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Many number theorists have taken uP the Problem of determinlng the exact
conductor $C_{m}^{(a)}$ of the Jacobi sum Hecke character $\mathfrak{a}rightarrow J_{m}^{(a)}(\mathfrak{a})$ since Weil [18]

raised its interesting problem in 1952. Recently, Coleman-McCallum [2] deter-
mined the exact conductor $C_{m}^{(a)}$ when $m$ is a power of any odd prime number
1, using the arithmetic geometry of Fermat curves, and Miki [12], [13], [14]

gave a purely number theoretic proof to their results. But the case $1=2$ is still
an unsolved more difficult open problem, and it seems that Coleman-McCallum’s
method [2] is not applicable to the case $l=2$ , though Coleman [3], \S 6 (with

G. Anderson) gave a partial result by using Ihara-Anderson’s theory.
The purpose of the present paper is to give the complete determination of

the conductor $f.(g, h, s)$ of the character $\alpha-(\alpha, 2^{g}(1+4)^{h}(-1)^{s})_{n}$ with $g\in Z$,
$h\in Z_{2}$ , and $s\in Z/2Z$ for $n\geqq 2$ (see Theorem 5 in \S 1), and the conductor $C_{2^{n}}^{(a)}$

of the Jacobi sum Hecke character $\mathfrak{a}rightarrow J_{z^{n}}^{(a)}(\mathfrak{a})$ for the power $2^{n}$ (see Corollary to
Theorem 9 in \S 2), by the methods of [13], [14]. Here, $Z$ and $Z_{2}$ are the rings
of rational and 2-adic integers respectively, and $(, )_{n}$ denotes the Hilbert norm
residue symbol in $Q_{2}(\zeta_{2n})$ for the Power $2^{n}$ , where $Q_{2}$ is the field of 2-adic
numbers and $\zeta_{2^{i}}$ is a fixed primitive $2^{i}$-th root of unity satisfying $\zeta_{2^{i+1}}^{2}=\zeta_{zi}$ for
all $i\geqq 1$ (for the exact definition, see [14], \S 1).

Since $\delta^{(n)}(\alpha)$ is well-defined $mod 2^{n-1}$ (not $mod 2^{n}$ ) when $1=2$ (see Lemma 6
in \S 2), we can determine $i_{2^{n}}^{(a)}(\alpha)mod 2^{n-1}$ in the same way as [13] (see Theo-
rem 8 in \S 2). In Theorem 9 (see also its Remark) in \S 2, we will determine
$i_{z^{n}}^{(a)}(\alpha)mod 2^{n}$ for $\alpha\in Q(\zeta_{2n}),$ $\alpha\equiv 1(mod \pi_{n}^{3})$ , by using Theorem 8 and certain
congruences for Jacobi sums (see Theorems 12, 13, and 14 in \S 3). Note that
Theorem 9 (and its Remark) contains Coleman [3], Theorem (6.4) as a special
case. Theorem 9, combined with Theorem 5, gives the complete determination
of the conductor $C_{2^{n}}^{(a)}$ (see Corollary to Theorem 9).

(*) This paper contains the details of part of my talk at the Number Theory Seminar
(Goldfeld), Columbia Univ., March 21, 1988 (see [12]).
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\S 1. Conductor of the character $\alpha\mapsto(\alpha, 2^{g}(1+4)^{h}(-1)^{s})_{n}$ .
In this section, we retain all the notations in [14] putting $l=2$ , and assume

$n\geqq 2$ . For example, $T_{n}$ is the trace from $Q_{2}(\zeta_{2n})$ to $Q_{2},$ $\pi.=1-\zeta_{2n}$ , and

$\xi_{\alpha}=\exp(-$ $\sum_{i\Leftarrow 1,2\mathcal{X}i}^{\infty}(\pi_{n}^{a}\underline{)^{i}}i)$ for $a>2^{n-1}$ ,

where $\exp$ is the 2-adic exponential function.

LEMMA 1. If $a\geqq 1$ , then

$T_{n}(a\zeta_{2n}\pi_{n}^{\alpha-1})\equiv 0$ $(mod 2^{2n-2}1$ .

PROOF SinCe

$(*)$ $T_{n}(\zeta_{2}^{\iota_{n}})=\{$

$0$ if $2^{n-1}\parallel i$ ,

$2^{n-1}\zeta_{2n}^{i}$ if $2^{n-1}|i$ ,

and
$a \zeta_{2n}\pi_{n}^{a-1}=a\zeta_{2n}\sum_{i=0}^{a-1}(-1)^{\ell}(\begin{array}{l}a-1i\end{array})\zeta_{2n}^{i}$

$=- \sum_{i=0}^{a}(-1)^{i}i(\begin{array}{l}ai\end{array})\zeta_{zn}^{i}$ ,

we have

$T_{n}(a \zeta_{2n}\pi_{n}^{a-1})=-2^{2n-2}\sum_{k0\leqq 2^{n-1}\subseteq a}k(\begin{array}{l}a2^{n- 1}k\end{array})(-1)^{k}$

$\equiv 0(mod 2^{2n-2})$ .

LEMMA 2. If $a>2^{n-1}$ , then the following (i), (ii) and (iii) hold.

$( i )$
$\delta_{n}(\xi_{a})\equiv-$

$\sum_{i=1,(i,2)\Leftarrow 1}^{\infty}a\zeta_{2n}\pi_{n}^{ai-1}(mod D_{n})$ , where $D_{n}=(2^{n-1})$ is the different of
$Q_{2}(\zeta_{2n})/Q_{2}$ .

(ii) $T_{n}(\delta_{n}(\xi_{a}))\equiv 0(mod 2^{2n-2})$ for $a>2^{n-1}$ .
(iii) If $\alpha\equiv 1$ (mod2) and $\alpha\in Q_{2}(\zeta_{2n})$ , then $T_{n}(\delta_{n}(\alpha))\equiv 0(mod 2^{2n-2})$ .
PROOF. (i) The proof is almost the same as that of [14], Lemma 7, (i).

In fact, we can replace (2), (5), and (6) in the proof by the following (2), (5),

and (6), respectively:

(2) $f(\pi_{n})=\beta-1$ and $f(T)\equiv T^{b}(mod T^{b+1})$ .
(5) $u(\pi_{n})\equiv 0$ $(mod 2)$ .

(6) $\delta_{n}(\beta)\equiv-\zeta_{2n^{\frac{a\pi_{n}^{2a-1}}{1-\pi_{n}^{2a}}}}$ $(mod D_{n})$ .

Hence we have the assertion.
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(ii) Since $T.(D.)=0(mOd2^{2n-2})$ , by (i) we have

$T_{n}(\delta_{n}(\xi_{a}))\equiv-(\ell.2)=1^{\frac{1}{i}T_{(}(ai)\zeta_{2^{n}}\pi}\partial_{=1}^{n}\infty$ ft i-l) $(mod 2^{2n-2})$ .

Hence, by Lemma 1 we have the assertion.
(iii) If $\alpha\equiv 1$ (mod2) and $\alpha\in Q_{2}(\zeta_{2n})$ , then we can write

$\alpha=\prod_{a\geqq 2^{n-1}}\xi_{a^{a}}^{\dot{A}}$ with $\lambda_{a}\in Z$ ,

where $\xi_{2^{n-1}}=1-2=-1$ . Since $\delta_{n}(-1)\equiv 0(mod D_{n})$ , by (ii) and Iwasawa [7],

Lemma 4, i) we have the assertion.

THEOREM 1.

$f_{n}(0,2^{i}, 0)=\{$

$(\pi_{t+1})$ for $0\leqq i\leqq n-2$ ,

(1) for $i\geqq n-1$ .

PROOF. Since Iwasawa [7], Theorem 2 is valid for $1=2$ by Kudo [9], we
have

(1) $[ \alpha, 1+4]_{n}\equiv\frac{1}{2^{n}}T_{n}(\delta_{n}(\alpha)\log(1+4))$ $(mod 2^{n})$

$\equiv-\frac{1}{2^{n}}\log(1+4)T_{n}(\delta_{n}(\alpha))$ $(mod 2^{n})$

for $\alpha\in Q_{2}(\zeta_{2n})^{\cross}$ . Since $\log(1+4)\equiv 4(mod 8)$ , by Lemma 2, (iii) we see that

(2) $[\alpha, 1+4]_{n}\equiv 0(mod 2^{n})$ if $\alpha\equiv 1(mod 2)$ .
Next, we will show

(3) $[1+2\pi_{n}^{-1},1+4]_{n}\not\equiv 0$ $(mod 2^{n})$ .

If $\sigma(\neq 1)\in Ga1(Q_{2}(\zeta_{2n})/Q_{2}(\zeta_{z^{n-1}}))$ , then $\zeta_{2n}^{\sigma}=-\zeta_{2n}=\zeta_{2^{n}}^{1+2}n-1$ and $\pi_{n}^{\sigma-1}=-1+2\pi_{n}^{-1}\equiv$

$1+2\pi_{n}^{-1}(mod 2)$ . Hence by (2),

$(1+2\pi_{n}^{-1},1+4)_{n}=(\pi_{n}^{\sigma-1},1+4)_{n}$

$=(\pi_{n}, 1+4)_{n}^{2^{n-1}}$

$=(\pi_{n}, 1+4)_{n}’$ ,

where $(, )_{n}’$ denotes the quadratic Hilbert symbol in $Q_{2}(\zeta_{2n})$ . Since
$Q_{2}(\zeta_{zn})(\sqrt{1+4})/Q_{2}(\zeta_{2^{n}})$ is unramified of degree 2, by local class field theory we
have

$(\pi_{n}, 1+4)_{n}\neq 1$ ,

hence we have (3). (Alternatively, $(\pi_{n}, 1+4)_{n}’=(N_{n}(\pi_{n}), 1+4)_{1}=(2,1+4)_{1}\neq 1$ by
$e.g.$ , Serre [16], Chap. XIV, \S 4). By (2) and (3), $f.(O, 1,0)=(\pi_{1})=(2)$ . Hence,
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by [14], Lemma 12, we have $f_{n}(0,2^{i}, 0)=(\pi_{i+1})$ for $0\leqq i\leqq n-2$ . Since $T_{n}(Z_{2}[\zeta_{zn}])$

$\equiv 0(mod 2^{n-1})$ , we see by (1) tbat $[\alpha, 1+4]_{n}\equiv 0(mod 2)$ if $\alpha\equiv 1(\pi_{n})$ . Hence
$f_{n}(0,2^{i}, 0)=(1)$ for $i\geqq n-1$ .

REMARK. The direct calculation using the above (1) shows also $[\pi_{n}, 1+4]_{n}$

$\not\equiv 0(mod 2)$ .

For positive integers $c$ and $i$ such that $n\geqq i+1$ , put

$r_{n}^{(i)}(c)= \sum_{0\xi 2^{n-i}k\leqq c}(\begin{array}{l}c2^{n- i}k\end{array})\zeta_{2i}^{k}\in Z[\zeta_{2^{\ell}}]$ .

LEMMA 3. Under the above notation and assumptions, the following $(i)\sim(v)$

hold.

(i) If $n\geqq i+1$ , then $r_{n+1}^{(i)}(2c)\equiv r_{n}^{(i)}(c)(mod 4)$ .
(ii) If $n\geqq i+1$ , then $r_{n+1}^{\langle i)}(c)\equiv r_{n+1}^{(i)}(c-1)(mod 4)$ for any odd $c\geqq 3$ .
(iii) $r_{2}^{(1)}(2)=0,$ $r9^{1)}(3)\equiv 2(mod 4)$ , and $r_{3}^{(2)}(5)\equiv\pi_{2}^{2}(mod 4)$ .
(iv) If $n\geqq 2$ , then $r_{n}^{(1)}(c)\equiv\{20(mod 4)(mod 2)$ $forfor2^{n- 1}\leqq c<2^{n-1}+2^{n-2}2^{n-1}+2^{n-2}\leqq c<2^{n}$

.
‘

(v) If $n\geqq 3$ , then $r_{n}^{(2)}(c)\equiv\pi_{2}^{2}(mod 4)$ for $c=2^{n-1}+2^{n-2}-1$ .

PROOF. (i) By Artin-Hasse [1], Hilfssatz 2,

$(\begin{array}{l}2c2^{n+1-\ell}k\end{array})\equiv(\begin{array}{l}c2^{n- i}k\end{array})$ $(mod 4)$ ,

since $n\geqq i+1$ . By this we immediately have the assertion.
(ii) Since $n\geqq i+1$ and $c$ is odd,

$(\begin{array}{l}c2^{n+1- i}k\end{array})=\frac{c}{c-2^{n+1-i}k}(\begin{array}{l}-c12^{n+1- t}k\end{array})\equiv(\begin{array}{l}-c1+2^{n}1-\iota k\end{array})$ $(mod 4)$ .

On the other hand, $0\leqq 2^{n+1-i}k\leqq c$ if and only if $0\leqq 2^{n+1-i}k\leqq c-1$ . This gives
the assertion.

(iii) $r_{2}^{(1)}(3)=1-3=-2$ , and $r_{3}^{(2)}(5)=-4+10\zeta_{4}\equiv\pi_{2}^{2}(mod 4)$ .
(iv) We will prove it by induction on $n$ . If $n=2$ , then $c=2,3$ , so the

assertion follows from (iii). Now assume $n\geqq 3$ . Write $c=c_{0}+2c_{1}$ with $c_{0},$ $c_{1}\in Z$,
$0\leqq c_{0}<2$ . Then the inequalities of the assumption imply

$2^{n-2}\leqq c_{1}<2^{n-2}+2^{n-3}$

and
$2^{n-2}+2^{n-3}\leqq c_{1}<2^{n-1}$ ,

respectively. By (i) and (ii), we have

$r_{n}^{(1)}(c)\equiv r_{n}^{(1)}(c-c_{0})=r_{n}^{(1)}(2c_{1})\equiv r_{n-1}^{(1)}(c_{1})$ $(mod 4)$ .
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Hence the assertion follows from the induction hypothesis.
(v) We can prove it in the same way as the proof of (iv).

LEMMA 4. The following (i) and (ii) hold.

(i) $\frac{1}{2^{n-1}}T_{n}(\pi_{n}^{c})\equiv\{\begin{array}{l}0(mod4) if2^{n-1}\leqq c<2^{n- 1}+2^{n- 2},2(mod4) if2^{n- 1}+2^{n- 2}\leqq c<2^{n}.\end{array}$

(ii) $- \frac{1}{2^{n2}}T_{n,2}(\pi_{n}^{c})\equiv\pi_{2}^{2}(mod 4)$ if $c=2^{n-1}+2^{n-2}-1$ .

PROOF. (i) By $(*)$ in the proof of Lemma 1, we have easily $T_{n}(\pi_{n}^{c})=$

$2^{n-1}r_{n}^{(1)}(c)$ . Hence the assertion follows from Lemma 3, (iv).

(ii) This follows from Lemma 3, (v) in the same way as the proof of (i).

THEOREM 2.

(i) $[\xi_{a}, 2^{2}]_{n}\equiv\{$

$2^{n-1}(mod 2^{n})$ if $2^{n-1}+2^{n-2}\leqq a<2^{n}$

or if $a=2^{n-1}+2^{n-2}-1$ and $n\geqq 3$ ,
$0$ $(mod 2^{n})$ if $a\geqq 2^{n}$ .

(ii) $[\xi_{a}, -1]_{n}\equiv\{2^{n- 1}0(mod2^{n}) if2^{n- 1}+2^{n- 2}\leqq a<2^{n}, or if a\geqq 2^{n}.$
$(mod 2^{n})$ if $2^{n-1}<a<2^{n-1}+2^{n-2}$

PROOF. (i) If $a\geqq 2^{n}$ , then the proof of [14], Theorem 2 is valid for $1=2$ ,
since [14], Lemma 9, (i) (iii) are valid for $l=2$ . If $2^{n-1}+2^{n-2}\leqq a<2^{n}$ , then the
equality (3) (for $i=1$ ) in the proof of [14], Theorem 2 is valid for $1=2$ by using
Lemma 4, (i) in place of [14], Lemma 9, (ii). Hence

$(\xi_{a}, 2^{2})_{n}=(\exp(-4), 2)_{1}$

$=(1-4,2)_{1}$

for $2^{n-1}+2^{n-2}\leqq a<2^{n}$ . Hence $(\xi_{a}, 2^{2})_{n}=-1$ . This gives the first congruence.
If $a=2^{n-1}+2^{n-2}-1$ and $n\geqq 3$ , then the equality (3) in the proof of [14], Theo-
rem 2 holds for $i=2$ by using Lemma 4, (ii) in place of [14], Lemma 9, (ii).
Hence

$(\xi_{a}, 2^{z})_{n}=(\exp(-2\pi_{2}^{2}), 2)_{2}$

$=(\exp(-2\pi_{2}^{2}), \zeta_{4})_{2}(\exp(-2\pi_{2}^{2}), \pi_{2})_{2}^{2}$ ,

since $2=\zeta_{4}\pi_{2}^{2}$ . By Artin-Hasse’s explicit formula [1],

$(\exp(-2\pi_{2}^{2}), \zeta_{4})_{2}=1$ and $(\exp(-2\pi_{2}^{2}), \pi_{2})_{2}^{2}=-1$ ,

since $T_{2}(\pi_{2}^{2})=0$ . So $(\xi_{a}, 2^{2})_{n}=-1$ . This gives the first congruence.
(ii) Assume $a\geqq 2^{n-1}$ . By Artin-Hasse’s explicit formula [1],
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$[\xi_{\alpha}, -1]_{n}=-2^{n-1}[\zeta_{2n}, \xi_{a}]_{n}$

$\equiv-2^{-1}(1+2^{n-1})T_{n}(\log\xi_{a})(mod 2^{n})$

$\equiv 2^{-1}T_{n}($
$\sum_{i=1,(i,2)=1}^{\infty}-\pi_{n}^{ai}i)$ $(mod 2^{n})$ .

Hence by [14], Lemma 9, (iii),

$[\xi_{a}, -1]_{n}\equiv 2^{-1}T_{n}(\pi_{n}^{a})$ $(mod 2^{n})$ ,

since $ai\geqq 2^{n}$ for $i\geqq 2$ . Hence by Lemma 4, (i), we have the assertlon.

COROLLARY.

(i) $f_{n}(2,0,0)=f_{n}(0,0,1)=(4)$ .
(ii) $f_{n}(2,0,1)=\{\begin{array}{l}(\pi_{1}\pi_{2}) ifn\geqq 3,(1)\end{array}$

if $n=2$ .

ANOTHER PROOF. (i) Cf. The proof of Corollary to Theorem 3.
(ii) Since $-2^{2}=\pi_{2}^{4}$ , we have $Q_{2}(\zeta_{2n})(^{2^{n}}\wedge-2^{z})=Q_{2}(\zeta_{2n})(^{2^{n-2}}\sqrt{\pi_{2}})$ . The case

$n=2$ is trivial, so we assume $n\geqq 3$ . By the following Theorem 3, the last
upper ramification number of $Q_{2}(\zeta_{2n})(^{2^{n}}\sqrt{-2^{2}})/Q_{2}(\zeta_{2n})$ is 3 $\cdot$ $2^{n-2}-1$ . Hence by the
conductor-ramification theorem, $f_{n}(2,0,1)=(\pi_{n}^{sz^{n-2}})=(\pi_{2}^{3})=(\pi_{1}\pi_{2})$ .

We will determine the conductor $f_{n}(2^{i}, 0,0)$ for $i\geqq 2$ by using ramification
theory. (For the proof using (ii) of the above corollary and [14], Lemma 12,
see another proof of Corollary to Theorem 3.)

THEOREM 3. Put $k_{n}=Q_{2}(\zeta_{2n})$ . Let $\pi$ be any prime element of $k_{2}$ . Then
$k_{n}(^{2}n\sqrt{\pi})/k_{n}$ is a fully ramified cyclic extenston of degree $2^{n}$ with upper rami-
fication numbers $r_{i}(1\leqq z\leqq n)$ :

$r_{i}=2^{i+1}+2^{i}-1=3\cdot 2^{i}-1$ for $1\leqq i\leqq n-2$ ,

$r_{n-1}=2^{n}+2^{n-2}-1=5\cdot 2^{n-2}-1$ ,
and

$r_{n}=2^{n}+2^{n-1}+2^{n-2}-1=7\cdot 2^{n-2}-1$ .

PROOF. Put $K_{m}=k_{2}(^{2}m\sqrt{\pi}),$ $L_{m}=k_{n}(^{2}m\sqrt{\pi})$ for $0\leqq m\leqq n,$ $K=K_{0}$ , and $L-L_{0}$ .
(Take $2m_{\sqrt{\pi}}$ so that $(^{2^{m}}\sqrt{\pi})=^{2^{m-1_{\sqrt{\pi}}}}$ for $1\leqq m\leqq n.$ ) We define the Hasse
function $\psi_{K_{m}/K}$ by

$\psi_{K_{m^{\prime K}}}=\psi_{K_{m}/K_{m-1}}\circ\cdots\circ\psi_{K_{2}/K_{1}}\circ\psi_{K_{1}/K}$ ,

where $\psi_{K_{i}/K_{i-1}}$ is the Hasse function of $K_{i}/K_{i-1}$ . Then we see easily

(1) $\psi_{L_{m}/x_{m}}\circ\psi_{K_{m}/K}=\psi_{L_{m}/L^{o}}\psi_{L/K}$
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by using induction on $m$ and the transitivity of the Hasse function. As is
well-known, the ramification numbers of $L/K$ are $(2^{\ell+1}-1)$ with $i=1,2,$ $\cdots$ , $n-2$ ,
so the set of upper ramification numbers of $L/K$ is

$T_{1}=\{2i+1|f=1,2, \cdots , n-2\}$ .

$K_{m}/K_{m-1}$ is a fully ramified cyclic extension of degree 2 and $2^{m_{\sqrt{}^{-}\pi}}$ is a prime
element of $K_{m}$ . Since $(^{2^{m}}\sqrt{\pi})^{\tau-1}=-1=1-2$ for $\tau(\neq 1)\in Ga1(K_{m}/K_{m-1})$ , the rami-
fication number of $K_{m}/K_{m-1}$ is $2^{m+1}$ . Hence the set of $x$-coordinates of points
where the graph of $y=\psi_{K_{n}/K}(x)$ bends is

$T_{2}=\{2i+2|i=1,2, \cdots , n\}$ .
By (1) we see that the graph $y=\psi_{L_{n}/L}(x)$ bends at any point with x-coordinate
in $\psi_{L/K}(T_{2})$ . Thus $L_{n}/L$ is a fully ramified cyclic extension of degree $2^{n}$ with
upper ramification numbers $\psi_{L/K}(2i+2)$ with $i=1,2,$ $\cdots$ , $n$ . For l\leqq i;$ $n-2$ ,

$\psi_{L/K}(2i+2)=\psi_{L/K}(2i+1)+2^{i}$

$=2^{i+1}-1+2^{i}$

$=3\cdot 2^{i}-1$ .
For $i=n-1,$ $n$ ,

$\psi_{L/K}(2i+2)=\psi_{L/K}(2n-3)+2^{n-2}\{2(i-n)+5\}$

$=2^{n-1}-1+2^{n-2}\{2(i-n)+5\}$ .
Thus we have the assertion.

REMARK. The above situation is a special case where Maus’ general theory
[10] can be applied, but in the above proof we gave a direct proof using only
classical ramification theory found in $e.g.$ , Serre [16], Chap. IV.

COROLLARY.

$f_{n}(2^{i}, 0,0)=\{$

(8)
(4)
$(\pi_{t}\pi_{i+1})$

(1)

for $i=0$

for $i=1$ ,

for $2\leqq i\leqq n-2$ ,

for $l\geqq n-1,$ $i\neq 1$ .

PROOF. The first case follows from the second one, since the second power
homomorphism of $U_{n}^{(m)}$ to $U_{n}^{(m+2^{n-1})}$ is the isomorphism for $m>2^{n-1}$ (e.g., Serre
[16], Chap. XIV, \S 4, Proposition 9). First, suppose $2\leqq i\leqq n-2$ . By the
conductor-ramification theorem ($e.g.$ , Serre [16], Chap. XV, \S 2, Corollary to
Theorem 1),

$f_{n}(2^{i}, 0,0)=(\pi_{n}^{r+1})$ ,

where $r$ is the last upPer ramiPcation number of $k_{n}(^{2^{n-i}}\sqrt{2})/k_{n}$ . Since
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$2=\zeta_{2^{n}}^{2}n-2\pi_{2}^{2}$ ,
we have

$k_{n}(^{z^{n-i}}\sqrt{2})=k_{n}(^{2^{n-\ell-1}}\sqrt{\pi_{2}})$ .
Hence by Theorem 3,

$r=r_{n-i-1}=2^{n-i}+2^{n-i-1}-1$ ,

so
$(\pi_{n}^{r+1})=(\pi_{i}\pi_{\ell+1})$ .

NOW we deal with the case $i=1$ . By Corollary to Theorem 2, we have already
determined $f_{n}(2,0,0)$ , but we will give another proof using Theorem 3 here.
First, assume $n=2$ . Then $k_{3}=k_{2}(\sqrt{2})$ , and the ramification number of $k_{3}/k_{2}$ is
3, so by the conductor-ramification theorem, $f_{2}(2,0,0)=(\pi_{2}^{4})=(4)$ . Next, assume
$n\geqq 3$ . Put $M=k_{n}(^{2}n-3\sqrt{\pi_{2}})=k_{n}(^{2^{n-2}}\mathcal{F}2)$ , $M_{1}=k_{\mathcal{R}+1}(^{2}n-2\sqrt{2})$ , $M_{2}=k_{n}(^{2}n-2\sqrt{\pi_{2}})$ ,

and $M_{3}=k_{n}(^{z^{n-1}}\sqrt{2})$ . Then $M_{1},$ $M_{2}$ , and $M_{3}$ are three different extensions of
$M$ of degree 2, and $M_{3}\subset M_{1}M_{2}$ . Since the set of upper ramification numbers of
$k_{n}(^{2^{n-2}}\sqrt{2})/k_{n}$ is disjoint from that of $k_{n+1}/k_{n}$ , in the same way as in the proof
of Theorem 3 we see that the ramification number $t_{1}$ of $M_{1}/M$ is $\psi_{M/k_{n}}(2^{n}-1)$ .
By Theorem 3,

$r_{n-3}=3\cdot 2^{n-3}-1<2^{n}-1$ ,
so

(1) $t_{1}=\psi_{M/k_{n}}(r_{n-3})+2^{n-3}$ ( $2^{n}$ –l-r.-3).

On the other hand, the ramification number $t_{2}$ of $M_{2}/M$ is

(2) $\psi_{M_{2}/k_{n}}(r_{n-2})=\psi_{M/k_{n}}(r_{n-3})+2^{n-3}(r_{n-2}-r_{n-3})$ .
By Theorem 3,

$2^{n}-1>r_{n-2}=3\cdot 2^{n-2}-1$ ,

so by (1) and (2), $t_{1}>t_{2}$ . Hence by the following Lemma 5, the ramification
number of $M_{3}/M$ is $t_{1}$ , so by (1) we see that the last upper ramification number
of $M_{3}/k$. is $2^{n}-1$ . Thus the conductor of $M_{3}/k$. is $(\pi 2n^{n})=(4)$ by the conductor-
ramification theorem. This settles the case $i=1$ . Since $2^{2^{i}}=\pi_{2}^{2^{i+1}}$ for $l\geqq n-1$ ,
$i\neq 1$ , we have $f_{n}(2^{i}, 0,0)=(1)$ for $i\geqq n-1,$ $i\neq 1$ .

ANOTHER PROOF OF COROLLARY TO THEOREM 3. If $2\leqq i\leqq n-2$ , then $(\alpha, 2^{2^{i}})_{n}$

$=(\alpha, -2^{2})_{n}^{2^{i-1}}$ . By (ii) of Corollary to Theorem 2, $f_{n}(2,0,1)=(\pi_{n}^{c_{n}})$ with $c_{n}=$

$2^{n-1}+2^{n-2}$ . Since $1<c_{n}<2^{n}$ , by [14], Lemma 12 we have $f_{n}(2^{i}, 0,0)=(\pi_{i}\pi_{i+1})$ .

LEMMA 5. Let 1 be any prime number. Let $M$ be a finite extension of $Q_{i}$

and let $M_{i}/M$ be a fully ramified cyclic extension of degree $l$ with ramification
number $t_{i}$ for $i=1,2$ . Assume $t_{1}>t_{2}$ . Let $M_{3}/M$ be any subextension of $M_{1}M_{2}/M$

of degree $l$ such that $M_{2}\neq M_{3}$ . Then the ramification number of $M_{3}/M$ is $t_{1}$ .



Jacobi sums and the Hilbert symbol for a power of two 375

PROOF. Put $L=M_{1}M_{2}$ . By the transitivity of the Hasse function,

$\psi_{L/u}=\psi_{L/\kappa_{1}}\circ\psi_{M_{1}/M}=\psi_{L/M_{2}}\circ\psi_{M_{2}/M}$ .
Hence the graph of $y=\psi_{L/M}(x)$ bends at $x=t_{1},$ $t_{2}$ . Since $t_{1}\neq t_{2}$ , the upper rami-
fication numbers of $L/M$ are $t_{2},$ $t_{1},$ $i.e.$ , the ramification groups of $L/M$ are

$Ga1(L/M)=G=\ldots=G^{(t_{2})}\supsetneqq G^{(t_{2}+1)}=\ldots=G^{(t_{1})}\supseteqq G^{(t_{1}+1)}=\{1\}$ .
By Herbrand’s theorem,

$(G/H_{2})^{(i)}=G^{(i)}H_{2}/H_{2}$ ,

where $H_{2}=Ga1(L/M_{2})$ . Since the ramification number of $M_{2}/M$ is $t_{2}$ ,

$(G/H_{2})^{(t_{2}+1)}=1$ , so $G^{(t_{2}+1)}\subseteqq H_{2}$ .

Hence $H_{2}=G^{(t_{2}+1)}=G^{(t_{1})}$ . Put $H_{3}=Ga1(L/M_{3})$ . Then

$(G/H_{3})^{(t_{1})}=G^{(t_{1})}H_{3}/H_{3}$

$=H_{2}H_{3}/H_{3}$

$\neq\{1\}$ ,

since $H_{2}\neq H_{3}$ . On the other hand,

$(G/H_{3})^{(t_{1}+1)}=G^{(t_{1}+1)}H_{3}/H_{3}=\{1\}$ .
Thus we have the assertion.

In the same way of the proof of Theorem 3, we have the following

THEOREM 4. Let 1 be any odd prime number and put $k_{m}=Q_{\iota}(\zeta_{\iota^{m}})$ for $m\geqq 1$ .
Let $\pi$ be any prime element of $k_{1}$ . Then $k_{m}(^{\iota^{m}}\sqrt{\pi})/k_{m}$ is a fully ramified cyclic
extension of degree lm with upper ramificatim numbers $r_{i}(1\leqq i\leqq m)$ :

$r_{t}=\{$

$2l^{i}-1$ for $1\leqq i\leqq m-1$ ,

$l^{m}+l^{m-1}-1$ for $i=m$ .

AS a corollary, taking $\pi=^{\iota-1}\nwarrow^{/}\overline{-l}$ , we have the following special case of
Coleman-McCallum [2], Theorem 6.1. (For $i=1$ , Rohrlich [15], Proposition 4.)

COROLLARY. If 1 is an odd prime number and $m\geqq 1$ , then

$f_{m}(l^{i}, 0,0)=\{$

$(l\pi_{1}^{2})=(\pi_{1}^{l+1})$ for $i=0$,
$(\pi_{i}^{2})$ for $1\leqq i\leqq m-1$ ,
(1) for $i\geqq m$ .

By Theorem 1 and Corollaries to Theorems 2 and 3, we have directly the
following complete determination of $f_{n}(g, h, s)$ :
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THEOREM 5.

where $J^{=\min(\nu(g)}\nu(h)+1)$ and $\nu$ is the normalized additive valuation of $Z_{2}$ .

\S 2. Conductor of the Jacobi sum Hecke character for a power of two.

In this section, we will show how we have to modify the arguments in
[13], to obtain the complete determination of the conductor $C_{z^{n}}^{(a)}$ for the Jacobi
sum Hecke character (see Corollary to Theorem 9).

We assume $n\geqq 2$ , and retain all the notations in [13] putting $1=2$ . We
recall the definition of $\delta^{(n)}$ :

$\delta^{(n)}(\alpha)=\frac{-1}{2^{n-1}}Tr_{K_{n}/K}(\zeta_{2n}\alpha^{-1}\frac{d\alpha}{d\pi_{n}})$

$= \frac{-1}{2^{n-1}}Tr_{K_{n}/K}(\delta_{n}(\alpha))$

for $\alpha\in U_{n}^{\langle 1)}$ . Here, $K$ is any fixed finite unramified extension of $Q_{2},$ $K_{n}=K(\zeta_{2^{n}})$ ,
and $U_{n}^{(1)}$ is the group of principal units in $K_{n}$ .

We modify [13], Lemma 1 as follows:

LEMMA 6. Let the notation and assumptions be as above. Then $\delta^{(n)}$ is a
well-defined homomorphism of $U_{n}^{(1)}$ to $O_{K}/2^{n-1}\mathcal{O}_{K}$ satisfying the following prop-
erties $(i)\sim(v)$ for $a\in U_{n}^{(1)}$ :

(i) $\delta^{(n)}(\alpha^{\sigma_{a}})\equiv a\delta^{(n)}(\alpha)(mod 2^{n-1}O_{K})$ for $a\in Z_{2}^{\cross}$ .
(ii) $\delta^{(n)}(\zeta_{2n})\equiv 1(mod 2^{n-1}\mathcal{O}_{K})$ .
(iii) $\delta^{(n)}(\alpha)\equiv-c[1+4, \alpha]_{n}(mod 2^{n-1}\mathcal{O}_{K})$ if $\alpha\in U_{n}^{(1)}\cap Q_{2}(\zeta_{2n})$ , where $c=$

$( \frac{1}{2}\log(1+4))^{-1}\in 2^{-1}(1+2Z_{2})$ and $\log$ is the -adic logarithm.

(iv) $\delta^{(n)}(\alpha)\equiv 0(mod 2^{n-1}\mathcal{O}_{K})$ if $\alpha\equiv 1(mod 2)$ and $\alpha\in Q_{2}(\zeta_{2n})$ .
(v) $\delta^{(n+1)}(\alpha’)\equiv\delta^{(n)}(N_{n+1,n}(\alpha’))(mod 2^{n-1}\mathcal{O}_{K})$ , where $\alpha’\in U_{n+1}^{(1)}$ and $N_{n+1.n}$ is

the norm of $K_{n+1}$ to $K_{n}$ .
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PROOF. Since the different of $K_{n}/K$ is $(2^{n-1}),$ $Tr_{K_{n}/K}(D_{n})=2^{2n-2}O_{K}$ . Hence
by Iwasawa [7], Lemmas 3 and 4, (i), $\delta^{(n)}$ is a well-defined homomorphism.

(i) This follows directly from Iwasawa [7], Lemma 4, (ii).

(ii) This follows directly from the definition of $\delta^{(n)}$ .
(iii) Iwasawa’s formula ([7], Theorem 2) is valid even if $1=2$ by Kudo [9],

so the property (iii) follows directly from this.
(iv) This follows directly from Lemma 2, (iii).
(v) This follows directly from Iwasawa [7], Lemma 5. (Note that the proof

is valid for $l=2$ with slight modification.)

Because of the above modification of [13], Lemma 1, (iii) we have to modify
[13], Theorem 1 as follows:

THEOREM 6. If $a=(a_{1}, \cdots , a_{r})\not\equiv(0, \cdots , 0)(mod 2^{n})$ ,

$\delta^{(n)}(J_{2^{n}}^{(a)}(\mathfrak{a}))\equiv\langle 2, \mathfrak{a}\rangle g$ $(mod 2^{n-1})$ ,
$i.e.$ ,

$[1+4, J_{2^{n}}^{(a)}( \mathfrak{a})]_{n}\equiv-\frac{1}{2}\log(1+4)\cdot\langle 2, \mathfrak{a}\rangle g$ $(mod 2^{n})$ ,

where $g= \sum_{i=0}^{r}\nu(a_{i})a_{i}$ . Here $\nu(0)\cdot 0=\infty\cdot 0=0$ .

PROOF. Since [13], Lemmas 2 and 3 are valid even if $1=2$ , using Lemma 6
in place of [13], Lemma 1 we have the assertion in the same way as the proof

of [13], Theorem 1.

We modify [13], Lemma 4 as follows:

LEMMA 7 (Iwasawa [8], p. 82, line 2). If $a\in Z,$ $(a, 2)=1$ , then

$W_{n}(a) \equiv\frac{1}{2}\log\langle a\rangle^{\alpha}$ $(mod 2^{n})$

where $\langle a\rangle$ is a unique element in $Z_{2}^{\cross}$ such that $\langle a\rangle\equiv 1(mod 4)$ and $a/\langle a\rangle=\pm 1$ .

PROOF. In Iwasawa’s calculation (line 13, p. 81 through line 2, p. 82 of [8]),

by using a formula

$\log(1+x)\equiv x-\frac{x^{2}}{2}$ $(mod x^{2})$

for $x\in 2Z_{2}$ , in place of a formula

$\log(1+x)\equiv x$ $(mod x^{2})$

for $x\in lZ_{l}$ and odd 1, we can get the desired congruence. (If we use a formula

$\log(1+x)\equiv x$ $(mod 2^{-1}x^{2})$

for $x\in 2Z_{2}$ , then we obtain a congruence $mod 2^{n-1}.$ )
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We modify [13], Lemma 5 as follows:

LEMMA 8. For any integer $m\geqq 1$ and any $c\in Z$, we have the following (i)

and (ii):

(i) If $c\geqq 1$ , then

$\sum_{j=1}^{27n-1}]^{c}\equiv\{$

$0$ $(mod 2^{m+1})$ if $c\geqq 3$ is odd and $m\geqq 3$ ,
$-2^{m-1}(mod 2^{m+1})$ if $c=2$ and $m\geqq 2$ or if $c=1$ and $m\geqq 2$ ,
$2^{m-1}$ $(mod 2^{m+1})$ if $c\geqq 4$ is even and $m\geqq 2$ or if $m=1$ ,
$2^{m}$ $(mod 2^{m+1})$ if $c\geqq 3$ is odd and $m=2$ .

(ii)

$0<j<2(j.2) \Rightarrow 1\sum_{m^{]^{c}}}\equiv\{$

$0$ $(mod 2^{m+1})$ if $c$ is odd and $m\geqq 3$ ,

$2^{m-1}(mod 2^{m+1})$ if $c$ is even and $m\geqq 2$ or if $m=1$ ,
$2^{m}$ $(mod 2^{m+1})$ if $c$ is odd and $m=2$ .

PROOF. (i) If $m=1$ or if $c=1$ , then it is trivial, so we may assume that
$m\geqq 2$ and $c\geqq 2$ . First, assume that $c$ is odd. Since

$(2^{m}-J)^{c}\equiv-j^{c}+2^{m}cj^{c-1}$ $(mod 2^{m+1})$ ,

by pairing $j^{c}$ and $(2^{m}-j)^{c}$ for $j\in Z,$ $0\leqq j<2^{m-1}$ in the sum, we get

$\sum_{j=0}^{2m}j^{c}\equiv 2^{m}]^{c-1}$ $(mod 2^{m+1})$

$\equiv\{$

$2^{m}(mod 2^{m+1})$ if $m=2$ ,

$0$ $(mod 2^{m+1})$ if $m\geqq 3$ ,
since

$\sum_{0\leq j<2^{m-1}}]^{c-1}\equiv\{$

1 $(mod 2)$ if $m=2$ ,

$0(mod 2)$ if $m\geqq 3$ .

This gives the desired congruences for odd $c\geqq 3$ . Next, assume that $c$ is even.
Since $2B_{i}\in Z_{2}$ for all $i\geqq 0$ by the von Staudt-Clausen (cf. e.g., [17], Theorem
5.10), using a well-known identity (cf. $e.g.,$ $[17]$ , Proposition 4.1)

$B_{c}= \frac{1}{2^{m}}\sum_{j=1}^{2m}(2^{m})^{c}B_{c}(\frac{j}{2^{m}})$ ,

we have easily a congruence

$B_{c}= \frac{1}{2^{m}}\sum_{f=1}^{zm}(j^{c}+cB_{1}j^{c-1}\cdot 2^{m})$ $(mod 2^{m-1})$

$\equiv\frac{1}{2^{m}}\partial_{\approx 1}^{j^{c}-\frac{c}{2}\sum_{f=1}^{2m}j^{c-1}}zm$ $(mod 2^{m-1})$

$\equiv\frac{1}{2^{m}}\sum_{j\Leftarrow 1}^{2m}j^{c}$ $(mod 2^{m-1})$ ,
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where $B_{c}(X)= \sum_{i\Rightarrow 0}^{c}(\begin{array}{l}ci\end{array})B_{i}X^{c-i}$ and $B_{i}$ is the z-th Bernoulli number. Hence

(1) $\sum_{j\Rightarrow 1}^{2m}j^{c}\equiv 2^{m}B_{c}$ $(mod 2^{m+1})$ .

Using (1) for $m=2$ , we have

1 4

$B_{c} \equiv\sum_{j=1}j^{c}\overline{4}$
$(mod 2)$

$\equiv\frac{1}{4}(1+2^{c}+3^{c})$ $(mod 2)$ .

Since
$3^{c}=(-1+4)^{c}\equiv 1-4c$ $(mod 16)$ ,

we have

(2) $B_{c}\equiv\{$

$- \frac{1}{2}(mod 2Z_{2})$ if $c=2$ ,

$\frac{1}{2}$ $(mod 2Z_{2})$ if $c\geqq 4$ .

By (1) and (2), we have the desired congruences for even $c$ .
(ii) This follows from (i) in the same way as the proof of [13], Lemma

5, (ii).

We modify [13], Lemma 6 as follows :

LEMMA 9. For $0\leqq m\leqq n-1$ , put

$A= \sum_{0<t<2^{n}}(\{\frac{t}{2^{n-m}}\}-2^{m}\{\frac{t}{2^{n}}\})(-t)^{-1}\in Z_{2}$ .
Then

$A\equiv\{$

$2^{n-1}$ $(mod 2^{n})$ if $m=n-2\geqq 1$ ,
$2^{n-2}$ $(mod 2^{n})$ if $m=n-1\geqq 2$ ,
$-2^{n-2}(mod 2^{n})$ if $m=n-1=1$ ,
$0$ $(mod 2^{n})$ otherwise.

PROOF. In the same way as the proof of [13], Lemma 6, using Lemma 8
in place of [13], Lemma 5, we have

$A\equiv(_{0}$
$\sum_{n,i_{t_{1}.2)=1}^{t_{1}<2}-m}t_{1}^{-1})(\sum_{m}t_{2})-(\sum_{t_{1}}t_{1}^{-2})(\sum_{t_{2}}t_{2}^{2})\cdot 2^{n-m}$

$(mod 2^{n})$ .

By this and Lemma 8, we have the assertion.

By using Lemma 9 in place of [13], Lemma 6, in the same way as the
proof of [13], Lemma 7, we obtain the following
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LEMMA 10. Let $a\in Z$ be of the form $a=2^{m}a’$ with a’, $m\in Z,$ $(a’, 2)=1$ ,
and $0\leqq m\leqq n-1$ . Then

$W_{n}(a)\equiv\{$

$2^{m}W_{n}(a’)+2a(mod 2^{n})$ if $m=n-2\geqq 1$ ,

$2^{m}W_{n}(a’)+ \frac{a}{2}(mod 2^{n})$ if $m=n-1\geqq 2$ ,

$2^{m}W_{n}(a’)- \frac{a}{2}(mod 2^{n})$ if $m=n-1=1$ ,

$2^{m}W_{n}(a’)$ $(mod 2^{n})$ otherwise.

By Lemmas 7 and 10, we have the following

THEOREM 7. For any $a\in Z$, we have

$W_{n}(a)\equiv\{$

$\frac{1}{2}\log\langle a\rangle^{a}+2a(mod 2^{n})$

$\frac{1}{2}\log\langle a\rangle^{a}+\frac{a}{2}(mod 2^{n})$

$\frac{1}{2}\log\langle a\rangle^{a}-\frac{a}{2}(mod 2^{n})$

$\frac{1}{2}\log\langle a\rangle^{a}$ $(mod 2^{n})$

if $\nu(a)=n-2\geqq 1$ ,

if $\nu(a)=n-1\geqq 2$ or if $\nu(a)=n$ ,

if $\nu(a)=n-1=1$ ,

otherwise.

Here, $\langle a\rangle$ is a unique integer satisfying $\langle a\rangle\equiv 1(mod 4)$ and $a’/\langle a\rangle\in\{\pm 1\}$ if
$a=a’\cdot 2^{m}$ with $m\geqq 0,2\parallel a’$ , and $\langle 0\rangle=1$ .

PROOF. If $\nu(a)\geqq n$ , then clearly

$W_{n}(a) \equiv\frac{a}{2}$ $(mod 2^{n})$

and
$\log\langle a\rangle^{a}\equiv 0$ $(mod 2^{n+2})$ .

This gives the assertion when $\nu(a)\geqq n$ .
7 and 10.

$co$ROLLARY.

The other cases follow from Lemmas

$S_{2}^{(a)}n \equiv\frac{1}{2}\log(\prod_{i=0}^{r}\langle a_{i}\rangle^{a_{i}})+T+2^{n-1}t$ $(mod 2^{n})$ ,

where
$T=T_{n-1}=\underline{1}$

$\sum$ $a_{i}$

2
$\nu(a_{i})=n-10\leqq i\leq r$

and
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$t=t_{n}=\{$

$\#$ { $0\leqq i\leqq r|\nu(a_{i})=n-2$ or $n$ } if $n\geqq 3$ ,

$\#$ { $0\leqq i\leqq r|\nu(a_{i})=n-1$ or $n$ } if $n=2$ .

In the same way as the proof of [13], Theorem 3, using Lemma 6, Theo-
rem 6, and Corollary to Theorem 7 in place of [13], Lemma 1, Theorem 1,
and Corollary to Theorem 2 respectively, we obtain the following

THEOREM 8. Assume $a=(a_{1}$ , $\cdot$ .. , $a_{r})\not\equiv(0, , 0)(mod 2^{n})$ . Then

$i_{2^{n}}^{(a)}(\alpha)\equiv g[2, \alpha]_{n}+h[1+4, \alpha]_{n}$ $(mod 2^{n-1})$

$\equiv[\prod_{\ell=0}^{r}a_{i}^{a_{i}},$ $\alpha]_{n}+2^{-1}T[1+4, \alpha]_{n}$ $(mod 2^{n-1})$

for $\alpha\in Q(\zeta_{2n}),$ $\alpha\equiv 1(mod \pi_{n})$ , where

$g= \sum_{i=0}^{r}\nu(a_{i})a_{i}$ , $a_{0}=- \sum_{i\Rightarrow 1}^{r}a_{i}$ ,

$h=cS_{z^{n}}^{(a)}( \equiv\log(\prod_{i=0}^{r}\langle a_{i}\rangle^{a_{i}})/\log(1+4)+2^{-1}T(mod 2^{n-2}))$ ,

$c=( \frac{1}{2}\log(1+4))^{-1}\in 2^{-1}(1+2Z_{2})$ ,

$S_{2}^{(a)}n=\sum_{0<<2^{n_{1}}}(\sum_{i\Rightarrow 0}^{n}\{\frac{a_{i}t}{2^{n}}\})(-t)^{-1}\in Z_{2}$ ,

and

$T=T_{n-1}= \frac{1}{2}\sum_{\nu\langle a_{i})=n-1}a_{i}$ .

Here, $\nu(0)\cdot 0=\infty\cdot 0=0$ and $0^{0}=1$ .

Note that $h[1+4, \alpha]$ . is well-defined modulo $2^{n-1}$ if we determine $h$

$mod 2^{n-2}$ , since $[1+4, \alpha]_{n}\equiv 0(mod 2)$ for $\alpha\equiv 1(mod \pi_{n})$ . (Cf. The end of the
proof of Theorem 1.)

In the following, we will determine $i_{2}^{(a)}n(\alpha)mod 2^{n}$ for $\alpha\in Q(\zeta_{2n})$ such that
$\alpha\equiv 1(mod \pi_{n}^{3})$ in terms of Hilbert norm residue symbols (see Theorem 9 below).

For the purpose we need several lemmas.

For any $b\in Z,$ Put

$\eta_{n}(b)=\sum_{0<t<2}n_{1}(\{\frac{bt}{2^{n}}\}-b\{\frac{t}{2^{n}}\})\sigma_{-t}^{-1}\in Z[G_{n}]$ ,

where $G_{n}=Ga1(Q_{2}(\zeta_{2n})/Q_{2})$ . The restriction homomorphism from $G_{n+1}$ to $G_{n}$

induces a homomorphism from $Z[G_{n+1}]$ to $Z[G_{n}]$ . Let $\eta_{n+1}’(b)$ denote the
image of $\eta_{n+1}(b)$ by the homomorphism. For the relation between $\eta_{n+1}’(b)$ and
$\eta_{n}(b)$ , we have the following
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LEMMA 11. Let the notation be as above and write $b=2^{m}\cdot b’$ with $m,$ $b’\in Z$,
$m\geqq 0$ , and $(b’, 2)=1$ . Then

$\eta$ fi $+1(b)=\{$

$\eta_{n}(b)+\frac{1-b}{2}N_{n}$ if $m=0$ ,

$\eta_{n}(b)-\sigma_{-b’}\Omega_{n.m}+(1-\frac{b}{2})N_{n}$ if $1\leqq m\leqq n-1$ ,

$\eta_{n}(b)+(1-\frac{b}{2})N_{n}$ if $m=n$ ,

$\eta_{n}(b)-\frac{b}{2}N_{n}$ if $m\geqq n+1$ ,

where
$N_{n}= \sum_{0<\iota<2^{n}}\sigma_{t}\in Z[G_{n}]$

and
$\Omega_{n.m}=$

$\sum_{(t.2)=1,0<t’<2^{n-m}}\sigma_{t}^{-1}\in 0<t<2^{n}Z[G_{n}]$

.

Here $t’$ is a unique integer satisfying $t’\equiv t(mod 2^{n-m+1})$ and $0<t’<2^{n-m+1}$ .
PROOF. Put

$\overline{\eta}_{n}(b)=\sum_{n0<t<2}\{\frac{bt}{2^{n}}\}\sigma_{-t}^{-1}\in Q[G_{n}]$

and

$\tilde{\eta}_{n}(b)=\sum_{0<t<z^{n}}b\{\frac{t}{2^{n}}\}\sigma_{-t}^{-1}\in Q[G_{n}]$ .

Then $\eta_{n}(b)=\overline{\eta}_{n}(b)-\tilde{\eta}_{n}(b)$ . Let $\overline{\eta}_{n+1}’(b)$ and $\tilde{\eta}_{n+1}’(b)$ denote the images of $\overline{\eta}_{n+1}(b)$

and $\tilde{\eta}_{n+1}(b)$ by the restriction homomorphism from $Q[G_{n+1}]$ to $Q[G_{n}]$ respec-
tively. Then $\eta_{n+1}’(b)=\overline{\eta}_{n+1}’(b)-\tilde{\eta}_{n+1}’(b)$ , so

(1) $\eta_{n+1}’(b)-\eta_{n}(b)=(\eta_{n+1}’(b)-\eta_{n}(b))-(\eta_{n+1}’(b)-\eta_{n}(b))$ .

Since $\{bt/2^{n}\}$ depends only on $tmod 2^{n}$ ,

$\overline{\eta}_{n}(b)=\sum_{t\in(Z’ 2^{n}Z)^{\cross}}\{\frac{bt}{2^{n}}\}\sigma_{-t}^{-1}$

$= \sum_{t\in(Z’ 2^{n}Z)^{\cross}}\{\frac{b’t}{2^{n-m}}\}\sigma_{-t}^{-1}$ .

Putting $b’t=t_{1}$ and writing $t_{1}$ as $t$ again,

(2) $\overline{\eta}_{n}(b)=\sigma_{b’}\sum_{n0<t<2}\{\frac{t}{2^{n-m}}\}\sigma_{-t}^{-1}$ .

Hence
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(3) $\overline{\eta}_{n+1}(b)=\sigma_{b’}\sum_{n0<\iota<2+1}\{\frac{t}{2^{n-m+1}}\}\sigma_{-t}^{-1}\in Q[G_{n+1}]$ .

If we write $t$ in (3) as $t=t’’+2^{n}c$ with $c=0,1,0<t^{\prime/}<2^{n}$ , and $(t’’, 2)=1$ then

(4) $\{\frac{t}{2^{n-m+1}}\}=\{$

$\frac{t’’}{2^{n+1}}+\frac{c}{2}$ if $m=0$

$\{\frac{t’’}{2^{n-m+1}}\}$ if $m\geqq 1$ .

First, assume $m=0$ . Then by (3) and (4) we have

$\overline{\eta}_{n+1}’(b)=\sigma_{b’}\sum_{c.t^{\alpha}}(\frac{c}{2}+\frac{t’}{2^{n+1}})\sigma_{-t^{\alpha}}^{-1}$

$= \frac{1}{2}\sigma_{b’}N_{n}+\sigma_{b’}\sum_{t^{n}}\frac{t’}{2^{n}}\sigma_{-t^{\kappa}}^{-1}$ ,

so by (2) we have

(5) $\overline{\eta}_{n+1}’(b)-\overline{\eta}_{n}(b)=\frac{1}{2}N_{n}$ if $m=0$ .

Next, assume $m\geqq 1$ . Then by (3) and (4),

$\overline{\eta}_{n+1}’(b)=\sigma_{b’}\sum_{c.t^{n}}\{\frac{t’}{2^{n-m+1}}\}\sigma_{-t^{\alpha}}^{-1}$

$=2 \sigma_{b’}\sum_{t’’}\{\frac{t’’}{2^{n-m+1}}\}\sigma_{-t^{n}}^{-1}$ .

Hence

(6) $\overline{\eta}_{n+1}’(b)-\overline{\eta}_{n}(b)=\sigma_{-b’}\sum_{0<\iota<2^{n}}a_{t}(n, m)\sigma_{t}^{-1}$

if $m\geqq 1$ , where

a $t(n, m)=2 \{\frac{t}{2^{n-m+1}}\}-\{\frac{t}{2^{n-m}}\}$ .

If $m\geqq n+1$ , then $a_{t}(n, m)=0$ , so we can assume l$m\leqq n. We can write $t$ in
(6) as $t=2^{n-m+1}d+t’$ with $0<t’<2^{n-m+1},$ $(t’, 2)=1$ , and $0\leqq d<2^{m-1}$ . If $t’<2^{n-m}$ ,
then

$a_{t}(n, m)= \frac{2t’t’}{2^{n-m+1}2^{n-m}}=0$ .

If $2^{n-m}<t’<2^{n-m+1}$ , then
$a_{t}(n, m)=1$ .

In fact, $a_{t}(n, m)=x-\{x\}$ , where $x=t’/2^{n-m}$ . Then $1<x<2$ and $0<\{x\}<1$ , so
$0<x-\{x\}<2$ and $x-\{x\}\in Z$, hence $x-\{x\}=1$ . Hence by (6),
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$\overline{\eta}_{n+1}’(b)-\overline{\eta}_{n}(b)=\sigma_{-b’}\sum_{n0<t<2}\sigma_{t}^{-1}$

$t’>2^{n-m}$

$=\sigma_{-b’}(N_{n}-\Omega_{n,m})$ ,
so

(7) $\overline{\eta}_{n+1}’(b)-\overline{\eta}_{n}(b)=\{$

$N_{n}-\sigma_{-b’}\Omega_{n,m}$ if $1\leqq m\leqq n$ ,

$0$ if $m\geqq n+1$ ,

where $\Omega_{n,n}=0$ . In the same way as the proof of (5),

(8) $\eta_{n+1}’(b)-\tilde{\eta}_{n}(b)=\frac{b}{2}N_{n}$

for any $m\geqq 0$ . By (1), (5), (7), and (8), we have the assertion.

LEMMA 12. Assume $1\leqq m\leqq n-1$ and let $\Omega_{n.m}$ be as in Lemma 11. Then

$\Omega_{n,m}=(\sum_{n0<t<2-m}\sigma_{t}^{-1})N_{n,n-m+1}$ in $G_{n}$ .

PROOF. By definition

(1)
$\Omega_{n,m}=\sum_{0\leqq l<2^{m-1}}0<t’(t’S^{2})=1\sum_{n-m}\sigma_{2^{n-m+1_{d+t^{J}}}}^{-1}$

.

If we fix $t’$ , then

(2)
$\sum_{0\xi d<2^{m-1}}\sigma_{z^{n-m+1_{d+t}}}^{-1},$

$=\sigma_{l’}^{-1}\cdot N_{n.n-m+1}$ in $G_{n}$ .

In fact, each term of the left side is equal to $\sigma_{t’}^{-1}$ on $Q_{2}(\zeta_{2}n-m+1)$ and different
from each other on $Q_{2}(\zeta_{2n})$ . By (1) and (2) we have the assertion.

LEMMA 13. Assume $2\leqq t\leqq n-2$ , and put $d=2^{t},$ $\sigma=\sigma_{1+d}$ , and $\pi=\pi_{n}$ . Let $i$

be any integer such that $i\geqq 2$ . Then the following (i), (ii), and (iii) hold.

(i) If $i$ is even, then

$(1+\pi^{i})^{1+\sigma}\equiv 1+\pi^{2i}$ $(mod \pi^{i+d})$ .
In particular,

$(1+\pi^{\ell})^{1+\sigma}\equiv 1(mod \pi^{i+d})$ for $i\geqq d$ .

(ii) If $i$ is odd, then

$(1+\pi^{i})^{1+\sigma}\equiv 1+\pi^{2i}+\pi^{i+d-1}+\pi^{i+d}(mod \pi^{i+d+1})$ .
In particular,

$(1+\pi^{i})^{1+\sigma}\equiv 1+\pi^{i+d-1}+\pi^{i+d}(mod \pi^{\ell+d+1})$ for $i\geqq d+1$ .
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(iii) If $i$ is odd, then

$(1+\pi^{i})^{1+\sigma_{-1}}\equiv 1+\pi^{i+1}(mod \pi^{i+2})$ .

PROOF. Put $\zeta=\zeta_{2n}$ . Since $\pi=1-\zeta$ ,

$\pi^{\sigma}-\pi=\zeta(1-\zeta^{d})$

$=(1-\pi)z^{d}(mod 2)$ .
Hence

(1) $\pi^{\sigma}=\pi(1+\pi^{d-1}+z^{d})(mod 2)$ .

(i) By (1), we can write
$\pi^{\sigma-1}=1+\lambda\pi^{f-1}$

with some $\lambda\in Z_{2}[\zeta]$ . Taking the i-th power of both sides,

$(\pi^{i})^{\sigma-1}\equiv 1+i\lambda\pi^{d-1}(mod \pi^{d})$

$\equiv 1(mod \pi^{d})$ ,

since $i$ is even. Hence

(2) $(\pi^{i})^{\sigma}\equiv\pi^{i}(mod \pi^{i+d})$ ,

so
$(1+\pi^{i})^{1+\sigma}\equiv(1+\pi^{i})^{2}(mod \pi^{i+d})$

$\equiv 1+\pi^{2i}(mod \pi^{i+d})$ ,

since $t\leqq n-1$ implies $2\pi^{i}\equiv 0(mod \pi^{i+_{tf}})$ . Hence we have the first congruence.
The second one follows from the first one.

(ii) Taking the i-th power of both sides of (1),

$(\pi^{i})^{\sigma}\equiv\pi^{i}(1+i\pi^{d-1}+i\pi^{d})(mod \pi^{i+2a-2})$ ,

since $t\leqq n-2$ implies $2\pi^{i-1}\equiv 0(mod \pi^{\ell+2d-2})$ . Hence

(3) $(\pi^{i})^{\sigma}\equiv\pi^{i}+\pi^{i+d-1}+\pi^{i+d}(mod \pi^{i+2d-2})$ ,

since $i$ is odd. So

$(1+\pi^{i})^{1+\sigma}\equiv(1+\pi^{i})(1+\pi^{i}+\pi^{i+d-1}+\pi^{i+d})(mod \pi^{i+2d-2})$ .
Expanding the right side, we have the first congruence, since the inequalities
$t\geqq 2,$ $i\geqq 2$, and $t\leqq n-2$ imply

$i+d+1$ $ $i+2d-2$ ,

$i+d+1$ $ $2i+d-1$ ,
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and $2z^{i}\equiv 0(mod z^{i+2d-2})$ , respectively. The second one follows from the first
one.

(iii) In the similar way as the proof of (1), we have

$\pi^{\sigma_{-1^{-1}}}\equiv 1+\pi(mod \pi^{2})$ ,

so
$(z^{i})^{\sigma_{-1}}\equiv\pi^{i}+\pi^{i+1}(mod \pi^{i+2})$ .

Hence
$(1+z^{i})^{1+\sigma_{-t}}\equiv(1+\pi^{i})(1+\pi^{i}+\pi^{i+1})(mod \pi^{i+2})$ .

Expanding the right side and using the congruences

$\pi^{2i}\equiv 2\pi^{i}\equiv 0(mod \pi^{i+2})$ ,

we have the assertion.

LEMMA 14. For any integer $m\geqq 1$ , put

$\Omega_{m}’=(1+\sigma_{-1})\prod_{i=2}^{m}(1+\sigma_{1+2i})=(1+\sigma_{-1})(1+\sigma_{6})\cdots(1+\sigma_{1+2m})$ .

Then the following (i), (ii), and (iii) hold.

(i) If 2;;; $m\leqq n-2$ and $J$ llii $a_{n,m}$ , then

$(1+\pi_{n}^{j})^{\Omega_{m-1}’}\equiv\{$

$-1(mod 2z_{n})$ if $m=2$ and $J=a_{n.m}$ ,

1 $(mod 2\pi_{n})$ otherwise,

where $a_{n.m}=3+(2^{n-2}+2^{n-3}+\cdots+2^{m})$ .
(ii) If $n\geqq 4$ and $j\geqq 3+2^{n-2}$ , then

$(1+\pi_{n}^{j})^{\Omega_{n-3}’}\equiv\{$

$-1(mod 2\pi_{n})$ if $n=4$ and $J=3+2^{n-2}$ ,

1 $(mod 2\pi_{n})$ otherwise.

(iii) If $n\geqq 3$ , then

$(1+\pi_{n}^{i})^{\Omega_{n-2}}\equiv\{$

$-1(mod 2\pi_{n})$ if $i=3$ ,

1 $(mod 2\pi_{n})$ if $i\geqq 4$ .

PROOF. For simplicity, put $\pi=\pi_{n}$ .
(i) We will prove it by induction on $m$ . If $m=2$ , then $a_{n,2}=2^{n-1}-1$ and

$\Omega_{1}’=1+\sigma_{-1}$ . Hence the assertion follows from (iii) of Lemma 13. Now assume
$m\geqq 3$ and put $d=2^{m-1}$ . By (i) and (ii) of Lemma 13, we can write

(1) $(1+z^{j})^{1+\sigma_{1+d}} \equiv\prod_{a=1}^{l}(1+z^{f_{a}})(mod 2)$ ,

where $j_{1}<j_{2}<\cdots<]_{S}$ , and
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$\{$

$j_{1}\geqq j+d$ if $j$ is even,

$j_{1}=j+d-1$ and $j_{2}=j_{1}+1$ if $j$ is odd.

Put $A_{a}=(1+\pi^{f_{a}})^{\Omega_{m-2}’}$ . If $a\geqq 3$ , then

$i_{a}>j+d\geqq a_{n.m-1}$ ,

so by the induction assumption,

$A_{a}\equiv 1(mod 2\pi)$ for $a\geqq 3$ .

Hence by making $\Omega_{m-2}’$ operator on both sides of (1), we have

(2) $(1+\pi^{j})^{\Omega_{m-1}’}\equiv A_{1}A_{2}(mod 2\pi)$ ,

since $x\equiv 1$ (mod2) implies $x^{\Omega_{m-2}’}\equiv 1(mod 2\pi)$ . If 7‘ is even, then $j>a_{n.m}$ , so

$J_{1}\geqq j+d>a_{n,m}+d=a_{n.m-1}$ ,

$i.e.,$ $j_{1}>a_{n.m-1}$ , hence by the induction hypothesis,

$A_{a}\equiv 1(mod 2z)$ for $a=1,2$ ,

so by (2) we have the assertion. Now assume that 7‘ is odd. Then we can
write $j_{1}=2j_{1}’$ with $j_{1}’\in Z$ . Since

$J_{1}^{J}=(]^{-1)}/2+2^{m-2}\geqq 1+(2^{n-3}+\cdots+2^{m-1})+2^{m-2}\geqq a_{n-1.m-1}$ ,

we have
$j_{1}’$ lill $a_{n-1.m-1}$ ,

where the equality holds if and only if $j=a_{n.m}$ and $m=3$ . Since $\pi^{2}\equiv\pi_{n-1}$

$(mod 2)$ , we have
$A_{1}\equiv(1+\pi_{n-1}^{j_{1}’})^{\Omega_{m-2}’}(mod 2z)$ .

Since $j_{2}=$ ] $+d\geqq a_{n.m-1}$ and since the equality holds if and only if $j=a_{n,m}$ , by
the induction hypothesis we have

$A_{1}\equiv A_{2}\equiv\{$

$-1(mod 2z)$ if $m=3$ and $j=a_{n,m}$ ,

1 $(mod 2\pi)$ otherwise,

so $A_{1}A_{2}\equiv 1(mod 2\pi)$ . Hence by (2) we have the assertion.
(ii) This is a special case $m=n-2$ of (i).

(iii) We will prove it by induction on $n$ . If $n=3$, then the assertion
follows from (iii) of Lemma 13, so we may assume $n\geqq 4$ . First, assume that $i$

is even. By (i) of Lemma 13, we can write

(3) $(1+ \pi^{i})^{1+\sigma_{1+2^{n-2}}}\equiv(1+\pi_{n-1}^{i})\prod_{a=1}^{s}(1+\pi^{j_{a}})$ $(mod 2)$ ,
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where $i+2^{n-2}\leqq]_{1}<J_{2}<...<]_{S}$ . Since $i\geqq 4$ , by (ii) we have

$(1+\pi^{j_{a}})^{\Omega_{n-3}’}\equiv 1(mod 2\pi)$

for $a\geqq 1$ . On the other hand, by the induction hypothesis,

$(1+\pi_{n-1}^{i})^{\Omega_{n-3}’}\equiv 1(mod 2\pi)$ .

Hence by making $\Omega$ fi $-3$ operate on both side of (3),

$(1+z^{i})^{\Omega_{n-2}’}\equiv 1(mod 2z)$ .
(Alternatively, $\pi^{i}\equiv z_{n-1}^{i’}(mod 2)$ with $i=2i’$ , so

$(1+\pi^{i})^{\Omega_{n-2}’}\equiv(1+\pi_{n-1}^{i’})^{\Omega_{n-2}’}(mod 2\pi)$ .

Since the right side is equal to $N_{n-1}(1+\pi_{n-1}^{i’})$ , it is 1 $(mod 4)$ as is well-known.)

NOW assume that $i$ is odd. By (ii) of Lemma 13, we can write

(4) $(1+\pi^{\iota})^{1+\sigma_{1+z^{n-2}\equiv(1+\pi_{n-1}^{l})(1+z_{n-1}^{i’})\prod_{a=1}^{s}(1+\pi^{j_{a}})}}$ $(mod 2)$ ,

where $i’=(i-1)/2+2^{n-3}$ and $i+2^{n-2}=]_{1}<_{J_{2}}<$ .. $<J_{8}$ . By (ii) we have

(5) $(1+z^{J_{a}})^{\Omega_{n-3}’}\equiv\{$

$-1(mod 2\pi)$ if $a=1,$ $i=3$, and $n=4$,

1 $(mod 2\pi)$ otherwise.

By making $\Omega_{n-3}’$ operate on both sides of (4), we have

(6) $(1+z^{i})^{\Omega_{n-2}’}\equiv(1+\pi_{n-1}^{i})^{\Omega_{n-3(1+\pi_{n-1}^{i’})^{\Omega_{n-3(1+\pi^{j_{1}})^{\Omega_{n-3}’}}’}}’}(mod 2\pi)$ .

If $i=3$ and $n=4$ , then $i’=3$ , so by the proof in the case $n=3$ , each term of the
right side of (6) is $-1(mod 2\pi)$ , so we have the assertion in this case. Other-
wise, $i’\geqq 4$ , so by the induction hypothesis,

(7) $(1+z_{n-1}^{t’})^{\Omega_{n-3}’}\equiv 1(mod 2z)$ .

By (5), (6), and (7),

$(1+\pi^{i})^{\Omega_{n-2}’}\equiv(1+\pi_{n-1}^{i})^{\Omega_{n-3}’}(mod 2\pi)$ .

Hence by the induction hypothesis we have the assertion.

LEMMA 15. Assume $n\geqq 3$ and put

$\Omega_{n-2}=.\sigma_{t}^{-1}\in 0<t(t\mathscr{C}_{2)\Rightarrow 1}^{2}n-1Z[G_{n}]$
.

Let $x\in Q_{2}(\zeta_{2^{n}})$ be such that $x\equiv 1(mod \pi_{n}^{2})$ . Then

$x^{\Omega_{n-2}}\equiv x^{\Omega_{n-2}’}(mod 2\pi_{n})$ ,
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where $\Omega_{n-2}’$ is as in Lemma 14.

PROOF. Put
$U_{n}^{(m)}=\{x\in Q_{2}(\zeta_{2n})|x\equiv 1(mod \pi_{n}^{7n})\}$

for $m\geqq 1$ . In the same way as the proof of (2) and (3) in the proof of Lemma
13, we have

$(\pi^{i})^{\sigma}\equiv\pi^{t}(mod 2\pi_{n})$

if $\sigma=\sigma_{1+2^{n-1}}$ and $i\geqq 2$ . Hence

$x^{\sigma}\equiv x(mod 2\pi_{n})$ ,

since $x=1+\Sigma_{i=2}^{\infty}\lambda_{i}\pi_{n}^{i}$ with $\lambda_{i}\in Z$. This implies that the Galois group
$G(Q_{2}(\zeta_{2n})/Q_{2}(\zeta_{2^{n-1}}))$ acts trivially on the group

$M=U_{n}^{(2)}/U_{n}^{(1+2^{n-1})}$ .

Thus $M$ becomes $G_{n-1}$ -module naturally. Hence

$\tilde{x}^{\Omega_{n-2}}=N_{n-1}(\tilde{x})$

$=\tilde{x}^{\Omega_{n-2}’}$ ,

where $\tilde{x}=xmod U_{n}^{(1+2^{n-1})}$ . This gives the assertion.

By Lemmas 11, 12, 14, and 15, we will calculate $x^{\omega_{n+1}(a)-\omega_{n}(a)}mod 2\pi_{n}$ for
$x\in Q_{2}(\zeta_{2n})$ such that $x\equiv 1(mod z_{n}^{3})$ .

LEMMA 16. Let $x\in Q_{2}(\zeta_{2n})$ be such that $x\equiv(1+z_{n}^{3})^{j}(mod \pi_{n}^{4})$ with $j\in Z$.
Then the following (i) and (ii) hold.

(i)

$x^{\eta n+1^{(b)-\eta_{n^{(b)}}}}$ a $\{$

$(-1)^{j}(mod 2\pi_{n})$ if $1\leqq m\leqq n-2$ ,

1 $(mod 2\pi_{n})$ otherwise,

where $\eta_{n}(b)$ is as in Lemma 11 and $m=\nu(b)$ .
(ii) If $a=(a_{1}, \cdots , a_{r})\in Z^{r}$ , then

$x^{\omega_{n+1}(a)-\omega_{n^{(a)}}}\equiv(-1)^{Jr’}(mod 2\pi_{n})$ .

Here $r’=r_{n}’=\#\{0\leqq i\leqq r|1\leqq\nu(a_{i})\leqq n-2\}$ , and $a_{0}=-\Sigma_{i=1}^{r}a_{i}$ .

PROOF. (i) Since $N_{n}(x)\equiv 1(mod 4)$ as is well-known, by Lemma 11 we
have directly the assertion unless 1;$m::S $n-1$ . If $m=n-1$ , then $\Omega_{n.m}=N_{n,8}$, so

$x^{\Omega_{n.m}}\equiv 1(mod \pi_{2}^{3})$

by Hasse [4] (see also Serre [16], Chap. V, \S 3), hence we have assertion in
this case by Lemma 11. So we may assume $1\leqq m\leqq n-2$ . By Lemma 12,
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(1) $x^{\Omega_{n,m}}=x^{\prime\Omega_{n-m-1}}$ ,

where $x’=N_{n.n-m+1}(x)$ and $\Omega_{n-m-1}=\sum_{0<t<2^{n-m}}\sigma_{t}^{-1}$ . Since $n-m+1\geqq 3$ , by Hasse
[4] we have

$x’\equiv(1+\pi_{n-m+1}^{3})^{j}(mod \pi_{n-m+1}^{4})$ .
So by Lemma 15,

(2) $x^{\prime\Omega_{n-m-1}}\equiv x^{\prime\Omega_{\mathcal{R}-m-1}’}(mod 2\pi_{n-m+1})$ .

By (1) and (2),
$x^{\Omega_{n,m}}\equiv x^{\prime\Omega_{n-m-1}’}(mod 2\pi_{n})$ .

Hence by Lemma 11 and (iii) of Lemma 14 we have the assertion.
(ii) By definition,

$\omega_{n}(a)=\sum_{i=0}^{r}\eta_{n}(a_{i})-N_{n}$ ,

so we have directly the assertion by (i).

By Lemma 16 and Theorem 12 in \S 3, we will prove the following Lemma
17, which is a key to the proof of Theorem 9.

LEMMA 17. Let $\beta\in Q(\zeta_{2}n+1)$ be such that $\beta\equiv(1+z_{n+1}^{3})^{j}(mod z_{n+1}^{4})$ with $j\in Z$ .
Assume that $a=(a_{1}, , a_{r})\in Z^{r}$ and $a\not\equiv(0, , 0)(mod 2^{n})$ . Then

$i_{z^{n}}^{(a}$
‘ $(N_{n+1.n}(\beta))\equiv i_{z^{n+1}}^{\langle a)}(\beta)+jr’\cdot 2^{n-1}(mod 2^{n})$ ,

where $r’=r_{n}’$ is as in Lemma 16.

PROOF. Recall that

(1) $J_{2^{n}}^{(a)}((x))=\zeta_{2}^{i}$ ’ $x$ ) $\omega_{n}(a)x$ with $i(x)=i_{z^{n}}^{(a)}(x)\in Z/2^{n}Z$,

for any $x\in Q(\zeta_{2n})$ such that $x\equiv 1(mod \pi_{n})$ . By taking $N_{n+1.n}$ of both sides
of (1) (replacing $n$ by $n+1$ and putting $x=\beta$ ), we have

(2) $J_{2^{n+1}}^{(a)}((\alpha’))=(-\zeta_{2n})^{t’(\beta)}\alpha^{\prime\omega_{n+1}(a)}$ ,

where $\alpha’=N_{n+1.n}(\beta)$ and $i’(\beta)=i_{2^{n+1}}^{(a)}(\beta)$ . On the other hand, putting $x=\alpha’$ in (1),

(3) $J_{z^{n}}^{(a)}((\alpha’))=\zeta_{z^{n}}^{i(\alpha’)}\alpha^{\prime\omega_{n}(a)}$ .

By Theorem 12 in \S 3,

(4) $J_{2^{n+1}}^{(a)}((\alpha’))\equiv J_{2^{n}}^{(a)}((\alpha’))(mod 2\pi_{n})$ .
By (2), (3), and (4), we have

$(-\zeta_{2n})^{i’(\beta)}\alpha^{\prime\omega_{n+1}(a)}\equiv\zeta_{2^{n}}^{i(a’)}\alpha^{;\omega_{n}(a)}(mod 2\pi_{n})$ ,
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$i.e.$ ,

(5) $\zeta_{2^{n}}^{\ell(a’)-(1+2^{n-1})i’(\beta)}\equiv\alpha^{\prime\omega_{n+1}(a)-\omega_{n}(a)}(mod 2z_{n})$ .
By Hasse [4],

$\alpha’\equiv\{$

$(1+\pi_{n}^{3})^{j}(mod \pi_{n}^{4})$ if $n\geqq 3$ ,

1 $(mod z_{n}^{4})$ if $n=2$ .
By Lemma 16,

(6) $\alpha^{\prime\omega_{n+1}(a)-\omega_{n}(a)}\equiv(-1)^{Jr’}(mod 2\pi_{n})$ .
(Note that $r’=0$ if $n=2.$ ) By (5) and (6),

$\zeta_{2^{n}}^{t\alpha’)-(1+2^{n-1}}\langle)i’(\beta)\equiv\zeta_{2}^{2}nn-1_{jr’}(mod 2\pi_{n})$ ,

so $i(\alpha’)-(1+2^{n-1})i’(\beta)\equiv 2_{J^{r’}}^{n-1}(mod 2^{n})$ . Since $[1+4, \beta]_{n+1}\equiv 0$ (mod4) by Theo-
rem 1, we have $i’(\beta)\equiv 0(mod 2)$ by Theorem 8. Hence we obtain the assertion.

By Theorem 8, Lemma 17, and Theorem 15 in \S 3, we will give a formula
on $i_{2^{n}}^{(a)}(\alpha)mod 2^{n}$ for $\alpha\in Q(\zeta_{2n})$ such that $\alpha\equiv 1(mod \pi_{n}^{3})$ in terms of Hilbert
norm residue symbols:

THEOREM 9. Assume $a=(a_{1}$ , $\cdot$ . , $a_{r})\not\equiv(0, \cdot , 0)(mod 2^{n})$ . Then

$i_{2}^{(a)}n(\alpha)=g[2, \alpha]_{n}+h’[1+4, \alpha]_{n}+s[-1, \alpha]_{n}(mod 2^{n})$

$\equiv[\prod_{i=0}^{r}a_{i}^{a_{i}},$ $\alpha]_{n}+2^{n-3}r’[1+4, \alpha]_{n}(mod 2^{n})$

for $\alpha\in Q(\zeta_{2n}),$ $\alpha\equiv 1(mod z_{n}^{3})$ , where

$g= \sum_{i=0}^{r}\nu(a_{i})a_{i}$ , $a_{0}=- \sum_{i=1}^{r}a_{i}$ ,

$h’=cS_{2}^{(a)}n+1+2^{n-s}r’$

$\equiv\log(\prod_{i=0}^{r}\langle a_{i}\rangle^{a_{i}})/\log(1+4)+2^{n-3}r’(mod 2^{n-2})$ ,

$s=\#\{0\leqq i r|a_{i}\equiv 1(mod 4)\}(mod 2)$

$\equiv r’’+g/2(mod 2)$ ,

$c=(2^{-1}\log(1+4))^{-1}\in 2^{-1}(1+2Z_{2})$ ,

$r’=r_{n}’=0$ or 1 according as the number of $i$ (O$i$r)

such that $1\leqq\nu(a_{t})\leqq n-2$ is even or odd, and

$r’=\#\{0 i\leqq r|(a_{t}, 2)=1\}/2$ .
Here, $\nu(0)\cdot 0=\infty\cdot 0=0$ and $0^{0}=1$ .
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PROOF. By Theorem 8 (or Weil [18]), $i_{2^{n}}^{(a)}(x)\equiv 0(mod 2^{n})$ if $x\equiv 1(mod \pi_{n}^{m})$

for a sufficiently large $m$ , so we can extend the domain where $i_{2^{n}}^{(a)}$ is defined, to

$U_{n}^{(1)}=\{x\in Q_{2}(\zeta_{zn})|x\equiv 1(mod \pi_{n})\}$ ,

by continuity. Thus $i_{2^{n}}^{(a)}$ is a homomorphism from $U_{n}^{\langle 1)}$ to $Z/2^{n}Z$. Put $\eta=1+\pi_{2}^{3}$ .
Then, as is well known, we can write

(1) $\alpha=\eta^{m}\alpha’$

with $m\in Z_{2},$ $\alpha’\in U_{n}^{(1)}$ such that $\alpha’\equiv 1$ (mod zi) and $N_{n}(\alpha’)=1$ . We can write
$\alpha’=N_{n+1.n}(\beta)$ with some $\beta\in Q_{2}(\zeta_{2}n+1),$ $\beta$ sl $(mod \pi_{n+1}^{3})$ . Then by Lemma 17 and
Theorem 8,

$i_{2^{n}}^{(a)}(\alpha’)\equiv i_{2^{n+1}}^{(a)}(\beta)+]r’\cdot 2^{n-1}(mod 2^{n})$

$\equiv g[2, \beta]_{n+1}+h[1+4, \beta]_{n+1}+]r’\cdot 2^{n-1}(mod 2^{n})$ ,

so

(2) $i_{2^{n}}^{(a)}(\alpha’)\equiv g[2, \alpha’]_{n}+h[1+4, \alpha’]_{n}+]r’\cdot 2^{n-1}(mod 2^{n})$ ,

where $h=cS_{2^{n+1}}^{(a)}$ and $\beta\equiv(1+\pi_{n+1}^{3})^{j}(mod \pi_{n+1}^{4})$ with ] $\in Z$ . Next, we will show

(3) $jr’\cdot 2^{n-1}\equiv 2^{n-3}r’[1+4, \alpha’]_{n}(mod 2^{n})$ .
If $n=2$ , then $r’=0$, so we may assume $n\geqq 3$ . Then by Hasse [4],

$\alpha’\equiv(1+z_{n}^{3})^{j}(mod \pi_{n}^{4})$ .
By Theorem 1,

$2^{n-3}[1+4,1+\pi_{n}^{3}]_{n}\equiv[(1+4)^{2^{n-3}},1+\pi_{n}^{3}]_{n}$

$\equiv 2^{n-1}(mod 2^{n})$ ,

and

(4) $2^{n-3}[1+4, x]_{n}\equiv 0(mod 2^{n})$

for $x\in Q_{2}(\zeta_{2n}),$ $x\equiv 1(mod \pi_{n}^{4})$ . This gives (3). By Artin-Hasse [1],

$[-1, \alpha’]_{n}\equiv[\zeta_{2}^{2}nn-1\alpha’]_{n}$

$\equiv 2^{n-1}[\zeta_{2n}, \alpha’]_{n}$

$\equiv 2^{n-1}(1+2^{n-1})2^{-n}T_{n}(\log\alpha’)(mod 2^{n})$ ,

so

(5) $[-1, \alpha’]_{n}\equiv 0(mod 2^{n})$ ,

since $T_{n}(\log a)-\log N_{n}(\alpha’)=0$. Hence by (2), (3), and (5), the first desired
formula holds for $\alpha=\alpha’$ . Thus it suffices to prove the formula when $\alpha=\eta$ ,
because of (1). Since
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$(2^{2}, \eta)_{n}=(2, \eta)_{n}’$

$=(2, N_{n.n-1}(\eta))_{n-1}$

$=(2, \eta^{2})_{n-1}$

$=(2^{2}, \eta)_{n-1}$

for $n\geqq 3$ , we have
$(2^{2}, \eta)_{n}=(2^{2}, \eta)_{2}$ ,

where $(, )_{n}’$ is the Hilbert norm residue symbol in $Q_{2}(\zeta_{2n})$ for the power $2^{n-1}$ .
In the same way,

$(2^{2}, \eta)_{2}=(2, N_{2}(\eta))_{1}=-1$ ,

since $N_{2}(\eta)=1+4(mod 8)$ . Hence

(6) $[2^{2}, \eta]_{n}\equiv 2^{n-1}(mod 2^{n})$ .
By Theorem 1,

(7) $[1+4, \eta]_{n}\equiv 0(mod 2^{n})$ .

In the same way as the proof of (ii) of Tbeorem 2,

(8) $[-1, \eta]_{n}\equiv 2^{n-1}(mod 2^{n})$ .

By (6), (7), and (8), the right side of the desired first formula for $\alpha=\eta$ is equal
to $(s+g/2)\cdot 2^{n-1}$ , i.e., $r^{\prime/}\cdot 2^{n-1}(mod 2^{n})$ . In fact, since $a_{i}\nu(a_{i})\equiv 0$ (mod4) for
$\nu(a_{i})\neq 1$ , we have

(9) $g \equiv\sum_{\nu(a_{i})=1}a_{i}(mod 4)$ .

Since $\Sigma_{i=0}^{r}a_{i}=0$ , we have

(10)
$\nu(a_{t})=0.1\sum_{0\leq i\leqq r}a_{t}\equiv 0(mod 4)$

.

Since

$v(a \iota)=0\sum_{0\leqq i\leqq r}a_{i}\equiv s-(2r’-s)(mod 4)$

$\equiv 2(s-r’)(mod 4)$ ,

by (9) and (10) we have
$s+g/2\equiv r’’(mod 2)$ .

On the other hand, by Theorem 15 in \S 3,

$i_{z^{n}}^{(a}$
‘ $(\eta)\equiv r’’\cdot 2^{n-1}(mod 2^{n})$ .

Thus we have the first formula in Theorem 9. Since by Theorem 1 we have
$[1+4, \alpha]_{n}\equiv 0(mod 2^{2})$ for $\alpha\in Q_{2}(\zeta_{2n})$ such that $\alpha\equiv 1(mod \pi_{n}^{3})$ , $h’[1+4, \alpha]_{n}$ is
well-defined $mod 2^{n}$ if we determine $h’mod 2^{n-2}$ . By the first formula and
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Corollary to Theorem 7,

$i_{z^{n}}^{(a)}( \alpha)\equiv g[2, \alpha]_{n}+(\log(\prod_{i=0}^{r}\langle a_{i}\rangle^{a_{i}})/\log(1+4)+2^{n-3}r’)[1+4, \alpha]_{n}$

$+s[-1, \alpha]_{n}(mod 2^{n})$

$\equiv[\prod_{i=0}^{r}(2(a_{i})\langle a_{i}\rangle)^{a_{t}},$ $\alpha]_{n}+2^{n-3}r’[1+4, \alpha]_{n}$

$+s[-1, \alpha]_{n}(mod 2^{n})$

$\equiv[(-1)^{2r^{n}-s}\prod_{i=0}^{r}a_{i}^{a_{i}},$ $\alpha]_{n}+2^{n-3}r’[1+4, \alpha]_{n}$

$+s[-1, \alpha]_{n}(mod 2^{n})$

$\equiv[\prod_{i=0}^{r}a_{l}^{i},$ $\alpha]_{n}+2^{n-3}r’[1+4, \alpha]_{n}(mod 2^{n})$ .

Hence we have the second formula.

REMARK.
(1) We can omit the term $2^{n-3}r’[1+4, \alpha]_{n}$ in the formula of Theorem 9

when $\alpha\equiv 1(mod z_{n}^{4})$ , since $r’=0$ when $n=2$ and since (4) in the proof of
Theorem 9 holds when $n\geqq 3$ .

(2) The formula in Theorem 9 holds for any $\alpha\in Q(\zeta_{2n})$ such that $\alpha\equiv 1$

$(mod \pi_{n})$ if and only if $I_{n}\equiv 0(mod 2^{n})$ , where $I_{n}$ is as in the corollary below.
In fact, since $\zeta_{2n}\equiv 1+\pi_{n}(mod \pi_{n}^{2})$ and $\zeta_{2n}^{2}\equiv 1+\pi_{n}^{2}(mod \pi_{n}^{3})$ , it suffices to get
the condition for the formula to hold for $\alpha=\zeta_{2n}$ . By Artin-Hasse [1], we have

$[2, \zeta_{2n}]_{n}\equiv 0(mod 2^{n})$ ,

$[-1, \zeta_{2n}]_{n}\equiv 0(mod 2^{n})$ ,
and

$[1+4, \zeta_{2n}]_{n}\equiv-c^{-1}(mod 2^{n})$ .
(For the first one, see Rohrlich [15], line 3, page105.) Hence the right side
of the formula is equal to $-h’c^{-1}$ , so $-S_{2^{n}}^{(a)}-I_{n}(mod 2^{n})$ by (1) in the proof
of the corollary below. On the other hand, by definition we have easily

$i_{2^{n}}^{(a)}(\zeta_{zn})\equiv-S_{2^{n}}^{(a)}(mod 2^{n})$ .

This gives the assertion.
(3) Theorem 9 with the above remark (2) generalizes Coleman [3], Theo-

rem (6.4) (with G. Anderson). They deal with the $(a_{0}\cdots a_{r}, 2)=1$ and $N_{n}(\alpha)\equiv 1$

$(mod 2^{n+2})$ in a different method.
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COROLLARY.

$C_{2}^{(a)}n=\{$

(4) if $\nu(g)=1$ and $s=0$ or if $\nu(g)\geqq 2$ and $s=1$ ,
$(\pi_{j’})$ if l$i$n--2, $\nu(g)>\nu(h’)+1$ , and $s=0$ ,

or if $\nu(g)\geqq\nu(h’)+1=n-1,$ $\nu(g)\neq 1,$ $s=0$ , and $\nu(I_{n})\geqq n$ ,

or if $j\geqq n,$ $s=0$, and $\nu(I_{n})=n-1$ ,

or if $n-1=\nu(g)<\nu(h’)+1,$ $s=0,$ $n\geqq 3$, and $v(I.)=n-1$ ,

or if $1=\nu(g)=\nu(h’)+1,$ $s=1,$ $n=2$ , and $\nu(I_{n})\geqq n$ ,

or if $1=\nu(g)<\nu(h’)+1,$ $s=1,$ $n=2$ , and $v(I.)=n-1$ ,
$(\pi_{j’}\pi_{j’+1})$ if $2\leqq j\leqq n-2,$ $\nu(g)\leqq\nu(h’)+1$ , and $s=0$ ,

or if $\nu(g)=1,$ $s=1$ , and $n\geqq 3$ ,

or if $\nu(g)\geqq\nu(h’)+1=n-1,$ $\nu(g)\neq 1,$ $s=0$ , and $\nu(I_{n})=n-2$ ,

or if $j\geqq n,$ $s=0$ , and $\nu(I_{n})=n-2$ ,

or if $n-1=\nu(g)<\nu(h’)+1,$ $s=0,$ $n\geqq 3$ , and $\nu(I_{n})=n-2$ ,

or if $\nu(g)=1,$ $s=1,$ $n=2$ , and $\nu(I_{n})=n-2$ ,
(1) if $\nu(g)\geqq\nu(h’)+1=n-1,$ $\nu(g)\neq 1,$ $s=0$ , and $\nu(I_{n})=n-1$ ,

or if $j\geqq n,$ $s=0$ , and $\nu(I_{n})\geqq n$ ,

or if $n-1=\nu(g)<\nu(h’)+1,$ $s=0,$ $n\geqq 3$ , and $\nu(I_{n})\geqq n$ ,

or if $1=\nu(g)=\nu(h’)+1,$ $s=1,$ $n=2$ , and $\nu(I_{n})=n-1$ ,

or if $1=\nu(g)<\nu(h’)+1,$ $s=1,$ $n=2$ , and $\nu(I_{n})\geqq n$ ,

where
$I_{n}=-T_{n-1}-2^{n-2}r_{n}’+2^{n-1}t_{n}’$ ,

$t_{n}’=\{$

$\#\{0\leqq i\leqq r|\nu(a_{i})=n-2\}$ if $n\geqq 3$ ,

$\#\{0\leqq i\leqq r|\nu(a_{i})=n-1\}$ if $n=2$ ,

$j= \min(\nu(g), \nu(h’)+1)$ , $j’= \min(J, n-1)$ ,

$T_{n-1}$ is as in Corollary to Theorem 7, and $g,$ $h’,$ $s$ , and $r_{n}’$ are as in Theorem 9.

PROOF. Since $c^{-1}\equiv-2(mod 8)$ , we have

$c^{-1}h’=S_{2^{n+1}}^{(a)}+2^{n-3}c^{-1}r’$

$\equiv S_{z^{n+1}}^{(a)}-2^{n-2}r’(mod 2^{n})$ .

Hence by Corollary to Theorem 7,

(1) $c^{-1}h’\equiv S_{2^{n}}^{(a)}+I_{n}(mod 2^{n})$ .
Put $m=v(S_{2}^{(a)}n)$ and $m’=\nu(I_{n})$ for slmplicity. By definition, $m’\geqq n-2$ . Put
$f_{n}(g, h’, s)=(\pi_{n}^{d})$ . If $d\geqq 4$ , then $C_{2^{n}}^{(a)}=f_{n}(g, h’, s)$ by Theorem 9. So we may
assume $d\leqq 3$ . Then $\nu(h’)\geqq n-2$ by Theorem 5. If $\nu(h’)=n-2$ , then $m\geqq n$ ,

$m=n-1$ , or $m=n-2$ according as $m’=n-1,$ $m’\geqq n$ , or $m’=n-2$ . If $\nu(h’)\geqq n-1$ ,
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then we have the same conditions according as $m’\geqq n,$ $m’=n-1$ , or $m’=n-2$ .
Hence by Theorems 5 and 9, $C_{2^{n}}^{(a)}=(1)$ , $(\pi_{n}^{2})(=(\pi_{n-1}))$ , or $(\pi_{n}^{3})(=(\pi_{n-1}\pi_{n}))$

according as $m\geqq n,$ $m=n-1$ , or $m=n-2$ , if $\nu(g)\geqq\nu(h’)+1=n-1,$ $\nu(g)\neq 1$ , and
$s=0$ , or if $j\geqq n$ and $s=0$ , or if $n-1=\nu(g)<\nu(h’)+1,$ $s=0$ , and $n\geqq 3$ , or if
$v(g)=1,$ $s=1$ , and $n=2$ , since

$i_{2^{n}}^{(a)}(\zeta_{2n})\equiv-S_{2^{n}}^{(\alpha)}(mod 2^{n})$ .

Hence we have the assertion.

\S 3. Certain congruences for Gauss sums and Jacobi sums.

The purpose of this section is to prove certain congruences for Jacobi sums
(see Theorems 12, 13, and 14). We used Theorem 12 for the proof of Lemma
17 in \S 2, and we will use Theorem 14 to determine $i_{2^{n}}^{(a)}((\eta))mod 2^{n}$ for
$\eta\in Q_{2}(\zeta_{4}),$ $\eta\equiv 1+\pi_{2}^{3}(mod \pi_{2}^{4})$ (see Theorem 15), which we used for the proof of
Theorem 9 in \S 2.

In this section, let 1 be any prime number and assume $n\geqq 2$ if $l=2$ . Put
$q=l$ or 4, and $f=f_{n}=1$ or $1+2^{n-1}$ according as $l$ is odd or 2.

THEOREM 10. Let $p_{n+1}$ be any prime ideal of $Q(\zeta_{\iota^{n+1}})$ which is prime to $l$ ,
let $\mathfrak{p}_{n}$ be the prime ideal of $Q(\zeta_{\iota n})$ lying below $\mathfrak{p}_{n+1}$ , and let $p$ be the pnme
number contained in $p_{n}$ . Let $M$ be the decomposrtion field of $p_{n+1}$ with respect
to $Q(\zeta_{\iota^{n+1}})/Q(\zeta_{q}).$ Assume $M\subset Q(\zeta_{\iota n})$ ($i.e.,$ $\mathfrak{p}_{n}$ does not decompose in $Q(\zeta_{\iota^{n+1}})/Q(\zeta_{\iota n})$),

and put $l^{d}=[Q(\zeta_{ln}):M]$ . Then for any $a\in Z$, we have

$g_{\iota^{n+1}}( \mathfrak{p}_{7l+1}, a)\equiv(\frac{l}{\mathfrak{p}_{n}})_{\iota^{n}}^{-af}g_{\iota^{n}}(\mathfrak{p}_{n}, af)(mod l^{d+1}Z[\zeta_{p\iota^{n-d}}])$ .

For simplicity, put $x’=x_{\mathfrak{p}_{n+_{1}}}^{a},$ $x=x_{\mathfrak{p}_{n}}^{a},$ $k’=Z[\zeta_{\iota^{n+1}}]/\mathfrak{p}_{n+1},$ $k=Z[\zeta_{ln}]/\mathfrak{p}_{n},$ $k_{0}=$

$Z[\zeta_{\iota^{n-d}}]/\mathfrak{p}_{n}\cap M,$ $\psi’(x’)=\zeta_{p}^{T_{(x’)}^{l}}$ for $x’\in k’$ , and $\psi(x)=\zeta_{p}^{\tau_{(x)}}$ for $x\in k$ , where
$T’=Tr_{k’/F_{p}}$ and $T=Tr_{k/F_{p}}$ are the traces from $k’$ and $k$ to $F_{p}$ respectively.

For our proof of Theorem 10, we need the following Lemmas 18, 19, and 20.

LEMMA 18. Under the above notation and assumptions, the following (i) and
(ii) hold for any $x\in k$ :

(i) $\psi’(x)=\psi(lx)$ .
(ii) $\chi’(x)=x^{f}(x)$ .

PROOF. (i) Since $k’/k$ is a cyclic extension of degree $l$ ,

$Tr_{k’’ F_{p}}(x)=Tr_{k/F_{p}}(Tr_{k’/k}(x))$

$=Tr_{k/p_{p}}(lx)$ .



Jacobi sums and the Hilbert symbol for a power of two 397

Hence by definition we have the assertion.
(ii) Since

$\chi_{\mathfrak{p}_{n+_{1}}}(x)\equiv x^{(N\mathfrak{p}_{n+1}-1)/\iota^{7\iota+1}}(mod \mathfrak{p}_{n+1})$

and
$\chi_{\mathfrak{p}_{n}}(x)\equiv x^{(N\mathfrak{p}_{n}-1)/\iota^{n}}$ (mod $p_{n}$ ),

we have
$\chi_{\mathfrak{p}_{n+_{1}}}(x)\equiv x_{\mathfrak{p}_{n}}(x)^{f’}(mod \mathfrak{p}_{n+1})$ ,

so

(1) $\chi_{\mathfrak{p}_{n+1}}(x)=x_{\mathfrak{p}_{n}}(x)^{f’}$ ,

where $f’=(N\mathfrak{p}_{n+1}-1)/(N\mathfrak{p}_{n}-1)1$ . Next we will show

(2) $f’\equiv f(mod l^{n})$ .

Since $N\mathfrak{p}_{n+1}=(N\mathfrak{p}_{n})^{l}$ , we have

(3) $f’=(1+N\mathfrak{p}_{n}+\cdots+(N\mathfrak{p}_{n})^{l-1})/l$ .

Since $\zeta_{l^{n}}mod \mathfrak{p}_{n}\in k$ and $\zeta_{\iota^{n+1}}mod \mathfrak{p}_{n+1}\not\in k$ , we can write $N\mathfrak{p}_{n}=1+\lambda l^{n}$ with
$\lambda\in Z,$ $\lambda\not\equiv 0(mod 1)$ . Hence

$(N\mathfrak{p}_{n})^{t}\equiv 1+i\lambda l^{n}(mod l^{n+1})$

for $i\geqq 1$ . So by (3),

$f’ \equiv(l+\lambda(\sum_{i=1}^{l-1}i)l^{n})/l$ (mod $l^{n}$ ),

hence we have (2), since $\Sigma_{i=1}^{l-1}i$ is $0$ or 1 $mod l$ according as $l\neq 2$ or $1=2$ . By
(1) and (2), we have the assertion.

LEMMA 19. Let $k_{0},$ $k$ , and $k’$ be as just before Lemma 18. Then the Galois
group $Ga1(k’/k_{0})$ acts on $(k’-k)$ faithfully.

PROOF. Let $x$ be any element of $k’-k$ . Then $k’=k_{0}(x)$ . In fact, since
$k’/k_{0}$ is a cyclic extension of degree $l^{d+1}$ , we see that if $k_{0}(x)\subseteqq k’$ , then $k_{0}(x)\subseteqq k$ ,

so $x\in k$ ; this is a contradiction. Hence the set

$\{x^{\sigma}|\sigma\in Ga1(k’/k_{0})\}$

consists of $l^{d+l}$ different elements. This gives the assertion.

LEMMA 20. Put
$B= \sum_{x\in k’-k}\chi’(x)\psi’(x)$ .

Then
$B=l^{d+1} \sum_{x\in S’}\chi’(x)\psi’(x)$ ,

where $S$ is a complete representative system of $(k’-k)/Ga1(k’/k_{0})$ , and
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$S’=\{x\in S|x’(x)\in M\}$

$=\{x\in S|x’(x)^{\iota^{n-d}}=1\}$ .
PROOF. By Lemma 19,

(1) $B= \sum_{x\in S}(\sum_{\sigma\in G}x’(x^{\sigma})\psi’(x^{\sigma}))$ ,

where $G=Ga1(k’/k_{0})$ . Identify $G$ and $Ga1(Q(\zeta_{t^{n+1}})/M)$ canonically. Then

$\psi’(x^{\sigma})=\psi’(x)$ and $x’(x^{\sigma})=\chi’(x)^{\sigma}$

for $\sigma\in G$, since

$\mathfrak{p}_{n+1}^{\sigma}=\mathfrak{p}_{n+1}$ and $( \frac{x}{\mathfrak{p}_{n+1}})_{\iota^{n+1}}^{\sigma}=(\frac{x^{\sigma}}{\mathfrak{p}_{n+1}^{\sigma}})_{\iota^{n+1}}$

Hence by (1),

$B= \sum_{x\in S}Tr_{Q(\zeta_{l}n+1)/M}(x’(x))\psi’(x)$ .

Since

$Tr_{Q(\zeta_{l}n)/M}(x^{J}(x))=\{$

$l^{d+1}\chi’(x)$ if $x’(x)\in M$,

$0$ otherwise,

we have the assertion.

PROOF OF THEOREM 10. Put

$A=- \sum_{x\in k}x’(x)\psi’(x)$ .
Then

(1) $g_{\iota^{n+1}}(\mathfrak{p}_{n+1}, a)=A-B$ ,

where $B$ is as in Lemma 20. By Lemma 18,

$A=- \sum_{x\in k^{\cross}}x^{f}(x)\psi(lx)$ ,

so

(2) $A=x(l)^{-f}g_{\iota^{n}}$ ( $\mathfrak{p}_{n}$ , a $f$).

By (1), (2), and Lemma 20, we have the assertion.

Next, we will prove the following Theorem 11, which is a refinement of
Theorem 10 when $1=2$ and $d=0$ .

THEOREM 11. Let the notation and assumPtions be as in Theorem 10, and
assume $l=2$ . Then

$g_{2}n+1( \mathfrak{p}_{n+1}, a)\equiv(\frac{(-1)^{2^{n-2}}2}{\mathfrak{p}_{n}})_{z^{n}}^{-af}g_{2^{n(\mathfrak{p}_{n}}}$ , a $f$) $(mod 2\pi_{n-d}Z[\zeta_{2}n-d_{p}])$ .



Jacobi sums and the Hilbert symbol for a power of two 399

We can write
$k^{\prime\cross}=G_{1}’\cross G_{2}’$ (direct product)

and
$k^{\cross}=G_{1}\cross G_{2}$ (direct product),

where $G_{1}’,$ $G_{2}’,$ $G_{1}$ , and $G_{2}$ are subgroups of order $g’,$ $2^{n+1},$ $g$ , and $2^{n}$ respectively,

$g’=(N\mathfrak{p}_{n+1}-1)/2^{n+1}\not\equiv 0(mod 2)$

and
$g=(N\mathfrak{p}_{n}-1)/2^{n}\not\equiv 0(mod 2)$ .

Note that $G_{i}’\supset G_{i}$ for $i=1,2$ , since $k^{\prime\cross}$ and $k^{\cross}$ are cyclic groups. Put $e=$

$[G_{1}’ : G_{1}]=g’/g$ . Then
$e\equiv f_{n}(mod 2^{n})$ and $e>1$

(cf. the proof of Lemma 18, (ii)).

For our proof of Theorem 11 we need the following

LEMMA 21. Assume $l=2$ , and let the notation and assumptions be as above.
Furthermore, put

$T’=\{x\in k’-k|\chi’(x)^{2^{n}}=1\}$

and
$C= \sum_{x\in T’}\psi’(x)$ .

Then

$C=\{$

$0$ if $a$ is even,

$1-e$ if $a$ is odd.

PROOF. If $a$ is even, then $T’=k’-k$ , so by (i) of Lemma 18,

$C= \sum_{x\in k’}\psi’(x)-\sum_{x\in k}\psi’(x)$

$= \sum_{x\in k’}\psi’(x)-\sum_{x\in k}\psi(2x)$ ,

hence
$C=0$ ,

since
$\sum_{x\in k’}\psi’(x)=\sum_{x\in k}\psi(2x)=\sum_{x\in k}\psi(x)=0$ .

Next, assume $a$ is odd. Then $x’$ is a surjective homomorphism from $k^{\prime x}$ onto
$\langle\zeta_{2}n+1\rangle$ (the group generated by $\zeta_{2^{n+1}}$), so $x’(G_{1}’)=\{1\}$ and $\chi’|_{G_{2}’}$ is an isomor-
phism fro $mG_{2}’$ onto $\langle\zeta_{2}n+1\rangle$ . Hence $x’(x)^{2^{n}}=1$ if and only if $x\in G_{1}’\chi G_{2}$ . This
gives

(1) $T’=(G_{1}’-G_{1})\cross G_{2}$ .
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Let

$G_{1}’= \bigcup_{t=1}^{e}g_{i}G_{1}(g_{1}=1)$

be a coset decomposition of $G_{1}’$ with respect to $G_{1}$ . By (1),

(2) $T’= \bigcup_{i=2}^{e}g_{i}G_{1}\cross G_{2}$

$= \bigcup_{i=2}^{e}g_{i}k^{\cross}$ (disjoint union).

Put $z_{i}=Tr_{k’/k}(g_{i})$ for $2\leqq i\leqq e$ . Then

(3) $z_{i}\neq 0$ for 2;;1 $i\leqq e$ .

In fact, if we put $\zeta=\zeta_{2^{n+1}}mod \mathfrak{p}_{n+1}$ , then we can write $g_{i}=\lambda+\mu\zeta$ with $\lambda,$ $\mu\in k$ .
If $\lambda=0$ , then $g_{i}=\mu\zeta\in G_{1}\cross(G_{2}’-G_{2})$ ; this contradicts $g_{i}\in G_{1}$ . Hence $\lambda\neq 0$ and
$z_{i}=2\lambda\neq 0$ . Since $Tr_{k’/F_{p}}(g_{i}y)=Tr_{k/F_{p}}(z_{i}y)$ for $y\in k^{\cross}$ , by (2) we have

$C= \sum_{i=2}^{e}\sum_{y\in k^{\cross}}\zeta_{p}^{\Gamma r_{k/F_{p^{(z_{i}y)}}}}$ ,

so by (3),

$C=(e-1) \sum_{y\in k}$ .$\psi(y)=1-e$ .
This completes the proof.

PROOF OF THEOREM 11. If $d11$ , then $n\geqq 3$ , so $(-1)^{z^{n-2}}=1$ , hence the
assertion follows from Theorem 10. Hence we may assume $d=0$ , i.e., $M=$

$Q(\zeta_{2^{n}})$ . For simplicity, put $I=2\pi_{n}Z[\zeta_{2^{n}p}]$ . By Lemma 20,

$B=2 \sum_{x\in S’}\chi’(x)\psi’(x)$

$\equiv 2\sum_{x\in S’}\psi’(x)(mod I)$ ,

so
$B\equiv C(mod I)$ ,

since $k’-k=S\cup S^{\sigma}$ (disjoint union) and $\psi’(x^{\sigma})=\psi’(x)$ for a generator $\sigma$ of
$Ga1(k’/k)$ . Hence by (1) in the proof of Theorem 10, we have

(1) $g_{2}n+1(\mathfrak{p}_{n+1}, a)-A\equiv-C(mod I)$ .

If $a$ is even, then

$(_{\frac{(-1)}{\mathfrak{p}_{n}}-)_{z^{n}}^{a}}^{2^{n-2}}=1$ and $C=0$

by Lemma 21, so (1) gives the assertion. Now assume $a$ is odd. Then by (1)

we have
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(2) $g_{2}n+1(\mathfrak{p}_{n+1}, a)-A\equiv\{$

$0(mod I)$ if $n\geqq 3$ ,

2 $(mod I)$ if $n=2$ ,

since by Lemma 21,

$C=1-e\equiv\{$
$0(mod 4)$ if $n\geqq 3$ ,

2 $(mod 4)$ if $n=2$ .

Since $A\equiv 1(mod \pi_{n}Z[\zeta_{2p}n])$ , we have $2(A+1)\equiv 0(mod I)$ , so $A+2\equiv-A(mod I)$ .
Hence (2) implies

$g_{2}n+1(\mathfrak{p}_{n+1}, a)\equiv\{$

$A(mod I)$ if $n\geqq 3$ ,

$-A(mod I)$ if $n=2$ .

Since $(-1/p_{n})_{2n}=-1$ and $af$ is odd, this gives the assertion.

LEMMA 22. For any Pnme number 1, three congruences $(i)\sim(iii)$ in Lemma
3 of [13] and the following congruence (iv) hold $mod l\pi_{n}$ .

(iv) $J_{\iota^{n}}^{(a)}(\mathfrak{a})^{\iota}\equiv J_{\iota^{n}}^{(la)}(\mathfrak{a})(mod l\pi_{n})$ if $a=(a_{1}, \cdots , a_{r})\not\equiv(0, \cdots , 0)(mod l^{n})$ .

PROOF. Since the congruences $(ii)\sim(iv)$ follow directly from (i) and (1) of
[13], \S 1, it suffices to prove (i) for $j=1$ by induction on 7. By definition,

$g_{l}n( \mathfrak{p}, a)=-\sum_{x}x_{\mathfrak{p}}^{a}(x)\psi_{\mathfrak{p}}(x)$ ,

so putting $A=- \sum_{x\neq 0}(x_{\mathfrak{p}}^{a}(x)-1)\psi_{\mathfrak{p}}(x)$ , we have

(1) $g_{t^{n}}(p, a)=1+A$ .

By taking the f-th power of both sides of (1),

$g_{\iota^{n}}( \mathfrak{p}, a)^{\iota}=1+A^{\iota}+\sum_{i=1}^{l-1}(\begin{array}{l}li\end{array})A^{i}$ ,

so

(2) $g_{\iota^{n}}(\mathfrak{p}, a)^{l}\equiv 1+A^{l}(mod l\pi_{n})$ ,

since $(\begin{array}{l}li\end{array})\equiv 0(mod l)$ , $x_{\mathfrak{p}}^{a}(x)-1\equiv 0(mod \pi_{n})$ , and $A\equiv 0(mod \pi_{n})$ . By putting
$X_{x}=(x_{\mathfrak{p}}^{a}(x)-1)\psi_{\mathfrak{p}}(x)$ in the identity as polynomials

$( \sum_{x\neq 0}X_{x})^{l}=\sum_{x\neq 0}X_{x}^{l}+lf(X)$

with some $f(X)\in Z[X]$ without constant term, we have

(3) $A^{l} \equiv(-1)^{\iota}\sum_{x\neq 0}(x_{\mathfrak{p}}^{a}(x)-1)^{\iota}\psi_{\mathfrak{p}}(lx)(mod lz_{n})$ .

Since



402 H. MIKI

$(X-1)^{l}=X^{\iota}+(-1)^{\iota}+ \sum_{i=1}^{l-1}(\begin{array}{l}li\end{array})X^{i}(-1)^{l-t}$

and

$(\begin{array}{l}li\end{array})\equiv(-1)^{i-1}l/i(mod l^{2})$ ,

we have the congruence in the polynomial ring $Z[X]$ :

$(X-1)^{l} \equiv X^{l}+(-1)^{\iota}+l(-1)^{l-1}\sum_{i=1}^{l-1}X^{i}/i(mod l^{2}Z[X])$ .

Putting $X=x^{a}(x)$ and using $x_{\mathfrak{p}}^{a}(x)\equiv 1(mod \pi_{n})$ , we have

$(x_{\mathfrak{p}}^{a}(x)-1)^{\iota} \equiv x_{\mathfrak{p}}^{al}(x)+(-1)^{\iota}+l(-1)^{l-1}\sum_{i=1}^{l-1}\frac{1}{i}(mod l\pi_{n})$

$\equiv x_{\mathfrak{p}}^{at}(x)+(-1)^{\iota}+l(-1)^{l-1}\delta(mod lz_{n})$ ,

where $\delta=0$ or 1 according as $1\neq 2$ or $l=2$ . Using this and (3),

A $\equiv(-1)^{l-1}x_{\mathfrak{p}}^{al}(l)^{-1}g_{\iota^{n}}(\mathfrak{p}, al)-1+l\delta(mod l\pi_{n})$ ,
since

$\sum_{x\neq 0}\psi_{\mathfrak{p}}(lx)=-1$

and
$\sum_{x\neq 0}x_{\mathfrak{p}}^{al}(x)\psi_{\mathfrak{p}}(lx)=-x_{\mathfrak{p}}^{al}(l)^{-1}g_{t^{n}}(\mathfrak{p}, al)$ .

Hence by (2),

$g_{\iota^{n}}(\mathfrak{p}, a)^{\iota}\equiv(-1)^{\iota-1}x_{\mathfrak{p}}^{al}(l)^{-1}g_{l}n(\mathfrak{p}, al)+l\delta(mod lz_{n})$ .

If [ $\neq 2$ , then this implies the desired congruence. If $1=2$ , then this implies

$g_{l}n(\mathfrak{p}, a)^{\iota}\equiv-x_{\mathfrak{p}}^{al}(l)^{-1}g_{l}n(\mathfrak{p}, al)+2(mod l\pi_{n})$

$\equiv x_{\mathfrak{p}}^{at}(l)^{-1}g_{\iota^{n}}(\mathfrak{p}, al)(mod l\pi_{n})$ ,
since

$2\equiv 2x_{\mathfrak{p}}^{al}(l)^{-1}g_{\iota^{n}}(\mathfrak{p}, al)(mod l\pi_{n})$ .
This completes the proof.

LEMMA 23. For any prime number $l$ and any fractional ideal $\mathfrak{a}$ of $Q(\zeta_{\iota^{n+1}})$

which is prime to 1, the following (i) and (ii) hold.

(i) $g_{\iota^{n+1}}(\mathfrak{a}, at)=g_{\iota^{n}}(N_{n+1,n}(\mathfrak{a}), a)$ for any $a\in Z$ .
(ii) $J_{\iota^{n+1}}^{(al)}(\mathfrak{a})=J_{\iota^{n}}^{(a}$ ‘ $(N_{n+1,n}(\mathfrak{a}))$ if $a=(a_{1}, \cdots , a_{r})\not\equiv(0, \cdots , 0)(mod l^{n})$ .
PROOF. By a well-known relation between Gauss sums and Jacobi sums

(cf. e.g., (1) in [13], \S 1), it suffices to prove only (i) when $\mathfrak{a}=p_{n+1}$ is a prime
ideal of $Q(\zeta_{\iota^{n+1}})$ . Put $F_{i}=Z[\zeta_{l^{i}}]/\mathfrak{p}_{i}$ for $i=n,$ $n+1$ , where $\mathfrak{p}_{n}=\mathfrak{p}_{n+1}\cap Q(\zeta_{\iota^{n}})$ . If
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$p_{n}$ decomposes in $Q(\zeta_{\iota^{n+1}})/Q(\zeta_{\iota^{n}})$ , then $N_{n+1,n}(\mathfrak{p}_{n+1})=\mathfrak{p}_{n},$ $F_{n+1}=F_{n}$ , and $x_{\mathfrak{p}_{n+1}}^{\iota}=x_{\mathfrak{p}_{n}}$ ,

so by the definition of Gauss sums we have (i). Now assume that $p_{n}$ does not
decompose in $Q(\zeta_{\iota^{n+1}})/Q(\zeta_{\iota^{n}})$ . Since $Np_{n+1}=(N\mathfrak{p}_{n})^{\iota}$ , we have

$(1+Np_{n}+\cdots+N\mathfrak{p}_{n}^{t-1})(N\mathfrak{p}_{n}-1)/l^{n}=(N\mathfrak{p}_{n+1}-1)/l^{n}$ ,

so
$x^{(N\mathfrak{p}_{n+1}-1)/\iota^{n}}=N_{F_{n+1}/F_{n}}(x)^{(N\mathfrak{p}_{n}-1)/\iota^{n}}$ ,

$i.e.$ ,
$x_{\mathfrak{p}_{n+_{1}}}^{l}(x)=x_{\mathfrak{p}_{n}}\circ N_{F_{n+_{1}}/F_{n}}(x)$

for $x\in F_{n+1}$ . Hence by a relation of Davenport-Hasse (cf. e.g., [17], Exercise
6.4),

$g_{\iota^{n+1}}(p_{n+1}, al)=g_{\iota^{n}}(\mathfrak{p}_{n}, a)^{l}$ .

This gives the assertion.

THEOREM 12. Assume $1=2$ and $a=(a_{1}, , a_{r})\not\equiv(0, , 0)(mod 2^{n})$ . Then

$J_{z^{n+1}}^{(a)}(\mathfrak{a})\equiv J_{2^{n}}^{(a}(\mathfrak{a})(mod 2z_{n})$

for any fractional ideal $a$ of $Q(\zeta_{\iota^{n}})$ prime to 2.

PROOF. Since $J_{z^{n+1}}^{(a)}(\mathfrak{a})^{\sigma}=J_{2^{n+1}}^{(a)}(\mathfrak{a}^{\sigma})=J_{2^{n+1}}^{(a)}(\mathfrak{a})$ for the generator $\sigma$ of
$Ga1(Q(\zeta_{2}n+1)/Q(\zeta_{2}n))$ , we have $J_{2}^{(a}n+1(\mathfrak{a})\in Q(\zeta_{2}n)$ . Hence it suffices to Prove the
congruence $mod 2\pi_{n+1}$ . We may assume that $a=p_{n}$ is a prime ideal of $Q(\zeta_{\iota^{n}})$ .
Let $p_{n+1}$ be a prime ideal of $Q(\zeta_{\iota^{n+1}})$ lying above $p_{n}$ . By Hasse’s congruence
([5], p. 61 ; see also [11], Theorem 2),

$J_{2^{n+1}}^{(a)}(\mathfrak{p}_{n+1})\equiv 1(mod \pi_{n+1}^{2})$ ,

so

(1) $J_{z^{n+1}}^{(a)}(p_{n+1})^{\sigma}\equiv J_{2^{n+1}}^{(a)}(\mathfrak{p}_{n+1})(mod 2\pi_{n+1})$ ,

since
$(\pi_{n+1}^{\iota})^{\sigma}\equiv\pi_{n+1}^{i}(mod 2\pi_{n+1})$

for $i\geqq 2$ . First, assume that $p_{n}$ decomposes in $Q(\zeta_{2}n+1)/Q(\zeta_{2^{n}})$ . Then $N_{n+1.n}(\mathfrak{p}_{n+1})$

$=p_{n}$ . Hence by (1),

$J_{2}^{(a)}n+1(p_{n})=J_{2^{n+1}}^{(a)}(\mathfrak{p}_{n+1}\cdot \mathfrak{p}_{n+1}^{\sigma})$

$=J_{2^{n+1}}^{(a)}(\mathfrak{p}_{n+1})\cdot J_{2^{n+1}}^{(a)}(\mathfrak{p}_{n+1})^{\sigma}$

$\equiv J_{2^{n+1}}^{(a)}(\mathfrak{p}_{n+1})^{2}(mod 2\pi_{n+1})$ ,
so by Lemma 22,

$J_{2^{n+1}}^{(a)}(p_{n})\equiv J_{2^{n+1}}^{(2a)}(\mathfrak{p}_{n+1})(mod 2\pi_{n+1})$ ,

hence by (ii) of Lemma 23 we have the assertion. Now assume that $p_{n}$ does
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not decompose in $Q(\zeta_{2^{n+1}})/Q(\zeta_{2^{n}})$ . By Theorem 11 and a well-known relation
between Gauss sums and Jacobi sums,

(2) $J_{2^{n+1}}^{(a)}(p_{n+1})\equiv J_{2^{n}}^{(af)}(p_{n})(mod 2\pi_{n+1})$ .

Since the right side is equal to $J_{2^{n}}^{(a)}(p_{n})^{\sigma_{f}}$ , by (1) (replacing $n+1$ by $n$ ) we have

$J_{2^{n+1}}^{(a)}(\mathfrak{p}_{n+1})\equiv J_{z^{n}}^{(a)}(\mathfrak{p}_{n})(mod 2\pi_{n+1})$ .

This completes the proof.

REMARK. (1) In the above proof, we used Lemma 23 when $\mathfrak{p}_{n}$ decomposes
in $Q(\zeta_{2}n+1)/Q(\zeta_{2^{n}})$ , so we did not use the Davenport-Hasse relation for our proof
of Theorem 12.

(2) In the above proof, we can use Theorem 10 and (iii) of Lemma 22 in
place of Theorem 11. In fact, by Theorem 10,

$g_{2}n+1(\mathfrak{p}_{n+1})\equiv x_{\mathfrak{p}_{n}}(2)^{-f}g_{2}n(p_{n})^{\sigma_{f}}(mod 2)$ .

Making $\omega$ in (iii) of Lemma 22 operate on both sides,

$g_{2}n+1(p_{n+1})^{\omega}\equiv(g_{2}n(\mathfrak{p}_{n})^{\omega})^{\sigma_{f}}(mod 2\pi_{n+1})$ ,

since $(1+2)^{\omega}\equiv(-1)^{\omega}\equiv 1$ (mod4). By (iii) of Lemma 22 and (ii) of Lemma 18, we
have (2) in the proof of Theorem 12.

THEOREM 13. Assume $l=2$ and $a=(a_{1}, \cdots , a_{r})\not\equiv(0, \cdots , 0)(mod 2^{n})$ . Let a
be a fractional ideal of $Q(\zeta_{2}n)$ prime to 2, and let $r’$ be a half of the number
of $i(0\leqq i\leqq r)$ such that $a_{i}\not\equiv 0$ (mod2), where $a_{0}=-\Sigma_{i=1}^{r}a_{i}$ . Then

$N\mathfrak{a}\cdot J_{z^{n}}^{(a)}(a)\equiv 1+r’’\langle 2, \mathfrak{a}\rangle_{2}nZ_{n}^{2}(mod \pi_{n}^{3})$

$\equiv 1+r^{\chi}\cdot\frac{(N\mathfrak{a})^{2}-1}{8}\pi_{n}^{2}(mod \pi_{n}^{3})$

$\equiv\{$

$1+r’’ \cdot\frac{(N\mathfrak{a})^{2}-1}{2}(mod 8)$ if $n=1$ ,

$1+r’’ \cdot\frac{N\mathfrak{a}-1}{2}$ $(mod z_{n}^{3})$ if $n=2$ ,

1 $(mod \pi_{n}^{3})$ if $n\geqq 3$ .

PROOF. We may assume that $a=p$ is a prime ideal of $Q(\zeta_{\iota^{n}})$ . Put $x_{\mathfrak{p}}=x$ ,
$\psi_{\mathfrak{p}}=\psi$ , and $\lambda(x)=\langle x, p\rangle_{2^{n}}$ for simplicity. Then by definition,

$\chi(x)=\zeta_{2^{n}}^{\lambda(x)}=(1-\pi_{n})^{\lambda_{(x)}}$

for $x\in(Z[\zeta_{2}n]/\mathfrak{p})^{\cross}$ . Hence for $b\in Z$,
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$g_{2}n( \mathfrak{p}, b)=-\sum_{x\in Z[\zeta_{2^{n}}]/\mathfrak{p}}x^{b}(x)\psi(x)$

$=- \sum_{x\neq 0}(1-\pi_{n})^{\lambda_{(}x)b}\psi(x)$

$\equiv 1+bc\pi_{n}+d\pi_{n}^{2}(mod \pi_{n}^{3})$ ,
where

$c= \sum_{x\neq 0}\lambda(x)\psi(x)$ ,

$c’=- \sum_{x\neq 0}\lambda(x)^{2}\psi(x)$ ,

and

$d=- \sum_{x\neq 0}\frac{\lambda(x)b(\lambda(x)b-1)}{2}\psi(x)$

$=(b^{2}c’+bc)/2$ .
Since $\Sigma_{i=0}^{r}a_{i}-0$ ,

$\sum_{\ell\subset 0}^{f}a_{i}^{2}=-2\sum_{i\triangleleft}^{r}a_{i}a_{j}$ .

Hence

$N \mathfrak{p}\cdot J_{2^{n}}^{(\alpha)}(p)=\prod_{j=0}^{r}g_{2}n(p, a_{i})$

$\equiv 1+(c^{2}\sum_{i\Leftrightarrow}a_{i}a_{j}+\frac{c’}{2}\sum_{i=0}^{r}a_{i}^{2})\pi_{n}^{2}(mod \pi_{n}^{3})$

$\equiv 1+(c^{2}-c’)(\sum_{\ell<j}a_{i}a_{j})\pi_{n}^{2}(mod \pi_{n}^{3})$ .
Since

$\sum_{i<f}a_{\dot{t}}a_{j}\equiv r’’(mod 2)$

and
$c^{2}-c\equiv\lambda(2)(mod 2)$

by [11], Lemma 7, we have the first congruence. Since

$\langle 2, \mathfrak{a}\rangle_{2^{n}}\equiv\langle 2, N\mathfrak{a}\rangle_{2}$

$=(Na^{2}-1)/8(mod 2)$ ,

we have the second one. If $n\geqq 2$ , then $N\mathfrak{a}\equiv 1$ (mod4), so
$(N\mathfrak{a}^{2}-1)/8\equiv(N\mathfrak{a}-1)/4(mod 2)$ .

If $n\geqq 3$ , then $N\mathfrak{a}\equiv 1(mod 8)$ . This gives the assertion.

REMARK. The above Theorem 13 is a generalization of Ihara [6], Corollary
to Theorem 7 (he deals with the case $r=2$ and $(a_{0}, a_{1}, a_{2},2)=1$ by a different
method).
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THEOREM 14. Assume $1=2$ and $a=(a_{1}, , a_{r})\not\equiv(0, , 0)$ $(mod 2^{n})$ . Let
$\eta\in Q(\zeta_{4})^{\cross}$ be such that $v_{2}(\eta-1)=3$ , where $\nu_{2}$ is the normalized additive valuation

of $Q_{2}(\zeta_{4})$ . Then
$J_{z^{n}}^{(a)}((\eta))\equiv(-1)^{r^{n}}(mod 2\pi_{n})$ ,

where $r’$ is as in Theorem 13.

PROOF. By Theorem 12, we may suppose $n=2$ . Since $\nu_{2}(\eta-1)=3$ and $Q(\zeta_{4})$

is totally imaginary,

$N((\eta))=N_{2}(\eta)\equiv 1+4(mod 8)$ ,

so by Theorem 13,

$J_{2^{n}}^{(a)}((\eta))\equiv 1+2r’(mod 2\pi_{n})$

$\equiv(-1)^{r^{\alpha}}(mod 2\pi_{7l})$ .

This completes the proof.

THEOREM 15. Let the notation and assumptions be as in Theorem 14. Then

$i_{2}^{(a)}n(\eta)\equiv 2^{n-1}r’(mod 2^{n})$ .

PROOF. By Weil [18],

$J_{2^{n}}^{(\alpha)}((\eta))=\zeta_{2^{n}}^{i(\eta)}\eta^{\omega_{n}(\alpha)}$ with $i(\eta)=i_{2^{n}}^{(a)}(\eta)\in Z/2^{n}Z$

(see the formula $(*)$ just before Theorem 3 of [13]). Since $\eta\equiv 1(mod 2z_{2})$ ,

$J_{2}^{(a)}n((\eta))\equiv\zeta_{2^{n}}^{\ell(\eta)}(mod 2\pi_{2})$ ,

so by Theorem 14,

$\zeta_{2^{n}}^{i(\eta)}\equiv\zeta_{2}^{z_{n}^{n-1}r^{\nu}}(mod 2z_{n})$ .

This gives the assertion.
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