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0. Introduction.

In [8], Mafié proved that if a compact metric space X admits an expansive
homeomorphism, then X is finite dimensional. In [6, 7], we introduced the
notion of continuum-wise (fully) expansive homeomorphism and investigated the
several properties. The class of continuum-wise expansive homeomorphisms is
much larger than the class of expansive homeomorphisms. In relation to dimen-
sion theory, the following results were proved; (1) if a compact metric space
X admits a continuum-wise expansive homeomorphism, then X is finite dimen-
sional [6], and (2) if a continuum X admits a positively continuum-wise fully
expansive map, then X is 1-dimensional [7]. In this paper, we define the no-
tion of barriers of a homeomorphism f: X—X and an index B(f). We are inter-
ested in the relation between the index B(f) and the dimension of X. The
following theorem is proved; if f: X—X is a continuum-wise expansive homeo-
morphism of a compact metric space X, then dim X< B(f)<2-dim X<co. Asa
corollary, if f: X—X is a continuum-wise fully expansive homeomorphism, then
dim X< B(f)Z2.

1. Definitions and preliminaries.

By a continuum, we mean a compact metric connected nondegenerate space.
A homeomorphism f:X—X of a compact metric space X with metric d is
expansive (e.g., see and [2]) if there is a positive number ¢>0 such that
if x, yeX and x#y, then there is an integer n=n(x, y)&Z such that

a(f™(x), froyN>c.

A homeomorphism f:X—X is continuum-wise expansive [6] if there is a
positive number ¢>0 such that if A is a nondegenerate subcontinuum of X,
then there is an integer n=n(A)=Z such that

diam f*(A) > ¢,
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where diam B denotes the diameter of a set B. Clearly, every expansive
homeomorphism is continuum-wise expansive, but the converse assertion is not
true. There are many important continuum-wise expansive homeomorphisms
which are not expansive (see [6, 7]). Those homeomorphisms have frequent
applications in topological dynamics, ergodic theory and continuum theory (e.g.,
see the references).

Note that if f:X—X and g:Y-—Y are (resp. continuum-wise) expansive
homeomorphisms, then the product fXg: XXY—XXY is also (resp. continuum-
wise) expansive. Hence this implies that for each natural number 2, there is
an expansive homeomorphism f:X—X of a compact metric space X with
dim X=n. In [7], we introduced the notion of (positively) continuum-wise fully
expansive and study several properties of continuum-wise fully expansive homeo-
morphisms, which are contained in the class of continuum-wise expansive
homeomorphisms. A homeomorphism f: X—X of a continuum X is continuum-
wise fully expansive if for each ¢>0 and >0, there is a natural number
N=N(e, )>0 such that if A is a subcontinuum of X with diam A=, then
either (i) dx(f™(A), X)<e for each n=N, or (ii) dy(f~"(A), X)<e for each n=N,
where

du(A;, Ay) = inf{p>0|U(A,, n) D A, and U(A,, ) D A},

for each closed subsets A,, 4, of X and U(A,, ) denotes the y-neighborhood
of A, in X. The distance dy is called the Hausdorff metric. A map f:X—-X
is positively continuum-wise fully expansivz if for each ¢>0 and >0, there is a
natural number N=N{(e, 0)>0 such that if A is a subcontinuum of X with
diam A=0, then the above condition (i) is satisfied.

Note that there is a 2-dimensional continuum X which admits a continuum-
wise fully expansive homeomorphism. In fact, each hyperbolic toral automor-
phism f:T—T of the torus T is (continuum-wise fully) expansive. Note that
dim T=2.

For a compact metric space X, put C(X)={A|A is a nonempty subcon-
tinuum of X}. Then it is well known that C(X) is a compact metric space
with the Hausdorff metric dy.

2. Barriers of a homeomorphism.

Let f: X—X be a homeomorphism of a compact metric space X. Then
B={B*; B}, where B*={B%, ---, Bf} and B-={Bj,,, ---, B7} are families of
closed subsets of X, is said to be a family of barriers of f provided that for
each >0 there is a natural number N=N(%)>0 such that if AeC(X) and
diam A=y, then one of the following two conditions holds:
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(+) For some 1<i <k, fN(ANBt+ @ = fY(ANX—B?).
(=) For some k+1=<:<m, fY(ANB7; + @ + Y (ANX—-B7).

Briefly, we write B={B*; B"}={B71, ---, B{; Bis1, -+, Bn}. Each B} (1<i<k)
is said to be a positive barrier of f and each B7 (k+1<:i<m) is said to be a
negative barrier of f. Put B(f)=min {m|there is a family B={B*; B} of
barriers of f such that |B|=|B*|+|B~|=m}, where | 4| denotes the cardinality
of a set A. If there is no finite family of barriers of f, we define B(f)=oco.

3. Dimension and families of barriers of continuum-wise
expansive homeomorphisms. ‘

Let X be a compact metric space. Then X has dimension<n, denoted by
dim X<n, if for any >0 there is a covering U of X by open sets with dia-
meter <y such that ord U<n+1, i.e., every point of X belongs to at most
n-+1 sets of U. If dim X<n and dim X<n—1 is not true, then dim X=n. Let
f: X—X be a homeomorphism of a continuum X. Put V*={A|A is a subcon-
tinuum of X such that lim,..diam f*(A)=0} and V*={A|A is a subcontinuum
of X such that lim,..diam f~*(A)=0}.

(3.1) PROPOSITION. Let f:X—X and g:Y —Y be homeomorphisms of com-
pact metric spaces, respectively, and let fXg: XXY—XXY be a product of f
and g, i.e., (fXg@)Xx, v)=(f(x), g(x)) for each x=X and v<Y. Then B(fXg)
<B(f)+B(g).

PrOOF. Let {BfY, -, BY; Biyi, -+, Bn} and {C%, -+, C}; Cjyy, -+, C3} be
families of barriers of f and g, respectively. Then {Bi{XY, .-, BfXY, XX
Ct, -+, XXC3; BzuXY, -+, Ba XY, XXCjyy, -, XXC3} is a family of bar-
riers of fXg. By this fact, we see that B(fXg)<B(f)+B(g).

(3.2) LEMMA ([6, Corollary (2.4)]). Let f: X—X be a continuum-wise expan-
sive homeomorphism of a compact metric space X. Then there is a positive
number 6>0 such that for each y>0 there is a natural number N=N(9)>0 such
that if A€ C(X) and diam A=y, then diam f*(A)=0 for each n=N, or diam f~"(A)
>0 for each n=N.

(3.3) PROPOSITION. Let f: X—X be a continuum-wise expansive homeomor-
phism of a compact metric space X and let 6>0 be a positive number as in (3.2).
Then B(f)<2-i(0)<oo, where for each ¢>0,

i(e)=min {m|there is a finite family F={F,, ---, Fn} of closed subsets of X
such that for each component C of F; (1=i<m), diam C<e, and for each com-
ponent D of X—\J&, F;, diam D<e}.



586 H. Karo

PROOF. Let 7(0)=m and let F be a family of closed subsets of X as in the
statement of (3.3). Put Bi=F; (1<i<m) and Bj;=F; (1=j<m). Then the
family {Bf%, ---, B%; B1, -+, B} is a family of barriers of f (see (3.2)). Hence
B(f)<2-i(8)< .

(3.4) PROPOSITION. Let X be a compact metric space with dim X=n. Then
sup{i(e)|e>0} =n.

PROOF. Note that if ¢,=¢,>0, then i(¢,)<i(e,). For each ¢>0, there is a
finite open cover U of X with mesh U<e¢ and ord U<n+1. By [9, p. 213],
there are families <V, ---, <V,,, of pairwise disjoint open sets of X, i.e.,
ord ¢V; <1, such that each &V; shrinks U (1=:£n-+1) and U <V, is a cover
of X. Taking a shrinking <V} of &V, (1</<n+1) such that U <V;=X and
each element of <V} is a closed subset of X. Put F;=U; (1=:<n). Con-
sider the family {F, ---, F,}. Then the family satisfies the desired condition,
Hence i(e)<n=dim X. Next, we shall show that sup{i(¢)|e>0} =dim X. Sup-
pose, on the contrary, that for each ¢>0, i(e)<dim X=n. Let ¢>0 be a given
positive number. Then there is a family F={F,, ---, Fn} of closed sets of X
such that m<n, for each component C of F;, diam C<e¢ and for each com-
ponent D of X—\UP, F;, diam D<e. By considering small neighborhoods of
components of F;&F, we can easily see that there is an open cover U of X
with meshU<e and ord U<m-+1. Hence dim X<m<n. This is a contra-
diction,

(3.5) REMARK. In [8], Mafié proved that if f:X— X is an expansive
homeomorphism of a compact metric space X, then dim X<co. In fact, from
his proof, we can see (by [6, Proposition 2.2]) that dim X<(j(d))*—1, where
7(¢)=min {n|there is a finite closed cover F={F, ---, F,} of X with mesh F
<eg}. Clearly #(e)<j(e).

(3.6) ExaMPLE. Let A be a 2X2 matrix satisfying (i) all entries of A are
integers, (ii) det (A)==1 and (iii) A is hyperbolic, i.e., none of its eigenvalues
have absolute one. Then the eigenvalues 4, 4, are real and we may assume

that {4,1>1, |4.] <1. For example, let A:G i) Let p: R*—T be the natural

covering projection from the plane R*® to the torus 7=5'%xS", and let L : T—T
be the homeomorphism of 7 induced by A, i.e., p-A=L,-p. Then L, is
called a hyperbolic toral automorphism. The dynamical properties of L, is
well known. By [7, 2.4)], L, is continuum-wise fully expansive. Let V,
(z=1, 2) be the eigenvector space corresponding to A; in R% Consider the sub-
set D in R® as in the Figure 1. Put B=pD)CT, and B*=B and B =B.
Since T2BDInt B#@ and L, is continuum-wise fully expansive, {B*; B~} is
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a family of barriers of L,. Then B(L,)=2 (see (3.7) below).

v, R
N\,

L3%(B*) —

4

Figure 1. Figure 2.
The following is the main theorem of this paper.

(3.7) THEOREM. If f:X—X is a homeomorphism of a compact metric space
X, then dim X< B(f). In particular, if f is a continuum-wise expansive homeo-
morphism, then dim X< B(f)<2:i{(0)<2-dim X<oo, where § is a positive number
as in (3.2).

PrOOF. We may assume that B(f)=m<c. Let {B*; B"}={B{, -+, Bf;
Biy, -, Bn} be a family of barriers of f. For each n=0, 1, ---, and i=1, 2,
---, m, consider the following subsets of X ;

M@, n) = f*(B%), for 1</i<k, and
M@, n) = fYB7), for b4-1Zi<m.

Let >0 be a given positive number. Since {B*; B} is a family of barriers
of f, we can choose a natural number N=N(y) such that if AeC(X) and
diam A=y, then one of the following two conditions is satisfied ;

(+) fYNANBt = @ + fFY(ANX—B?) for some 1<i<k, or
(=) fYNANB; = @ # [¥Y(A)N(X—B7) for some k+1<i<m.

For each :=1,2, -, m, put A, ={E|EC{l, 2, -, m} and |E|=i}. For each
J=12, -, m, put

Lj - UEEAJ'([\{M(Z.) N)‘i = E}) .

Note that L,CL,_,C--CL, and L,=N; M@ N), and L,=\U7, M@, N).
Now, we shall show that there is a family U’ of open sets of X such that U’
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covers Ly, i.e., JU’'DL,, and ord U’<m. First, consider the set L,. If C is
a component of L,, we see that f¥(C)CBT{ for each 1=<i<k, and f~Y(C)CB7
for each k+1<i<m. Since {B*; B™} is a family of barriers of f, by the
choice of N we see that diam C <% (see Figure 2). By considering small neigh-
borhoods of components of L., we can choose a family U, of open sets of X
such that U, covers L,, ord Un<1 and meshU,<7. Next, consider the
set; Pnoo=Lnp,—\JU,. If C is a component of P,_,, we see that diam C <y,
because that {B*; B~} is a family of barriers of f. By considering small
neighborhoods of components of P,_,, we can choose a family U,,_; of open
sets of X such that U,_; covers Pn_;, ord Un,_;=1and mesh U,_,<7n. If we
continue this procedure, we obtain a sequence U, Up_y1, -+, U, of families of
open sets of X, and a sequence Pn=L., Pn.i, -+, P, of closed sets of X such
that P, =L, - —J( U JUmp-_1\J - JUy), JU;1DP;_y, and ord U;_;=<1 and
mesh U;_, <y (E=m+l, -, 2). Put U =UnUUn,\J--IU,. Then U’
covers L,, meshU’<y and ord U’<m. Finally, consider the set ¥ =X—-U1".
If C is a component of Y, then diam C<y. Hence we can choose a family U”
of open sets of X such that ord U”<1, mesh U”<yn and U” covers Y. Put U
=" Uv”. Then U is an open cover of X such that ord U<m-+1 and mesh U
<n. Hence we can conclude that dim X=m=B(f). If f:X—-X is a con-
tinuum-wise expansive homeomorphism, by (3.3) and (3.4) B(f)<2-4(0)£2-dim X
< oo, This completes the proof.

(3.8) COROLLARY. If a continuum X admits a continuum-wise fully expansive
homeomorphism f:X—X, then

(@) B(f)Z£2, and hence X is at most 2-dimensional, and

(b) if A€V’ (6=s and u), then dim AL].

PROOF. (a): Choose a proper closed subset B of X with Int B#@. Put
B*=B, B =B. Then the family {B*; B} is a family of barriers of f. Hence
dim X< B(f)<2. (b): We prove the case o=u. The family {B*; ¢} is a family
of “barriers” of f|A, where the notion of barriers of the restriction f|A: A—-X
of f to A is similarly defined. Hence dim A<1 (see the proof of (3.7)).

In case of a map f: X—X, we can define the index B*(f) as follows: Let
f:X—X be a map of a compact metric space X. Suppose that there is a
family B*={B%, ---, B&} of positive barriers of f, i.e., for each 5>0 there is
a natural number N such that if A=eC(X) and diam A=y, then there is 1<i<m
such that

(+) fY¥ANBT # @ + fY(ANX—BY).

Put B*(f)=min {m|there is a family B* of positive barriers of f such that
|B*|=m}. If there is no finite family of positive barriers of f, we define
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B*(f)=oo.

(3.9) COROLLARY ([7, (4.3)]). If a continuum X admits a positively continuum-
wise fully expansive map, then dim X=B*(f)=1.

PROOF. Let B be a proper closed subset of X with Int B#@. Then
{B*=B} is a family of positive barriers of f. Hence dim X<1 (see the proof
of (3.7)).

(3.10) COROLLARY. If f:X—X is a positively continuum-wise expansive map
of a compact metric space X, then dim X=B~*(f).

PROOF. Let m=dim X. By (3.4), we can choose a family {B,, Bs, -+, Bn}
of positive barriers of f. Hence dim X=B*(f) (see the proof of (3.7)).

We have the following problems.

PROBLEM 1. Is it true that if f: X—X is a continuum-wise fully expansive
homeomorphism of a 1-dimensional continuum X, then f or f~! is positively
continuum-wise fully expansive?

PROBLEM 2. Is it true that for each continuum-wise expansive homeomor-
phism f:X—X of a compact metric space X, dim X=DB(f)?

In relation to the above problems, we have the following fact.

(3.11) ProOPOSITION ([7, (3.3)]). Let f:X—X be a continuum-wise fully ex-
pansive homeomorphism of a continuum. Then neither f nor f~' is positively
continuum-wise fully expansive if and only if for each x&X, there are two non-
degenerate subcontinua A, B of X such that x€ANB, A€V?® and BeV*. In
particular, dim (ANB)=0 and dim A=1=dim B.
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