) € LM(G) = Ly yp(G);
in particular, if ¢(r) = r~", then

LY(G) = LM9(G) = L1 n(@).
Note that L(1#)(G) = {0} when ¢(r) — 0 as 7 — 0 by Lebesgue’s differentiation
theorem.

Let

G"={z e R" :dist(z,G) < dg} = U B(z,r).
z€G,0<r<dg

For ¢ € ¢4, we define the generalized Campanato space .29 (G) as follows:

L(G) = {f € LinelG") : | fl| 1.0 < o0}
and

1

flleaeya = sup — f(x) = [z de.
Wllzooie = _ =2 CoBE Jaen, @~ Ben]

Then || f|| 2a.#) () is @ norm modulo constants and thereby Z19)(G) is a Banach
space.

Let us consider the family % of all continuous, increasing, convex and bijective
functions from [0, ) to itself. For ® € %, the Orlicz space L®(G) is defined by

Lé(G) = {f € Llloc(G) : ”f”L‘I’(G) < OO},

where

Hf”Lq)(G) = mf{)\ >0: /G(P(Lf()ix)'>dq; < 1}

If ®;, &3 € # and there exists a constant C' > 1 such that ®;(C~1r) < &5(r) <
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®1(Cr) for all r > 0, then we see easily that
L*(G) = L*(G)
with equivalent norms. If ® € # and
®(r) = exp(r?), exp(exp(rf)), r?(logr)* or 7 (logr)?(log(logr))*
for large 7 > 0, then L?(G) will be denoted by
exp(LP)(G), expexp(LP)(G), LP(log L)*(G) or LP(log L)?(loglog L) (G),
respectively.

We know that Orlicz spaces are included in Morrey spaces. For example, if
o(r) = ®~(r~™), then we can show that

L®(@) c LY9(Q)
(see e.g. [16, Theorem 3.4]); if in addition ®(r)/r — oo as r — oo, then L?(G) is

a proper subset of L(1%)(G) on account of [18, Theorem 4.9].
For ® € # and ¢ € ¢, the Orlicz-Morrey space L(®#)(G) is defined by

L(CD’(F)(G) = {f € Llloc(G) : ||f||L(‘I>v‘P)(G) < OO}?

where

: 1 |f(;v)|) }
o = su inf )\>0:—][ <I>< dr <1
Il zeG,0<€§dG { (1) JB(zm) A

(see [17], [18]). Then [|f[|1(@.¢) () is a norm and L(®¥)(@) is a Banach space.

For ® € % and ¢ € 4, we also define the Orlicz-Campanato space .Z(®%)(QG)
as follows:

L(C) = {] € Ligo(@) | f]| 2.0y < o0}

where
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[ fll 2o =

sup inf{)\>0 / <|f fB(Zr)|>dx<1}.
2€G, 0<r<dg |B 2,7) JBzm)

Then || f[| ¢ . () is a norm modulo constants and thereby Z(@%)(G) is a Banach
space.
For ¢ € ¢ such that ¢ is bounded, the generalized Holder space is defined by

={f:Iflla e < oo},

where

_ ap @ s
Iflswey = sw  Ze=yn

Then || f||a, () is @ norm modulo constants and thereby A, (G) is a Banach space.
Since ¢ is bounded, every f € A,(G) is bounded. If ¢(r) — 0 as r — 0, then
every f € A,(G) is continuous.

3. Main results.

In this section, we state our main theorems, whose proofs are given in Sec-
tion 6.

Throughout this paper, let G be a bounded open set in R™ and denote by
Cp, Cy, C5, the doubling constants of p, p, p € ¥, respectively.

Let us begin with the following result.

THEOREM 3.1. Let p,p €9, and define

P(r) = (/OT @ dt)ga(r) + /TQdG M dt (3.1)

for 0 <r <dg. Then I, is bounded from L9 (G) to L) (G). More precisely,

o fllze ) < Clifllae )

where C' > 0 is a constant depending only on n,c, and c,.

REMARK 3.1.  Theorem 3.1 is proved in [16] when G = R™ and dg = oo,
under the assumption that there exists C' > 0 such that p(r)/r™ < Cp(s)/s™ for
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all s < r. However, we don’t need this assumption. For example, the theorem
is valid in the case p(r) = r™*(logr~1)"'/2 and ¢(r) = r~"(logr~')~1/? for small
r > 0. We give a proof in Section 6 for convenience, though it is almost same as

16].

THEOREM 3.2.  Let p,p € 4 such that fol M dt = co. Define

2da
iy = [0 22

for 0 <r <dg. For p €9 such that p/p is continuous and decreasing, consider

R(r) = 1 (r)p(r)/p(r)

and

o= ([ 2oty s [ B0

forOo<r<dg. If ® € ¥ satisfies

(Yror~Y)(s)

ca=s {25

Z/i(dG)<S<OO}<OO,

then there exists a constant A > 0 such that

I
BGzr) \Alfllzaee
forz€ G,0<r<dg and f € L"9)(Q), that is,

1o fllcew @) < AllfllLae @),

where A > 0 is a constant depending only on n,c,,cs,c, and Cg.

REMARK 3.2. Note that « is bijective from (0,d¢g] to [k(dg),00) by the
assumptions in the theorem.

In Theorems 3.3 and 3.4 below, we consider the following condition on p:
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p(r)  p(s)

,r-n sn

p(s) 1
s for 3

<

w |3

< clr— s <2 (3.2)

For f € L(M9)(@), letting f = 0 outside G, we can regard I,f as a function
on G*.

THEOREM 3.3. Let p,p € 9 and (3.2) hold. If

W(r) = (/Orp(tﬂdt>¢(r)+r/r2dcp(z?;mdt for 0<r<dg,

then I, is bounded from L(»9)(G) to L) (G). More precisely,

1, fll 2oy < CllfllLae s

where C' > 0 is a constant depending only on n, cp, c; and c,.

Moreover, if there exists a constant A’ > 1 such that (t) < A'tp(r) for
0<t<r<dg, then

o fll 2@ @) < AC| fllLae @),

where ®(r) = exp(r) — 1 and A > 0 is a constant depending only on n, A’ and

Y(dg).
Note that, if fol M dt < oo, then rfTZdG % dt is bounded.

THEOREM 3.4. Let p,p €94, (3.2) hold and fol M dt < oo. If

w(r)/orwdtw/w”“if(“dt for 0<r<dg, (33)

then I, is bounded from L(%)(G) to Ay (G). More precisely,

1o fllau @) < ClfllLae )

where C' > 0 is a constant depending only on n,c,,c, and c:).

REMARK 3.3. In Theorem 3.4, if there exist ¢, , > 0 and 0 < € < 1 such
that
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p(r)e(r) <e, cpp(s)f(s) for 0<r<s< oo, (3.4)
7"6 k) £
or
p(s)e(s) <e, 9Dp(?"?ﬂ%@(?") for 0<r<s< oo (3.5)
SE k) £

then ¥(r) — 0 as r — 0, that is, I,,f is continuous. Actually, if (3.4) holds, then

2dG 2dG
p(t)e(t) p(2dc)e(2dc) 1
T/T 2 dt < Cp,p <2dG)E r ” 12—« dt

 p(2de)e(2dg)
Y (2de)*(1—¢)

and if (3.5) holds, then

2dg 2dg
r/ p(t)p(t) it < pr(r)w(T) r/ L
- t2 ’ re - 12

—€

C
< 2 ()l

Cop CpCo

)
" opt)e(t)
_1—510g2/r/2 t dt
[ e,
0 t

Cp,p CpCo
T 1l—clog2

Therefore, if (3.5) holds, then we can take 1(r) = [/ M dt instead of (3.3).

4. Corollaries.

In this section we collect several results, which are special cases of our theo-

rems. Recall that we always assume that
1
t
/ @ dt < oo
o t

in the definition of I,. Note that, if ¢ € ¢, 8 > 0 and ¢(r) = (logr~1)~¢ for small
r > 0, then
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L19(@) = {0}.
If po(r) =r=", 0 €%,0<0and p(r) =r"(logr—')~? for small r > 0, then
LE9)(G) = LE#0)(G) = LY(G).

Therefore we need the condition “¢ < 0 if 3 = 0” and “0 > 0 if § = n” on
p(r) =r"F(logr=1)~".

COROLLARY 4.1. For0<a<f<n,y>landay,f1 € R (g > v ifa=
0: ﬁlzozfﬁ:n); letp:ﬂ/(ﬁ—a), Pa%¢€g;q’€@and

p(r) =r*(ogr=)7,  o(r) =rPlogr=')™P  for small r >0,
Y(r) = rPlogr= 1P for small r > 0,

®(r) = rP(logr) "y H@b+ab/(B=c)  for large r > 0.
Then
1o fll L@@y < AllfllLaer )-

That is

|, f ()] )
Pl ————"——|d
]i(m) (A||f|L<1w>(G) z < vlr)

forz€G,0<r<dg and f € LI (G).
Proor. We use Theorem 3.2. Let
p(r) = (logr=)~7 for small r > 0.

Then we have
T A(t 2 Bt p(t
B(r) = (/ p()dt>gp(r)+/ D) g
ot ; t
~ (logr=1) =" 1=Blogr—H)=F 4 r_ﬁ(logr_l)_(ﬁl'”)

~ 1 Plogr t)y=A-rHL
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e p(t)p(t
P1(r) = / P(t)e(t) )ZD( ) dt ~ =B~ (Jog p= 1y~ (rth)
T

k() = 1 (r)p(r) /) p(r) ~ =B (logr—t)= A1+

for small » > 0, and

571(5) ~ Sil/ﬁ(log 5)7(ﬁ1+7)/ﬁ7

1 ok1(s) ~ s(ﬁfo‘)/ﬁ(log 5)(7(ﬁ*a)*aﬁrmﬁ)/ﬁ ~ & 1(s)

for large s > 0. O
Let a; = 0 in the above. Then we have the following.

COROLLARY 4.2 ([10, Theorem 1.2]). For0 < a < < n, v > 1 and
BreR (i >20ifB=mn),letp=0/(B-a), p,p €9, ®c ¥ and
p(r) =r~F(logr=1)= for small r > 0,
Y(r) =rPlogr )™= for small r > 0,

O(r) = rP(logr) Y Tete/B for large v > 0.
Then

Hafll@w @) < AllfllLaeq)-

In Corollary 4.2, we have
L5 (1og L)"/7(G) S L9)(G) Lo, L@ (@) C L%(@).

REMARK 4.1.  O’Neil [21] proved the boundedness of I, on Orlicz spaces.
Our results are independent of them. Let 8§ = n and /1 = 1 —a/n > 0 in
Corollary 4.2, then we have the following;:

Corollary 4.2:  LU#)(@) Lo L[@¥)(@)

c
UH UW = L%(@)
C
O'Neil: L'(log L)}=¢/n(G) Lo /(=) (@) #
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For the inclusion above, see [18].

COROLLARY 4.3. For0 < a <mn, vy

0 and —o00 < a1 + 31 < 1 (a1 >
y+1lifa=0: g1 >20ifa=n)leaap=_0-a—01+7)/1—a1 — ),
Py, €9 and

v

p(r) =r*(ogr= 1), o(r) =r *(ogr )P for small r > 0,

P(r) = (logr )= =A% for small v > 0,

O(r)y=7rP for allr > 0.
Then

Hpfllz@wr @) < AlfllLae @)
That is

1o f ()| )pd
][B(z,r) (A”f'L(lv‘P)(G) <9l

forz€ G, 0<r<dg and f € L9)(G).

Proor. We use Theorem 3.2. Let

p(r) = r*(logr=1) "™ for small r > 0.

Then we have

Y(r) = (/OTﬁ(tt)dt)w(r)qL/jdG Mdt

roc(]og r_l)—a1+7r_a(log r—l)—ﬁl + (IOgT‘_l)l_o‘l_ﬂl"r’Y
(logr—1)1=21+7(log r=1)=B1 4 (logr—1)l-a1—=Ai+v

Y

2da
Yi(r) = / M dt ~ (logrfl)lfalfﬁl,

k(r) = 1(r)p(r)/p(r) ~ (logr=t)—or=rfrty
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for small » > 0, and

k1(s) ~exp (— 51/(17Q1751+7)),

W1 0 kY (s) ~ s/ (mm=Bity) _ (1/p — g1 (s)

for large s > 0. (]
Let a; = 0 in the above. Then we have the following.

COROLLARY 44. For 0 < a < n, —oo < By <1l andy >0, let p =
(L=B1+7)/(1=P1), g, €Y and

o(r) =r"%(log ril)*ﬁl for smallr > 0,
Y(r) = (logr )= for small r > 0,

O(r)=1rP for all v > 0.
Then
Lo fllp@w @ < AllfllLae @)

COROLLARY 4.5. ForO0<e<a<nand —oco<a1+01 <1, (01 >0ifa=
n),letp=1/1—o1—p1), pp €9, ¥ and

p(r) =r(logr 1)~ o(r) =r “(logr 1)  for small r >0,
Y(r)=r=*"  for allr >0,

&(r) = exp(r?)  for large r > 0.
Then

Lo fll@wr @) < AlfllLae -

That is

][ (I)< |Ipf(x)| )d:l? S ,,,,70(+€
B(z,r) AHfHL(l"P)(G)

forz€G,0<r<dg and f € LV (G).
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ProOOF. We use Theorem 3.2. Let
p(r) = r¢(logr~H)P  for small r > 0.

Then we have

o= ([ M ar)otr)+ [ H0AD

~ 7‘5(10g r*1)517,7a(10g 7,71)7,31 + 7”7(0‘75)

~ p—la=2),

ba(r) = /ZdG POL 4y . (ogy=ty=on =,

K(r) = 01 (1)3(0) p(r) ~ @ log !
for small r > 0. Then
k1(s) ~ sil/(a*E)(log s)l/(a*E),
1ok~ (s) ~ (logs)' =7 = @7 (s)

for large s > 0. g
Let a3 = 0 in the above. Then we have the following.

COROLLARY 4.6 (cf. [10, Theorem 1.1 (1)]). For 0 < e < a < n and
—co< b <Lletp=1/1—-01),p €9, ¥ and

o(r) =r"%logr= Y™ for small r > 0,
P(r) =r-ote for all v > 0,

O(r) = exp(rP) for large r > 0.
Then
[ fllL@w @) < AlfllLae @)

In Corollary 4.6, we have
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L% (log L)% *(G) G L9)(G) Lo, L@@ c L*(G)

for0<e<a.

REMARK 4.2. For the boundedness of I, on Orlicz spaces, Edmunds, Gurka
and Opic [4] and Mizuta and Shimomura [11] proved

I, : L"*(log L))(G) — exp (L™ ("=72))(G) when A <n/a—1
and
I : L*(log L)) (G) — expexp (L"/("*O‘))(G) when A > n/a — 1.

Our results are independent of them.

COROLLARY 4.7. ForO0<e<a<n,ai+f=1and -0 <as+ 02 <1,
(Brz0ifa=n: fo>0ifa=nand B =0),letp=1/(1-az—Pa), pp €Y,
dec¥ and

P(r) = rote for all v > 0,
D(r) = expexp(r?) for large r > 0.
Then
Lo fll s @) < AllfllLae @)
That is

][ (b( |Ipf(x)| )dZC S ,,,,—Oc-‘r&
Bzr) \AllfllLae (e

forz€G,0<r<dg and f € LV (G).
PrOOF. We use Theorem 3.2. Let

B2

p(r) = r¥(logr— )P (loglogr )"  for small r > 0.
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Then we have

Y(r) = (/Or @ dt) o(r) + [dc M dt ~ (@2

2d
Yi(r) = / 7p(t);p(t) dt ~ (loglogr—t)t—2=F2,

K(r) = ¢1(r)p(r)/p(r) ~ =" (logr~")(loglog r ")
for small » > 0. Then
kT (s) ~ s (@) (log 5)1/ (@79 (log log 5)V/ (—9)
Y1 0ok (s) ~ (loglog 3)1*“2*52 =3 !(s)

for large s > 0. O
Let a3 = as = 0 in the above. Then we have the following.

COROLLARY 4.8. ForO0<e<a<mnand —oco < s <1, letp=1/(1— ),
peY, e and

o(r) =r"*(ogr 1) t(oglogr=1)=P2  for small r > 0,
P(r) =r-ote for allr >0,

O(r) = expexp(r?) for large r > 0.
Then
[Lafllz@wr @) < AllfllLae @)

In Corollary 4.8, we have
L”/a(log L)”/“(log log L)QQ”/O‘(G) g L(l’“")(G) LR L(‘I”w)(G) G L*(@)

for 0 <e <a.
Let 82 = 0 in the above. Then we have the following.

COROLLARY 4.9 (cf. [10, Theorem 1.1 (2)]). ForO<e<a<n,letp e ¥
and
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o(r) =r"%(ogr Y)~'  for small r > 0,
P(r) =r=Fe for allr >0,

O(r) =expexpr—e  forallr > 0.

Then
oSl @ @) < AlflLae c)-

COROLLARY 4.10. ForO0<a<n and a;,f1 € R (a1 > 1, 51 <0 ifa=

0: fr>20ifa=n), let p,p,b €94 and

p(r) =r(logr= 1)~ o(r) =r“(logr=") P for small r >0,
) (logr—H)—=A1  (a > 0)
)=

(logr—hHl=u=F (=0

O(r)=expr—1 forallr>0.

for small v > 0,

Then

o fllzaw @y < AllfllLae -
Moreover, if a1 + 81 >0 (a1 + 01 > 1 if « =0), then
1o fll 2@y < AllfllLae -

That is

N [pf(x) — (Ipf)B(z,r)|> 3 )d
]{?(z,r) (e P ( Allflloae e b)de <)

forz€G,0<r<dg and f € LV (G).

PrROOF. We use Theorem 3.3. Then we have

sy = ([ Yoty o [ A0

N {(logr_l)_“‘l_ﬁ1 (a>0)
(logr=1)t=er=fr (a =0)
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for small » > 0. O

REMARK 4.3. In Corollary 4.10, if a1 + 81 =0 (a1 + 51 = 1 if @ = 0), then
ZLOY(G) = BMO(G). In the case 0 < a < n and a; = f; = 0, the result is
proved by Peetre [22]. See also [14].

REMARK 4.4. In Corollary 4.10, if a3 + 51 > 1 (a1 + 51 > 2 if @ = 0), then
Z09(G) A;(G) for ¥(r) = (logr=)~? for small 7 > 0 with § = oy + 3, — 1
(0 = a1+ 1 —2if o =0) (Spanne [24, p.601]). Therefore I, f is continuous for
all f e L(l*"’)(G). In this case, the assumption of Theorem 3.4 holds and thereby
we also get I,f € Ay (G).

Let a; = 0 in the above. Then we have the following.

COROLLARY 4.11 ([10, Theorem 1.1 (3)]). For 0 < a <n and B > 1, let
0, Y €Y and

o(r) =r"*(logr )", (r) = (logr=1)"P*  for small v > 0.
Then
o flla, @) < AllfllLae )

5. Preliminary lemmas.

For proofs of our theorems, we prepare several lemmas.

LEMMA 5.1. Let k> 0. If p,p € 4, then

T — 2"wnc;2)c¥, "
/B M|f(y)|dy§ </0 p(t)p(t) dt>|f||L<1,mc> (5.1)

(z,r) |$ - y|n 10g2 t

and

/ %uwdy

(z,de)\B(z,r) |z —

2" R wncde, (1216 p(t)p(t)
Slogzw</ BEEE dt>”f o) (5.2)

ProoF. Ify e B(z,2/r)\ B(x,2"'r), j € Z, then
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ple—yl) _ cop(2'r)
o =y = @ty

Hence

p(lz —yl)
fy)ldy
/B(x,2fr)\B(;c,2j1r) |‘T*y|n+k| ( )|

cop(277) /
< P77
<@ 2]_T)If(y)ldy

P(2)p(2'r)
(297)*

J
< 2n+kw”czc¥’ /2 " p(t)(p(t) dt ||f|| L
=~ lOgQ ety t1+k L,9)-

k
< otk Cp

Il

Noting that

pllz - o= 4)
/B@,rm i 'dy*Z/ | e I

j=0Y B(@.27Ir)\B(z,277~1r)

and

/B oAl |n+k|f |dy<Z/ . , Wlf(y)ldy,

(z,dc)\B(z,r) |x - (x,277)\B(x,27~1r) |$ —

where dg < 299 < 2d, we have the conclusion. O

LEMMA 5.2. Ifp€ ¥, then

]{3(“) (/B(z’r) |(|x yn)|f( )|dy>dx < nwncpw(r)</or p(tt)dt>|f||u1,w(c,),

Proor. By Fubini’s theorem we have

L (/ » P D4y )
_ /B . f(y)l( /B . ’ﬁx_ﬂ) da:>dy
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plz —yl) )

——— 2 dx |d
= \/;(z,r) |f(y)| </B(y,2r) |1’ - y|n t)Y
<nwn0p</0 p(tt)dt) /B( )\f(y)ldy

< rnepe BN [ A2 @) 110001

t

as required.

6. Proofs of the theorems.
We are now ready to prove our theorems.

PrOOF OF THEOREM 3.1. We write

P 104 | e i 00

(z,r) |$ - y|n
rT—Y
+][ / pllz — o) nl)f(y) dy
B(z,r) | /B(z,da)\B(z,r) |z — v
<7,
B(z,2r)

[ ety
+]{3(z,'r)

(z,2r) |£E - y‘n
=L +1

I,f(z) dx

dzx

dzr

dzx

p(lz —yl)
——f(y)dy
/B(:z,dc;)\B(w,r) |z —y[®

for z € G and 0 < r < dg. By Lemma 5.2 we have

2r
(t)
I < 01<P(7“)</0 ptdt) Ifllzae e
<G llLae -

By Lemma 5.1 we have

2dg t t
<ol [P il

< Cop(r)| fllLae -
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Hence it follows that
£ @] de < Coml e
B(z,r)

where C' > 0 depends only on n, ¢, c,. O

PrROOF OF THEOREM 3.2. By Theorem 3.1, we have

][B . BF @ < G0l oo (6.1)

forze Gand 0 <r <dg.
Let g = |f|/lIfllLa.# (c)- For z € G and 0 < § < dg, we have by Lemma 5.1

1w@=/‘ Mx_mm)®+/(dvﬂ5(u_wﬁw@

B(zs) 1T —YI" |z —y[”
~ _ 2(ic
HD [y, [0
p(0) JB(zs) T — Yl
)

p@)
/3((5) ng( ) + C(21/}1 (5)

IN

Now let

5 {/il(fﬁg(x)) when I;g(z) > k(da),
da when I;g9(z) < k(da).

Then it follows that
Ig(x) < (1+ Cy) max {41 (v~ (Ip9(2))), ¥1(da) }-
Note that
(W1 ok™1)(s) < Ca® H(s) for w(dg) < s < oo

Hence, taking A = (14 C2)Cq(Cy + c,c5), we establish

Lpf @) _ Lyle) _ max{® ! (Tg(x)), 2~ (% (de))}
Alfleaore — A Ci + cpe;
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On the other hand, we see that

([P o) N\ Ade) _ 2 p()e(t)
wlde) = (/dc t dt) pldg) = % /dc .

< cpepyp(r).

Hence, with the aid of (6.1), we have

][ q><|fpf($)|>dz
B(z,r) AHfHL(l"P)(G)

1

< max 3 [;9(x), k(d dx

— C1+cpc; ][B(z,r) { o) G)}
i

< I;9(x) dx —i—][ k(dg dx)

01+Cpcﬁ( B(z,r) #92) B(z,r) :

1

< m (CW(T) + Cpcﬁw(r)) = w(r),

which proves the conclusion. O

PROOF OF THEOREM 3.3. For f € L(L¥)(G), letting f = 0 outside G, we
can regard I, f as a function on R". The first part

[ fllzaw@y < CllfllLae )

is proved in [16] when G = R" and dg = co. Actually, we have

1
sup T/ N I f x)— (I, f z,r dz S C’L/J T) f (1,¢) .
B(z,r)CR",0<r<dg |B(z,7)| B(z,r)‘ ? (=) = P )B( ' )‘ )17 e @)

The second part is shown by John-Nirenberg’s inequality [8]. Let

z) = Ipf(x)
90 = Ml ew)

Then, for 0 < t <r < dg, we have

1

m B(2.t) |g(x) - gB(z,t)‘ dx < '(/J(t) < A/'(/)(’I“)
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By John-Nirenberg’s inequality, there exist constants cj,co > 0, depending only
on n, such that

1 cic
|B(z,7)] /B(z,r) {exp(clg(@) = gpenl) — 1} do < (A"(r)) ey — ¢

for 0 < ¢ < (A'Y(r))"tea. Let A = c'max{l,¢;/(A"Y(dg))} and ¢ =
c2/(2A42%(dg)). Then 0 < ¢ < (A'(r)) " tea/2, since ¥ (r) < A'(dg). Hence

(Ap(r) ez —c = (A9(r)"le2/2  AY(da)

cre < a16/(24%¢(dg)) _ eap(r)

Using the inequality exp(r/a) — 1 < (exp(r) — 1)/a for r > 0 and @ > 1, we have

{ ( gBZT)|>—1}d.T
| ZT| B(z,r)

1
= max{1,c1/(A¥(dc))} Jpim {exp(clg(x) — gp(zm|) — 1} da
1 Cll/f( )
= max{l Cl/(A/'l/)(dG’))}A/’(/)(dc;) < a(r).
This shows the conclusion. .

PROOF OF THEOREM 3.4. Write

Ipf(w) - Ipf(z)

pllz —yl) oz —y|)
/B@,QHD i)y /B(Z,g,“) ) ay

pllz —yl) p(lz—yl)) J
+/G\B(ss,zm—zn( P e AL

By (5.1), we have

/B Pz = |)|f( )dy < Crp(|x = 2| fllLaeq)

(z2la—z]) 1T —Y"

and
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/ PUz= 9D, 1)1 gy </ PUz= 9D, 1) ay
B

(z,2)a—2) |2 —y|™ B(z3le—z) 12— Y"

< Oz = 2Dl f Lo e

for z,z € G. On the other hand, we have by (3.2) and (5.2)

/ ‘P(Iﬂfyl) ez —yl)
A\B(w,2lz—=)) | [T —y|" |z —y|"

pllz —yl)
fy)ldy
C\B(z,2ja—z]) [T — ‘n+1‘ )|

2da
< c2|x—z|( / Wdt)llfluwxc)

2
lz—z| 1

£ (y)| dy

<clz— 2|

< Cop(fz = 2D fllzor@)-

Now we establish

‘Ipf(x) - Ipf(z) <

C(lz = 2D fllaer e

for x,z € G, as required. O

7. Orlicz spaces.

Our discussions can be applicable to the study of the boundedness of I, from
L?(G) to LY(G) and Sobolev embeddings of Riesz potentials for Orlicz spaces.

O’Neil [21, Theorem 5.2] gave a sufficient condition for the boundedness of
the convolution operators in Orlicz spaces near L'. He used other function spaces
M?® in which L® is a proper subspace. In this section we give another sufficient
condition. Our statement and proof are simpler than O’Neil’s and we can easily
check whether the pair (p, ®, V) satisfies the assumption.

Let .Z be the set of all positive continuous functions ¢ on [0,00) for which
there exists a constant ¢ > 1 such that

~
—~
~

S log s

(r

“l< < ¢ whenever < <2. (7.1)

~
N—
DN | =
—

ogr

Here we collect the fundamental properties on functions ¢ € .Z.

(i)leGand 1/l e &.

(ii) £(e') satisfies the doubling condition, so that there exist positive constants



PFractional integral operators on Morrey spaces and embeddings 731
c and (3 such that
{(r) < c(log(2+1))? for 0<r < oo. (7.2)
(iii) For all @ > 0, there exists a constant ¢, > 1 such that
e H(r) < (r*) < col(r) for 0<r < oo. (7.3)

(iv) For each € > 0, r°¢(r) is almost increasing, that is, there exists a constant
c. > 1 such that

rl(r) < c.s°4(s) for 0<r<s<oo. (7.4)
(v) If ¢, 4 € £ and a > 0, then there exists a constant ¢, > 1 such that
Ca H(r) < L(r¥ly(r)) < col(r) for 0<r < oo. (7.5)

(vi)Ifp>1,¢e€ %, & and O(r) < rPL(r), then there exists a constant
¢ > 0 such that

rYPer) TP < e (r) for 0 <7< oo (7.6)

7.1. Riesz potentials.
THEOREM 7.1. Let0O<a<nandp=n/(n—a). Let p€ Y and ® € ¥ be
of the form
p(r) = r ()"
and

D(r) = rli(r),

where 0,01 € L. Take functions o € £ and ¥ € ¥ satisfying

/ fzit) dt <ty(r) for dg' <r< oo, (7.7)
d

—1
G

U(r) < rPe(r)Ply(r)P~ s (r)  for 0<r < oo. (7.8)
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Then there exists a constant A > 0 such that
1o fllze ) < Allfllze )

PrROOF. We may assume that ||f||z#g) = 1. Then

/ B f(y)])dy < 1.
G

Note that ¢; is nondecreasing, since ® is convex and ®(0) = 0 by our assumption.
For 0 < v < a, let

O(lr —yl™h)

J(x):/ (W)l dy.
weGia—yl-1<If} 1T =Yl

Then, for 0 < ¢ < dg, which is determined later, we have by (7.3) and (7.4)

pllz—yl)
/GHB(x,&) |z —y| @)l dy

plle—y |z -yt
< / ollz — vl) nD |f(y)| dy +/ e =)~ J,a)ﬂ dy
{yeGNB(z,8):|lz—y|~7<|f(¥)|} |z -y GNB(z,8) |z —yl

< (Y (6 T T () + Cor (s !

Similarly, for a < 7’ < n, we obtain

pllz —yl)
/G\B(acé) |z —y|™ 7)1y

gc/G Pz =91 o1 1))l — 517 4 o — o'} dy

\B(z,6) Jz -y
< CouE )y (5 / (1 (y)]) dy + €6 (5~1) "
G
SO (A S RSOl Lt ]

Hence it follows that
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1L, (x)] s/G ”('”C‘y')u(yndw/a Pz = 1)) ¢ ay

AB(z,) [T —y[" \B(z,5) [T —y["
< OO U (67 ) T I () + Co (6!
+ OB Ty (57 T+ co Y ()
=56 ) () T T ()
+ O T (6T T 4 0T (6 + 0T 4 (67Y))
<O (07 T T () + C5 (6T TR (67 T

Now, let
& = min {J () 7Y™ (J(2)) "V (T ()", de )
If § = J(x)~Y/™0; (J(x)) /™y (J(x))'/™, then it follows from (7.5) that
Us™h) ~ (T (), 06 ~ (I (), €(071) ~ (](2),
so that we have by (7.8) and (7.6)

1o ()] < CT ()M (@)~ e (I () ™ (J () ==/
= CJ(2)/Pe(J ()" 1 (J(2))~ @ D/P ey (J ()P
< CUTH(J(2)).

If 6 = dg, then

Therefore

By Fubini’s theorem and (7.7) we have

733
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lo(lz —y|™) )
J(z)dx = — = 7 d d
/G () do /G</{$ec;;xy|w<f(y)} EET (o)l dy

_ /ann(/dlf(y)ll/W (21575) dt)|f(y)|dy

—1
G

<c /G G @)Y @) dy < C /G (| (y))) dy < C,

which proves the conclusion. O
As special cases of Theorem 7.1, we can easily get the following corollaries.

COROLLARY 7.2. Let0<a<n,p=n/(n—a). Fora; € R and 31 > 0,
let

p(r) =r*(log(2+r71)) ™,
(r) = r(log(c+1))™,

U(r) = rP(log(c + )Pt
where ¢ > e is chosen so that ®,V € % . Then
1o flle ) < Allfllze)-

In fact, we have only to consider a function £5(r) = co(log(c +r))? ~! with a
suitable constant co > 0.

REMARK 7.1. In Corollary 7.2 we cannot take 5; = 0. Actually, one can
find f € L'(B) but

/B 1o f ()P (log(1 + |1, f (x)]))"** ~" dz = o0,
where B = B(0,1).
To show this, for 0 < v < 1/p, let f be a nonnegative function on B such
that

F(y) = Iy (og(1 + |y =) ™" (log(1 +log(1 + [y|~1)) 7"~

Then we have f € L'(B) and, for x € B,



Fractional integral operators on Morrey spaces and embeddings 735

L
If(z) > / plle=ol) ;. 4y
B(0,]z|/2) |z — |
> Ol (log(2 + 2Ja| 1))
x / " (log(1 + [y 1)) " (log(1 + log(1 + [y| 1)) dy
B(0,|z]/2)
> Claf*(log(1 + 2] ~1))~* (log(1 + log(1 + 2] 1))) ™.
Hence it follows that
/B 1L, £ ()P (log(1 + | I, f(2)]))P™ " da

2 C/B 2| 7" (log (1 + |271) ™" (log(1 + log(1 + || ~1))) 7" dw = o0

when v < 1/p.

REMARK 7.2. Let a, a1, 51, p and ® be as in Corollary 7.2. If v > p(a; +
B1) — 1, then one can find f € L*(B) but

[ 1ad @080 + 11, de = o
B
For this purpose, let € > 0 and f be a nonnegative function on B such that

f(y) = |yl " (log(1 + |y|_1))—51—5—1.

Then, as in Remark 7.1, we have

/B F()(log(1 + f() dy < oo

and
I, f ()| (log(1 + I, f(x)]))7 = Cla| " (log(1 + |a| )7~ Pleathte),

Hence, if 0 <& < (y — p(a1 + 1) + 1)/p, then

[ 1@l og(1 + |1, (@) do = .
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COROLLARY 7.3. Let0<a <n,p=n/(n—a). Foraj,as € R and 35 > 0,
let

p(r) = r*(log(2 + 1)~ (loglog(4 + 1)) ™2,
@(r) = r(loglog(c + ),

U(r) = rP(log(c + r))P**~(loglog(c + r))Plazth2) =1,
where ¢ > e is chosen so that ®,V € % . Then
o fllL¥ @) < AlfllLec)-
In fact, we have only to consider a function
la(r) = co(log(c + log(c + 1))~ (log(c + ) "

with a suitable constant ¢y > 0.

REMARK 7.3. For the boundedness of I, and Sobolev’s embeddings of Riesz
potentials in Orlicz spaces, see Edmunds, Gurka and Opic [4] and Cianchi [3].

7.2. Logarithmic potentials.
A function € : (0,400) — (0,400) is said to be almost increasing if there

exists a constant C' > 0 such that

0(r) <Col(s) for r<s.

Consider the logarithmic potential

If(z) = /G Mf(y)dy,

|z —y|™

where p € ¢ is of the form p(r) = £(r~1)~! with £ € . satisfying
1
t
/ # dt < o. (7.9)
0

For logarithmic potentials, we have the following.

THEOREM 7.4. Let p € & be of the form p(r) = £(r~1)~! with { € &
satisfying (7.9). Let ® € ¥ be of the form
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O(r) = rly(r),

where £1 € L. Let £o,m1, Mo, m3, my be functions in £ such that

( i) mq, El/mg, £/ms3 and £ymy are almost increasing;
i) fd_ ml Ddt < eymao(r)  for dgt <r < oo
-1
(111) [ _— (t)t dtﬁ iy Jor dg <1 < oo
(iv) malr) + m3 < lo(r)  for dg' <r < oo,

my (r)
where c1,co are posztwe constants. Take a function ¥ € % satisfying

U(r) <ré(r)t; (7“)62(7“)_1 for 0<r<oo.
Then there exists a constant A > 0 such that

o fllLw ) < AllfllLec)-

PRrROOF. We may assume that ||f||z#g) = 1. Then

/ (| (y)[) dy < 1.
G

Let 0 <d < 1. For x € G and 0 < r < dg, write

G=FEyUFE{UEFEy;UE3UFEy,

where
By ={y € B(x,r): |[f(y)| <r7°},
Ei={y e B(z,r): |[f(y) >, [fy)] > [« —y[°},
Ey ={y € Bla,r): |f(y)]>r° |[f(y)] < |z -y},
By={ye G\ B(x,r): |[f(y)| < |z —y[°},
Ey={y € G\ B(z,r): [f(y)| > |z —y|°}.

Then

oz~ ) S plle—ud y
— 7 C
/EO w—ypr H@Idy<r /mm a—yr WSO
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E3

T — y|” Bz [T —y|"

Noting that ¢; is nondecreasing by our assumption that ® is convex and ®(0)
we see by (7.3) and (7.4) that

oz — ) olz—l) . - ()
/E4 gl Wl /E4| o WIS W

</ Colle =9 g1 4}y dy
G

\B(z,r) |.’E - y|n£1(‘x - y|71)

Cp(r) C
= (D) /G\B@,T) PN = mgnn ey

Since r=% < C{r™L(r=1)¢1(r~1)}~! by (7.4), we have

p(lz —yl) c
/ P f(y)ldy < o
EoUE3UEy |‘r y| r (r ) 1(71 )
Next let us consider the integral over F; U Fs. Set

J(z) = Ji(z) + J2(2),

where
o mlz— Y S(fW)
Rl A P E N (YT ) B
o maF@DR(F )
Ja(@) = /E o~ yPrma(z — g1 Y
with

Er={yeG:|fy)l|>|z -y},
Ey={yeG:|fy)| < |z -y}

We insist by assumption (iv) that

:O7
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/ Pz =), dy
Eq

[z —y|"
! iz =y o A0S /ma(f )
<€ o o=t =g mie =l ) GG ey Y
¢ mo(r—!) Cly(r1)

Jl(.l‘) <

< le (z),

= W Dm D) G )

since ¢my and ¢;/ms are almost increasing, and

/ P =90, 14 ay

, |z —yl"
1 ms(|z —y|™")
B [T —y["(|z —y|=t) ma(|lz —y|~1)
ms(r—1) 1 Cly(r—1)

RS e

LU @Dmall /WD,

= B0 )ma(r)

/()]

= B )

JQ(CE)7

since ¢/mg and ¢ymy are almost increasing. Noting that

1
m3(s)s

ds > C

lo(t) > ma(t) ¢y 'ms(t) / )

for d' <t < oo by assumption (iii), we find

O (L eaw)) < CetT) (L g
10 % gy (o + 207 0)) < it (o +90))

Let
r=min{J(z)"V" dg}.
If r = J(x)~'/™, then we have by (7.3) and (7.6)

_Cha)
[, f(x)] < 0(J(2)) (J(2))

If r =dg, then J(z) < dg™" and

J(x) < CU~(J(x)).



740 Y. MizutA, E. NAKAL, T. OHNO and T. SHIMOMURA

[Ipf (x)] < C.

Hence
‘I’(ch) < J(z)+C.

To end the proof, we have only to see from Fubini’s theorem and assumptions
(ii), (iii) that

/a iw)de = /c </{meG:|xy5<|f(y)|} ml(ix_—yyl‘l) dx) Ti((|lff( (yy))q) !

_/G”“’"</—f(y dt) ol y)>
)

(75 200
<C/ () sy < C/G@ Jdy < C,
and
/Jg(x)da:
G
-[(/ : ) 2(1 ()l )
Jo \Jecta—y-s>150n malle —yl7le -yl SV
o 1
= L[ ) P @Dma Sy
1
C/GWq’(|f(y)|)m4(|f(y)|)dy<C'/Gq’ﬂf(y))dy<C'
Thus the conclusion follows. O

As special cases of Theorem 7.4, we can easily get the following corollaries.

COROLLARY 7.5. For ay >0 and 31 > 0, let

p(r) = (log(2 +r~1)~ 7,
@ (r) = r(log(c +1))™
U(r) = r(log(c + 7))+,
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where ¢ > 0 is chosen so that &,V € %. Then

I fllove < Allflle -

In fact, for 0 < e < min{ay, 51}, we have only to consider

((r) = (logr)™ ™, 4y(r) = (logr)™, fa(r) =logr,
m1(r) = (log r)e_l, ma(r) = (logr)®,
)a—i—l7

ms(r) = (logr my(r) = (logr)®

for large r > 0.
COROLLARY 7.6.  For oy > 0 and (B3 > 0, let
p(r) = (log(2 + 1))~
@(r) = r(loglog(c +r))™,
U(r) = r(log(c +7))* (log log(c + 7)™,
where ¢ > 0 is chosen so that &,V € %'. Then

1o fllzw ) < Allflze@)-

For this, letting 0 < £ < min{ay, f2}, we have only to take

() = (log )™+, 41(r) = (loglogr)®, a(r) = (logr)(loglog ),

my(r) = (logr)*l(log logr)efl7 ma(r) = (loglogr)*®,

)

ms(r) = (logr my(r) = (logr)®

for large r > 0.

COROLLARY 7.7. Foras >0, f1 >0 and B2 € R, let

p(r) = (log(2+ 7~ "))~ (loglog(4 +r~1))~**~1,
®(r) = r(log(c+ 7)) (loglog(c+ 7)),
U(r) = r(log(c + r))? (loglog(c + r))*2+Fz2
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where ¢ > 0 is chosen so that ®,V € % . Then

1o flloee < AllfllLec)-

To show this, letting 0 < € < min{as, 81}, we may consider

(r) = (log)(loglogr)*2*!,  £1(r) = (log )™ (loglog )™,
lo(r) = (logr)(loglog),
my(r) = (logr)*™",  ma(r) = (logr)®,

e+l my(r) = (loglogr)®

m3(r) = (logr)(loglogr)
for large r > 0.

COROLLARY 7.8.  For as >0 and B2 > 0, let

plr) = (log(2-+ 1)) loglog(4-+ 1))+,
®(r) = r(loglog(c+1))”,
U(r) = r(loglog(c + r))*2 2,

where ¢ > 0 is chosen so that ®,V € %'. Then

o fllLe @) < AlfllLec)-

To show this, letting 0 < € < min{ag, 2}, we may consider

((r) = (logr)(loglog )2t £1(r) = (loglog ),
lo(r) = (logr)(loglog ),

e—1
)

ma(r) = (logr) " (loglog 7)*™",  ma(r) = (loglogr)",

ms(r) = (logr)(loglog T)E“, my(r) = (loglogr)®,
for large r > 0.

COROLLARY 7.9. For oy > 0 and 31 > 0, let

p(r) = (log(2 +r~1) ™7,
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O(r) =,

U(r) = r(log(c + 7)) (log log(c + 7)) A1,

where ¢ > 0 is chosen so that &,V € %. Then

I flleve < Alflle -
To show this, letting € > 0, we may consider

Lr) = (logr)alﬂ, b(r)=1, L(r)= (logr)(loglogr)ﬁlﬂ,

my(r) = (logr)_l(loglogr)_ﬁl_l, ma(r) =1,

e+1
)

ms(r) = (logr)(loglogr) my(r) = (loglogr)®

for large r > 0.
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