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On higher dimensional Luecking’s theorem

By Boo Rim CHOE

(Received Jan. 28, 2008)

Abstract. D. Luecking has recently proved that a Toeplitz operator with mea-
sure symbol on the Bergman space of unit disk has finite rank if and only if its
symbols is a linear combination of point masses. In this note we extend this theorem
to higher dimensional cases.

1. Introduction.

In a recent paper [3] D. Luecking has provided an elegant proof of a theorem
asserting that a Toeplitz operator (interpreted in a more general way) with measure
symbol on the Bergman space of unit disk has finite rank if and only if its symbol
is a linear combination of point masses. This theorem was actually proved in [2]
by D. Luecking himself, but there was a serious gap in its proof. So, he finally
reproved his own “theorem” after twenty years.

Let D be the unit disk of the complex plane C. The Bergman space L2 (D)
is defined to be space of all square-integrable holomorphic functions on D. View-
ing L2(D) as the Hilbert subspace of L?(D) = L?(D,dA) where dA denotes the
normalized area measure on D, we see that there is a Hilbert space orthogonal
projection P : L?(D) — L?(D), the Bergman projection, which is realized by the
integral

P = [ G daw)

for f € L*(D).
For u € L>(D), the Toeplitz T,, with symbol u is defined by

T.f = P(uf)
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for f € L2(D). The symbol u being essentially bounded, T, is clearly a bounded
linear operator on L2(D). The integral realization of the Bergman projection
allows one to extend the notion of Toeplitz operators to densely-defined Toeplitz
operators with unbounded symbols, or even with measure symbols. That is, the
Toeplitz operator T}, with symbol u, a complex Borel measure on D, is defined by

1,06) = [ 2k dutw

1—zw)?

for holomorphic polynomials f € &2(C), the algebra of holomorphic polynomials
on C. Note that T, takes &(C) into the space of holomorphic functions on D.

Let &2*(C) denote the space of all conjugate-linear functionals on Z(C).
Given a compactly supported complex Borel measure 4 on C, let L, : #(C) —
Z*(C) denote the linear operator defined by

L.f(g) = /C fgdy

for f,g € 2(C). When u is supported in D, we have, formally,

/D (T,f)gdA=L,f(g) f.ge P(C), (11)

which reveals a close connection between operators 7, and L,. Of course, this
equality is not always true in the strict sense; justification of implicit exchange of
integrals would be required. At this point of difficulty Luecking [3] noticed that
there is a more natural way to connect operators T, and L,. Based on that, he
has shown the following result which implies the analogue for Toeplitz operators;
see Section 3.

THEOREM (Luecking). L, has finite rank if and only if p is a linear com-
bination of point masses.

Some steps of the proof of this theorem in [3] depend on certain properties
restricted to one variable case and generalizations to several variable cases (though
possible as in the current note) do not seem to be straightforward.

In this little note I follow the main scheme of Luecking’s one variable proof
and prove a higher dimensional analogue with hope that this might serve as a
convenient reference for several variable theory. Some parts of Luecking’s proofs
are repeated for completeness, some more details are provided in some steps for
reader’s convenience, and, when necessary, appropriate adjustments are made for
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several variables.

The author thanks Hyungwoon Koo for his kind suggestion of the proof of
Lemma 2.2.

2. Proofs.

Fix a positive integer n for the rest of the note. Let &(C™) denotes the
algebra of all holomorphic polynomials on C™ and let &2*(C™) denote the space
of all conjugate-linear functionals on Z(C™).

Some of notations, introduced for one variable case in the previous section,
will also be used for several variable case. Namely, given a compactly supported
complex Borel measure p on C", let L, : Z(C") — Z*(C"™) denote the linear
operator defined by

L.f(g) = o Jgdu

for f,g € Z2(C™).

For the rest of this section we fix a complex Borel measure i, supported in a
compact subset of C™, and assume that L, has finite rank, say less than V. We
will show that p is supported on a finite set containing less than N points.

Given fi,...,fn € Z(C"™), functionals L, f1,...,L,fn are linearly depen-
dent and thus

clLufl +--~+CNL# =20
for some nontrivial choice of coefficients ci,...,cy. Let g1,...,g8y € Z(C™)

be given. Taking inner products and using the notation u(fg) := [, fgdp for
simplicity, we see that the system of linear equations

nw(figy) - n(fngy) 1
s s | =0
u(figy) - p(fngn) TN
has a nontrivial solution, namely (z1,...,zn) = (¢1,...,cn). So, we have
w(figy) - w(fNgy)
det : : =0. (2.1)

(i) e pnTn)
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Before proceeding, we introduce some more notation. Let C™*¥ stand for
the product of N copies of C™. A general point in C™*¥ is denoted by z =
(21,...,2n) where z; € C™ for each j. Denote by pn the product measure
px - x pon C™N and denote by Z22(C™*") the algebra of all holomorphic
polynomials on C™*N .

Now, since determinant is linear in each column, we may rephrase (2.1) (going
back to the integral notation) as

/Can fi(z1) v (2n) A g gn) (2) din (2) = 0 (2.2)
where
gl(zl) gl(ZN)
A(glanng)(z) = det
gn(z1) ... gn(zn)

Inserting monomials f; into (2.2) and then considering finite sums, we may replace
the product f(z1)--- fn(zn) in (2.2) by any holomorphic polynomials on C™*¥.
Namely, we have

[ OB Fdun(z) =0 )

for p € 2(C™ ) and g; € 2(C™) for each j.

Given a permutation o on {1,...,N}, let 0z = (251, .., 20n)) for z €
C™ N Let ¢ be a function defined on a permutation-invariant set U c C™*V.
We say that ¢ is n-symmetric on U if

ploz) =¢(z), zelU
for all permutations o. Also, we say that ¢ is n-antisymmetric on U if
p(oz) = (sgno)p(z), ze€U
for all permutations o. Here, sgno = 1 if ¢ is even and sgno = —1 if ¢ is odd.
We denote by Cs(U) the space of all continuous n-symmetric functions on U.
Given a function ¢ on U that is not necessarily n-(anti)symmetric, we let

ps and @, denote n-symmetrization and n-antisymmetrization of ¢, respectively.
That is,
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1 1
pu(z) = 75 D_wl0z) and gu(2) = 5 D (sgno)p(oz)
[eg g

for z € U where sums are taken over all permutations o.

Let Zs(C™ M) and 224(C™*") denote the subspace of 2(C™*) consisting
of all n-symmetric holomorphic polynomials and all n-antisymmetric holomorphic
polynomials, respectively.

LEMMA 2.1.  The equality

/ Ypduy =0
CnXN

holds for all » € 2(C™N) and ¢ € PA(C™*N).

ProoF. Note that A, . ,y) € P 4(C™N) for all monomials py,...,py €
2(C™). Thus, such functions span a subspace, say .7, of Z4(C™*N). By (2.3)
it is sufficient to show .7 = P4 (C™*N).

We first observe a close connection with n-antisymmetrization and determi-
nant. Given functions ¢i,...,gy on C™, denote by ®§Vzlgj the function defined
by [@X19;] (2) = g1(21) - gn(2n). Note that we have

1
[@195], () = il > (sgno)g1(zo(1)) -+ 9N (2o() = N gn) (%)

Thus, taking arbitrary monomials g; on C™ and considering linear combinations,
we see that ¢, € & for all p € 2(C™*N). Accordingly, for p € Z4(C™*N), we
have ¢ = ¢, € 7, as required. O

Let ®g be the algebra consisting of all linear combinations of functions of
the form ¢ where v, p € Pg(C™*N). Clearly, ®5 contains constant functions
and is self-adjoint, i.e., closed under complex conjugation. Since an n-symmetric
holomorphic polynomial has the same values at points that are permutations of
one another, ®g does not separate points. However, &g separates two points
that are not permutations of each another, as in Lemma 2.2 below. Given a
point @ € C™¥ | we denote by [a] the set of all points obtained by permuting
ai,...,ay. Note that if [a] # [b], then [a] N [b] = 0.

LEMMA 2.2. If [a] # [b], then there is some 9 € Ps(C™N) such that
Y(a) # ¢ (b).



218 B. R. CHOE

The proof below is quite analytic. I wonder whether there is a simple algebraic
proof.

PrOOF. We first introduce some temporary notation. For positive in-
tegers d < N, denote by €4 the d-th elementary symmetric polynomial in
A= (A1,...,Ax) € CN. This means that €4(\)’s are determined by the equa-
tion

N

(t—A :i DY

j=1 =1
So, we have

v=(As(1)s- - Ao()) for some o <= €q()\) = eq(v) for all d (2.4)

for v,A € CV.
Assume [a] # [b]. Let s be a sufficiently large positive number. Given j,k =
., N, denote by cé‘?(s) the point in C™ whose m-th component is log{(agm +
5)/(bjm + s)} where log is the principal branch. Note cj k(s) = 0 if and only if
ay = b;. Since [a] # [b], we have % (s) # 0 for some j and k Let H; be the set of
all points z € C™ such that cj( s)Z 75 0 whenever ay, # b;. Here, -7 = Z? 1 757
denotes the Hermitian inner product of z,y € C™. Put 77}“(5) = c; k(s )|c (s)|71
when aj, # b;. Now we choose a sequence sy — oo such that Uk (S@) converges to
some 7)¥ € C™ with |n¥| = 1 for each j, k. Let H = NgH,,. Note C™ \ H is the
union of countably many (n — 1)-dimensional subspaces. In particular, H is dense
in C™. Thus we Can pick some ¢ € H such that || = 1, {; > 0 for all j, and
F-C#0forall . Put § = 1 minj n} - ¢| > 0. Note § is independent of ¢.
Note min; |77J (s¢) - ¢| — 26 and max; |c] (s¢)] — 0 as £ — oco. We now fix
a large £ such that

1

vty Y

njl%n‘nf(w) E’ >¢ and n;ix|c§(55)| <

where M = 2y/n/é. For w € C™ with |w;| <1 for all j, we have by the first part
of (2.5)

[n¥(se) - (MC+w)| > M|n¥(se) - ¢| — |w| = M& — /n >0,

and thus M{+w € H.
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Now, choose numbers w; € [0, 1] in such a way that components of M{+w are
all positive integers. Put o = M({ +w € H. Let m = 7, ¢ denote the polynomial
(z1+50)% -+ (2n+50)* on C". Also, ford =1,...,N, let E; = E; » denote the
function on C™*¥ defined by

Ed(z) = Ed(ﬁ(zl)v sy ’/T(zN))'

Note B4 € Ps(C™*N) for all d. We claim Ey(a) # E4(b) for some d. To reach
a contradiction assume Eg(a) = E4(b) for all d. By (2.4) there is a permutation
o = o, such that

(ﬂ—(bl)a cee aﬂ—(bN)) = (71'(0,0(1)), cee ,7‘(((10(1\[))),
which yields

maow) _ @) _
m(b1) 7(by) '

Rephrasing this in terms of components and then taking logarithms, we have
7V (sy) - @=0 (mod 2ri) (2.6)
for each j. Since a,, < M + 1 for each m, we have by the second part of (2.5)

7P (se) @] < 1
for each j. Thus (2.6) holds without (mod 27i) so that C;—T(j)(Sg) -a =0 for all j.
Since a € H, we obtain C?(j)(Sg) = 0. This yields b; = a,;) for all j. So, we have
b = oa and thus [a] = [b], which is a contradiction. O

The following lemma shows that ®g is dense in C's(C™*") in the topology
of uniform convergence on compact sets.

LEMMA 2.3. Let K be a permutation-invariant compact subset of C™*N .
Then ®g 1is uniformly dense in Cs(K).

PROOF. Define an equivalence relation ~ on K by that a ~ b if and only
if @ = ob for some permutation o. So, the equivalence class containing a € K
is precisely the set [a]. Equip X := K/ ~ with the standard quotient topology.



220 B. R. CHOE

Namely, a set £ C X is open if and only if Ujq)cg[a] is open in K. It is not hard
to see that X is compact and Hausdorff.

There is a canonical isomorphism between Cg(K) and C(X), which is iso-
metric when both spaces are endowed with sup norm topologies. That is, for
Y € Cg(K), define {ﬁv([z]) = 1(2). Clearly, ¢ is well defined, ¢ € C(X) and
||1Z||C(X) = [[%]lcs (k). Conversely, given h € C(X), define h(z) = h([z]). Clearly,

h € Cg(K) and lhllex) = ||ﬁ||CS(K). Furthermore, we have ¢ = ¢ for ¢ € Cg(K)
and h = h for h € C(X).

Let &)S be the set of all functions i[: induced by functions ¢ € ®g. Note that
dgisa self-adjoint subalgebra of C'(X) and contains constant functions. Moreover,
dg separates points by Lemma 2.2. Thus Dy is uniformly dense in C(X) by
the Stone-Weierstrass theorem. So, using the canonical isometric isomorphism
mentioned above, we conclude that ®g is uniformly dense in C's(K), as required.

O

Let V' be the N-th Vandermonde polynomial defined by

1 .1
Ao A

V(A =det | . =TI =)
N-1 o) Y
AN AN

for A= (A1, ..., \y) € CV.

Fix a compact set £ C C™ containing the support of p. Suppose the support
of p contains N distinct points as,...,ay. Choose p € &(C") such that p(a;) #
p(ay) for all j, k with j # k. Note V,(a) # 0 where @ = (a1, ...,an). Associated
with p is the polynomial V,, on C™*¥ defined by

Vo(z1,-.28) = V(p(21), - - p(21))-

Note that V}, is n-antisymmetric.

Since the product of an n-symmetric function and an n-antisymmetric func-
tion is m-antisymmetric, an application of Lemma 2.1 to functions ¢ = 1;V,, and
©w = 1/)2Vp with ’l/)l, 'LZJQ € @S(C”XN) yields

/ FIV, | djx = 0 2.7)
Can
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for all F € ®g. Since EY is permutation-invariant, it follows from Lemma 2.3
that (2.7) is valid even for all F' € Cs(EN).

Note that the measure |V,|? duy is permutation-invariant. Thus, for a func-
tion F € C(EY) that is not necessarily n-symmetric, the integral in (2.7) remains
the same if F is replaced with its n-symmetrization F, € Cg(E"). Hence we
see that (2.7) is valid even for all functions F continuous on EV. Accordingly,
|V,|? duy is the zero measure and thus uy is supported in the zero variety of V.
Note that a is contained in the support of un. So, V,(a) = 0, which is a contra-
diction. This contradiction shows that p is supported on a finite set containing
less than N points, as desired.

Thus we conclude higher dimensional Luecking’s theorem as follows. Note
that the sufficiency is clear.

THEOREM 2.4. Let u be complex Borel measure on C™ supported in a com-
pact set. Then L, has finite rank if and only if pu is a linear combination of point
masses.

3. Some consequences.

As in [3], one may apply Theorem 2.4 to Toeplitz operators on a bounded
domain in C™ that might be quite general. For example, consider a complete
circular bounded domain 2 C C™ with normalized volume measure dV on it. By
“complete circular” we mean that if z € Q and ~ is a complex number with |y| < 1,
then vz € Q.

Let L7 () and L2, (Q) be the Bergman space and the pluriharmonic Bergman
space on €, respectively. The space LIQ),L(Q) consists of all pluriharmonic functions
in L2(Q) = L*(,dV). Let K,(z,w) and Kp(z,w) be the Bergman kernel for
L2(Q) and the pluriharmonic Bergman kernel for L2, (Q), respectively. These are
the kernels uniquely determined by the reproducing properties

f(z) = / f)Ko(zw) dV(w), | e I2(9)
and

F(z) = /Q F) K (2w) dV(w), [ € L2,(9).

The domain being a complete circular domain, any pluriharmonic function on 2
can be uniquely written in the form f+ g where f, g are holomorphic functions on
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Q with ¢g(0) = 0. So, the Bergman kernel and the pluriharmonic Bergman kernel
are closely related by

Kpn(z,w) = Ko(2z,w) + Ko (w, 2) — 1, (3.1)
see [1].

Let p1 be a complex Borel measure on 2. We define T}, the Toeplitz operator
associated with L2(Q), by

/f (2 w) dpu(w)

for f € 2(C™). Similarly, we define Tl{’h, the Toeplitz operator associated with
Lih(Q), by replacing the kernel K, (z,w) with K (z,w). The operator T (T%")
takes Z2(C™) into H(Q) (ph(£2)), the space of holomorphic (pluriharmonic) func-
tions on (2.

Since the Bergman kernel is conjugate symmetric and the pluriharmonic
Bergman kernel is symmetric, we again have the formal analogues of (1.1) in
this context:

/ (T2 f)gdV = L,.f(g) = / (12" g dv
Q Q

for f,g € Z(C™). For either equality to be true in the strict sense, justification
of implicit exchange of integrals would also be required. So, we follow below
Luecking’s interpretation of Toeplitz operators.

Let’s consider the pluriharmonic case; the holomorphic case is similar and
simpler. Given a multi-index o = (a1, ..., ay), let e, be the normalized monomial
on C™ of multi-degree a, i.e., e4(2) = 2 ||z ||L2(Q Given a function F € ph(Q)
with Taylor series F'=3_ | aa(F)ea + 350 bs(F)es, define Ap(eq) = aa(F) for
each a and then extend Ap to all of Z(C™) by conjugate-linearity. Each F €
ph(§2) thus naturally induces Ap € Z*(C"™). Since Kq(z,w) = Y ea(z)eq(w)
(as is well-known), it is easily seen from (3.1) that

TP’L / fgdp

for all f,g € 22(C™). So, ATfhf = L,f for f € 2(C"™). This implies that if the
range of Tﬁ’h is spanned by finitely many functions Fj’s in ph(f2), then the range
of L, is spanned by Ar,’s.
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Thus we have the following consequence.

COROLLARY 3.1.  Let u be a complex Borel measure on C). Then the following
conditions are equivalent:

(a) Ty : P(C") — H(Q) has finite rank;
(b) Tﬁ’h : P(C™) — ph(Q) has finite rank;
(¢c) w is a linear combination of point masses.

Following [3], we observe another application on certain approximation prop-
erties associated with zero sets. We first introduce some notation.

For a subset @ of C(Q), we denote by Z(Q) the zero set of Q. That is, Z(Q) is
the set of all points in 2 where functions in @ vanish simultaneously. Conversely,
for a subset E of 2, we denote by J(E) the ideal in C(2) consisting of all functions
in C(€) vanishing on E.

Given a subspace W of L2(€), denote by W the closure in C () of the span
of L2W = {fg: f € L>(Q),g € W} in the topology of uniform convergence on
compact sets.

COROLLARY 3.2. Let W be a subspace of L2()) with finite codimension.
Then Z(W) is a finite set and W = J(Z(W)). In particular, if Z(W) = 0, then
W =C(Q).

ProOoOF. Endowed with the topology of uniform convergence on compact
sets, the space C(Q) is locally convex and its continuous linear functionals are
identified with complex Borel measures supported on compact sets in §2; see, for
example, [4, p.88]. Let Y be the annihilator space of L2W. Assume first Y # {0}.
Then there is a complex Borel measure p # 0 supported on a compact set in 2
such that

0= [ fgdu= / (T, f)gdv
Q Q

for all f € L2(2) and g € W. This shows that T, L2 () is contained in W+, which
is finite dimensional. By Corollary 3.1 u is supported on some finite set in €, say
E,. It follows that T},L2(f2) is spanned by finitely many kernel functions K,(-,b)
for b € E,. Note K,(-,b) € W for b € E,,. Set E = U,ey E,.

Note that functions K, (-, b) with b € E are linearly independent and contained
in Wt. Hence E is a finite set and is contained in Z(W) by the reproducing
property. In fact we have E = Z(W), because point masses (or point evaluations)
at each point of Z(W) belong to Y. Now, since each u € Y is supported in F,
J(E) = J(Z(W)) is annihilated by all p € Y. Thus J(Z(W)) C W and the
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converse containment is clear. Next, the case Y = {0} is easily treated by the fact
that Y = {0} if and only if Z(W) = (), which one may see from the proof above.
O

The pluriharmonic analogue of Corollary 3.2 also holds by the same proof.
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